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Îñåñèììåòðè÷íûå êîëåáàíèÿ äâóõñëîéíîé æèäêîñòè,
ðàçäåëåííîé ìåìáðàíîé, â çàêðûòîì ñîñóäå

Ãîí÷àðîâ Ä.À.1,*, Ïîæàëîñòèí À.À.1 *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Òåîðåòè÷åñêè èññëåäîâàíû ñîáñòâåííûå ÷àñòîòû è ôîðìû êîëåáàíèé ìåìáðàíû â äâóõñëîéíîé
æèäêîñòè, çàïîëíÿþùåé çàêðûòûé öèëèíäðè÷åñêèé ñîñóä. Â ðàìêàõ ëèíåéíîé òåîðèè ìàëûõ
ïîòåíöèàëüíûõ äâèæåíèé æèäêîñòè, ëèíåéíîé òåîðèè ìàëûõ êîëåáàíèé, âûïîëíåíû ðàñ÷åòû â
îñåñèììåòðè÷íîé ïîñòàíîâêå. Ìåòîäîì ñîáñòâåííûõ ôóíêöèé äëÿ îïåðàòîðà Ëàïëàñà â öèëèí-
äðè÷åñêîé îáëàñòè ïîëó÷åíû àíàëèòè÷åñêèå ðåøåíèÿ äëÿ ñîáñòâåííûõ ôîðì êîëåáàíèé ìåì-
áðàíû. Ïîëó÷åííûå ñîîòíîøåíèÿ äàþò óäîâëåòâîðèòåëüíîå îïèñàíèå äëÿ ÷àñòîò íèçøèõ òîíîâ
ñîáñòâåííûõ êîëåáàíèé ìåìáðàíû â äâóõñëîéíîé æèäêîñòè òîëüêî ëèøü äëÿ îïðåäåëåííûõ ñî-
îòíîøåíèé ìåæäó ïàðàìåòðàìè æèäêîñòè è ìåìáðàíû.

Êëþ÷åâûå ñëîâà: ìåìáðàíà; îñåñèììåòðè÷íûå êîëåáàíèÿ; äâóõñëîéíàÿ æèäêîñòü; çàêðûòûé
ñîñóä

Ââåäåíèå

Çàäà÷à î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû â äâóõñëîéíîé æèäêîñòè, çàïîëíÿþùåé
îãðàíè÷åííûé îáúåì, âîçíèêàåò ïðè èññëåäîâàíèè äèíàìèêè æèäêîñòè â áàêàõ êîñìè÷å-
ñêèõ ëåòàòåëüíûõ àïïàðàòîâ, â ÷àñòíîñòè, òàêèìè èññëåäîâàíèÿìè çàíèìàëèñü Í. Àáðàìñîí,
Ã. Áàóýð, Á.È. Ðàáèíîâè÷, Ê.Ñ. Êîëåñíèêîâ, È.À. Ëóêîâñêèé, ðåçóëüòàòû êîòîðûõ îáîáùåíû,
íàïðèìåð, â ìîíîãðàôèè Ð. Èáðàõèìà [1]. Ñîîòâåòñòâóþùèå ïðåäïîñûëêè èçëîæåíû, íàïðè-
ìåð, â ðàáîòàõ [2, 3, 4], à òàêæå â ïóáëèêàöèè Â.Á. Ñàïîæíèêîâà, Â.È. Êðûëîâà, Þ.Ì. Íîâè-
êîâà è Ä.À. ßãîäíèêîâà [5].
Íåêîòîðûå ÷èñëåííûå ðàñ÷åòû äëÿ ìåìáðàíû â ñôåðè÷åñêîì áàêå ïðèâåäåíû â [6, 7],

àíàëèòè÷åñêèå è ïðèáëèæåííî-àíàëèòè÷åñêèå ñîîòíîøåíèÿ äëÿ ìåìáðàí â öèëèíäðè÷åñêîì
ñîñóäå áûëè ïîëó÷åíû â ðàáîòå [8]. Â [9] Àëèåâûì áûë âûâåäåí íåëèíåéíûé ïî êîìáèíàöèè
÷àñòîòûè îòíîñèòåëüíîé ñêîðîñòè äèñïåðñèîííûé îïðåäåëèòåëü â çàäà÷å î ðàñïðîñòðàíåíèè
âîëí íà ãðàíèöå ñëîåâ æèäêîñòåé êîíå÷íîé òîëùèíû.
Ñ ðàññìàòðèâàåìîé çàäà÷åé òåñíî ñâÿçàíà çàäà÷à î ñîáñòâåííûõ êîëåáàíèÿõ æèäêîñòè

â ñîñóäå ñî ñâîáîäíîé ïîâåðõíîñòüþ, ðàññìîòðåííàÿ åùå Ë.Í. Ñðåòåíñêèì [10]. Âìåñòå ñ
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òåì, â ïîñëåäíåå âðåìÿ îïóáëèêîâàíî ìíîæåñòâî ðàáîò ïî ïðîáëåìå ñåéøåâûõ êîëåáàíèé
ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè, èññëåäîâàíèÿ â ýòîé îáëàñòè ïðîâîäÿò Â.È. Áóêóðååâ,
À.Â. ×åáîòíèêîâ, È.Â. Ñòóðîâà, íàïðèìåð, [11, 12], à òàêæå Â.À. Êàëèíè÷åíêî, Ë.È. Êîðî-
âèíà, Ñ.Â. Íåñòåðîâ è Àóíã Íàèíã Ñî [13]. Êðîìå òîãî, Â.À. Êàëèíè÷åíêî è Àóíã Íàèíã Ñî
ïðîâîäÿò ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ïî âîçáóæäåíèþ ïðîäîëüíûõ êîëåáàíèé ñîñóäà
ñ æèäêîñòüþ çà ñ÷åò ñòîÿ÷èõ ïîâåðõíîñòíûõ âîëí Ôàðàäåÿ [14].
Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ëîãè÷åñêèì ïðîäîëæåíèåì ðàáîò àâòîðîâ [15] è [16]. Öåëüþ

äàííîé ðàáîòû ÿâëÿåòñÿ ðàñïðîñòðàíåíèå àíàëèòè÷åñêèõ ñîîòíîøåíèé, ïîëó÷åííûõ â [16],
íà çàäà÷ó î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû â æèäêîñòè ñ èíûìè ãðàíè÷íûìè óñëîâèÿìè
äëÿ æèäêîñòè.

1. Ìàòåìàòè÷åñêèå ìîäåëè

Áóäåì ðàññìàòðèâàòü ìàëûå îñåñèììåòðè÷íûå äâèæåíèÿ èäåàëüíîé íåñæèìàåìîé äâóõ-
ñëîéíîé æèäêîñòè, çàïîëíÿþùåé íåïîäâèæíûé öèëèíäðè÷åñêèé ñîñóä, ðàçäåëåííîé óïðó-
ãîé ìåìáðàíîé. Îáú¸ì, çàïîëíåííûé æèäêîñòüþ âûøå ìåìáðàíû, îáîçíà÷èì êàê θ1, îáú¸ì,
çàïîëíåííûé æèäêîñòüþ íèæå ðàçäåëÿþùåé ìåìáðàíû | êàê θ2 (ðèñ. 1).
Îáîçíà÷èì ïëîòíîñòè æèäêîñòè â îáú¸ìàõ θ1 è θ2 êàê %1 è %2 ñîîòâåòñòâåííî. Ââåäåì

öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàòOrηz ñ îðòàìè r̂, p̂, ẑ è öåíòðîìO, ñâÿçàííûì ñ öåíòðîì
íåäåôîðìèðîâàííîé ñðåäèííîé ïîâåðõíîñòè ìåìáðàíû (ðèñ. 2). Ñ÷èòàÿ äâèæåíèå æèäêîñòè
ïîòåíöèàëüíûì, ââåäåì â îáëàñòÿõ θ1 è θ2 ïîòåíöèàëû ñêîðîñòåé æèäêîñòåé Φ1(r, z, t) è
Φ2(r, z, t), ãäå

Φ1(r, z, t) = Φ̃1(r, z) sin(ωt), Φ2(r, z, t) = Φ̃2(r, z) sin(ωt).

Ðèñ. 1. Íåïîäâèæíûé ñîñóä ñ äâóõñëîéíîé
æèäêîñòüþ è ðàçäåëÿþùåé ìåìáðàíîé

Ðèñ. 2. Ñèñòåìà êîîðäèíàò

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 301

http://technomag.neicon.ru


Äëÿ ôóíêöèé Φ1 è Φ2 âûïîëíÿþòñÿ óðàâíåíèÿ Ëàïëàñà:

∆Φ1 = 0 â θ1, ∆Φ2 = 0 â θ2, (1)

ãäå∆|îïåðàòîð Ëàïëàñà, êîòîðûé â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò èìååò ñëåäóþùèé
âèä:

∆ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂η2
+

∂2

∂z2
.

Íà ñìà÷èâàåìîé ïîâåðõíîñòè ñîñóäà áóäóò âûïîëíÿòñÿ óñëîâèÿ íåïðîòåêàíèÿ:

∂Φ1

∂n
= 0 íà L1,

∂Φ2

∂n
= 0 íà L2, (2)

ãäå Li, i = 1, 2, | ñìà÷èâàåìàÿ ïîâåðõíîñòü îáú¸ìà θi; n|íîðìàëü ê ñìà÷èâàåìîé ïîâåðõ-
íîñòè ñîñóäà. Â òî æå âðåìÿ íà ìåìáðàíå áóäóò âûïîëíÿòüñÿ êèíåìàòè÷åñêèå óñëîâèÿ:

∂Φ1

∂z
= ẇ íà Σ,

∂Φ2

∂z
= ẇ íà Σ, (3)

ãäå Σ| íåâîçìóùåííàÿ ïîâåðõíîñòü ìåìáðàíû; w| ñìåùåíèå ìåìáðàíû îò íåâîçìóùåí-
íîé ïîâåðõíîñòè. Êðîìå òîãî, íà ìåìáðàíå áóäåò âûïîëíÿòñÿ ñëåäóþùåå äèíàìè÷åñêîå
óñëîâèå:

∂2w

∂r2
+

1

r

∂w

∂r
+

%δ

τ

∂2w

∂t2
=

1

τ

[
%2

∂Φ2

∂t

∣∣∣∣∣
z=0

− %1
∂Φ1

∂t

∣∣∣∣∣
z=0

]
. (4)

Çäåñü % | ïëîòíîñòü ìàòåðèàëà ìåìáðàíû; δ | åå òîëùèíà; τ | íàòÿæåíèå ìåìáðàíû,
[τ ] = Í/ì. Ïðàâàÿ ÷àñòü â ñîîòíîøåíèè (4) ïðåäñòàâëÿåò ñîáîé ðàçíîñòü äàâëåíèé, ïîëó÷åí-
íóþ èç èíòåãðàëà Êîøè | Ëàãðàíæà äëÿ ñëó÷àÿ áåçâèõðåâîãî äâèæåíèÿ æèäêîñòè [17]:

%1
∂Φ1

∂t
+ %1

(∇Φ1)
2

2
+ %1gz + p1 = F1(t), %2

∂Φ2

∂t
+ %2

(∇Φ2)
2

2
+ %2gz + p2 = F2(t),

ãäå ∇| îïåðàòîð Ãàìèëüòîíà:

∇ =
∂

∂r
r̂ +

1

r

∂

∂η
p̂ +

∂

∂z
ẑ;

Fi, i = 1, 2, | ôóíêöèè òîëüêî ëèøü âðåìåíè. Ðàññìàòðèâàÿ çàäà÷ó â ëèíåéíîé ïîñòàíîâêå

è ïðåíåáðåãàÿ ñëàãàåìûìè (∇Φi)2

2
, i = 1, 2, à òàêæå ãèäðîñòàòè÷åñêîé ñîñòàâëÿþùåé %igz,

i = 1, 2, ïîëó÷àåì âûðàæåíèå äëÿ ïðàâîé ÷àñòè óðàâíåíèÿ (1). Ââèäó ìàëîé òîëùèíû ðàçäå-
ëÿþùåé ïåðåãîðîäêè è çíà÷èòåëüíîãî íàòÿæåíèÿ, âîçíèêàþùåãî â ïðèìåíÿåìûõ ìàòåðèàëàõ
(â ñîîòâåòñòâèè ñ [2] δ ∼ 5·10−3ì, % ∼ 700

êã
ì3
, τ ∼ 1000

Í
ì
), ìîæåì ïðåíåáðå÷ü èíåðöèîííûì

÷ëåíîì %δ

τ

∂2

∂t2
â äèôôåðåíöèàëüíîì óðàâíåíèè äëÿ ïðîãèáà ìåìáðàíû (4). Â ýòîì ñëó÷àå

îíî ïðèìåò âèä:
∂2w

∂r2
+

1

r

∂w

∂r
=

1

τ

[
%2

∂Φ2

∂t

∣∣∣∣∣
z=0

− %1
∂Φ1

∂t

∣∣∣∣∣
z=0

]
. (5)

Ãðàíè÷íûå óñëîâèÿ äëÿ ìåìáðàíû ïðèìåì â âèäå:

w(r, t)

∣∣∣∣∣
r=R

= 0, |w(r, t)|
∣∣∣∣∣
r=0

< ∞. (6)
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2. Ðåøåíèå êðàåâîé çàäà÷è

Óðàâíåíèå (1) â îáëàñòÿõ θ1 è θ2 ñîîòâåòñòâåííî ïðèîáðåòàåò âèä:

∂2Φ1

∂r2
+

1

r

∂Φ1

∂r
+

∂2Φ1

∂z2
= 0,

∂2Φ2

∂r2
+

1

r

∂Φ2

∂r
+

∂2Φ2

∂z2
= 0,

îòêóäà(
∂2Φ̃1

∂r2
+

1

r

∂Φ̃1

∂r
+

∂2Φ̃1

∂z2

)
sin(ωt) = 0,

(
∂2Φ̃2

∂r2
+

1

r

∂Φ̃2

∂r
+

∂2Φ̃2

∂z2

)
sin(ωt) = 0. (7)

Ïðåäñòàâèì Φ̃1(r, z) â âèäå ïðîèçâåäåíèÿ ôóíêöèé Φ̃1(r, z) = R1(r) Z1(z) è, àíàëîãè÷íî,
Φ̃2(r, z) = R2(r) Z2(z). Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì ôóíêöèèZ1(z) èZ2(z) â ñëåäóþùåì
âèäå:

Z1(z) = C1 ch[k1(z − h1)], Z2(z) = C2 ch[k2(z + h2)],

ãäå Ci, i = 1, 2, | ïîñòîÿííûå èíòåãðèðîâàíèÿ; ki | ñîáñòâåííûå çíà÷åíèÿ äàííîé êðàåâîé
çàäà÷è. Äëÿ ôóíêöèé Ri(r), i = 1, 2, óðàâíåíèå (7) ïðèìåò âèä

d2Ri

dr2
+

1

r

dRi

dr
+ k2

i Ri = 0. (8)

Óðàâíåíèå (8) ïðåäñòàâëÿåò ñîáîé óðàâíåíèå Áåññåëÿ íóëåâîãî ïîðÿäêà, åãî ðåøåíèå
âûðàæàåòñÿ ÷åðåç ôóíêöèè Áåññåëÿ è Íåéìàíà:

Ri(r) = ÃiJ0(kir) + B̃iN0(kir), (9)

ãäå J0(kir) | ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, íóëåâîãî ïîðÿäêà; N0(kir) | ôóíêöèÿ Áåñ-
ñåëÿ âòîðîãî ðîäà èëè ôóíêöèÿ Íåéìàíà, òàêæå íóëåâîãî ïîðÿäêà. Ââèäó îãðàíè÷åííîñòè
ôóíêöèé Φi(z, r, t) ïðè r = 0 è, ñëåäîâàòåëüíî, ôóíêöèé Ri(r), ïîëîæèì êîýôôèöèåíòû B̃i

ïðè ôóíêöèÿõ Íåéìàíà Ni(kir) ðàâíûìè íóëþ, ïîñêîëüêó, êàê èçâåñòíî, ôóíêöèÿ Íåéìàíà
èìååò îñîáåííîñòü ïðè r = 0. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ïîëîæèòü Ãi = 1.
Èç óñëîâèé íåïðîòåêàíèÿ íà ñòåíêàõ ñîñóäà èìååì:

dJ0(kir)

dr

∣∣∣∣∣
r=R

= 0,

îòêóäà

k
(n)
1 = k

(n)
2 =

ξ0n

R
,

ãäå ξ0n | êîðíè óðàâíåíèÿ J1(r) = 0 (ââèäó ðåêóððåíòíîãî ñîîòíîøåíèÿ J
′
0(r) = −J1(r)).

Òàêèì îáðàçîì, âûðàæåíèÿ äëÿ ïîòåíöèàëîâ ñêîðîñòåé æèäêîñòåé ïðèîáðåòàþò âèä

Φ1(z, r, t) = sin(ωt)

{
C

(0)
11 + C

(0)
12

z

R
+

∞∑
n=1

C1 ch
[
ξ0n

R
(z − h1)

]
J0

(
ξ0n

R
r
)}

,

Φ2(z, r, t) = sin(ωt)

{
C

(0)
21 + C

(0)
22

z

R
+

∞∑
n=1

C2 ch
[
ξ0n

R
(z + h2)

]
J0

(
ξ0n

R
r
)}

.

(10)
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Âûïîëíèì ãðàíè÷íûå óñëîâèÿ íà âåðõíåì è íèæíåì äíèùàõ ñîñóäà. Â ñîîòâåòñòâèè ñ

(2) èìååì: ∂Φ1

∂z

∣∣∣∣
z=h1

= 0 è ∂Φ2

∂z

∣∣∣∣
z=−h2

= 0, îòêóäà C
(0)
12 = 0 è C

(0)
22 = 0. Â ñîîòâåòñòâèè

ñ [18] ðåøåíèÿ âíóòðåííåé çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà ìîãóò îòëè÷àòüñÿ ëèøü
íà ïîñòîÿííîå ñëàãàåìîå. Â äàëüíåéøåì, íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ðàññìàòðèâàòü
ðåøåíèÿ, ãäå C

(0)
11 = C

(0)
21 = 0. Âûïîëíÿÿ òåïåðü êèíåìàòè÷åñêîå óñëîâèå íà ìåìáðàíå (3),

ïîëó÷àåì
∂Φ1

∂z

∣∣∣∣∣
z=0

=
∂Φ2

∂z

∣∣∣∣∣
z=0

, (11)

ïðè÷åì

∂Φ1

∂z

∣∣∣∣∣
z=0

= −
∞∑

n=1

C1
ξ0n

R
sh
(
ξ0n

h1

R

)
J0

(
ξ0n

r

R

)
sin(ωt), (12)

∂Φ2

∂z

∣∣∣∣∣
z=0

=
∞∑

n=1

C2
ξ0n

R
sh
(
ξ0n

h2

R

)
J0

(
ξ0n

r

R

)
sin(ωt), (13)

îòêóäà

C2 = −C1

sh
(
ξ0n

h1

R

)
sh
(
ξ0n

h2

R

) . (14)

Ââåäåì êîýôôèöèåíòû Bn òàê, ÷òî

C1 = − Bn

sh
(
ξ0n

h1

R

) 1

J0(ξ0n)
, C2 =

Bn

sh
(
ξ0n

h2

R

) 1

J0(ξ0n)
.

Âûðàæåíèÿ äëÿ ïîòåíöèàëîâ ñêîðîñòåé æèäêîñòåé, ñ ó÷åòîì íîðìèðîâêè ïî çíà÷åíèþ
J0 (ξ0n) â òàêîì ñëó÷àå ïðèìóò âèä:

Φ1 = −
∞∑

n=1

Bn

J0

(
ξ0n

r

R

)
J0(ξ0n)

ch
[
ξ0n

z − h1

R

]
sh
(
ξ0n

h1

R

) sin(ωt), (15)

Φ2 =
∞∑

n=1

Bn

J0

(
ξ0n

r

R

)
J0(ξ0n)

ch
[
ξ0n

z + h2

R

]
sh
(
ξ0n

h2

R

) sin(ωt). (16)

Äèôôåðåíöèàëüíîå óðàâíåíèå (5) çàïèøåì â ñëåäóþùåì âèäå, óäîáíîì äëÿ ðåøåíèÿ:

∂2ẇ

∂r2
+

1

r

∂ẇ

∂r
=

1

τ

[
%2

∂2Φ2

∂t2

∣∣∣∣∣
z=0

− %1
∂2Φ1

∂t2

∣∣∣∣∣
z=0

]
. (17)

Ïðåäñòàâëÿÿ ẇ(r, t) = wr(r) ṡ(t), ïîëó÷àåì

wr(r) = −ω2

τ

(
R

ξ0n

)2 ∞∑
n=1

Bn

[
%2 cth

(
ξ0n

h2

R

)
+ %1 cth

(
ξ0n

h1

R

)]J0

(
ξ0n

r

R

)
J0(ξ0n)

+ C̃1 ln r + C̃2. (18)
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Ââèäó îãðàíè÷åííîñòè ôóíêöèè wr(r) ïðè r = 0, ïîëîæèì C̃1 = 0. Èç ãðàíè÷íîãî óñëîâèÿ
(6) îïðåäåëèì ïîñòîÿííóþ C̃2:

C2 =
ω2

τ

∞∑
n=1

Bn

(
R

ξ0n

)[
%2 cth

(
ξ0n

h2

R

)
+ %1 cth

(
ξ0n

h1

R

)]
.

Âûïîëíèì òåïåðü êèíåìàòè÷åñêîå óñëîâèå (3) â ÷àñòè ðàâåíñòâà ñêîðîñòåé ïðîãèáà ìåì-
áðàíû ẇ è ñêîðîñòè æèäêîñòè:
∞∑

n=1

Bn
ξ0n

R

J0

(
ξ0n

r
R

)
J0(ξ0n)

=
ω2

τ

∞∑
n=1

Bn

(
R

ξ0n

)2
[
%2 cth

(
ξ0n

h2

R

)
+ %1 cth

(
ξ0n

h1

R

)][
1−

J0

(
ξ0n

r
R

)
J0(ξ0n)

]
.

Óìíîæàÿ ïðàâóþ è ëåâóþ ÷àñòü âûðàæåíèÿ íà rJ0

(
ξ0n

r

R

)
è èíòåãðèðóÿ â ïðåäåëàõ îò 0 äî

R, ñ ó÷åòîì ñîîòíîøåíèé
R∫

0

rJ0

(
ξ0n

r

R

)
dr = 0,

R∫
0

rJ2
0

(
ξ0n

r

R

)
dr =

1

2
R2
[
J2

0 (ξ0n) + J2
1 (ξ0n)

]
=

1

2
R2J2

0 (ξ0n),

ïîëó÷èì

ω2
n =

(
ξ0n

R

)3 τ

%2 cth
(
ξ0n

h2

R

)
+ %1 cth

(
ξ0n

h1

R

) . (19)

Ðåçóëüòàòû

Ñîîòíîøåíèå (19) âûðàæàåò çàâèñèìîñòü êâàäðàòà ÷àñòîòû ñîáñòâåííûõ êîëåáàíèé áå-
çûíåðöèîííîé ìåìáðàíû â äâóõñëîéíîé æèäêîñòè. Ïîëó÷åííûé ðåçóëüòàò õîðîøî ñîãëà-
ñóåòñÿ ñ ñîîòíîøåíèåì, ïðåäñòàâëåííûì â ðàáîòå Þ.Í. Êîíîíîâà è Å.À. Òèòàðåíêî [8] äëÿ
ñõîæåé ïîñòàíîâêè çàäà÷è ñ èíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ êðàåâîé çàäà÷è Íåéìàíà.
Çàâèñèìîñòü äëÿ ÷àñòîò ïåðâîãî è âòîðîãî òîíà ñîáñòâåííûõ êîëåáàíèé ïðè ðàçëè÷íûõ ñî-
îòíîøåíèÿõ îïðåäåëÿþùèõ ïàðàìåòðîâ ïðèâåäåíû íà ðèñ. 3 è 4 ñîîòâåòñòâåííî.

Ðèñ. 3. Çàâèñèìîñòü ÷àñòîòû ïåðâîãî
òîíà îò íàòÿæåíèÿ ìåìáðàíû

Ðèñ. 4. Çàâèñèìîñòü ÷àñòîòû âòîðîãî
òîíà îò íàòÿæåíèÿ ìåìáðàíû
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Ìîæíî âèäåòü, ÷òî äëÿ äèàïàçîíà íàòÿæåíèé, õàðàêòåðíûõ äëÿ èñïîëüçóåìûõ ìàòåðèà-
ëîâ [2], çíà÷åíèÿ ÷àñòîò ñîáñòâåííûõ êîëåáàíèé ìåìáðàíû áóäóò çíà÷èòåëüíî ïðåâîñõîäèòü
÷àñòîòû ñîáñòâåííûõ êîëåáàíèé æèäêîñòè (îáîçíà÷èì èõ äëÿ îïðåäåëåííîñòè σn), çàïîëíÿ-
þùåé öèëèíäð ðàäèóñà R íà âûñîòó h, îïðåäåëÿåìûõ, íàïðèìåð, èç ñîîòíîøåíèÿ [17]:

σn =

√
gξ0n

R
th
(
ξ0n

h

R

)
.

Çäåñü g | óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ.
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Axisymmetric oscillations of a bilayer fluid,
separated by the membrane, in a closed vessel
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The paper deals with the problem of small oscillations of bilayer liquid separated by amembrane
in a closed vessel. This problem arises when studying the behavior of the liquid component of the
fuel in the spacecraft tanks in their interaction with the elements of systems providing the start-up
of the propulsion system.
The problem of small oscillations is considered in the linear formulation. We consider symmet-

rical motion of liquid. The membrane is assumed to be thin, elastic, and non-inertial. The liquid
completely fills the cylindrical vessel. We consider motion of an ideal and viscous incompressible
liquid. On the vessel walls the flow tangency condition is fulfilled. The liquid container volume
satisfies the condition of continuity, which in the area under consideration takes a form of the
Laplace equation. The differential equation of membrane motion is written with the right-hand
side, which includes the hydrodynamic liquid-induced pressure. Restricted deflection of the mem-
brane center and zero movements of the membrane contour stipulate boundary conditions for the
equation of membrane motion.
Integrating the Laplace equation we obtain the expression for the liquid velocity potential

in the areas above and below membrane. Writing the equation of the membrane motion for
deflection rate, representing the function of membrane deflection rate in accordance with the
Fourier method as a product of functions of coordinates and time, we can integrate the expressions
for the function of membrane deflection. Fulfilling the boundary conditions for the function of
membrane deflection together with the boundary conditions for the Laplace equation, we can obtain
an analytical expression for the function of membrane deflection and a frequency equation for the
given boundary value problem.
It can be seen that for a range of tensions typical for used materials, which are considered,

for example, in V.M. Polyaev's monograph, the frequency values of natural oscillations of the
membrane will be much higher than the frequency of natural oscillations of the liquid that fills the
cylinder of a given radius and height determined from the known relationship.
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