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AHAJIU3 COOCTBEHHBIX YACTOT B YHUBEPCAJIbHBIX
NMPOrpaMMax aHAJIN3a JUHAMHYECKHUX MPOLEecCOB

1,% 1 : .
Tpynonomun B. A.” , ®exopyk B. I'. tmdonoshin@mail m
'MITY um. H.D. baymana, Mocksa, Poccus

OOmnacTpio HMCCNENOBAaHKUA B JAHHOW CTaThe SBISACTCS MaTEMaTHYecKOe MOJEIMPOBAHME CIIOMKHBIX
JMHAMUYECKUX CHCTEM C COCPEIOTOYEHHBIMH MapameTpaMu. Llemb paboThl COCTOMT B ajanTaiuu
YHHBEpCAJIBHBIX MPOTPaMM aHali3a I PEUICHHUS 3aJadd OTHICKAHHMS COOCTBEHHBIX YacTOT TAKHX
cucteM. Ajanrtanysi MOKET OBbITh BBINOJIHEHA JUIS MPOrpaMM, B KOTOPBIX peajiM30BaHbl METOJIbI
(opMHpOBaHUsT MaTeMaTHYECKUX MOJeJel, COoAepalluX B BEKTOPE HEU3BECTHBIX IPOM3BOIHBIC
MEPEeMEHHBIX COCTOSHHUS, IIyTeM MPUBEICHUSI MaTeMaTHYeCcKoil Mo/ienu K HopManbHoi (opme Koru.
[MokazaHpl myTH TakoOM ajanTaluy JUisl [POTpaMM, pealu3yloIuX Juiss  (OpMHUpPOBaHHS
MaTeMaTH4ecKoM Mojenu O0OOOLIEeHHBIH M paCHIMPEHHBIM y3JI0BOM METOJIBl U OTpaHUYEHHS,

BO3HUKAIOIIUC IIPHU 3TOM.

KiaoueBble cJioBa: MareMaTHUecKas MOACJIb 00beKTa C COCPCAOTOUCHHBIMU MapaMeTpaMu,

COOCTBEHHBIC YaCTOTHI, 000OIIEHHBII METO]I, PAaCIIUPEHHBIA y3JI0BOH METO.

[Iponienypa aHanmu3a cOOCTBEHHBIX YacTOT KOJIEOAHUN TUHAMUYECKHUX CHCTEM HMEET Cy-
LIECTBEHHOE 3HAYEHHME CPEIU IMPOEKTHBIX IMPOLEAYD, O3BOJISIS BBIABUTH BCE BO3MOXKHBIE PE30-
HaHcbl[ 1]. OcHOBaHa OHA Ha BBHIYMCIIEHUN COOCTBEHHBIX 3HAUEHUI MaTpUIlbl KOAPPHUIHEHTOB A
MaTeMaTHYeCKOM Moienu o0beKTa, IpeACTaBIeHHON B HopMaibHOI dopme Kommu:

av
pre AV + B (D).

Ho yHuBepcanbHBIe MpOrpaMMHBIE KOMITJIEKCHI aHAINW3a JUHAMHYECKUX MPOILECCOB 00b-
€KTOB C COCPEJOTOYEHHBIMH MapaMeTpaMu OPUEHTUPYIOTCS Ha HESIBHBIE METO/bl YHCIEHHOIO
WHTETPUPOBAHUS, JJIsi KOTOPBIX MOJy4YeHHEe MaTeMaTH4ecKod Mmonenu oO0bekTa B Buae (1) He
TOJIBKO HE SIBJISIETCS 00sI3aTENbHBIM, HO U, KaK MPaBUIIO, HE pealn3yeTcs, U OHU OMEPUPYIOT Ma-
TeMaTU4YEeCKOU MOJIeNbIO B (hopMme

av
F (E' V, t) =0.. {2}
[IpuMeHseMbpIMU Ha TPAKTHKE MeToaMu (OPMHUPOBAHHS MAaTEMAaTHUUYECKOW MOJETH 00b-
€KTa SIBJISIOTCS y3JI0BOM MoaudunmpoBaHHbiii[2] - kommuieke [TA9[3]; pacmupeHHbI y310BOM
JUIsT MexaHndeckux cuctem|[2] — xommeke Pradis[4]; undopmarus o0 ucmoap3yeMoM METOJe

(dhopMHUpOBaHKS B MOMYJISIPHOM KOMIUIEKce Amesim[5] OTCyTCTByeT, HO BEpPOATHEE BCEro, YTO
TaM peaJIn30BaH METOJ MEPEMEHHBIX COCTOSTHUS[2].
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Ecnu MeTonpl YMCIEHHOTO MHTErPUPOBAaHUS OOBIKHOBEHHBIX MU(D(EepeHIINATBLHBIX ypaB-

. . av
HEHUU «PACTBOPEHBI» B KOMIIOHEHTHBIX YPABHEHUSX PEAKTUBHBIX BETBEU, TO MPOU3BOIHAS T
SIBHOM BHJI€ MCUE3a€T M3 BEKTOpPA HEU3BECTHBIX MAaTEeMaTUYECKON Mozenn 00bekTa. DTO Mpouc-
XOJIUT B TaKMX METOJax, KaK Y3JIOBOH, y3710BOM MOAMGUIMPOBAHHBIN, TaOJIMUHBII[6]. B aTOM
cllydae TOBOPHUTH 00 aHallu3e COOCTBEHHBIX YAaCTOT HE MPUXOJUTCS, HO BO3MOXKHA peald3alius
YacTOTHOT'O aHaJn3a, KOTOPBINA JaeT MPaKTUYECKU TY K€ MH(OPMALINIO, YTO U aHaJIN3 COOCTBEH-
HBIX YacCTOT.

av

Jlj11 METOA0B, Y KOTOPBIX Pl MaTEMaTUYECKON MOJENN OCTAeTCs B SBHOM BHJIE, MOXKHO
MOTBITATHCS TOTYIUTHh MOAEIb B (hopme (1).

B Hauane paccMoTpum 000011eHHBIN MeTOT (OPMHUPOBAHUS MaTeMaTUUECKOW Mozaenu[2].
ba3uc meTona (BEKTOp HEM3BECTHBIX) COCTABJISIOT MPOU3BOJHBIE NEPEMEHHBIX COCTOSHUSA, Ie-
pEMEHHbIE THUIIA [TOTOKA JUISl BCEX BETBEH M INEPEMEHHBbIE TUIA PAa3HOCTU MOTEHIHUAIOB MAJIs
Bcex BeTBed. B oOmem Bupe martpuna SkoOu nMHEapU30BAaHHONH MaTeMaTW4ecKOW MOJeNn
npeJjcTaBieHa B Tadbauue 1.

Ta6auna 1.
1 K12 K13 K14 K15 d—V
dt
1 M U,
1 —-M* L
K41 K42 K43 K44 K45 Iy,
K51 K52 K53 K54 K55 Uy,

M—wmatpuiia — MaTpuila KOHTYpOB U ceueHwuii[ 7],/ — mepeMeHHble THNa notoka, U - mepe-
MEHHBIE THIA PA3HOCTH MOTEHIUAIOB, HHIAEKCHI «X» U «BI» OTHOCATCS K XOpJaM U BETBSM Jie-
peBa, COOTBETCTBEHHO. BTOpast M TpeTbs CTPOKM — TOINOJIOTMYECKHE ypaBHEHHMs. [logmarpuiiel
K12-K15 3anonHs10TCs ¢ HCHOIb30BaHUEM (OPMYIT YUCIEHHOTO HHTETPUPOBAHUS, TOAMATPULIBI
K41-K45, K51-K55 — ¢ ucnonp30BaHuEM KOMIIOHEHTHBIX YPABHEHHM.

PaccmoTpuM nosryueHne MaTeMaTHUECKONH MOJIETN CXEMBI, IIPEACTaBIEHHON Ha puc.l. 13-
3a TOrO, YTO MPHUMEpP SIBISAETCS AIEKTPUUECKUM, OOIIHOCTh MOJXO0/a HE CTPA/IaeT, MOCKOJIbKY
CYIIECTBYIOT aHAJIOTUU MEX/1Y OJHOPOJHBIMU (PU3NUECKUMU ToAcucTeMaMu]|7].

L1 L2
3 1
T T
L 2
4 1
| I— i1
1
1
—{ 1

Puc.1 MonenbHas cxema
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Jis mosryueHust MoJieNu ocTpouM rpad u BeiOepeM ¢yHIaMeHTanbHoe aepeBo. ['pad,
nepeBo U M-maTpulia, peCTaBlIeHbl Ha pucyHKe 2 1 Tabmuie 1.

L2

L1

Fi

Puc.2 I'pad) c BEIOpaHHBIM 1epeBOM

Tadauual. M-maTpuna

Cl C2
L1 -1
L2 -1
R1 -1
I1 1 1

Marpuna Slkobu Ha HBIOTOHOBCKOM HUTEpallUH, MPU UCHOIb30BAHUU I MHTETPUPOBAHUS
HEesIBHOT'O MeTo/1a Dilepa, npecTaBieHa B Tabuuue 2

Tabauua 2. Matpuua SIko6u anst cxemsl puc. 1

1 1 au,,
At dt

| 1 au,,
At dt

| 1 dlq
At dt

At dt

L1 -1

L1 -1

C1l -1 Ueq

C2 -1 Ue,
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[TeperpynmnupyemM ypaBHEHHS U EPEMEHHBIE TAKUM 00pa3oM, 4TOOBI MMOCIETHUM MOIABEK-
TOPOM OBLT MOJABEKTOP NMEPEMEHHBIX COCTOSHUS (TIEpEMEHHBIC COCTOSHUS — BEJTMYMHBI, CTOSIIINE

10/l 3HAKOM IIPOM3BOJHON 110 BPEMEHM), NEPEA HUM — MOJBEKTOP IPOU3BOIAHBIX NEPEMEHHBIX
COCTOSIHUSI, OCTaBIIMECS NIEPEMEHHbBIE OyIyT BHaUae.

Tabauna 3. Matpuna SIxobu nocine nepecTaHOBKH NMEPEMEHHBIX.

1 -1 U,

At dt

At dt

Al dt

At dt

-1 L2

Brimonnss HpHMOﬁ X0 Faycca A0 IMPOU3BOAHBIX IEPEMEHHBIX COCTOAHUS U, B TIOCICIHUX
YCTBIPEX CTPOKaAX MPOBCAA ACIICHUC HA 3JICMCHTBI, COOTBCTCTBYIOIIUC IMMPOU3BOAHBIM IMECPCMCH-
HBIX COCTOSIHUA, ITOJTYYUM MATpHULly, IPECACTABIICHHYIO B Ta6J'II/II_[e 4,

Tabauua 4. Yacte maTpuisl Ikobu nocne npsimoro xoxaa ["aycca.

| 1 dUcs
At dt
| 1 dUcZ
At dt
: 1 iy

I
1 L1
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[Tocnennue yeTblpe CTPOKH JAIOT CUCTEMY YpaBHEHUH B HOpManbHOU (opme Kommwm, mis
KOTOPOM MOXHO HaXOIUTh COOCTBEHHBIC 3HAUCHUSI.

B tom ciyuae, korja mnoyryueHHE CUCTEMBl YpaBHEHMI B HOpMaibHOH (opme Komm He-
BO3MOKHO ( MPHU HAJIUYMKM HEMPaBWJIBHBIX pa3MmelleHuii|[7]), mocie npoBeAeHUs MPsSMOro xoaa
laycca neBas HWOKHSISI OAMATpHIA (B IpUMEpe eIuHHYHAs) OyneT conxepkaTh 0osee OJHOTo
3JIEMEHTa B CTPOKe. DTO OyJeT rOBOPUTH O HEOOXOJAUMOCTH YCTPAHEHUS HEMPABUIIBHBIX pa3Me-
LICHUN.

ABTOpaM HEW3BECTHA MPAKTUYECKas peaju3alus 0000IIEHHOro MeToaa (HOpMUPOBAHHS
MaTeMaTHYECKON MOJIeIN 00BEKTA, B OTIINYUE OT PaCIIMPEHHOIO Y3JI0BOro MeToAal8], KOTOphIi
peanu3oBaH B komruiekce [TAS.

ba3uc pacmmpeHHOro y3jioBOro MeToAa COCTaBIISIIOT IIPOM3BOHBIE IEPEMEHHBIX COCTOSI-
HUS, IEPEMEHHBIE COCTOSHHUS, Y3JIOBBIE IIOTCHIINAIBI U TOKH UACaTbHBIX HICTOYHUKOB TUTA E.

Matpuua fko0bu 11t mpuMepa, pacCMOTPEHHOI'O BbIIIE, NIPU UCIOJIb30BAaHUU JJII UHTET-
pUpOBaHUs HESBHOTO METOAA Dilsiepa, mpe/cTaBieHa B TadbauLe 5.

Tabauna 5. Marprna Sxo0u npu HCTIOIB30BaHNH PACITMPEHHOTO Y3JI0OBOTO METO/IA

I L 4Uer
At dt

| 1 dUCZ
At dt

: 1 dlyy
At dt

At dt

1 -1 1 Uy

1 -1 Uy,

L1 -1 1

L2 -1

C1 1

1

-C1 C2 -1 1 —
R1

MeTo10M UCKIIIOYEHHS] TIEPEMEHHBIX HY)KHO OOHYJIUTBH MOAMATPUIly, COOTBETCTBYIOLIYIO
Y3JIOBBIM TOTEHIMAJIaM JJIsl YpaBHEHMi, COOTBETCTBYIOIIMX [; W . B pe3ynprare mosydnm
MaTpHully, Ipe/ICTaBIeHHYIO B TabnuIe 6.

Tabauua 6. Matpuna SIxobu nocine npoueaypsl HCKIFOUSHUS

1 _l dUg
At dt

At dt

At dt

At dt

L1 -1

L2 -1

C1 1

-C1 C2 — -1 1
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JInst moaMatpuIlel, coaeprkaiieit ameMenTsl C U L, Takke METOJIOM HCKIIIOUYEHHsI, T0OMBa-
eMcs1, YTOOBI B Ka)KJIOH CTPOKE OBLIO 10 OAHOMY AJIEMEHTY, U JISJIMM CTPOKY Ha ATOT JIeMEHT. B

pe3ynbTaTe MoJIyYruM MaTpUILy, IPEICTaBICHHYIO B Tabmnule 7.

1 L 4Uer
At dt

| 1 du,,
At dt

) 1 dly4
At dt

: 1 dl,
At dt

1 -1 1 Uy

1 -1 U,

I
1 L1

I
12 L2

1 R
1 P1

) 1 1
R1*C2 c2 2

B pesynbrate 4 mocnenHue ypaBHEHUS MPEICTABIAIOT COOON cHCTEMYy ypaBHEHHH B HOD-
ManbHOU (hopme Korm, A1 KOTOpoit MOKHO HaXOAUTh COOCTBEHHBIE 3HAUCHUSI.

3ak/iloueHue

Jlig yHUBEpCcaIbHBIX MPOTPaAaMMHBIX KOMIUIEKCOB aHallM3a JTUHAMUYECKHX IPOLIECCOB, B
KOTOPBIX peaM30BaHbl METOJbl (hOPMUPOBAHMS MaTeMaTHUYECKHX Mojeliell 00bEeKTOB, cojaep-
XKallle B CBOeM 0Oas3uce NMPOU3BOJHBIC MEPEMEHHBIX COCTOSIHHS BO3MOYKHA pealu3alus Mpore-
Jypbl aHajgu3a COOCTBEHHBIX 3HaueHH. HempaBuibHble pa3MmelieHus, MPensTCTBYIONINE MOYy-
YEHUI0 MaTeMaTHYeCKOM MoJieny B HopMaiibHOU opme Ko, MoryT ObITh yCTpaHEeHBI Ha dTare
MTOJITOTOBKU CXEMBI K aHAJIN3Y.
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Finding the natural frequencies of complex technical objects is an important design proce-
dure. This type of analysis allows us to determine the resonant frequencies and, as a conse-
quence, to avoid their adverse impact on dynamics the projected object or that of under study.
This applies to both the objects with distributed parameters, and the objects with lumped parame-
ters. As to the first type of the objects, in almost every package that implements the finite ele-
ment method, this type of analysis is available. The situation is different for the objects with
lumped parameters. Methods to have the mathematical models for these objects look to implicit
methods of numerical integration of ordinary differential equations. And the component equa-
tions of the reactive branches are sampled by numerical integration formulas, and the derivatives
of state variables disappear from the vector of the unknowns of a mathematical model. In this
case, talk about the implementation of the procedure for finding natural frequencies by finding
eigenvalues is simply unnecessary.

In cases where a mathematical model of the object is given in the normal Cauchy form, ob-
taining the natural frequencies is reduced to finding the eigenvalues of the coefficient matrix.
There are methods to form the mathematical models in which the derivatives of the state varia-
bles make a sub-vector of the vector of unknowns. These are generalized, advanced nodal meth-
ods, and an advanced nodal one for mechanical systems. There can be a try for reduction of the
mathematical models of objects, obtained by these methods, to the normal Cauchy form. The ar-
ticle discusses a similar procedure for the generalized and advanced nodal methods. As for the
extended nodal method for mechanical systems there is specifics the article does not show. For
the model obtained by generalized method the vector of unknown variables is permutated so that
a sub-vector of the derivatives of the state variables was in the penultimate position, while a sub-
vector of the state variables was in the last one.

After that, through a direct Gauss course to the derivatives of the state variables and divid-
ing into coefficients corresponding to the derivatives of the state variables, we obtain the normal
form of Cauchy, but only in case there are no wrong distributions in the original model.
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For the advanced nodal method the unknowns are not permutated. The elimination ap-

proach is used to try to reset the sub-matrix of coefficients that corresponds to the sub-vector of

node potentials for the equations. Here, the requirements for initial mathematical model are even

more stringent than for the generalized method - each node of the circuit must be connected with

the element C. This restriction is not fundamental, since taking the inertial elements in considera-

tion is, usually, desirable.
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