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Äëÿ ìàòåìàòè÷åñêîé ìîäåëè, îïèñûâàþùåé äèíàìèêó ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèîííîé ñè-
ñòåìû, ñîñòîÿùåé èç íîðìàëüíûõ è àíîìàëüíûõ ñòâîëîâûõ êëåòîê ÷åëîâåêà, ïðåäëîæåíà ìåòî-
äèêà ïîñòðîåíèÿ îöåíîê è çàêîíîâ ðàñïðåäåëåíèÿ ïàðàìåòðîâ ìîäåëè íà îñíîâå îãðàíè÷åííûõ
âûáîðîê ýêñïåðèìåíòàëüíûõ äàííûõ. Ìîäåëü ïðåäñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, îïðåäåëÿþùèõ èçìåíåíèÿ ÷èñëåííî-
ñòè ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ êëåòîê. Ïåðåìåííûìè ìîäåëè ñëóæàò ÷èñëåííîñòè
ïîïóëÿöèé. Ìîäåëü ó÷èòûâàåò îãðàíè÷åííîñòü ðåñóðñîâ, ÿâëÿåòñÿ íåëèíåéíîé îòíîñèòåëüíî
ïåðåìåííûõ ìîäåëè, íî ëèíåéíîé îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ è ðàññìàòðèâàåòñÿ â
îáëàñòè, ãäå ðàçâèâàþòñÿ îáå ïîïóëÿöèè. Äëÿ ðåøåíèÿ çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèêà-
öèè ìàòåìàòè÷åñêîé ìîäåëè áûë ïîëó÷åí åå äèñêðåòíûé àíàëîã. Çàäà÷à èäåíòèôèêàöèè âåêòî-
ðîâ ïàðàìåòðîâ ìîäåëè áûëà ðàçáèòà íà äâå íåçàâèñèìûå ïîäçàäà÷è. Íà ïåðâîì ýòàïå íàéäåíû
îöåíêè ïàðàìåòðîâ, îïðåäåëÿþùèõ äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè íîðìàëüíûõ êëåòîê, íà âòîðîì
? îöåíêè ïàðàìåòðîâ, îïðåäåëÿþùèõ äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè àíîìàëüíûõ êëåòîê. Îñîáåí-
íîñòè ïðåäëîæåííîé ìåòîäèêè çàêëþ÷àþòñÿ â âûáîðå ñåìåéñòâà íåïåðåñåêàþùèõñÿ øàáëîíîâ,
êîòîðûå ïîçâîëÿþò ïîëó÷èòü êàê òî÷å÷íûå îöåíêè, òàê è àïîñòåðèîðíûå çàêîíû ðàñïðåäåëåíèÿ
ïàðàìåòðîâ óêàçàííîé ìàòåìàòè÷åñêîé ìîäåëè ïðè ìàëûõ âûáîðêàõ. Ïîëó÷åíû ñîîòíîøåíèÿ,
ïîçâîëÿþùèå âû÷èñëèòü òî÷å÷íûå îöåíêè è ïîñòðîèòü ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðî-
ÿòíîñòåé âåêòîðîâ ïàðàìåòðîâ ìîäåëè íà îãðàíè÷åííûõ âûáîðêàõ ýêñïåðèìåíòàëüíûõ äàííûõ.
Ïðè ïîñòðîåíèè çàêîíîâ ðàñïðåäåëåíèÿ ïàðàìåòðîâ ìîäåëè èñïîëüçîâàëñÿ áàéåñîâñêèé ïîäõîä
è òåîðèÿ èíâàðèàíòíîñòè Äæåôôðèñà. Ïîëó÷åííûå çàêîíû ðàñïðåäåëåíèÿ ïàðàìåòðîâ ÿâëÿþòñÿ
îáîáùåííûìè ðàñïðåäåëåíèÿìè Ñòüþäåíòà.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; ñòâîëîâàÿ êëåòêà; ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ;
áàéåñîâñêèé ïîäõîä; òî÷å÷íàÿ îöåíêà; ôóíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ

Ââåäåíèå

Äëÿ èññëåäîâàíèÿ äèíàìèêè ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé â ëàáîðàòîðíûõ óñëîâèÿõ
(in vitro) íàðÿäó ñ ýêñïåðèìåíòàëüíûìè èññëåäîâàíèÿìè àêòèâíî èñïîëüçóþòñÿ ìåòîäû ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ [1, 2, 3].
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Ïðè ýêñïåðèìåíòàëüíûõ èññëåäîâàíèÿõ ïðîöåññà êóëüòèâèðîâàíèÿ îáû÷íî îãðàíè÷èâà-
þòñÿ íåñêîëüêèìè òî÷êàìè, õàðàêòåðèçóþùèìè ïîïóëÿöèîííóþ ñèñòåìó â íà÷àëå êóëüòè-
âèðîâàíèÿ, â ñåðåäèíå è ïðè çàâåðøåíèè ïðîöåññà [4, 5, 6], ïîñêîëüêó áîëåå äåòàëüíûå
èññëåäîâàíèÿ îáû÷íî òðåáóåò ñóùåñòâåííûõ çàòðàò. Ïðîãíîçèðîâàòü ðàçâèòèå êëåòî÷íîé
ïîïóëÿöèè ïî òàêèì äàííûì äîñòàòî÷íî çàòðóäíèòåëüíî è â ñâÿçè ñ ýòèì ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå ìîæåò èãðàòü çíà÷èòåëüíóþ ðîëü â àíàëèçå ïðîöåññîâ, ïðîèñõîäÿùèõ â êëå-
òî÷íûõ ïîïóëÿöèÿõ in vitro.
Èíòåðåñ ê êóëüòèâèðîâàíèþ in vitro êëåòî÷íûõ ïîïóëÿöèé è îñîáåííî ê êóëüòèâèðîâà-

íèþ ïîïóëÿöèé ñòâîëîâûõ êëåòîê â ïîñëåäíèå äåñÿòèëåòèÿ îáóñëîâëåí àêòèâíûì ðàçâèòèåì
êëåòî÷íîé òåðàïèè [7, 8, 9]. Êëåòî÷íûé ìàòåðèàë â íåîáõîäèìûõ êîëè÷åñòâàõ ïîëó÷àþò
ïóòåì êóëüòèâèðîâàíèÿ êëåòîê, âçÿòûõ ó ïàöèåíòà èëè ó äîíîðà. Â ñèëó åñòåñòâåííîé èç-
ìåí÷èâîñòè êëåòîê â ïðîöåññå êóëüòèâèðîâàíèÿ â êëåòî÷íîé ïîïóëÿöèè ìîãóò ïîÿâèòüñÿ
êëåòêè ñ ãåíîìíûìè ìóòàöèÿìè, â ÷àñòíîñòè àíåóïëîèäíûå êëåòêè. Èíòåðåñ ê äèíàìèêå
ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû âêëþ÷àþùåé â ñåáÿ àíåóïëîèäíûå êëåòêè âûçâàí òåî-
ðèåé [10, 11, 12, 13], ñâÿçûâàþùåé ðàçâèòèå ðàêà ñ íàëè÷èåì â îðãàíèçìå çíà÷èòåëüíîãî
êîëè÷åñòâà àíåóïëîèäíûõ êëåòîê.
Â ðàáîòàõ [14, 15, 16, 17] áûëè ïðåäëîæåíû è èññëåäîâàíû ëèíåéíàÿ è íåëèíåéíàÿ

ìîäåëè ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé, ñîñòîÿùèõ íîðìàëüíûõ (çäîðîâûõ) è àíîìàëüíûõ
(àíåóïëîèäíûõ) êëåòîê. Ïåðåìåííûìè ìîäåëè ÿâëÿëèñü ïðèâåäåííûå ÷èñëåííîñòè íîð-
ìàëüíûõ è àíîìàëüíûõ êëåòîê, â ïàðàìåòðû ìîäåëè âõîäÿò åñòåñòâåííûå õàðàêòåðèñòèêè
ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèè, òàêèå êàê ñðåäíÿÿ ïðîäîëæèòåëüíîñòü êëåòî÷íîãî öèêëà â
ïîïóëÿöèè, äîëè êëåòîê ïîïóëÿöèè, êîòîðûå â òå÷åíèè ýòîãî öèêëà ðàçäåëèëèñü â ðåçóëü-
òàòå ìèòîçà, ïîãèáëè â ðåçóëüòàòå àïîïòîçà èëè ïåðåøëè èç ïîïóëÿöèè çäîðîâûõ êëåòîê â
ïîïóëÿöèþ àíîìàëüíûõ êëåòîê. Òàêæå â ìàòåìàòè÷åñêèõ ìîäåëÿõ ó÷òåíî, ÷òî ñðåäíèå ïðî-
äîëæèòåëüíîñòè êëåòî÷íîãî öèêëà â ïîïóëÿöèè íîðìàëüíûõ è àíîìàëüíûõ êëåòîê ðàçíûå, òî
åñòü ïðîöåññû ðàçâèòèÿ ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ êëåòîê ÿâëÿþòñÿ ðàçíîòåìïî-
âûìè. Ëèíåéíàÿ ìîäåëü ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû ïîçâîëÿåò îïèñûâàòü ïîâåäåíèå
ñèñòåìû íà ðàííèõ ýòàïàõ êóëüòèâèðîâàíèÿ, â óñëîâèÿ íåîãðàíè÷åííîñòè ðåñóðñîâ. Ìå-
òîäèêà èäåíòèôèêàöèè ïàðàìåòðîâ ëèíåéíîé ìîäåëè îïèñàíà â ðàáîòå [18], òàì æå áûë
ïðåäëîæåí ïîäõîä ê îïðåäåëåíèþ âåðîÿòíîñòåé ðåàëèçàöèè âîçìîæíûõ ñöåíàðèåâ ðàçâèòèÿ
êëåòî÷íîé ïîïóëÿöèîííîé ñèñòåìû. Áàçîâàÿ íåëèíåéíàÿ ìîäåëü ó÷èòûâàåò îãðàíè÷åííîñòü
ðåñóðñîâ.
Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïîñòðîåíèå ìåòîäèêè èäåíòèôèêàöèè ïàðàìåòðîâ íåëè-

íåéíîé ìîäåëè, êîòîðàÿ ïîçâîëÿåò íå òîëüêî ïîëó÷èòü òî÷å÷íûå îöåíêè ïàðàìåòðîâ ìîäåëè,
íî è çàêîíû èõ ðàñïðåäåëåíèÿ.
Ìàòåðèàë ñòàòüè îðãàíèçîâàí ñëåäóþùèì îáðàçîì. Ðàáîòà ñîñòîèò èç ïÿòè ðàçäåëîâ è

çàêëþ÷åíèÿ. Â ïåðâîì ðàçäåëå ïðèâåäåíà ìîäåëü äèíàìèêè ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé,
ó÷èòûâàþùàÿ îãðàíè÷åííîñòü ðåñóðñîâ. Âî âòîðîì îáñóæäàåòñÿ çàäà÷à ïàðàìåòðè÷åñêàÿ
èäåíòèôèêàöèÿ ìàòåìàòè÷åñêîé ìîäåëè, â òðåòüåì ðàçäåëå îïèñàí ïðîöåññ íàõîæäåíèÿ òî-
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÷å÷íûõ îöåíîê ïàðàìåòðîâ ìîäåëè, â ÷åòâåðòîì ðàçäåëå ïðèâåäåíà ïðîöåäóðà ïðîâåðêè ñòà-
òèñòè÷åñêîé ãèïîòåçû î âèäå çàêîíà ðàñïðåäåëåíèÿ ñëó÷àéíûõ âîçìóùåíèé ìîäåëè, â ïÿòîì
îïèñàí ïðîöåññ ïîñòðîåíèÿ ôóíêöèé ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïàðàìåòðîâ
ìàòåìàòè÷åñêîé ìîäåëè.

1. Áàçîâàÿ íåëèíåéíàÿ ìîäåëü ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû

Êóëüòèâèðîâàíèÿ íà ïîçäíèõ ýòàïàõ ïðîèñõîäèò â óñëîâèÿõ íåõâàòêè ìåñòà íà ïîäëîæêå.
Èçâåñòíî, ÷òî ïðè óâåëè÷åíèè êîëè÷åñòâà êëåòîê íà åäèíèöå ïëîùàäè ïîäëîæêè ñêîðîñòü
ðîñòà êóëüòóðû êëåòîê óìåíüøàåòñÿ, â ñëó÷àå âîçíèêíîâåíèÿ êîíòàêòà ìåæäó êëåòêàìè
ðîñò ïîïóëÿöèè ìîæåò ïðåêðàòèòüñÿ [19]. Äàííûé ýôôåêò ïîëó÷èë íàçâàíèå "êîíòàêòíîãî
òîðìîæåíèÿ". Ïðèìåíèòåëüíî ê èññëåäóåìîé ïîïóëÿöèîííîé ñèñòåìå ýòîò ôàêò íàõîäèò
ñâîå îòðàæåíèå â ïåðâóþ î÷åðåäü â íàëè÷èè ôóíêöèîíàëüíîé çàâèñèìîñòè äîëè êëåòîê,
ðàçäåëèâøèõñÿ çà ñðåäíåå âðåìÿ êëåòî÷íîãî öèêëà îò ÷èñëåííîñòè ïîïóëÿöèé íîðìàëüíûõ
è àíîìàëüíûõ êëåòîê. Ïðåäëîæåííàÿ â [20] ìîäåëü èìååò âèä

dx

dt
=

(
(1− A0)(1 + M0(x, y)− 2M0(x, y)γ0)− 1

)
х ,

dy

dt
= µ

(
−A1 + M1(x, y)− A1M

1(x, y)
)
y + 2M0(x, y)(1− A0)γ0x,

(1)

Çäåñü:

M j(x, y), j = 1, 2, | ôóíêöèè, âû÷èñëÿåìûå ïî ôîðìóëàì

M j(x, y) =


0, fj(x, y) ≤ 0;

1, fj(x, y) ≥ 1;

fj(x, y), 0 < fj(x, y) < 1,

j ∈ {0, 1}; (2)

ãäå
fj(x, y) = αj − βj0x− βj1y; (3)

µ =
τ0

τ1
|ïàðàìåòð, ââåäåí äëÿ ó÷åòà ðàçíîòåìïîâîñòè ïðîöåññîâ äåëåíèÿ â ïîïóëÿöèÿõ;

τ j | ñðåäíÿÿ ïðîäîëæèòåëüíîñòü êëåòî÷íîãî öèêëà â j-é ïîïóëÿöèè êëåòîê;
Aj|äîëÿ êëåòîê j-é ïîïóëÿöèè êëåòîê, ïîãèáàþùèõ â ðåçóëüòàòå àïîïòîçà íà âðåìåííîì

èíòåðâàëå äëèòåëüíîñòè τj , 0 < Aj < 1;
γ0|äîëÿ çäîðîâûõ êëåòîê ïîïóëÿöèè íîðìàëüíûõ êëåòîê â ðàññìàòðèâàåìîé ïîïóëÿöè-

îííîé ñèñòåìå, ïåðåõîäÿùèõ íà âðåìåííîì èíòåðâàëå äëèòåëüíîñòè τX â ïðîöåññå äåëåíèÿ
â ïîïóëÿöèþ àíîìàëüíûõ êëåòîê Y , 0 < γ0 < 1;

βij | êîýôôèöèåíòû, õàðàêòåðèçóþùèå óìåíüøåíèå äîëè äåëÿùèõñÿ êëåòîê íà âðåìåí-
íîì èíòåðâàëå äëèòåëüíîñòè τ j êàê çà ñ÷åò âíóòðèïîïóëÿöèîííîé (j = i), òàê è çà ñ÷åò
ìåæïîïóëÿöèîííîé (j 6= i) êîíêóðåíöèè, βij > 0, i, j = 0, 1;

αj | äîëÿ êëåòîê j-é ïîïóëÿöèè, ðàçäåëèâøèõñÿ â ðåçóëüòàòå ìèòîçà íà âðåìåííîì
èíòåðâàëå äëèòåëüíîñòè τj â óñëîâèÿõ îòñóòñòâèÿ êîíêóðåíöèè, 0 < αj < 1.
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Ìîäåëü ïðåäñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà, îïðåäåëÿþùèõ èçìåíåíèÿ ñóììàðíîé ÷èñëåííîñòè ïîïóëÿöèé
íîðìàëüíûõ è àíîìàëüíûõ êëåòîê. Íåñìîòðÿ íà òî, ÷òî ôîðìàëüíî ïîëó÷åííàÿ ñèñòåìà
îïðåäåëåíà íà âñåé ïëîñêîñòè xOy, ïåðåìåííûå x è y íå ìîãóò ïðèíèìàòü îòðèöàòåëüíûå
çíà÷åíèÿ, ñîãëàñíî áèîëîãè÷åñêîìó ñìûñëó ìîäåëèðóåìûõ ïðîöåññîâ.
Â ðàáîòå [17] áûëî ïîêàçàíî, ÷òî ìíîæåñòâî G = {(x, y) : x ≥ 0, y ≥ 0} ÿâëÿåòñÿ èíâà-

ðèàíòíûì êîìïàêòîì äëÿ äèíàìè÷åñêîé ñèñòåìû (1). Èç-çà êóñî÷íî-ëèíåéíîãî õàðàêòåðà
ñîîòíîøåíèÿ (2) ìíîæåñòâî G íåîáõîäèìî ðàçáèòü íà ÷åòûðå ïîäìíîæåñòâà, íà êàæäîì èç
êîòîðûõ ñèñòåìà (1) èìååò ðàçíûé âèä.
Èç ÷åòûðåõ ïîäìíîæåñòâ ìíîæåñòâà G íàèáîëüøèé èíòåðåñ ïðåäñòàâëÿåò ìíîæåñòâî

G1 = {(x, y): x ≥ 0; y ≥ 0; f0(x, y) ≥ 0; f1(x, y) ≥ 0}, òàê êàê â ýòîì ìíîæåñòâå ðàçìíîæà-
þòñÿ îáà òèïà êëåòîê ïîïóëÿöèîííîé ñèñòåìû. Ñ ó÷åòîì (2) è (3) ñèñòåìà (1) íà ìíîæåñòâå
G1 èìååò âèä 

dx

dt
= h01х + h02x

2 + h03xy,

dy

dt
= h11x + h12y + h13x

2 + h14xy + h15y
2,

(4)

ãäå
h01 = (1− A0)(1− 2γ0)α0 − A0, h02 = −β00(1− A0)(1− 2γ0),

h03 = −β01(1− A0)(1− 2γ0), h11 = 2α0(1− A0)γ0,

h12 = µ((1− A1)α1 − A1), h13 = −2β00(1− A0)γ0,

h14 = −(µβ10(1− A1) + 2β01(1− A0)γ0), h15 = −µβ11(1− A1).

(5)

Ñèñòåìà (4) çàïèñàíà â ìîäåëüíîì âðåìåíè. Ïåðåõîä ê ìîäåëüíîìó âðåìåíè çàäàâàëñÿ
ñîîòíîøåíèåì t =

τ

τ0
, ãäå τ0 | ñðåäíÿÿ ïðîäîëæèòåëüíîñòü êëåòî÷íîãî öèêëà â ïîïóëÿöèè

íîðìàëüíûõ êëåòîê, à τ |ðåàëüíîå âðåìÿ. Ïåðåìåííûìè ìîäåëè ÿâëÿþòñÿ íîðìèðîâàííûå
âåëè÷èíû x = X/X0, y = Y/X0, ãäå X0 ÷èñëåííîñòè íîðìàëüíûõ êëåòîê â íà÷àëüíûé
ìîìåíò âðåìåíè.

2. Ïîñòàíîâêà çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ìàòåìàòè÷åñêîé ìîäåëè

Ïåðåéäåì â ñèñòåìå (4) ê ðåàëüíîìó âðåìåíè τ è íåíîðìèðîâàííûì ÷èñëåííîñòÿì, ò.å.
âûïîëíèì îáðàòíûå çàìåíû. Ïîñëå ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèé ñèñòåìà (4) ïðèìåò
âèä 

dX

dτ
= h̃01X + h̃02X

2 + h̃03XY,

dY

dτ
= h̃11X + h̃12Y + h̃13X

2 + h̃14XY + h̃15Y
2,

(6)

ãäå

h̃01 =
h01

τ 0
; h̃0j =


h01

τ 0
, j = 1;

h0j

τ 0X0

, j = 2, 3;

h̃1j =


h1j

τ 0
, j = 1, 2;

h1j

τ 0X0

, j = 3, 4, 5;

ïàðàìåòðû hij îïðåäåëåíû â (5).
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Äëÿ ðåøåíèÿ çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ìàòåìàòè÷åñêîé ìîäåëè (6) íåîá-
õîäèìî ïîëó÷èòü åå äèñêðåòíûé àíàëîã. Îáîçíà÷èì ÷åðåç Xk, Yk ÷èñëåííîñòè íîðìàëüíûõ
è àíîìàëüíûõ êëåòîê â ìîìåíò âðåìåíè tk, à ÷åðåç Xk+1, Yk+1 | ÷èñëåííîñòü ýòèõ êëåòîê
â ìîìåíò âðåìåíè tk+1. Áóäåì ïðåäïîëàãàòü, ÷òî èçìåðåíèÿ ÷èñëåííîñòè íîðìàëüíûõ è
àíîìàëüíûõ êëåòîê ïðîâîäÿòñÿ ÷åðåç ðàâíûå ïðîìåæóòêè âðåìåíè ∆t, ïîñêîëüêó â ðåçóëü-
òàòå ýêñïåðèìåíòà ìîæíî îöåíèòü êîëè÷åñòâî êëåòîê òîëüêî â ôèêñèðîâàíííûå ìîìåíòû
âðåìåíè [7, 8, 5]. Çàïèøåì ðàçíîñòíûå óðàâíåíèÿ, ñîîòâåòñòâóþùèå óðàâíåíèÿì (6):


Xk+1 −Xk

∆t
= h̃01Xk + h̃02X

2
k + h̃03XkYk,

Yk+1 − Yk

∆t
= h̃11Xk + h̃12Yk + h̃13X

2
k + h̃14XkYk + h̃15Y

2
k .

(7)

Â ìîìåíò âðåìåíè tk+1 ÷èñëåííîñòè íîðìàëüíûõ è àíîìàëüíûõ êëåòîê çàäàþòñÿ ñëåäóþ-
ùèìè ñîîòíîøåíèÿìè:


Xk+1 = (h̃01∆t + 1)Xk + h̃02∆tX2

k + h̃03∆tXkYk,

Yk+1 = h̃11∆tXk + (h̃12∆t + 1)Yk + h̃13∆tX2
k + h̃14∆tXkYk + h̃15∆tY 2

k .
(8)

Çàïèøåì ìàòåìàòè÷åñêóþ ìîäåëü (8) â âèäå:


Xk+1 = hd

01Xk + hd
02X

2
k + hd

03XkYk,

Yk+1 = hd
11Xk + hd

12Yk + hd
13X

2
k + hd

14XkYk + hd
15Y

2
k ,

(9)

ãäå

hd
01 = h̃01∆t + 1, hd

12 = h̃12∆t + 1,

hd
02 = h̃02∆t, hd

13 = h̃13∆t,

hd
03 = h̃03∆t, hd

14 = h̃14∆t,

hd
11 = h̃11∆t, hd

15 = h̃15∆t.

(10)

Ïàðàìåòðàì hd
ij ìîæíî äàòü ñëåäóþùóþ ñîäåðæàòåëüíóþ èíòåðïðåòàöèþ. Ïàðàìåòðû hd

0j

îïðåäåëÿþò äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè íîðìàëüíûõ êëåòîê, à ïàðàìåòðû hd
1j | äèíà-

ìèêó ðàçâèòèÿ ïîïóëÿöèè àíîìàëüíûõ êëåòîê. Ðîñò ÷èñëåííîñòè ïîïóëÿöèé íîðìàëüíûõ è
àíîìàëüíûõ êëåòîê õàðàêòåðèçóþò ïàðàìåòðû hd

01, hd
11 è hd

12, ïàðàìåòðû hd
01 è hd

12 îïðåäåëÿþò
ðîñò ÷èñëåííîñòè ïîïóëÿöèé çà ñ÷åò ïðîöåññîâ ìèòîçà, ïàðàìåòð hd

11 õàðàêòåðèçóåò ðîñò ÷è-
ñëà àíîìàëüíûõ êëåòîê çà ñ÷åò ïåðåðîæäåíèÿ íîðìàëüíûõ êëåòîê â àíîìàëüíûå. Îñòàëüíûå
ïàðàìåòðû õàðàêòåðèçóþò óìåíüøåíèå ÷èñëåííîñòè ïîïóëÿöèé çà ñ÷åò âíóòðèïîïóëÿöèîí-
íîé è ìåæïîïóëÿöèîííîé êîíêóðåíöèè.

Îáîçíà÷èì ÷åðåçXk è Yk íàáëþäàåìûå çíà÷åíèÿ êîìïîíåíò âåêòîðà ñîñòîÿíèÿ ñèñòåìû,
à ÷åðåç X̃k, Ỹk | ñàìè ýòè êîìïîíåíòû.
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Â èòîãå ïîëó÷èì ñîîòíîøåíèÿ

 X̃k+1

Ỹk+1

 =

 hd
01 0 hd

02 hd
03 0

hd
11 hd

12 hd
13 hd

14 hd
15




X̃k

Ỹk

X̃2
k

X̃kYk

Ỹ 2
k


. (11)

Îòíîñèòåëüíî îöåíèâàåìûõ ïàðàìåòðîâ hd
01, . . . , hd

15 ïîëó÷åííàÿ ìîäåëü ÿâëÿåòñÿ ëèíåéíîé.
Äëÿ ðåøåíèÿ çàäà÷è èäåíòèôèêàöèè è îäíîâðåìåííîãî ïîëó÷åíèÿ çàêîíîâ ðàñïðåäåëåíèÿ
ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè âîñïîëüçóåìñÿ ìåòîäîì, îñíîâàííûì íà èñïîëüçîâàíèè
áàéåñîâñêîãî ïîäõîäà [21] è òåîðåìû îá ýêâèâàëåíòíîñòè [22], ïðåäëîæåííûì â [18], [23].
Ðåøåíèå äàííîé çàäà÷è óäîáíî ðàçäåëèòü íà òðè ýòàïà.
Íà ïåðâîì ýòàïå íàéäåì òî÷å÷íûå îöåíêè ĥd

ij , ïàðàìåòðîâ hd
ij ìîäåëè (11).

Íà âòîðîì ýòàïå ïðîâåðèì ñòàòèñòè÷åñêóþ ãèïîòåçó î âèäå çàêîíà ðàñïðåäåëåíèÿ ñëó-
÷àéíûõ âîçìóùåíèé èñõîäíîé ìîäåëè ñîñòîÿíèÿ.
Â ñëó÷àå, åñëè ïðîâåðêà ñòàòèñòè÷åñêîé ãèïîòåçû î âèäå çàêîíà ðàñïðåäåëåíèÿ ñëó÷àé-

íûõ âîçìóùåíèé ïîêàçàëà, ÷òî ãèïîòåçà î íîðìàëüíîì ðàñïðåäåëåíèè ñëó÷àéíûõ âîçìóùå-
íèé äîëæíà áûòü îòêëîíåíà, ðåøèòü çàäà÷ó ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ìàòåìàòè÷å-
ñêîé ìîäåëè (11) ïðåäëîæåííûìè ìåòîäàìè íå óäàåòñÿ. Â ïðîòèâíîì ñëó÷àå, åñëè ãèïîòåçà î
íîðìàëüíîì ðàñïðåäåëåíèè ñëó÷àéíûõ âîçìóùåíèé ïðèíÿòà, ìîæíî ïðèñòóïàòü ê òðåòüåìó
ýòàïó.
Íà òðåòüåì ýòàïå ðåøåíèÿ çàäà÷è èäåíòèôèêàöèè ïàðàìåòðîâ íàõîäèì çàêîíû ðàñïðåäå-

ëåíèÿ ïàðàìåòðîâ íåëèíåéíîé ìîäåëè.

3. Íàõîæäåíèå òî÷å÷íûõ îöåíîê ïàðàìåòðîâ íåëèíåéíîé ìîäåëè

Âîñïîëüçóåìñÿ ìåòîäîì, ïðåäëîæåííûì â [22], äëÿ íàõîæäåíèÿ òî÷å÷íûõ îöåíîê ĥd
ij

ýëåìåíòîâ ìàòðèöû ïàðàìåòðîâ hd
ij ìîäåëè (11). Ìàòåìàòè÷åñêóþ ìîäåëü ïðåäñòàâèì â âèäå

 X2k

Y2k

 =

 hd
01 0 hd

02 hd
03 0

hd
11 hd

12 hd
13 hd

14 hd
15




X2k−1

Y2k−1

X2
2k−1

XkY2k−1

Y 2
2k−1


+

 ε

η

, (12)

ãäå ìàòðèöû-ñòðîêè

ε = (ε1, . . . , εN) ∈ M1×N(R), η = (η1, . . . , ηN) ∈ M1×N(R) (13)

ÿâëÿþòñÿ ðåàëèçàöèÿìè ñëó÷àéíûõ âîçìóùåíèé (ñëó÷àéíûõ îøèáîê íàáëþäåíèÿ), îáóñëî-
âëåííûõ ñëó÷àéíûìè âîçìóùåíèÿìè ñàìîé ìàòåìàòè÷åñêîé ìîäåëè (11) è ïîãðåøíîñòÿìè
â ýêñïåðèìåíòàëüíûõ äàííûõ.
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Çàäà÷ó èäåíòèôèêàöèè âåêòîðîâ ïàðàìåòðîâ ìîäåëè (12) ìîæíî ðàçáèòü íà äâå íåçà-
âèñèìûå ïîäçàäà÷è, êàê ýòî áûëî ñäåëàíî â ðàáîòå [23]. Íà ïåðâîì ýòàïå íàéäåì îöåíêè
ïàðàìåòðîâ hd

0j , îïðåäåëÿþùèõ äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè íîðìàëüíûõ êëåòîê, íà âòî-
ðîì | îöåíêè ïàðàìåòðîâ hd

1j , îïðåäåëÿþùèõ äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè àíîìàëüíûõ
êëåòîê. Ýòî âîçìîæíî, ïîñêîëüêó îáðàòíàÿ ñâÿçü ìåæäó ðåàëèçàöèåé ñëó÷àéíîãî âîçìó-
ùåíèÿ ε â ïåðâîì èç óðàâíåíèé ñîñòîÿíèÿ â ìàòåìàòè÷åñêîé ìîäåëè (12) è ðåàëèçàöèåé
ñëó÷àéíîãî âîçìóùåíèÿ η âî âòîðîì èç óðàâíåíèé ñîñòîÿíèÿ îòñóòñòâóåò è, ñëåäîâàòåëüíî,
èõ êîâàðèàöèîííàÿ ìàòðèöà èìååò äèàãîíàëüíûé âèä.
Ïîñòðîèì n-é äâóõòî÷å÷íûé øàáëîí ïåðâîãî óðàâíåíèÿ ñîñòîÿíèÿ â (12) {t2n−1; t2n}.

Ïóñòü X2n−1, X2n | ýêñïåðèìåíòàëüíûå çíà÷åíèÿ ÷èñëåííîñòåé ïîïóëÿöèé íîðìàëüíûõ
êëåòîê â ìîìåíòû ôèêñàöèè t2n−1 è t2n ñîîòâåòñòâåííî, ãäå t2n−1 = (2n− 1)∆t, t2n = 2n∆t.
Ñôîðìèðóåì ìàññèâû ýêñïåðèìåíòàëüíûõ äàííûõ äëÿ íàõîæäåíèå îöåíêè ïàðàìåòðîâ,

îïðåäåëÿþùèõ äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè íîðìàëüíûõ êëåòîê, èñïîëüçóÿ óêàçàííûé
øàáëîí:

Xч , (X2, X4, . . . , X2N) ∈ M1×N(R), Xнч , (X1, X3, . . . , X2N−1) ∈ M1×N(R). (14)

Ñîãëàñíî (12), (14)

Xч = hd
01Xнч + hd

02X
2
нч + hd

03XнчYнч + ε = Hd
0Zx + ε, (15)

ãäå

Hd
0 =

(
hd

01, hd
02, hd

03

)
, (16)

Zx ,


X1 X3 . . . X2N−1

X2
1 X2

3 . . . X2
2N−1

X1Y1 X3Y3 . . . X2N−1Y2N−1

 =


Xнч

X2
нч

XнчYнч

, (17)

ìàòðèöà-ñòðîêà ε îïðåäåëåíà â (13).
Ñôîðìèðóåì ìàññèâû ýêñïåðèìåíòàëüíûõ äàííûõ äëÿ íàõîæäåíèå îöåíêè ïàðàìåòðîâ,

îïðåäåëÿþùèõ äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè àíîìàëüíûõ êëåòîê. Äëÿ ýòîãî ïîñòðîèì n-é
äâóõòî÷å÷íûé øàáëîí âòîðîãî óðàâíåíèÿ ñîñòîÿíèÿ â (12) ({t2n−1; t2n}), â óçëàõ êîòîðîãî
èçâåñòíû ýêñïåðèìåíòàëüíûå çíà÷åíèÿ Y2n−1, Y2n â ìîìåíòû âðåìåíè t2n−1 è t2n ñîîòâåò-
ñòâåííî, ãäå t2n−1 = (2n− 1)∆t, t2n = 2n∆t. Òîãäà

Yч , (Y2, Y4, . . . , Y2N) ∈ M1×N(R), Yнч , (Y1, Y3, . . . , Y2N−1) ∈ M1×N(R). (18)

Èç (12), (14) è (18) ïîëó÷èì

Yч = hd
11Xнч + hd

12Yнч + hd
13X

2
нч + hd

14XнчYнч + hd
15Y

2
нч + η = Hd

1Zy + η, (19)

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 412

http://technomag.bmstu.ru


Çäåñü

Hd
1 =

(
hd

11, hd
12, hd

13, hd
14, hd

15

)
, (20)

Zy ,



X1 X3 . . . X2N−1

Y1 Y3 . . . Y2N−1

X2
1 X2

3 . . . X2
2N−1

X1Y1 X3Y3 . . . X2N−1Y2N−1

Y 2
1 Y 2

3 . . . Y 2
2N−1


=



Xнч

Yнч

X2
нч

XнчYнч

Y 2
нч


, (21)

ìàòðèöà-ñòðîêà η îïðåäåëåíà â (13).
Ðåøàÿ ìàòðè÷íûå óðàâíåíèÿ (15) è (19), ïîëó÷àåì îöåíêè âåêòîðà ïàðàìåòðîâ ïåðâîãî

Hd
0 (16) è âòîðîãî Hd

1 (20) óðàâíåíèé ìîäåëè:

Ĥd
0 = XчZ

+
x , (22)

Ĥd
1 = YчZ

+
y , (23)

ãäå Z+
x | ìàòðèöà, ïñåâäîîáðàòíàÿ ïî îòíîøåíèþ ê ìàòðèöå Zx, îïðåäåëåííîé ñîîòíî-

øåíèåì (17); Z+
y | ìàòðèöà, ïñåâäîîáðàòíàÿ ïî îòíîøåíèþ ê ìàòðèöå Zy, îïðåäåëåííîé

ñîîòíîøåíèåì (21).

4. Ïðîâåðêà ñòàòèñòè÷åñêîé ãèïîòåçû î âèäå çàêîíà
ðàñïðåäåëåíèÿ ñëó÷àéíûõ âîçìóùåíèé ìàòåìàòè÷åñêîé ìîäåëè

Íà âòîðîì ýòàïå ðåøåíèÿ çàäà÷è èäåíòèôèêàöèè ïàðàìåòðîâ ìîäåëè (11) íåîáõîäèìî
ïðîâåðèòü ñòàòèñòè÷åñêóþ ãèïîòåçó íîðìàëüíîì ðàñïðåäåëåíèè ñëó÷àéíûõ âîçìóùåíèé ìî-
äåëè (íåâÿçîê). Çàïèøåì íåâÿçêè â âèäå

ε̂ ≡ [ε̂1, ε̂2, . . . , ε̂N ] , Xч − Ĥd
0Zx, η̂ ≡ [η̂1, η̂2, . . . , η̂M ] , Yч − Ĥd

1Zy, (24)

ãäå ìàòðèöû ýêñïåðèìåíòàëüíûõ äàííûõXч, Zx, Yч è Zy îïðåäåëåíû ðàâåíñòâàìè (14), (17),
(18) è (21) ñîîòâåòñòâåííî, Ĥd

0 , Ĥd
1 | îöåíêè âåêòîðà ïàðàìåòðîâ ïåðâîãî è âòîðîãî óðàâ-

íåíèé ìîäåëè. Â êà÷åñòâå êðèòåðèÿ ñîãëàñèÿ áóäåì èñïîëüçîâàòü êðèòåðèé Êîëìîãîðîâà
àäàïòèðîâàííûé Òþðèíûì [24, 25] ê âûáîðêàì ìàëîãî îáúåìà. Àëãîðèòì ïðîâåðêè ñòàòè-
ñòè÷åñêîé ãèïîòåçû î íîðìàëüíîì ðàñïðåäåëåíèè íåâÿçîê õîðîøî èçëîæåí â [18, 23]. Áûëà
âûáðàíà ãèïîòåçû: îñíîâíàÿ | íåâÿçêè ÿâëÿþòñÿ ðåàëèçàöèÿìè íîðìàëüíûõ ñëó÷àéíûõ
âåëè÷èí, è ñòàíäàðòíàÿ àëüòåðíàòèâíàÿ | íåâÿçêè íå ïðåäñòàâëÿþò ñîáîé ðåàëèçàöèè íîð-
ìàëüíûõ ñëó÷àéíûõ âåëè÷èí. Óðîâåíü çíà÷èìîñòè α áûë âûáðàí ðàâíûì 0, 05, ïîðîãîâîå
çíà÷åíèå êâàíòèëÿ | λα = 0,895.
Åñëè íåò îñíîâàíèé äëÿ îòêëîíåíèÿ îñíîâíîé ãèïîòåçû, òî, êàê áûëî ïîêàçàíî â ðàáîòàõ

[21, 26], áàéåñîâñêèå àïîñòåðèîðíûå çàêîíû ðàñïðåäåëåíèÿ ïàðàìåòðîâHd
0 èHd

1 , ïîñòðîåí-
íûå ñ ó÷åòîì òåîðèè èíâàðèàíòíîñòèÄæåôôðèñà, ÿâëÿþòñÿ îáîáùåííûìè ðàñïðåäåëåíèÿìè
Ñòüþäåíòà.
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5. Ïîñòðîåíèå ôóíêöèé ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé

Òðåòèé ýòàï ðåøåíèÿ çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ìàòåìàòè÷åñêîé ìîäåëè
(11) ñîñòîèò â ïîñòðîåíèè ôóíêöèé ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âåêòîðîâ ïàðà-
ìåòðîâ Hd

0 è Hd
1 óêàçàííîé ìàòåìàòè÷åñêîé ìîäåëè. Ïàðàìåòðû ñîîòâåòñòâóþùèõ çàêîíîâ

ðàñïðåäåëåíèÿ íåîáõîäèìî çíàòü äëÿ ïîñòðîåíèÿ èíòåðâàëüíûå îöåíêè äëÿ ýëåìåíòîâ âåêòî-
ðîâ ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè. Âîñïîëüçóåìñÿ ðåçóëüòàòàìè ïîëó÷åííûìè â [23]
äëÿ ïîñòðîåíèÿ ôóíêöèé ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïàðàìåòðîâ ðàññìàòðèâàå-
ìîé ìîäåëè.

Ïîñòðîåíèå ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âåêòîðà ïàðàìåòðîâ
ìîäåëèHd

0 . Õàðàêòåð äèíàìèêè ÷èñëåííîñòè ïîïóëÿöèè íîðìàëüíûõ êëåòîê â ìîäåëè (11)
îïðåäåëÿåòñÿ âûðàæåíèåì (15) è èìååò âèä

Xч = Hd
0Zx + ε,

ãäå ìàòðèöà-ñòðîêà ε îïðåäåëåíà â (13), ìàòðèöà Zx îïðåäåëåíà â (17), ìàòðèöà-ñòðîêà
Hd

0 =
(
hd

01, hd
02, hd

03

)
îïðåäåëÿåò õàðàêòåð äèíàìèêè ñóììàðíîé ÷èñëåííîñòè ïîïóëÿöèè

íîðìàëüíûõ êëåòîê.
Ñ÷èòàåì, ÷òî âñå âîçìóùåíèÿ εk, k = 1, . . . , N , åñòü íîðìàëüíî ðàñïðåäåëåííûå ñëó-

÷àéíûå âåëè÷èíû. Äëÿ âåëè÷èí εk, k = 1, . . . , N , ìàòåìàòè÷åñêèå îæèäàíèÿ M(εk) ðàâíû
íóëþ, äèñïåðñèè D(εk) ðàâíû σ2, ñëó÷àéíûå âåëè÷èíû εi è εj íå êîððåëèðîâàíû. Çàìåòèì,
÷òî çàâèñèìûå ïàðàìåòðû xчk, ó÷èòûâàÿ äîïóùåíèÿ î íåñòîõàñòè÷åñêîé ïðèðîäå xнчk , òàêæå
ÿâëÿþòñÿ íîðìàëüíî ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè.
Â ïåðâîì óðàâíåíèè ìîäåëè (12) âîçäåéñòâèå íåó÷òåííûõ ñëó÷àéíûõ ôàêòîðîâ è îøèáîê

îïðåäåëÿåòñÿ ñ ïîìîùüþ äèñïåðñèè ñëó÷àéíûõ âîçìóùåíèé σ2. Íåñìåùåííîé îöåíêîé
äèñïåðñèè ñëó÷àéíûõ âîçìóùåíèé σ2 ÿâëÿåòñÿ âûáîðî÷íàÿ îñòàòî÷íàÿ äèñïåðñèÿ S2

ε

S2
ε =

(Xч − Ĥd
0Zx)(Xч − Ĥd

0Zx)
ò

N − 1
=

ε̂ε̂
ò

N − 1
=

∑N
k=1 ε̂2

k

N − 1
,

ãäå ε̂ = Xч − Ĥd
0Zx | âûáî÷íàÿ îöåíêà ðåàëèçàöèè ñëó÷àéíîãî âîçìóùåíèÿ εk.

Äëÿ îöåíêè âåêòîðà ïàðàìåòðîâ ìîäåëè Hd
0 ïðèìåíèì ìåòîä íàèìåíüøèõ êâàäðàòîâ.

Îáîçíà÷èì âåëè÷èíó, ðàâíóþ ñóììå êâàäðàòîâ îòêëîíåíèé ðàñ÷åòíûõ çíà÷åíèé ñîñòîÿíèÿ
ñèñòåìû Ĥd

0Zx îò èõ ýêñïåðèìåíòàëüíûõ çíà÷åíèé Xч, ÷åðåç S2
0 . Òîãäà

S2
0 = ε̂ε̂

ò
=

N∑
k=1

ε̂2
k. (25)

Âåëè÷èíà S2
0 ïðîïîðöèîíàëüíà âûáîðî÷íîé äèñïåðñèè S2

ε .
Äëÿ íàõîæäåíèÿ îöåíêè âåêòîðà ïàðàìåòðîâ Ĥd

0 ìåòîäîì íàèìåíüøèõ êâàäðàòîâ ìèíè-
ìèçèðóåì âåëè÷èíó

S2
0 = (Xч − Ĥd

0Zx)(Xч − Ĥd
0Zx)

ò
. (26)
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Çàìåòèì, ÷òî
Xч(Ĥ

d
0Zx)

ò
= XчZ

ò
x(Ĥd

0 )
ò

= Ĥd
0ZxX

ò
ч , (27)

òàê êàê ïðîèçâåäåíèÿ ìàòðèö Ĥd
0ZxX

ò
ч è XчZ

ò
x(Ĥd

0 )
ò åñòü ñêàëÿðíûå âåëè÷èíû, ïîñêîëüêó

Ĥd
0 ∈ M1×3, Zx ∈ M3×N , X

ò
ч ∈ MN×1 è, ñëåäîâàòåëüíî, Ĥd

0ZxX
ò
ч , XчZ

ò
x(Ĥd

0 )
ò ∈ M1×1.

Ïîñëå ðàñêðûòèÿ ñêîáîê â (26) ñ ó÷åòîì (27) ïîëó÷èì

S2
0 = XчX

ò
ч − 2Ĥd

0ZxX
ò
ч + Ĥd

0ZxZ
ò
x(Ĥd

0 )
ò
. (28)

Ïðîäèôôåðåíöèðóåì âûðàæåíèå (28) ïî Hd
0 è çàïèøåì íåîáõîäèìîå óñëîâèå ýêñòðåìóìà

−2ZxX
ò
ч + 2ZxZ

ò
x(Ĥd

0 )
ò

= 0.

Ñ ó÷åòîì ðàâåíñòâà (ZxZ
ò
x)
ò

= ZxZ
ò
x èç ïîñëåäíåãî ñîîòíîøåíèÿ íàõîäèì îöåíêó âåêòîðà

Hd
0 â ÿâíîì âèäå:

Ĥd
0 = XчZ

ò
x(ZxZ

ò
x)−1 ≡ XчZ

+
x . (29)

Ôóíêöèÿ S2
0 , îïðåäåëåííàÿ ðàâåíñòâîì (28), ÿâëÿåòñÿ ñèëüíî âûïóêëîé, ïîñêîëüêó ìàòðèöà

ZxZ
ò
x ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåíííîé. Ïîëó÷åííîå íåîáõîäèìîå óñëîâèå ìèíèìóìà

ÿâëÿåòñÿ è äîñòàòî÷íûì [29]. Íàéäåííîå çíà÷åíèå Ĥd
0 ñîîòâåòñòâóåò ìèíèìóìó ôóíêöèè

S2
0(H

d
0 ). Îòìåòèì, ÷òî ïîëó÷åííîå ïðåäñòàâëåíèå (29) ñîâïàäàåò ñ (22) [27, 28].

Ñîãëàñíî ôîðìóëå Áàéåñà [21], ñîâìåñòíàÿ àïîñòåðèîðíàÿ ôóíêöèÿ ïëîòíîñòè ðàñïðå-
äåëåíèÿ âåðîÿòíîñòåé âåêòîðà ïàðàìåòðîâ Hd

0 è äèñïåðñèè σ2 ìîæåò áûòü ïðåäñòàâëåíà â
âèäå

f(Hd
0 , σ2|Xч, Zx) ∼ f(Hd

0 , σ2)f(Xч|Zx, H
d
0 , σ2), (30)

ãäå f(Xч|Zx, H
d
0 , σ2)|óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé íîâûõ íàáëþäåíèé

Xч ïðè îïðåäåëåííûõ çíà÷åíèÿõ âåêòîðà ïàðàìåòðîâ Hd
0 , σ2 è Zx, f(Hd

0 , σ2) | ñîâìåñòíàÿ
àïðèîðíàÿ ôóíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äëÿ âåêòîðà ïàðàìåòðîâ Hd

0 è
σ2. Ôóíêöèþ f(Xч|Zx, H

d
0 , σ2) áóäåì ðàññìàòðèâàòü êàê ôóíêöèþ ïðàâäîïîäîáèÿ äëÿ ïàðà-

ìåòðîâ Hd
0 è σ2, îáîçíà÷èì åå ÷åðåç l(Hd

0 , σ2|Xч, Zx).
Ïðè íîðìàëüíîì ðàñïðåäåëåíèè îøèáîê εi è çàäàííûõ çíà÷åíèÿõ Zx, Hd

0 è σ2 àïîñòåðè-
îðíóþ ôóíêöèþ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé f(Xч|Zx, H

d
0 , σ2) ìîæíî çàïèñàòü â

âèäå
f(Xч|Zx, H

d
0 , σ2) ∼ (σ2)−N/2 exp

[
− 1

2σ2
(Xч − ZxH

d
0 )(Xч − ZxH

d
0 )
ò
]
. (31)

Âûðàæåíèå (Xч − ZxH
d
0 )(Xч − ZxH

d
0 )
ò ñ ó÷åòîì (25) è (29) ïðåîáðàçóåì ê âèäó

(Xч − ZxH
d
0 )(Xч − ZxH

d
0 )
ò

= S2 + (Hd
0 − Ĥd

0 )ZxZ
ò
x(Hd

0 − Ĥd
0 )
ò
. (32)

Ôóíêöèÿ ïðàâäîïîäîáèÿ äëÿ ïàðàìåòðîâ Hd
0 è σ2 çàäàåòñÿ êàê ïëîòíîñòü ðàñïðåäåëåíèÿ

âåðîÿòíîñòåé ñîâìåñòíîãî ïîÿâëåíèÿ ðåçóëüòàòîâ âûáîðêè â âèäå xчk, zx
k , k = 1, N ,

l(Hd
0 , σ2|Xч, Zx) =

N∏
k=1

f(xчk, zk|Hd
0 , σ2).
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Ïîëó÷èì ôóíêöèþ ïðàâäîïîäîáèÿ äëÿ ïàðàìåòðîâ Hd
0 è σ2, ðàññìàòðèâàÿ ïðàâóþ ÷àñòü

ñîîòíîøåíèÿ (31) êàê ôóíêöèþ îòHd
0 è σ2 ïðè ôèêñèðîâàííûõXч è Zx è ó÷èòûâàÿ âûðàæå-

íèå (32):

l(Hd
0 , σ2|Xч, Zx) ∼ (σ2)−

N
2 exp

[
− 1

2σ2
S2

0 −
1

2σ2
(Hd

0 − Ĥd
0 )ZxZ

ò
x(Hd

0 − Ĥd
0 )
ò
]
. (33)

Ñîâìåñòíóþ àïðèîðíóþ ôóíêöèþ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé f(Hd
0 , σ2) áóäåì

ñ÷èòàòü ðàñïëûâ÷àòîé [26, 21]. Ïðèìåì äîïóùåíèå, ÷òî ýëåìåíòû âåêòîðà Hd
0 è äèñïåðñèÿ

σ2 íåçàâèñèìî ðàñïðåäåëåíû, ò.å.

f(Hd
0 , σ2) = f(Hd

0 ) f(σ2).

Ïîëîæèì êîíñòàíòîé àïðèîðíóþ ôóíêöèþ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âåê-
òîðàHd

0 [26], ïîñêîëüêó î çíà÷åíèè ýëåìåíòîâ âåêòîðà ïàðàìåòðîâHd
0 íè÷åãî ñêàçàòü íåëüçÿ,

è ôîðìàëüíî ýëåìåíòû âåêòîðàHd
0 ìîãóò ïðèíèìàòü ëþáûå çíà÷åíèÿ îò−∞ äî∞. Ïðè ýòîì

f(Hd
0 ) = const. (34)

Ïîñêîëüêó σ2 åñòü ïîëîæèòåëüíàÿ âåëè÷èíà, àïðèîðíàÿ ôóíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé σ2 áóäåò èìåòü âèä [26]

f(σ2) ∼ 1

σ
. (35)

Ñ ó÷åòîì (33), (34) è (35) ñîîòíîøåíèå (30), îïðåäåëÿþùåå ñîâìåñòíóþ àïîñòåðèîðíîþ
ôóíêöèþ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé íåèçâåñòíîãî âåêòîðà ïàðàìåòðîâ Hd

0 è
âûáîðî÷íîé äèñïåðñèè σ2, ïðèìåò âèä

f(Hd
0 , σ2|Xч, Zx) ∼ (σ2)−

N+1

2σ2 exp
[
− 1

2σ2
(S2

0 + (Hd
0 − Ĥd

0 )ZxZ
ò
x(Hd

0 − Ĥd
0 )
ò
)
]
. (36)

Äëÿ óïðîùåíèÿ çàïèñè ïîëîæèì χ = σ−2 è ïåðåïèøåì âûðàæåíèå (36) ñëåäóþùèì îáðàçîì:

f(Hd
0 , χ|Xч, Zx) ∼ χ

N+1
2 exp

[
−χ

2
(S2

0 + (Hd
0 − Ĥd

0 )ZxZ
ò
x(Hd

0 − Ĥd
0 )
ò
)χ

]
. (37)

Ïðîèíòåãðèðóåì (37) ïî χ äëÿ ïîëó÷åíèÿ àïîñòåðèîðíîé ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé âåêòîðà ïàðàìåòðîâ Hd

0 [21]. Â ðåçóëüòàòå ïîëó÷èì

f(Hd
0 |Xч, Zx) ∼ (S2

0 + (Hd
0 − Ĥd

0 )ZxZ
ò
x(Hd

0 − Ĥd
0 )
ò
)−

N
2 ×

×
∞∫
0

exp
[
−χ

2
(S2

0 + (Hd
0 − Ĥd

0 )ZxZ
ò
x(Hd

0 − Ĥd
0 )
ò
)
]
χ

N+1
2(

S2
0 + (Hd

0 − Ĥd
0 )ZxZ

ò
y (Hd

0 − Ĥd
0 )ò

)−N
2

dχ. (38)

Ìîæíî ïîêàçàòü, ÷òî èíòåãðàë â âûðàæåíèè (38) ñõîäèòñÿ è åãî çíà÷åíèå ðàâíî êîíñòàíòå,
ïîýòîìó ïëîòíîñòü ñîâìåñòíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âåêòîðà ïàðàìåòðîâ ìîäåëè
Hd

0 ìîæåò áûòü ïðåäñòàâëåíà òàê:

f(Hd
0 |Xч, Zx) ∼

[
S2

0 + (Hd
0 − Ĥd

0 )(ZxZx
ò
)(Hd

0 − Ĥd
0 )
ò]−N

2 . (39)
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Çäåñü
S2

0 , (Xч − Ĥd
0Zx)(Xч − Ĥd

0Zx)
ò ≡ ε̂ε̂

ò
,

ìàòðèöû ýêñïåðèìåíòàëüíûõ äàííûõ Xч è Zz îïðåäåëåíû ðàâåíñòâàìè (14) è (17), îöåíêà
Ĥd

0 âåêòîðà ïàðàìåòðîâ Hd
0 | ðàâåíñòâîì (22).

Ìîæíî âèäåòü, ÷òî ïîëó÷åííûé àïîñòåðèîðíûé çàêîí ðàñïðåäåëåíèÿ âåêòîðà ïàðàìå-
òðîâ Hd

0 ,ïîñòðîåííûé íà îñíîâàíèè áàéåñîâñêîãî ïîäõîäà ñ ó÷åòîì òåîðèè èíâàðèàíòíîñòè
Äæåôôðèñà [21, 26], ÿâëÿåòñÿ îáîáùåííûì ðàñïðåäåëåíèåì Ñòüþäåíòà.

Ïîñòðîåíèå ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âåêòîðà ïàðàìåòðîâ
ìîäåëè Hd

1 . Â ìàòåìàòè÷åñêîé ìîäåëè (11) õàðàêòåð äèíàìèêè ñóììàðíîé ÷èñëåííîñòè
ïîïóëÿöèè àíîìàëüíûõ êëåòîê ïîëíîñòüþ îïðåäåëÿåòñÿ âûðàæåíèåì (15):

Yч = Hd
1Zy + η,

ãäå ìàòðèöà-ñòðîêà η îïðåäåëåíà â (13); ìàòðèöà Zy, îïðåäåëåíà â (21); ìàòðèöà-ñòðîêà
Hd

1 =
(
hd

11, hd
12, hd

13, hd
14, hd

15

)
îïðåäåëÿåò õàðàêòåð äèíàìèêè ñóììàðíîé ÷èñëåííîñòè ïî-

ïóëÿöèè àíîìàëüíûõ êëåòîê.
Êàê è ïðè ïîñòðîåíèè ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïàðàìåòðîâ Hd

0 ,
ñ÷èòàåì âñå îøèáêè íàáëþäåíèÿ ηk, k = 1, . . . , N , íîðìàëüíî ðàñïðåäåëåííûìè ñëó÷àé-
íûìè âåëè÷èíàìè ñ ìàòåìàòè÷åñêèì îæèäàíèåì, ðàâíûì íóëþ, è äèñïåðñèåé, ðàâíîé σ2.
Ñëó÷àéíûå âåëè÷èíû ηi è ηj íå êîððåëèðîâàíû.
Ïî àíàëîãèè ñ ìåòîäèêîé ïîñòðîåíèÿ ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé

ïàðàìåòðîâHd
0 , íåñìåùåííîé îöåíêîé äèñïåðñèè ñëó÷àéíûõ âîçìóùåíèé σ2 ÿâëÿåòñÿ îñòà-

òî÷íàÿ âûáîðî÷íàÿ äèñïåðñèÿ

S2
η =

(Yч − Ĥd
1Zy)(Yч − Ĥd

1Zy)
ò

N − 1
=

η̂η̂
ò

N − 1
=

1

N − 1

N∑
k=1

η̂2
k,

ãäå η̂ = Yч − Ĥd
1Zy | âûáî÷íàÿ îöåíêà ðåàëèçàöèè ñëó÷àéíîãî âîçìóùåíèÿ ηk.

Îáîçíà÷èì ÷åðåç S2
1 âåëè÷èíó, ïðîïîðöèîíàëüíóþ âûáîðî÷íîé äèñïåðñèè âîçìóùå-

íèé σ2:

S2
1 =

N∑
k=1

η̂2
k. (40)

Ïðèìåíÿÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ äëÿ îöåíêè âåêòîðà Hd
1 , ïîëó÷èì

Ĥd
1 = YчZ

ò
y (ZyZ

ò
y )−1 = YчZ

+
y . (41)

Ïðåäñòàâèì ñîâìåñòíóþ àïîñòåðèîðíóþ ôóíêöèþ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé
âåêòîðà ïàðàìåòðîâ Hd

1 è äèñïåðñèè σ2 â âèäå

f(Hd
1 , σ2|Yч, Zy) ∼ f(Hd

1 , σ2) f(Yч|Zy, H
d
1 , Σ2), (42)
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ãäå f(Yч|Zy, H
d
1 , σ2)| óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé íîâûõ íàáëþäåíèé

Yч ïðè îïðåäåëåííûõ çíà÷åíèÿõ âåêòîðà ïàðàìåòðîâ Hd
1 , σ2 è Zy; f(Hd

1 , σ2) | ñîâìåñòíàÿ
àïðèîðíàÿ ôóíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äëÿ âåêòîðà ïàðàìåòðîâHd

1 è σ2.

Çàïèøåì àïîñòåðèîðíóþ ôóíêöèþ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïðè íîðìàëü-
íîì ðàñïðåäåëåíèè îøèáîê ηi è çàäàííûõ çíà÷åíèÿõ Zy, Hd

1 è σ2

f(Yч|Zy, H
d
1 , σ2) ∼ (σ2)−

N
2 exp

[
− 1

2σ2
(Yч − ZyH

d
1 )(Yч − ZyH

d
1 )
ò
]
. (43)

Äàëåå, ïî àíàëîãèè ñ ìåòîäèêîé ïîñòðîåíèÿ ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿò-
íîñòåé ïàðàìåòðîâ Hd

0 , ðàññìîòðèì f(Yч|Zy, H
d
1 , σ2) êàê ôóíêöèþ ïðàâäîïîäîáèÿ è ïîëî-

æèì, ÷òî àïðèîðíûå ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âåêòîðàHd
1 ïîñòîÿííû

(f(Hd
1 ) = const), à äèñïåðñèè σ2 èìåþò âèä f(σ2) ∼ 1

σ
). Òîãäà ïëîòíîñòü ñîâìåñòíîãî ðàñ-

ïðåäåëåíèÿ âåðîÿòíîñòåé âåêòîðà ïàðàìåòðîâ ìîäåëè Hd
1 ìîæíî ïðåäñòàâèòü ñëåäóþùèì

îáðàçîì:

f(Hd
1 |Yч, Zy) ∼

[
S2

1 + (Hd
1 − Ĥd

1 )(ZyZy
ò
)(Hd

1 − Ĥd
1 )
ò]−N

2 . (44)

Çäåñü S2
1 , (Yч − Ĥd

1Zy)(Yч − Ĥd
1Zy)

ò ≡ η̂η̂
ò, ìàòðèöû ýêñïåðèìåíòàëüíûõ äàííûõ Xч, Zz

îïðåäåëåíû ðàâåíñòâàìè (18) è (21), à îöåíêà Ĥd
1 âåêòîðà ïàðàìåòðîâHd

1 |ðàâåíñòâîì (23).

Àïîñòåðèîðíûé çàêîí ðàñïðåäåëåíèÿ âåêòîðà ïàðàìåòðîâ Hd
1 , òàêæå êàê è (39), ÿâëÿåòñÿ

îáîáùåííûì ðàñïðåäåëåíèåì Ñòüþäåíòà.

Çàêëþ÷åíèå

Ðàçðàáîòàííàÿ ìåòîäèêà ïîëó÷åíèÿ òî÷å÷íûõ îöåíîê ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìî-
äåëè, îïèñûâàþùåéäèíàìèêó ñåëåêòèâíîãî ðàçìíîæåíèÿ êëîíîîáðàçóþùåéïîïóëÿöèè àíî-
ìàëüíûõ êëåòîê â êóëüòóðå ñòâîëîâûõ êëåòîê ÷åëîâåêà ïðè ñòàíäàðòíûõ ëàáîðàòîðíûõ óñëî-
âèÿõ êóëüòèâèðîâàíèÿ ñ ó÷åòîì êîíòàêòíîãî òîðìîæåíèÿ. Íà îñíîâå áàéåñîâñêîãî ïîäõîäà
ïîëó÷åíû ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìî-
äåëè. Çíàíèå ôóíêöèé ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïàðàìåòðîâ ìàòåìàòè÷åñêîé
ìîäåëè íåîáõîäèìî äëÿ íàõîæäåíèÿ èõ ìàðãèíàëüíûõ ôóíêöèé ïëîòíîñòè ðàñïðåäåëåíèÿ
è ïîñòðîåíèÿ íà èõ îñíîâå äîâåðèòåëüíûõ èíòåðâàëîâ äëÿ ïàðàìåòðîâ ìîäåëè. Äîâåðè-
òåëüíûå èíòåðâàëû ìîãóò ñëóæèòü îñíîâîé äëÿ îöåíêè âåðîÿòíîñòè ðåàëèçàöèè ðàçëè÷íûõ
ñöåíàðèåâ ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé.

Îöåíêà âåðîÿòíîñòè ðåàëèçàöèè ðàçëè÷íûõ ñöåíàðèåâ ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé
ìîæåò áûòü ïðîâåäåíà, íàïðèìåð, ìåòîäàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, îñíîâûâàÿñü
íà èäåÿõ ïðåäëîæåííûõ â ðàáîòå [18].

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî ïðîåêòà
¹ 13-07-00720.
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Taking into Account Contact Inhibition

Vinogradova M. S.1,* *

1Bauman Moscow State Technical University, Russia

Keywords: mathematical model, stem sell, parameter identification, Bayesian inference, point estima-
tion, probability density function

The paper considers a mathematical model describing dynamics of the cell population system
consisting of normal and abnormal stem cells. It offers a technique to provide the estimates and a
distribution of the model parameters on the basis of limited sampling of experimental data. The
model is a non-linear system of ordinary differential equations of the first order to determine the
changing populations of normal and abnormal cells. The number of populations serves as themodel
variables. The model takes into account the limited resources and is nonlinear regarding the model
variables, but it is linear with respect to unknown parameters and is considered in the domain where
both populations evolve. To solve the problem of parametric identification of mathematical model
was obtained its discrete analogue. The task of identifying vectors of the model parameters was
divided into two independent sub-tasks. The first stage estimated parameters, which determined
dynamics of the normal cell population evolution. The second one estimated parameters defining
dynamics of the abnormal cell population evolution. The features of the proposed technique are to
select a family of disjoint templates that allows us to have both the point estimates and the posterior
distributions of the mathematical model parameters for small samples. Relationships are obtained
to allow us to calculate point estimates and construct a probability density function of the vectors of
the model parameters using the limited samples of experimental data. When building a distribution
of the model parameters a Bayesian approach and a Jeffrey's theory of invariance were used. The
obtained distributions of parameters are the generalized t-distribution.

References

1. KresnowatiM.T., Forde G.M., Chen X.D.Model-based analysis and optimization of bioreactor
for hematopoietic stem cell cultivation. Bioprocess and Biosystems Engineering, 2011, vol. 34,
no. 1, pp. 81{93. DOI: 10.1007/s00449-010-0449-z

Science and Education of the Bauman MSTU 422

http://dx.doi.org/10.7463/1115.0826730
http://technomag.bmstu.ru/en/doc/826730.html
http://technomag.bmstu.ru/en/doc/826730.html
http://technomag.bmstu.ru/en/doc/826730.html
http://dx.doi.org/10.1007/s00449-010-0449-z
http://technomag.bmstu.ru


2. Winkler D.A., Burden F.R. Robust, quantitative tools for modelling ex-vivo expansion of
haematopoietic stem cells and progenitors.Molecular BioSystems, 2012, vol. 8, no. 3, pp. 913{
920. DOI: 10.1039/c2mb05439f

3. Ducrot A., Le foll F., Magal P., MurakawaH., Pasquier J., WebbG.F. An in vitro cell population
dynamics model incorporating cell size, quiescence, and contact inhibition. Mathematical
Models and Methods in Applied Sciences, 2011, vol. 21, iss. supp01, pp. 871{892. DOI:
10.1142/S0218202511005404

4. Bochkov N.P., Nikitina V.A., Buyanovskaya O.A., Voronina E.S., Gol'dshteyn D.V., Kuleshov
N.P., Rzhaninova A.A., Chaushev I.N. Aneuploidy of stem cells isolated from human adipose
tissue. Byulleten' eksperimental'noy biologii i meditsiny, 2008, vol. 146, no. 3, pp. 320{323.
(English translation: Bulletin of Experimental Biology and Medicine, 2008, vol. 146, iss. 3,
pp. 344{347. DOI: 10.1007/s10517-008-0293-1).

5. Bochkov N.P., Nikitina V.A., Voronina E.S., Kuleshov N.P. Methodological Guidelines for
Genetic Safety Testing of Cell Transplants.Kletochnye tekhnologii v biologii i meditsine, 2009,
no. 4, pp. 183{189. (English translation: Bulletin of Experimental Biology andMedicine, 2009,
vol. 148, iss. 4, pp. 677{683. DOI: 10.1007/s10517-010-0793-7).

6. Bochkov N.P., Vinogradova M.S., Volkov I.K., Voronina E.S., Kuleshov N.P. Statistical Anal-
ysis of Clone Formation in Cultures of Human Stem Cells. Kletochnye tekhnologii v biologii I
meditsine, 2011, no. 2, pp. 63{66. (English translation: Bulletin of Experimental Biology and
Medicine, 2011, vol. 151, iss. 4, pp. 498{501. DOI: 10.1007/s10517-011-1366-0).

7. Bochkov N.P., Nikitina V.A. Cytogenetics of human stem cells. Molekulyarnaya meditsina =
Molecular medicine, 2008, no. 3, pp. 40{47. (in Russian)

8. Bochkov N.P., Nikitina V.A., Roslova T.A., Chaushev I.N., Yakushina I.I. Cellular therapy of
hereditary diseases. Vestnik RAMN = Annals of the Russian Academy of Medical Sciences,
2008, no. 10, pp. 20{28. (in Russian)

9. Osipova E.Yu., Shamanskaya T.V., Purbueva B.B., Ustyugov A.Yu., Astrelina T.A., Yakovleva
M.V., Rumyantsev S.A. Ex vivo expansion of mesenchymal stem cells in different culture
conditions (the literature review and own experience). Onkogematologiya = Oncohematology,
2010, no. 3, pp. 65{71. (in Russian)

10. Duesberg P., Mandrioli D., McCormack A., Nicholson J.M. Is carcinogenesis a form of
speciation? Cell Cycle, 2011, no. 10, pp. 2100{2114.

11. Duesberg P., Li R., Fabarius A., Hehlmann R. Aneuploidy and Cancer: From Correlation
to Causation. In: Dittmar T., Zaenker K.S., Schmidt A., eds. Infection and Inflammation:
Impacts on Oncogenesis. Basel, Karger, 2006, pp. 16{44. (Ser. Contributions to Microbiology;
vol. 13.). DOI: 10.1159/000092963

Science and Education of the Bauman MSTU 423

http://dx.doi.org/10.1039/c2mb05439f
http://dx.doi.org/10.1142/S0218202511005404
http://dx.doi.org/10.1007/s10517-008-0293-1
http://dx.doi.org/10.1007/s10517-010-0793-7
http://dx.doi.org/10.1007/s10517-011-1366-0
http://dx.doi.org/10.1159/000092963
http://technomag.bmstu.ru


12. Duesberg P., Fabarius A., Hehlmann R. Aneuploidy, the Primary Cause of the Multilateral
Genomic Instability of Neoplastic and Preneoplastic Cells. IUBMB Life, 2004, vol. 56, no. 2,
pp. 65{81. DOI: 10.1080/15216540410001667902

13. Timoshevsky V.A., Nazarenko S.A. Biological Indication of the Mutagenic Influences and
Genetic Instability in Human Using Evaluation of Numerical Chromosome Aberrations. In-
formatsionny Vestnik VOGiS = VOGiS Herald, 2006, vol. 10, no. 3, pp. 530{539 (in Russian).

14. Bochkov N.P., VinogradovaM.S., Volkov I.K., Kuleshov N.P. Mathematical Model of Dynam-
ics of Total Quantities of Interacting Cell's Populations. Vestnik MGTU im. N.E. Baumana.
Ser. Estestvennye nauki = Herald of the Bauman MSTU. Ser. Natural science, 2011, no. 1,
pp. 18{24. (in Russian)

15. Vinogradova M.S. The qualitative analysis of model of functioning cooperating cellular pop-
ulations. Nauka i obrazovanie MGTU im. N.E. Baumana = Science and Education of the Bau-
man MSTU, 2011, no. 11, pp. 1{20. Available at: http://technomag.edu.ru/doc/251409.html,
accessed 07.07.2014. (in Russian)

16. Vinogradova M.S. A dynamic model of the cellular population system. Nauka i obrazovanie
MGTU im. N.E. Baumana = Science and Education of the Bauman MSTU, 2013, no. 12,
pp. 175{192. DOI: 10.7463/1213.0646463 (in Russian)

17. Vinogradova M.S. Analysing Scenarios of Cell Population System Development. Nauka i
obrazovanie MGTU im. N.E. Baumana = Science and Education of the Bauman MSTU, 2014,
no. 11. pp. 607{622. DOI: 10.7463/1114.0735732 (in Russian)

18. Bochkov N.P., VinogradovaM.S., Volkov I.K. Estimating the Probability of Implementation of
Variants of Development of Interacting Cell's Populations]. Vestnik MGTU im.N.E. Baumana.
Ser. Estestvennye nauki = Herald of the Bauman MSTU. Ser. Natural science, 2011, no. 3,
pp. 31{43. (in Russian)

19. Abercrombie M. Contact inhibition in tissue culture. In Vitro, 1970, vol. 6, no. 2, pp. 128{142.
DOI: 10.1007/BF02616114

20. Vinogradova M.S. Investigation of the Nonlinear Model of the Cellular Population System
Development. Nauka i obrazovanie MGTU im. N.E. Baumana = Science and Education of the
Bauman MSTU, 2014, no. 8, pp. 123{138. DOI: 10.7463/0814.0720269 (in Russian)

21. Zel'ner A. Bajesovskie metody v ekonometrii [Bayesian methods in econometrics]. Moscow,
Statistika publ., 1980. 440 p. (in Russian)

22. Volkov I.K. Identifiability conditions of mathematical models of evolutionary processes over
discrete indirect measurements of the state vector. Izvestija Rossiiskoi akademii nauk. Tehnich-
eskaja kibernetika =Bulletin of the Russian Academy of Sciences. Technical Cybernetics, 1994,
no. 6. pp. 55{72. (in Russian)

23. Vinogradova M.S. Parametrical identification of a model of cooperating cellular populations
on the basis of Bayesian approach. Nauka i obrazovanie MGTU im. N.E. Baumana = Science

Science and Education of the Bauman MSTU 424

http://dx.doi.org/10.1080/15216540410001667902
http://technomag.edu.ru/doc/251409.html
http://dx.doi.org/10.7463/1213.0646463
http://dx.doi.org/10.7463/1114.0735732
http://dx.doi.org/10.1007/BF02616114
http://dx.doi.org/10.7463/0814.0720269
http://technomag.bmstu.ru


and Education of the Bauman MSTU, 2012, no. 11, pp. 155{182. DOI: 10.7463/1112.0490900
(in Russian)

24. Tyurin Yu.N. Nepametricheskie metody statistiki [Nonparametric methods of statistics].
Moscow, Znanie publ., 1978. 64 p.

25. Tyurin Yu.N. ON the limit distribution of Kolmogorov-Smirnov statistics for a composite
hypothesis Izvestija AN SSSR. Matematika, 1984, vol. 48, no. 6. pp. 1314{1343. (English
Translation: Mathematics of the USSR | Izvestiya, 1985, vol. 25, no. 3, pp. 619{646 DOI:
10.1070/IM1985v025n03ABEH001311).

26. Jeffreys H. Theory of probability. Oxford, Clarendon Press, 1983. 459 p.

27. Albert A. Regression, And The Moor-Penrose Pseudoinverse. New York and London, Aca-
demic Press, 1972. 180 p. (Mathematics in Science and Engineering, vol. 94). (Russ. ed.:
|authAlbert A. Regressiia, psevdoinversiia i rekurentnoe otsenivanie. Moscow, Nauka publ.,
1977. 224 p.).

28. Gantmacher F.R. Teorija matrits [The theory of matrices]. Moscow, Nauka publ., 1988. 552 p.
(in Russian)

29. Bellman R. Introduction to Matrix Analysis. 2nd ed. Philadelphia, SIAM, 1997. 428 p. (Ser.
Classics in applied mathematics; vol. 19). (Russ. ed.: Vvedenie v teoriju matrits. Moscow,
Nauka publ., 1969. 368 p.)

Science and Education of the Bauman MSTU 425

http://dx.doi.org/10.7463/1112.0490900
http://dx.doi.org/10.1070/IM1985v025n03ABEH001311
http://technomag.bmstu.ru

