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Çàäà÷à òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû
âòîðîãî ïîðÿäêà ïðè íàëè÷èè îãðàíè÷åíèé

Âåëèùàíñêèé Ì.À.1,*, Êðèùåíêî À.Ï.1 *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Ðàññìàòðèâàåòñÿ çàäà÷à òåðìèíàëüíîãî óïðàâëåíèÿ ñ çàäàííûì âðåìåíåì äëÿ ñèñòåìû âòîðîãî
ïîðÿäêà ïðè íàëè÷èè îãðàíè÷åíèé íà ïåðåìåííûå ñîñòîÿíèÿ. Ñèíòåç ïðîãðàììíîé òðàåêòîðèè
îñóùåñòâëÿåòñÿ ïóòåì ïîñòðîåíèÿ ôàçîâîé òðàåêòîðèè, óäîâëåòâîðÿþùåé íàëîæåííûì îãðàíè-
÷åíèÿì íà ôàçîâûå ïåðåìåííûå. Ðåàëèçóþùåå åå ïðîãðàììíîå óïðàâëåíèå ñòðîèòñÿ íà îñíîâå
êîíöåïöèè îáðàòíûõ çàäà÷ äèíàìèêè. Ïîñòðîåíèå ôàçîâîé òðàåêòîðèè îñóùåñòâëÿåòñÿ â íåêîòî-
ðîì êëàññå ôóíêöèé. Ïðåäëîæåí îïòèìèçàöèîííûé ïîäõîä ê âûáîðó ôàçîâîé òðàåêòîðèè. Ïðåä-
ëîæåíû âàðèàíòû ðàñøèðåíèÿ ìíîæåñòâà òðàåêòîðèé, â êîòîðîì èùóòñÿ ôàçîâûå òðàåêòîðèè.
Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è èñïîëüçóþòñÿ ìåòîäû ÷èñëåííîé îïòèìèçàöèè. Ïðèâîäÿòñÿ
ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Êëþ÷åâûå ñëîâà: ôàçîâàÿ òðàåêòîðèÿ; òåðìèíàëüíîå óïðàâëåíèå; îãðàíè÷åíèÿ íà ñîñòîÿíèÿ

Ââåäåíèå

Ðåøåíèå òåðìèíàëüíûõ çàäà÷, è áåç òîãî òðóäíûõ, çà÷àñòóþ îñëîæíÿåòñÿ íàëîæåííûìè
íà ïåðåìåííûå ñîñòîÿíèÿ è óïðàâëåíèÿ îãðàíè÷åíèÿìè. Áîëüøèíñòâî ðàçðàáîòàííûõ ê
íàñòîÿùåìó ìîìåíòó ìåòîäîâ ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ [1, 2, 3, 4, 5] íå äàþò âîç-
ìîæíîñòè ó÷åòà îãðàíè÷åíèé, íàëîæåííûå íà ñîñòîÿíèå ñèñòåìû. Äëÿ ðåøåíèÿ ïîäîá-
íûõ çàäà÷ øèðîêî èñïîëüçóþòñÿ ìåòîäû, îñíîâàííûå íà êîíöåïöèè îáðàòíûõ çàäà÷ äè-
íàìèêè [6, 7, 8, 9, 10], êîòîðàÿ âêëþ÷àåò äâà ýòàïà: çàäàíèå êèíåìàòè÷åñêîé òðàåêòîðèè
äâèæåíèÿ îáúåêòà è îïðåäåëåíèå óïðàâëåíèé, ðåàëèçóþùèõ äàííóþ òðàåêòîðèþ. Ïîýòîìó
ñèíòåç ïðîãðàììíîé òðàåêòîðèè, óäîâëåòâîðÿþùåé çàäàííûì îãðàíè÷åíèÿì, ïðåäñòàâëÿåò
ñîáîé îòäåëüíóþ çàäà÷ó, ïðåäñòàâëÿþùóþ äîñòàòî÷íî áîëüøîé èíòåðåñ. Â íåêîòîðûõ ìå-
òîäàõ ïðîöåññ ïîèñêà òðåáóåìîé ïðîãðàììíîé òðàåêòîðèè ìîæåò áûòü èòåðàòèâíûì [11].
Äàííàÿ ðàáîòà áàçèðóåòñÿ íà ðåçóëüòàòàõ, ïðåäñòàâëåííûõ â [12], êîòîðûå ïîçâîëÿþò

ñòðîèòü ôàçîâóþ òðàåêòîðèþ óäîâëåòâîðÿþùóþ íàëîæåííûì îãðàíè÷åíèÿì íà ôàçîâûå ïå-
ðåìåííûå â íåêîòîðîì êëàññå ôóíêöèé. Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàòü
îïòèìèçàöèîííûé ïîäõîä ê âûáîðó òðàåêòîðèè, à òàê æå ïðåäëîæåíû âàðèàíòû ðàñøèðå-
íèÿ ìíîæåñòâà, â êîòîðîì èùóòñÿ ôàçîâûå òðàåêòîðèè. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî
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ìîäåëèðîâàíèÿ, ïðåäëîæåííîãî â [12] àëãîðèòìà,à òàê æå ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ
ïîñòàâëåííîé îïòèìèçàöèîííîé çàäà÷è.

1. Ïîñòðîåíèå ôàçîâîé òðàåêòîðèè

Äëÿ äèíàìè÷åñêîé ñèñòåìû

ÿ + f(y, ẏ) = g(y, ẏ)u, (1)

ðàññìîòðèì çàäà÷ó òåðìèíàëüíîãî óïðàâëåíèÿ ïðè íàëè÷èè îãðàíè÷åíèé íà ïåðåìåííûå
ñîñòîÿíèÿ

Y =
{
(y, ẏ) ∈ R2: y ∈ [y0, y∗], 0 < ψ−(y) < ẏ < ψ+(y), ψ±(y) ∈ C1[y0, y∗]

}
(2)

è ãðàíè÷íûõ óñëîâèé

y(0) = y0, ẏ(0) = ẏ0, y(t∗) = y∗, ẏ(t∗) = ẏ∗, (3)

ñ÷èòàÿ, ÷òî g(y, ẏ) 6= 0ïðè (y, ẏ) ∈ Y èóïðàâëåíèå ÿâëÿåòñÿ íåïðåðûâíîéôóíêöèåé âðåìåíè.
Ðåøåíèþ çàäà÷è (1){(3) íà ôàçîâîé ïëîñêîñòè (y, ẏ) ñîîòâåòñòâóåò t-ïàðàìåòðè÷åñêàÿ

êðèâàÿ y = y(t), ẏ = ẏ(t), t ∈ [0, t∗]. Òàê êàê ẏ(t) > 0, òî óðàâíåíèå ýòîé êðèâîé ìîæíî
çàïèñàòü â âèäå ẏ = ψ(y), ãäå ψ(y) ∈ C1[y0, y∗].
Ðàññìàòðèâàÿ ðàâåíñòâî ẏ = ψ(y) êàê äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà è

èíòåãðèðóÿ åãî íà [0, t∗], íàõîäèì, ÷òî äëÿ ôóíêöèè ψ âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

y∗∫
y0

dy

ψ(y)
= t∗, (4)

0 < ψ−(y) < ψ(y) < ψ+(y), y ∈ [y0, y∗], (5)

ψ(y0) = ψ0 = ẏ0, ψ(y∗) = ψ∗ = ẏ∗. (6)

Åñëè äëÿ ôóíêöèè ψ âûïîëíåíû óñëîâèÿ (4){(6), òî åé ñîîòâåòñòâóåò ðåøåíèå çàäà÷è (1){
(3). Äåéñòâèòåëüíî, ïîëàãàÿ ẏ = ψ(y), íàõîäèì

ÿ = ψ′(y)ẏ = ψ′(y)ψ(y)

è â ðåçóëüòàòå èìååì ðåøåíèå çàäà÷è (1){(3) â âèäå

u(y) =
ψ′(y)ψ(y) + f(y, ψ(y))

g(y, ψ(y))
. (7)

Ïîñêîëüêó y(t) åñòü ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûìè óñëîâèÿìè ẏ = ψ(y), y(0) = y0, òî
óïðàâëåíèå (7) ìîæíî çàïèñàòü â âèäå

u(y(t)) =
ψ′(y(t))ψ(y(t)) + f(y(t), ψ(y(t)))

g(y(t), ψ(y(t)))
. (8)
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Ñîîòâåòñòâóþùåå ñòàáèëèçèðóþùåå óïðàâëåíèå ìîæåò áûòü íàéäåíî ïî ôîðìóëå

u(y, t) =
ÿ(t) + f(y, ẏ)− k1(ẏ − ẏ(t))− k2(y − y(t))

g(y, ẏ)
,

ãäå k1, k2 > 0 { íåêîòîðûå êîíñòàíòû, çàäàþùèå äèíàìèêó óáûâàíèÿ îøèáêè e = y − y(t).
Òàêèì îáðàçîì, äëÿ ðåøåíèÿ çàäà÷è (1){(3) íåîáõîäèìî è äîñòàòî÷íî íàéòè ôóíêöèþ

ψ(y) ∈ C1[y0, y∗], óäîâëåòâîðÿþùóþ óñëîâèÿì (4){(6). Íåñëîæíî çàìåòèòü, ÷òî äëÿ ñóùå-
ñòâîâàíèÿ ðåøåíèÿ çàäà÷è (4){(6) åå èñõîäíûå äàííûå äîëæíû óäîâëåòâîðÿòü óñëîâèÿì

ψ−(y0) < ψ0 < ψ+(y0), ψ−(y∗) < ψ∗ < ψ+(y∗), tinf < t∗ < tsup, (9)

ãäå

tinf =

y∗∫
y0

dy

ψ+(y)
, tsup =

y∗∫
y0

dy

ψ−(y)
.

Ïîñòðîåíèå ôóíêöèè ψ áóäåì ïðîâîäèòü ñîãëàñíî ìåòîäèêå èçëîæåííîé â [12].
Ñíà÷àëà ïîñòðîèì ψ−ε̂(y) è ψ+ε(y) | ñïåöèàëüíûå àïïðîêñèìàöèè íà ôóíêöèè ψ−(y)

è ψ+(y), à èñêîìóþ ôóíêöèþ ψ(y) áóäåì ñòðîèòü êàê ëèíåéíóþ êîìáèíàöèþ ïîëó÷åííûõ
ôóíêöèé. Ôóíêöèè ψ−ε̂(y) è ψ+ε(y) âûáèðàþòñÿ â êëàññå C1[y0, y∗] òàê, ÷òîáû áûëè âûïîë-
íåíû ãðàíè÷íûå óñëîâèÿ (6), îãðàíè÷åíèÿ (5) è

t−(ε̂) =

y∗∫
y0

dy

ψ−ε̂(y)
< t∗ < t+(ε) =

y∗∫
y0

dy

ψ+ε(y)
.

Ñîãëàñíî [12], â êà÷åñòâå òàêèõ ôóíêöèé ìîæíî âçÿòü

ψ+ε(y) =


(ψ+(y)− ε+)λ1(y) + ψ−(y)(1− λ1(y)), y ∈ [y0, y0 + ε0];

ψ+(y)− ε+, y ∈ [y0 + ε0, y∗ − ε∗];

(ψ+(y)− ε+)λ2(y) + ψ−(y)(1− λ2(y)), y ∈ [y∗ − ε∗, y∗],

ψ−ε̂(y) =


(ψ−(y) + ε−)λ3(y) + ψ+(y)(1− λ3(y)), y ∈ [y0, y0 + ε0];

ψ−(y) + ε−, y ∈ [y0 + ε0, y∗ − ε∗];

(ψ−(y) + ε−)λ4(y) + ψ+(y)(1− λ4(y)), y ∈ [y∗ − ε∗, y∗],

ãäå

ε = (ε+, ε0, ε∗), ε̂ = (ε−, ε0, ε∗);

λ1(y) = 1− (1− ξ+)(1− τ)2, τ =
y − y0

ε0

, ξ+ =
ψ0 − ψ−(y0)

ψ+(y0)− ψ−(y0)− ε+

,

λ2(y) = 1− (1− η+)τ 2, ν =
y − y∗ + ε∗

ε∗
, η+ =

ψ∗ − ψ−(y∗)

ψ+(y∗)− ψ−(y∗)− ε+

;

λ3(y) = 1− (1− ξ−)(1− τ)2, τ =
y − y0

ε0

, ξ− =
ψ0 − ψ+(y0)

ψ−(y0)− ψ+(y0) + ε−
,

λ4(y) = 1− (1− η−)τ 2, ν =
y − y∗ + ε∗

ε∗
, η− =

ψ∗ − ψ+(y∗)

ψ−(y∗)− ψ+(y∗) + ε−
.
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Ïðè îïðåäåëåíèè ôóíêöèé ψ−ε̂(y) è ψ+ε(y) èñïîëüçîâàëèñü ñëåäóþùèå îáîçíà÷åíèÿ

m− = min
y∈[y0, y∗]

ψ−(y), m+ = min
y∈[y0, y∗]

ψ+(y),

M− = max
y∈[y0, y∗]

ψ−(y), M+ = max
y∈[y0, y∗]

ψ+(y),

m+− = min
y∈[y0, y∗]

(ψ+(y)− ψ−(y)),

Äëÿ ε = t∗−tinf è ε = tsup−t∗ ôèêñèðóþòñÿ ëþáûå ε = (ε+, ε0, ε∗) > 0 è ε̂ = (ε−, ε0, ε∗) >

> 0 ñîîòâåòñòâåííî, óäîâëåòâîðÿþùåå íåðàâåíñòâàì

ε+ < min

{
m+−

3
, ψ+(y0)− ψ0, ψ+(y∗)− ψ∗,

εm2
+

3(y∗ − y0) + εm+

}
, (10)

ε− < min

{
m+−

3
, ψ0 − ψ−(y0), ψ∗ − ψ−(y∗),

εm2
−

3(y∗ − y0)

}
, (11)

ε0 < min
{
y∗ − y0

3
,

εm−M+

3(M+ −m−)

}
, (12)

ε∗ < min
{
y∗ − y0

3
,

εm−M+

3(M+ −m−)

}
. (13)

Äëÿ íàõîæäåíèÿ ôóíêöèè ψ(y) ðàññìîòðèì

α(c) =

y∗∫
y0

(
c

ψ+ε(y)
+

1− c

ψ−ε̂(y)

)
dy = ct+(ε) + (1− c)t−(ε̂),

ãäå

t−(ε̂) =

y∗∫
y0

dy

ψ−ε̂(y)
, t+(ε) =

y∗∫
y0

dy

ψ+ε(y)
.

Ïðè

c = c∗ =
t∗ − t−(ε̂)

t+(ε)− t−(ε̂)
∈ (0, 1)

âûïîëíåíî ðàâåíñòâî α(c) = t∗ è ôóíêöèÿ

ψ(y) =
1

c∗
ψ+ε(y)

+
1− c∗
ψ−ε̂(y)

=
ψ+ε(y)ψ−ε̂(y)

c∗ψ−ε̂(y) + (1− c∗)ψ+ε(y)
. (14)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4){(6).
Ç à ì å ÷ à í è å . Ïîäîáíûé ïîäõîä ïðèìåíèì è â ñëó÷àå, êîãäà ôàçîâàÿ òðàåêòîðèÿ íàõî-

äèòñÿ â íèæíåé ïîëóïëîñêîñòè. Ñîîòâåòñòâóþùàÿ îáëàñòü îãðàíè÷åíèé èìååò âèä

Y =
{
(y, ẏ) ∈ R2: y ∈ [y0, y∗], 0 > ψ−(y) > ẏ > ψ+(y), ψ±(y) ∈ C1[y∗, y0]

}
.

Äëÿ íàõîæäåíèÿ ôàçîâîé òðàåêòîðèè ψ(y) ïîëó÷àåì óñëîâèÿ, àíàëîãè÷íûå (4){(6):
y∗∫

y0

dy

ψ(y)
= t∗;

0 > ψ−(y) > ψ(y) > ψ+(y), y ∈ [y∗, y0] :

ψ(y0) = ψ0 = ẏ0, ψ(y∗) = ψ∗ = ẏ∗.
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Ôóíêöèè ψ−ε̂(y) è ψ+ε(y) çàäàäèì ñëåäóþùèì îáðàçîì:

ψ+ε(y) =


(ψ+(y) + ε+)λ1(y) + ψ−(y)(1− λ1(y)), y ∈ [y∗, y∗ + ε0];

ψ+(y) + ε+, y ∈ [y∗ + ε0, y0 − ε∗];

(ψ+(y) + ε+)λ2(y) + ψ−(y)(1− λ2(y)), y ∈ [y0 − ε∗, y0];

ψ−ε̂(y) =


(ψ−(y)− ε−)λ3(y) + ψ+(y)(1− λ3(y)), y ∈ [y∗, y∗ + ε0];

ψ−(y)− ε−, y ∈ [y∗ + ε0, y0 − ε∗];

(ψ−(y)− ε−)λ4(y) + ψ+(y)(1− λ4(y)), y ∈ [y0 − ε∗, y0].

Âñïîìîãàòåëüíûå ôóíêöèè λ1(y), . . . , λ4(y), îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

λ1(y) = 1− (1− ξ+)(1− τ)2, τ =
y − y∗
ε0

, ξ+ =
ψ∗ − ψ−(y∗)

ψ+(y∗)− ψ−(y∗) + ε+

;

λ2(y) = 1− (1− η+)τ 2, ν =
y − y0 + ε∗

ε∗
, η+ =

ψ0 − ψ−(y0)

ψ+(y0)− ψ−(y0) + ε+

;

λ3(y) = 1− (1− ξ−)(1− τ)2, τ =
y − y∗
ε0

, ξ− =
ψ∗ − ψ+(y∗)

ψ−(y∗)− ψ+(y∗)− ε−
,

λ4(y) = 1− (1− η−)τ 2, ν =
y − y0 + ε∗

ε∗
, η− =

ψ0 − ψ+(y0)

ψ−(y0)− ψ+(y0)− ε−
.

Óñëîâèÿ (10){(13) çàïèøóòñÿ â ñëåäóþùåì âèäå:

ε+ < min

{
m+−

3
, ψ0 − ψ+(y0), ψ∗ − ψ+(y∗),

εm2
+

3(y0 − y∗) + εm+

}
, (15)

ε− < min

{
m+−

3
, ψ−(y0)− ψ0, ψ−(y∗)− ψ∗,

εm2
−

3(y0 − y∗)

}
, (16)

ε0 < min
{
y0 − y∗

3
,

εm−M+

3(M+ −m−)

}
, (17)

ε∗ < min
{
y0 − y∗

3
,

εm−M+

3(M+ −m−)

}
, (18)

ãäå

m− = min
y∈[y0, y∗]

(−ψ−(y)), m+ = min
y∈[y0, y∗]

(−ψ+(y)),

M− = max
y∈[y0, y∗]

(−ψ−(y)), M+ = max
y∈[y0, y∗]

(−ψ+(y)),

m+− = min
y∈[y0, y∗]

(ψ−(y)− ψ+(y)).

Âûáîð ε = (ε+, ε0, ε∗) > 0 è ε̂ = (ε−, ε0, ε∗) > 0 â ñëó÷àå íèæíåé ïîëóïëîñêîñòè îñóùå-
ñòâëÿåòñÿ àíàëîãè÷íî ðàññìîòðåííîìó âûøå. Äëÿ ε = t∗ − tinf è ε = tsup − t∗ ôèêñèðóþòñÿ
ëþáûå çíà÷åíèÿ ε è ε̂, óäîâëåòâîðÿþùèå óñëîâèÿì (15){(18).

Èñêîìàÿ ôóíêöèÿ ψ(y) âû÷èñëÿåòñÿ ñîãëàñíî (14).
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2. Îïòèìèçàöèîííûé ïîäõîä ê âûáîðó ôàçîâîé òðàåêòîðèè

Ïîñòðîåííàÿ â ïðåäûäóùåì ðàçäåëå ôóíêöèÿ ψ(y) çàâèñèò â îáùåì ñëó÷àå îò øåñòè
ïàðàìåòðîâ, ïîñêîëüêó ïàðàìåòðû ε0 è ε∗ ìîãóò áûòü ðàçëè÷íûìè äëÿ ôóíêöèé ψ+ε(y)

è ψ−ε̂(y). Îáîçíà÷èì ÷åðåç (ε+
0 , ε

+
∗ ) çíà÷åíèÿ ïàðàìåòðîâ ε0 è ε∗ äëÿ ôóíêöèè ψ+ε(y) è

÷åðåç (ε−0 , ε
−
∗ ) | äëÿ ôóíêöèè ψ−ε̂(y). Ïðè ôèêñèðîâàíèè âñåõ øåñòè ïàðàìåòðîâ ε̃ =

(ε+, ε−, ε
+
0 , ε

+
∗ , ε

−
0 , ε

−
∗ ), óäîâëåòâîðÿþùèõ (10){(13), ìû ïîëó÷àåì åäèíñòâåííóþ ôàçîâóþ

òðàåêòîðèþ ψ(y) âèäà (14), ÿâëÿþùóþñÿ ðåøåíèåì çàäà÷è (4){(6). Èçìåíÿÿ óêàçàííûå ïà-
ðàìåòðû, ïîëó÷àåì, â îáùåì ñëó÷àå, äðóãóþ ôàçîâóþ òðàåêòîðèþ, ÿâëÿþùóþñÿ ðåøåíèåì
çàäà÷è (4){(6). Òàêèì îáðàçîì, ìû èìååì ïàðàìåòðè÷åñêîå ñåìåéñòâî ôóíêöèé ψε̃(y), ÿâëÿ-
þùååñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è (1){(3). Íàëè÷èå ïîäîáíîãî ìíîæåñòâà ðåøåíèé
ïîçâîëÿåò ñòðîèòü èñêîìóþ ôàçîâóþ òðàåêòîðèþ êàê ðåøåíèå íåêîòîðîé îïòèìèçàöèîííîé
çàäà÷è, ãäå â êà÷åñòâå îïòèìèçèðóåìûõ ïàðàìåòðîâ âûñòóïàþò çíà÷åíèÿ ε̃:

J(ε̃)|ε̃∈Ω → min, (19)

ãäå Ω | ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé ε̃. Â ÷àñòíîñòè, Ω ìîæåò çàäàâàòüñÿ óñëîâè-
ÿìè (10){(13), ÷òî ñîîòâåòñòâóåò îïòèìèçàöèîííîé çàäà÷å ïðè íàëè÷èè ëèíåéíûõ îãðàíè-
÷åíèé â âèäå íåðàâåíñòâ. Â êà÷åñòâå êðèòåðèÿ îïòèìèçàöèè ìîæåò âûñòóïàòü àáñîëþòíàÿ
âåëè÷èíà ìàêñèìàëüíîãî çíà÷åíèÿ ïðîãðàììíîãî óïðàâëåíèÿ, ñðåäíåå çíà÷åíèå ïðîãðàìì-
íîãî óïðàâëåíèÿ è ò.ä. Åñëè â äîïîëíåíèå ê îãðàíè÷åíèÿì (2) èìåþòñÿ îãðàíè÷åíèÿ, ê
ïðèìåðó, íà çíà÷åíèå ïðîãðàììíîãî óïðàâëåíèÿ, òî îïòèìèçàöèîííóþ çàäà÷ó (19) ñëåäóåò
äîïîëíèòü ñîîòâåòñòâóþùèì îãðàíè÷åíèåì:

J(ε̃)|ε̃∈Ω, u∈U → min, (20)

ãäå U | ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé ïðîãðàììíîãî óïðàâëåíèÿ. Ê ñîæàëåíèþ, çà-
âèñèìîñòü ïðîãðàììíîãî óïðàâëåíèÿ îò ïàðàìåòðîâ ε̃ äîñòàòî÷íî ñëîæíà, ÷òî ïðèâîäèò ê
îïòèìèçàöèîííîé çàäà÷è ïðè íàëè÷èè íåëèíåéíûõ îãðàíè÷åíèé â âèäå íåðàâåíñòâ.

Âûïîëíåíèå óñëîâèé (10){(13) ãàðàíòèðóåò, ÷òî ïîñòðîåííàÿ òðàåêòîðèÿ ÿâëÿåòñÿ ðåøå-
íèåì çàäà÷è (4){(6), îäíàêî ýòè óñëîâèÿ äîñòàòî÷íî ãðóáû. ×èñëåííîå ìîäåëèðîâàíèå ïîêà-
çàëî, ÷òî â áîëüøèíñòâå ñëó÷àåâ ïðåäëîæåííûé àëãîðèòì íàõîäèò ðåøåíèå òåðìèíàëüíîé
çàäà÷è (1){(3), äàæå åñëè ïàðàìåòðû ε0 è ε∗ íå óäîâëåòâîðÿþò óñëîâèÿì (10){(13). Ïðè ýòîì
óâåëè÷åíèå çíà÷åíèÿ ïàðàìåòðîâ ε0 è ε∗ çà÷àñòóþ ïðèâîäèò ê çíà÷èòåëüíîìó óìåíüøåíèþ,
íàïðèìåð, àáñîëþòíîé âåëè÷èíû ìàêñèìàëüíîãî çíà÷åíèÿ ïðîãðàììíîãî óïðàâëåíèÿ. Îòêàç
îò âûïîëíåíèÿ óñëîâèé (10){(13) äëÿ óêàçàííûõ ïàðàìåòðîâ âåäåò ê äîïîëíèòåëüíîé ïðî-
âåðêå íà ïðèíàäëåæíîñòü ïîëó÷åííîãî ðåøåíèÿ ìíîæåñòâó äîïóñòèìûõ ðåøåíèé. Â ðàáîòå
ïðåäëàãàåòñÿ ðàñøèðèòü ìíîæåñòâî Ω, çàäàâàåìîå íåðàâåíñòâàìè (10){(13), è èñïîëüçîâàòü
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ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé, êîòîðîå çàäàåòñÿ ñëåäóþùåé ñèñòåìîé íåðàâåíñòâ:

ε+ < min

{
m+−

3
, ψ+(y0)− ψ0, ψ+(y∗)− ψ∗,

εm2
+

3(y∗ − y0) + εm+

}
,

ε− < min

{
m+−

3
, ψ0 − ψ−(y0), ψ∗ − ψ−(y∗),

εm2
−

3(y∗ − y0)

}
,

0 < ε+
0 < γ(y∗ − y0), 0 < ε+

∗ < γ(y∗ − y0),

0 < ε−0 < γ(y∗ − y0), 0 < ε−∗ < γ(y∗ − y0),

ε+
0 + ε+

∗ < y∗ − y0, ε−0 + ε−∗ < y∗ − y0,

(t∗ − tinf (ε̃))(t∗ − tsup(ε̃)) ≤ 0,

(21)

ãäå

tinf (ε̃) =

y∗∫
y0

dy

ψ+ε(y)
, tsup(ε̃) =

y∗∫
y0

dy

ψ−ε̂(y)
, γ ∈ (0, 1).

Ïîñëåäíåå óñëîâèå â (21) ïðåäíàçíà÷åíî äëÿ ïðîâåðêè ïðèíàäëåæíîñòè ïîëó÷àåìîé òðàåê-
òîðèè ìíîæåñòâó äîïóñòèìûõ ðåøåíèé.

3. Ìîäåëèðîâàíèå

Ìîäåëèðîâàíèå îñóùåñòâëÿëîñü â ñðåäå Matlab. Â êà÷åñòâå îïòèìèçàöèîííîãî êðèòåðèÿ
ðàññìàòðèâàëàñü àáñîëþòíàÿ âåëè÷èíà ìàêñèìàëüíîãî çíà÷åíèÿ ïðîãðàììíîãî óïðàâëåíèÿ

J(ε̃) = max(|u(t)|)
∣∣∣
ε̃∈Ω, t∈[0, t∗]

→ min, (22)

ãäå ìíîæåñòâî Ω, çàäàåòñÿ íåðàâåíñòâàìè (21). Äëÿ ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è
ïðè íàëè÷èè îãðàíè÷åíèé èñïîëüçîâàëàñü ñòàíäàðòíàÿ ôóíêöèÿ ñðåäû fmincon. Â êà÷åñòâå
àëãîðèòìà ÷èñëåííîãî ðåøåíèÿ çàäà÷è èñïîëüçîâàëñÿ àëãîðèòì <Interior Point> [13, 14, 15].
Ïðèìåð 1. Ðàññìîòðèì ñëåäóþùóþ òåðìèíàëüíóþ çàäà÷ó:

ÿ + y cos(ẏ) = (0.5y + 0.1ẏ)u; y(0) = 0, ẏ(0) = 3.5, y(t∗) = 10, ẏ(t∗) = 2.5, t∗ = 6,

ïðè íàëè÷èè îãðàíè÷åíèé íà ïåðåìåííûå ñîñòîÿíèÿ

ψ−(y) = cos(y) + 1.5, ψ+(y) = 2 sin(y) + 4.5.

Â êà÷åñòâå ïàðàìåòðîâ ε̃ âçÿòû ñëåäóþùèå çíà÷åíèÿ, óäîâëåòâîðÿþùèå óñëîâèÿì (10){(13):

ε+
0 = ε+

∗ = ε−0 = ε−∗ = 0.565, ε+ = 0.242, ε− = 0.026.

Íà ðèñ. 1 ïðåäñòàâëåíû ãðàôèêè îãðàíè÷åíèé ψ−(y) è ψ+(y) è àïïðîêñèìàöèè îãðàíè÷åíèé
ψ+ε(y) è ψ−ε̂(y), à òàêæå ãðàôèê èñêîìîé ôóíêöèè ψ(y), âû÷èñëåííûé ñîãëàñíî (14). Íà
ðèñ. 2 ïðåäñòàâëåí ãðàôèê ïðîãðàììíîãî óïðàâëåíèÿ u(y(t)). Çíà÷åíèå êðèòåðèÿ (22) áåç
îïòèìèçàöèè ñîñòàâèëî J = 7.81.
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Ðèñ. 1. Ãðàôèêè îãðàíè÷åíèé, èõ îöåíêè è ôàçîâàÿ òðàåêòîðèÿ â ïðèìåðå 1

Ðèñ. 2. Ïðîãðàììíîå óïðàâëåíèå â ïðèìåðå 1

Ïîñëå ÷èñëåííîãî ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è áûëè ïîëó÷åíû ñëåäóþùèå çíà÷å-
íèÿ îïòèìèçèðóåìûõ ïàðàìåòðîâ:

ε+
0 = 3.853, ε+

∗ = 1.129, ε−0 = 1.303, ε−∗ = 0.743.

Çíà÷åíèå êðèòåðèÿ ñîñòàâèëî J = 6.5, ÷òî ñîîòâåòñòâóåò óìåíüøåíèþ çíà÷åíèÿ êðèòåðèÿ
íà 17%. Ñîîòâåòñòâóþùèå ãðàôèêè ïðåäñòàâëåíû íà ðèñ. 3{4.
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Ðèñ. 3. Ãðàôèêè îãðàíè÷åíèé, èõ îöåíêè è ôàçîâàÿ òðàåêòîðèÿ â ïðèìåðå 1 (îïòèìèçàöèÿ)

Ðèñ. 4. Ïðîãðàììíîå óïðàâëåíèå â ïðèìåðå 1 (îïòèìèçàöèÿ)

Ïðèìåð 2. Ðàññìîòðèì òó æå òåðìèíàëüíóþ çàäà÷ó, ÷òî è â ïðèìåðå 1, íî ñ äðóãèìè
îãðàíè÷åíèÿìè íà ïåðåìåííûå ñîñòîÿíèÿ:

ψ−(y) = 0.5, ψ+(y) = 5.0.

Â êà÷åñòâå ïàðàìåòðîâ ε̃ âçÿòû ñëåäóþùèå çíà÷åíèÿ, óäîâëåòâîðÿþùèå óñëîâèÿì (10){(13):

ε+
0 = 0.667, ε+

∗ = 0.667, ε−0 = 2.333, ε−∗ = 2.333, ε+ = 0.030, ε− = 0.105.

Íà ðèñ. 5 ïðåäñòàâëåíû ãðàôèêè îãðàíè÷åíèé ψ−(y) è ψ+(y), ãðàôèêè àïïðîêñèìàöèè îãðà-
íè÷åíèéψ+ε(y) èψ−ε̂(y), à òàêæå ãðàôèê èñêîìîéôóíêöèèψ(y), âû÷èñëåííûé ñîãëàñíî (14).
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Ðèñ. 5. Ãðàôèêè îãðàíè÷åíèé, èõ îöåíêè è ôàçîâàÿ òðàåêòîðèÿ â ïðèìåðå 2

Ðèñ. 6. Ïðîãðàììíîå óïðàâëåíèå â ïðèìåðå 2

Íà ðèñ. 6 ïðåäñòàâëåí ãðàôèê ïðîãðàììíîãî óïðàâëåíèÿ. Çíà÷åíèå êðèòåðèÿ (22) áåç îïòè-
ìèçàöèè ñîñòàâèëî J = 19.6.
×èñëåííîå ðåøåíèå îïòèìèçàöèîííîé çàäà÷è äàëî ñëåäóþùèå çíà÷åíèÿ îïòèìèçèðóå-

ìûõ ïàðàìåòðîâ:

ε+
0 = 5.191, ε+

∗ = 1.981, ε−0 = 8.278, ε−∗ = 0.245.

Çíà÷åíèå êðèòåðèÿ ñîñòàâèëî J = 2.41, ÷òî ñîîòâåòñòâóåò óìåíüøåíèþ çíà÷åíèÿ êðèòåðèÿ
áîëåå ÷åì â 8 ðàç. Ñîîòâåòñòâóþùèå ãðàôèêè ïðåäñòàâëåíû íà ðèñ. 7{8.
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Ðèñ. 7. Ãðàôèêè îãðàíè÷åíèé, èõ îöåíêè è ôàçîâàÿ òðàåêòîðèÿ â ïðèìåðå 2 (îïòèìèçàöèÿ)

Ðèñ. 8. Ïðîãðàììíîå óïðàâëåíèå â ïðèìåðå 2 (îïòèìèçàöèÿ)

Ïðèìåð 3. Ðàññìîòðèì ñëåäóþùóþ òåðìèíàëüíóþ çàäà÷ó:

ÿ − y cos(ẏ) = u; y(0) = 10, ẏ(0) = 3.5, y(t∗) = 0, ẏ(t∗) = 2.5, t∗ = 6

ïðè íàëè÷èè îãðàíè÷åíèé íà ïåðåìåííûå ñîñòîÿíèÿ

ψ−(y) = − cos(y)− 1.5, ψ+(y) = −2 sin(y + π/4)− 4.5.

Íà ôàçîâîé ïëîñêîñòè äàííûå óñëîâèÿ ñîîòâåòñòâóþò íèæíåé ïîëóïëîñêîñòè. Â êà÷åñòâå
ïàðàìåòðîâ ε̃ âçÿòû ñëåäóþùèå çíà÷åíèÿ, óäîâëåòâîðÿþùèå óñëîâèÿì (10){(13):

ε+
0 = 0.565, ε+

∗ = 0.565, ε−0 = 0.565, ε−∗ = 0.565, ε+ = 0.042, ε− = 0.026.
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Íà ðèñ. 9 ïðåäñòàâëåíû ãðàôèêè îãðàíè÷åíèé ψ−(y) è ψ+(y), èõ àïïðîêñèìàöèé ψ+ε(y) è
ψ−ε̂(y), à òàêæå ãðàôèê èñêîìîé ôóíêöèè ψ(y), âû÷èñëåííîé ñîãëàñíî (14). Íà ðèñ. 10
ïðåäñòàâëåí ãðàôèê ïðîãðàììíîãî óïðàâëåíèÿ. Çíà÷åíèå êðèòåðèÿ (22) áåç îïòèìèçàöèè
ñîñòàâèëî J = 16.05.

Ðèñ. 9. Ãðàôèêè îãðàíè÷åíèé, èõ îöåíêè è ôàçîâàÿ òðàåêòîðèÿ â ïðèìåðå 3

Ðèñ. 10. Ïðîãðàììíîå óïðàâëåíèå â ïðèìåðå 3

Íàéäåííûå çíà÷åíèÿ îïòèìèçèðóåìûõ ïàðàìåòðîâ:

ε+
0 = 2.932, ε+

∗ = 2.940, ε−0 = 2.731, ε−∗ = 5.815.

Çíà÷åíèå êðèòåðèÿ ñîñòàâèëî J = 8.36, ÷òî ñîîòâåòñòâóåò ïî÷òè äâóêðàòíîìó óìåíüøåíèþ
çíà÷åíèÿ êðèòåðèÿ. Ñîîòâåòñòâóþùèå ãðàôèêè ïðåäñòàâëåíû íà ðèñ. 11{12.
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Ðèñ. 11. Ãðàôèêè îãðàíè÷åíèé, èõ îöåíêè è ôàçîâàÿ òðàåêòîðèÿ â ïðèìåðå 3 (îïòèìèçàöèÿ)

Ðèñ. 12. Ïðîãðàììíîå óïðàâëåíèå â ïðèìåðå 3 (îïòèìèçàöèÿ)

Äàííûé ïðèìåð èëëþñòðèðóåò ïðèìåíèìîñòü, êàê óæå îòìå÷àëîñü ðàíåå, èñïîëüçóåìîãî
ïîäõîäà â ñëó÷àå, êîãäà ôàçîâàÿ òðàåêòîðèÿ íàõîäèòñÿ â íèæíåé ïîëóïëîñêîñòè, ò.å. îòâå÷àåò
óñëîâèþ ẏ = ψ(y) < 0.

Çàêëþ÷åíèå

Ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ ôàçîâîé òðàåêòîðèè ïðè íàëè÷èè îãðàíè÷åíèé. Ìåòîä
îñíîâàí íà ïàðàìåòðè÷åñêèõìíîæåñòâàõ ðåøåíèé èíòåãðàëüíûõ óðàâíåíèé, ðàññìîòðåííûõ
â [12]. Ïðèâåäåíû ðàñ÷åòíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ïðîãðàììíîãî è ñòàáèëèçèðóþùåãî
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óïðàâëåíèé. Ïðåäëîæåíû ñïîñîáû óëó÷øåíèÿ äàííîé òðàåêòîðèè ñ òî÷êè çðåíèÿ òåõ èëè
èíûõ îïòèìèçàöèîííûõ êðèòåðèåâ.
Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ïîêàçàëè, ÷òî ïðåäëîæåííûé â ðàáîòå àëãîðèòì

ïîçâîëÿåò óëó÷øèòü, à â ðÿäå ñëó÷àåâ { çíà÷èòåëüíî óëó÷øèòü, îïòèìèçèðóåìûå ïîêàçàòåëè
ïîëó÷àåìîé ôàçîâîé òðàåêòîðèè. Ïîäîáíûå ðåçóëüòàòû ïî-âèäèìîìó ñâÿçàíû îòíîñèòåëü-
íîé ãðóáîñòüþ ïîëó÷åííûõ â [12] îöåíîê (10){(13), ÷òî âåäåò ê çíà÷èòåëüíîìó óìåíüøåíèþ
âû÷èñëÿåìîãî ñîãëàñíî èì ìíîæåñòâà äîïóñòèìûõ çíà÷åíèé Ω, ïî ñðàâíåíèþ ñ ðåàëüíûì
ìíîæåñòâîì äîïóñòèìûõ çíà÷åíèé.

Ðàáîòà âûïîëíåíà ïðèôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû 14-01-00424 è 15-07-06484)
è Ìèíîáðíàóêè ÐÔ (ïðîåêò1.644.2014/Ê è ïðîåêò 736 ïðîãðàììû <Îðãàíèçàöèÿ ïðîâåäåíèÿ
íàó÷íûõ èññëåäîâàíèé>).
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The paper considers a problem of the time-specified control terminal for the second order
system with restrictions on the state variables.
Most developed methods for solving problems of the terminal [1, 2, 3, 4, 5] do not allow us

to take into account the restrictions on the system condition. To solve such problems are widely
used methods based on the concept of inverse dynamics problems [6, 7, 8, 9, 10], with one step of
which being to specify a kinematic object trajectory. Some methods use an iterative [11] process
of finding a desired program trajectory.
This work is based on the results presented in [12]. It is shown that the solution of the original

problem is equivalent to finding the terminal phase of the trajectory that satisfies the restrictions
imposed on the state variables, as well as the certain additional conditions. It is assumed that the
restrictions imposed on the state variables can be represented as functions for which, in a certain
class of functions, special approximations are built. A desired phase trajectory is built as a linear
combination of obtained functions-approximations. Thus constructed phase trajectory is a solution
to the original terminal problem. The presented formulas are true for both the upper and lower
half-plane of the phase space. The paper proposes an optimization approach to a choice of the
trajectory as well as the options to extend the set in which the phase trajectories are sought. It gives
the numerical simulation results, a presented in [12] algorithm, and also the results of numerical
solution to the optimization problem.
This approach can be used to solve the terminal problems of vector-controlled mechanical

systems with restrictions on the state variables.
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