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ñ ÷àñòèöàìè äëÿ ðåøåíèÿ çàäà÷ ãèäðîäèíàìèêè
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1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Ïðè ðåøåíèè çàäà÷ ãèäðîäèíàìèêè óäîáíî èñïîëüçîâàòü ëàãðàíæåâ ïîäõîä ê îïèñàíèþ ñðåäû,
ñóòü êîòîðîãî â òîì, ÷òî óçëû ñåòêè äâèæóòñÿ âìåñòå ñî ñðåäîé; ïðè ýòîì ñàìà ñåòêà äåôîðìè-
ðóåòñÿ ëèáî ïåðåñòðàèâàåòñÿ íà êàæäîì øàãå ðåøåíèÿ. Öåëüþ ðàáîòû ÿâëÿåòñÿ ïðîãðàììíàÿ
ðåàëèçàöèÿ àëãîðèòìà ìåòîäà PFEM â äâóìåðíîé ïîñòàíîâêå è åãî òåñòèðîâàíèå íà ìîäåëüíîé
çàäà÷å î ðàñ÷åòå òå÷åíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè â êâàäðàòíîé êàâåðíå. Ðàññìîòðåíû âñå
ýòàïû ðàáîòû àëãîðèòìà (ìåòîäèêà ïåðåñòðîåíèÿ ñåòêè, àïïðîêñèìàöèÿ îïðåäåëÿþùèõ ñîîòíî-
øåíèé, îñîáåííîñòè âûáîðà ôóíêöèé ôîðìû äëÿ ïîëó÷åííûõ êîíå÷íûõ ýëåìåíòîâ), ïðîâåäåíî
÷èñëåííîå èññëåäîâàíèå ñõîäèìîñòè ðåøåíèÿ ìîäåëüíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ãèäðîäèíàìèêà; ëàãðàíæåâà ïîñòàíîâêà; ìåòîä êîíå÷íûõ ýëåìåíòîâ ñ ÷àñòè-
öàìè; ïåðåñòðîåíèå ñåòêè

Ââåäåíèå

Òðàäèöèîííî äëÿ ðåøåíèÿ óðàâíåíèé ãèäðîäèíàìèêè èñïîëüçóåòñÿ ýéëåðîâà ïîñòàíîâêà
çàäà÷. Ñåòêà, íàêëàäûâàåìàÿ íà ðàñ÷åòíóþ îáëàñòü, îñòàåòñÿ íåïîäâèæíîé â òå÷åíèå âñåãî
ïðîöåññà ðåøåíèÿ. Îäíàêî ïðè èñïîëüçîâàíèè òàêîãî ïîäõîäà âîçíèêàþò òðóäíîñòè ïðè
àïïðîêñèìàöèè êîíâåêòèâíûõ ñëàãàåìûõ.
Ýòè òðóäíîñòè ñíèìàþòñÿ ïðè èñïîëüçîâàíèè ëàãðàíæåâà îïèñàíèÿ ñðåäû. Ñóòü òàêîãî

ïîäõîäà çàêëþ÷àåòñÿ â òîì, ÷òî óçëû ñåòêè äâèæóòñÿ âìåñòå ñî ñðåäîé, ÷òî ïîçâîëÿåò ðàñ-
ñìàòðèâàòü èõ êàê ÷àñòèöû ñðåäû; ïðè ýòîì ñàìà ñåòêà äåôîðìèðóåòñÿ ëèáî ïåðåñòðàèâàåòñÿ
íà êàæäîì øàãå ðåøåíèÿ. Îäíèì èç ìåòîäîâ, èñïîëüçóþùèõ ëàãðàíæåâî îïèñàíèå ñðåäû,
ÿâëÿåòñÿ PFEM| ìåòîä êîíå÷íûõ ýëåìåíòîâ ñ ÷àñòèöàìè [1, 2].
Ìåòîä êîíå÷íûõ ýëåìåíòîâ ñ ÷àñòèöàìè èñïîëüçóåòñÿ äëÿ ìîäåëèðîâàíèÿ òå÷åíèé æèä-

êîñòè â îáëàñòÿõ ñëîæíîé ôîðìû, òå÷åíèé æèäêîñòè ñî ñâîáîäíîé ïîâåðõíîñòüþ, ïðîöåññîâ
áðûçãîîáðàçîâàíèÿ, à òàêæå ðåøåíèÿ ñîïðÿæåííûõ çàäà÷ ãèäðîóïðóãîñòè. Âîçìîæåí ðàñ-
÷åò âçàèìîäåéñòâèÿ æèäêîñòè ñ òåëàìè, ïðèâîäÿùåãî ê èõ çíà÷èòåëüíîé äåôîðìàöèè èëè
ðàçðóøåíèþ (íàïðèìåð, ìîäåëèðîâàíèå ðàçìûâàíèÿ ãðóíòà). Îòìåòèì, ÷òî äëÿ ðåøåíèÿ
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óêàçàííûõ çàäà÷ ëàãðàíæåâû ìåòîäû ðàçëè÷íûõ òèïîâ èñïîëüçóþòñÿ òðàäèöèîííî è âåñüìà
ýôôåêòèâíî: â ñîïðÿæåííûõ çàäà÷àõ ãèäðîóïðóãîñòè | ìåòîäû âèõðåâûõ ýëåìåíòîâ [3, 4],
ïðè ìîäåëèðîâàíèè òå÷åíèé ñî ñâîáîäíîé ïîâåðõíîñòüþ | ìåòîä ñãëàæåííûõ ÷àñòèö SPH
[5, 6]. Ïðåèìóùåñòâà è íåäîñòàòêè èñïîëüçîâàíèÿ ñåòî÷íûõ ìåòîäîâ è ìåòîäîâ ÷àñòèö
ïðèìåíèòåëüíî ê ðåøåíèþ ðàçëè÷íûõ çàäà÷ ïîäðîáíî ðàññìîòðåíû â ðàáîòå [7].
Öåëüþ ðàáîòû ÿâëÿåòñÿ ïðîãðàììíàÿ ðåàëèçàöèÿ àëãîðèòìà ìåòîäà PFEM â äâóìåðíîé

ïîñòàíîâêå è åãî òåñòèðîâàíèå íà ìîäåëüíîé çàäà÷å î ðàñ÷åòå òå÷åíèÿ âÿçêîé íåñæèìàåìîé
æèäêîñòè â êâàäðàòíîé êàâåðíå. Â ðàáîòå ðàññìîòðåíû âñå ýòàïû ðàáîòû àëãîðèòìà (ìåòî-
äèêà ïåðåñòðîåíèÿ ñåòêè, àïïðîêñèìàöèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé, îñîáåííîñòè âûáîðà
ôóíêöèé ôîðìû äëÿ ïîëó÷åííûõ êîíå÷íûõ ýëåìåíòîâ), ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå
ñõîäèìîñòè ðåøåíèÿ ìîäåëüíîé çàäà÷è.

1. Îáùåå îïèñàíèå àëãîðèòìà PFEM

Âîáùåì ñëó÷àå ïëîñêàÿ ðàñ÷åòíàÿ îáëàñòü, âêëþ÷àþùàÿ â ñåáÿ îáëàñòü òå÷åíèÿ è íàõîäÿ-
ùèåñÿ â íåé òåëà, ðàçáèâàåòñÿ íà ïîäîáëàñòè, ñîîòâåòñòâóþùèå ðàçëè÷íûì ñðåäàì (ôàçàì).
Äâèæåíèå ñðåäû â êàæäîé èç ïîäîáëàñòåé ïðåäñòàâëÿåòñÿ ïåðåìåùàþùèìèñÿ ÷àñòèöàìè,
ïàðàìåòðû êîòîðûõ (ïëîòíîñòü, ñêîðîñòü, äàâëåíèå) ñîîòâåòñòâóþò ïàðàìåòðàì ñðåäû.
Áóäåì ñ÷èòàòü, ÷òî ðàñ÷åòíàÿ îáëàñòü ëåæèò â ïëîñêîñòè Oxy. Ïóñòü xk | ïîëîæåíèå

÷àñòèöû â ìîìåíò âðåìåíè tk, xk+1 |ïîëîæåíèå ÷àñòèöû â ìîìåíò âðåìåíè tk+1 = tk + ∆t.
Ñêîðîñòü ÷àñòèöû â ìîìåíò tk ñ÷èòàåòñÿ èçâåñòíîé: uk = u(xk, tk).
Òîãäà íîâîå ïîëîæåíèå ÷àñòèöû ìîæíî îïðåäåëèòü ïî ôîðìóëå

xk+1 = xk + uk∆t, (1)

ïðåäñòàâëÿþùåé ñîáîé ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ ẋ = u íà îäíîì øàãå ïî âðåìåíè
ÿâíûì ìåòîäîì Ýéëåðà.
Ïðèâåäåì îñíîâíûå ýòàïû ðåøåíèÿ çàäà÷è ñ ïîìîùüþ ìåòîäà PFEM (áëîê-ñõåìà ïðåä-

ñòàâëåíà íà ðèñ. 1).
1. Ôîðìèðóåòñÿ ìíîæåñòâî ÷àñòèö â êàæäîé ïîäîáëàñòè. Íà ïåðâîì øàãå ðàñ÷åòà ïî

âðåìåíè ïàðàìåòðû ÷àñòèö çàäàþòñÿ èñõîäÿ èç íà÷àëüíûõ óñëîâèé.
2. Ïðîèñõîäèò èäåíòèôèêàöèÿ ãðàíèö ïîäîáëàñòåé, òàê êàê îíè â ïðîöåññå ðåøåíèÿ

çàäà÷è ìîãóò äåôîðìèðîâàòüñÿ, ðàçäåëÿòüñÿ íà íåñêîëüêî ïîäîáëàñòåé èëè îáúåäèíÿòüñÿ.
3. Âûïîëíÿåòñÿ ïîñòðîåíèå êîíå÷íî-ýëåìåíòíîé ñåòêè â êàæäîé ïîäîáëàñòè òàêèì îáðà-

çîì, ÷òî ÷àñòèöû îáðàçóþò ìíîæåñòâî åå óçëîâ.
4. Îñóùåñòâëÿåòñÿ ðåøåíèå óðàâíåíèé ìåõàíèêè ñïëîøíîé ñðåäû (óðàâíåíèé ãèäðîäè-

íàìèêè äëÿ æèäêîñòåé, óðàâíåíèé ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà äëÿ ðàçëè÷íûõ
îáúåêòîâ, íàõîäÿùèõñÿ â æèäêîñòè, ïðè íåîáõîäèìîñòè | óðàâíåíèé, îïèñûâàþùèõ óíîñ
ìàññû è ò. ï.), çàïèñàííûõ â ëàãðàíæåâîì ïðåäñòàâëåíèè, íà îäíîì øàãå ïî âðåìåíè. Ïðè
ýòîì êîíâåêòèâíûå ÷ëåíû â íèõ áóäóò îòñóòñòâîâàòü. Íîâûå çíà÷åíèÿ õàðàêòåðèñòèê ñðåäû
ïðèâîäÿòñÿ ê óçëàì ñåòêè, ò. å. ê ÷àñòèöàì.
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Ðèñ. 1. Áëîê-ñõåìà PFEM

5. Ïðîèñõîäèò ïåðåìåùåíèå ÷àñòèö ïî ôîðìóëå (1), âñå èõ õàðàêòåðèñòèêè (ïëîòíîñòü,
äàâëåíèå) îñòàþòñÿ íåèçìåííûìè.
6. Âûïîëíÿåòñÿ ïåðåõîä ê ñëåäóþùåìó øàãó.

2. Ìåòîä âîçìîæíûõ òðåóãîëüíèêîâ: ïîñòðîåíèå
òðåóãîëüíîé ñåòêè íà çàäàííîì íàáîðå óçëîâ

Â ïðîöåññå ðàñ÷åòà óçëû êîíå÷íî-ýëåìåíòíîé ñåòêè èçìåíÿþò ñâîå ïîëîæåíèå, èç-çà ÷åãî
åå ÿ÷åéêè ìîãóò ñèëüíî äåôîðìèðîâàòüñÿ | âûòÿãèâàòüñÿ è íàêëàäûâàòüñÿ äðóã íà äðóãà.
Ïîýòîìó äëÿ îáåñïå÷åíèÿ óñòîé÷èâîñòè ÌÊÝ íåîáõîäèìî ïðîèçâîäèòü ïåðåñòðîåíèå ñåòêè.
Àëãîðèòì, íàçûâàåìûé ìåòîäîì âîçìîæíûõ òðåóãîëüíèêîâ è îñíîâàííûé íà àëãîðèòìå

Ôîð÷óíà [8], ïîçâîëÿåò äëÿ çàäàííîãî íàáîðà òî÷åê ïëîñêîñòè S = {s1, s2, . . . , sn} ïîñòðîèòü
òðèàíãóëÿöèþ, óäîâëåòâîðÿþùóþ êðèòåðèþ Äåëîíå (ò. å. åñëè âîêðóã êàæäîé òðåóãîëüíîé
ÿ÷åéêè ñåòêè ñ óçëàìè si, sj , sk îïèñàòü îêðóæíîñòü, òî â íåå íå ïîïàäåò íè îäíà òî÷êà èç
íàáîðà S \ {si, sj, sk}).

Îñíîâíûå ïîíÿòèÿ ìåòîäà âîçìîæíûõ òðåóãîëüíèêîâ. Ïðèâåäåì îïðåäåëåíèÿ îñíîâ-
íûõ ïîíÿòèé, èñïîëüçóåìûõ â ðàññìàòðèâàåìîì ìåòîäå: çàìåòàþùàÿ ïðÿìàÿ, áåðåãîâàÿ
ëèíèÿ, âîçìîæíûé òðåóãîëüíèê, crushpoint.
Çàìåòàþùàÿ ïðÿìàÿ | ýòî âåðòèêàëüíàÿ ïðÿìàÿ, äâèæóùàÿñÿ îò ëåâîé ãðàíèöû îáëà-

ñòè ê ïðàâîé è <ñêàíèðóþùàÿ> ïîëîæåíèå óçëîâ. Óçëû, ëåæàùèå ïî ëåâóþ ñòîðîíó îò
çàìåòàþùåé ïðÿìîé, óæå ñîåäèíåíû ðåáðàìè ñ äðóãèìè óçëàìè.
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Òî÷êè, ëåæàùèå íà ãðàíèöå ñåòêè (ò. å. íàõîäÿùèåñÿ ñëåâà îò çàìåòàþùåé ïðÿìîé, íî åùå
íå îêðóæåííûå òðåóãîëüíèêàìè), îïðåäåëÿþò ïîëîæåíèå áåðåãîâîé ëèíèè. Áåðåãîâàÿ ëèíèÿ
ïðåäñòàâëÿåò ñîáîé öåïü äóã ïàðàáîë, ôîêóñàìè êîòîðûõ ÿâëÿþòñÿ ãðàíè÷íûå óçëû ñåòêè, à
äèðåêòðèñîé | çàìåòàþùàÿ ïðÿìàÿ. Êîãäà çàìåòàþùàÿ ïðÿìàÿ äîõîäèò äî î÷åðåäíîãî óçëà
si èç ìíîæåñòâà òî÷åê, ïîëîæåíèå áåðåãîâîé ëèíèè ïîçâîëÿåò îïðåäåëèòü, ñ êàêèì èìåííî
èç ãðàíè÷íûõ óçëîâ òî÷êà si äîëæíà áûòü ñîåäèíåíà ðåáðîì.
Îáúåêò, ïðåäñòàâëÿþùèé ñîáîé äâà ðåáðà, âûõîäÿùèå èç îäíîãî óçëà, íî åùå íå îáú-

åäèíåííûå â òðåóãîëüíèê òðåòüèì ðåáðîì, íàçûâàåòñÿ âîçìîæíûì òðåóãîëüíèêîì. Òàêîé
òðåóãîëüíèê <çàìûêàåòñÿ>, òîëüêî åñëè îí óäîâëåòâîðÿåò êðèòåðèþ Äåëîíå.
Ñ ïîíÿòèåì âîçìîæíîãî òðåóãîëüíèêà òåñíî ñâÿçàíî ïîíÿòèå crushpoint. Crushpoint |

ýòî ñàìàÿ ïðàâàÿ òî÷êà îêðóæíîñòè, îïèñàííîé îêîëî äàííîãî âîçìîæíîãî òðåóãîëüíèêà.
Íåîáõîäèìûì óñëîâèåì âûïîëíåíèÿ êðèòåðèÿ Äåëîíå ÿâëÿåòñÿ ðàñïîëîæåíèå ýòîé òî÷êè
ñëåâà îò çàìåòàþùåé ïðÿìîé.

Àëãîðèòì ìåòîäà âîçìîæíûõ òðåóãîëüíèêîâ. Â ïðîöåññå ðàáîòû àëãîðèòìà îáðà-
áàòûâàþòñÿ íåñêîëüêî ñïèñêîâ ðàçëè÷íûõ îáúåêòîâ: ñïèñîê ïîñòðîåííûõ ðåáåð, ñïèñîê
ãðàíè÷íûõ òî÷åê, ñïèñîê âîçìîæíûõ òðåóãîëüíèêîâ, ñïèñîê ïîñòðîåííûõ òðåóãîëüíèêîâ.
Ïîñòðîåíèå ñåòêè íà çàäàííîì íàáîðå òî÷åê S = {s1, s2, . . . , sn}, ïðåäâàðèòåëüíî îò-

ñîðòèðîâàííîì ïî âîçðàñòàíèþ èõ àáñöèññ, îñóùåñòâëÿåòñÿ ïî ñëåäóþùåìó àëãîðèòìó.

1. Íà i-ì øàãå àëãîðèòìà ïîìåùàåì (ïåðåìåùàåì) çàìåòàþùóþ ïðÿìóþ â òî÷êó si.
2. Ïðîâåðÿåì ïîëîæåíèå <crushpoint>'îâ óæå èìåþùèõñÿ âîçìîæíûõ òðåóãîëüíèêîâ îò-

íîñèòåëüíî çàìåòàþùåé ïðÿìîé. Åñëè íåîáõîäèìîìó óñëîâèþ âûïîëíåíèÿ êðèòåðèÿ Äå-
ëîíå óäîâëåòâîðÿþò ñðàçó íåñêîëüêî âîçìîæíûõ òðåóãîëüíèêîâ, òî íóæíî <çàìêíóòü> òîò
òðåóãîëüíèê, <crushpoint> êîòîðîãî íàõîäèòñÿ ëåâåå âñåõ îñòàëüíûõ. Ñïèñîê âîçìîæíûõ
òðåóãîëüíèêîâ, òàêèì îáðàçîì, îáíîâèòñÿ: <çàìêíóòûé> òðåóãîëüíèê ïåðåéäåò â ñïèñîê
ïîñòðîåííûõ, à íîâîå ïîñòðîåííîå ðåáðî ìîæåò ïîðîäèòü íîâûå âîçìîæíûå òðåóãîëüíèêè.
Ñîîòâåòñòâåííî, òàêàÿ ïðîöåäóðà ïðîâåðêè ïîâòîðÿåòñÿ äî òåõ ïîð, ïîêà âñå <crushpoint>'û
èìåþùèõñÿ âîçìîæíûõ òðåóãîëüíèêîâ íå îêàæóòñÿ ñïðàâà îò çàìåòàþùåé ïðÿìîé.
3. Ñòðîèì íîâîå ðåáðî, îðèåíòèðóÿñü íà ïîëîæåíèå áåðåãîâîé ëèíèè îòíîñèòåëüíî çàìå-

òàþùåé ïðÿìîé. Äëÿ ýòîãî ïðîâîäèì èç òî÷êè si ëó÷, ïàðàëëåëüíûé îñèOx è íàïðàâëåííûé
â ñòîðîíó óáûâàíèÿ êîîðäèíàòû x (âëåâî). Íàõîäèì òî÷êó ïåðåñå÷åíèÿ ýòîãî ëó÷à ñ áåðå-
ãîâîé ëèíèåé è îïðåäåëÿåì, êàêàÿ èç îáðàçóþùèõ åå ïàðàáîë áûëà ïåðåñå÷åíà. Ôîêóñ ýòîé
ïàðàáîëû (òî÷êó sm) ñîåäèíÿåì ðåáðîì ñ òî÷êîé si.
4. Ïåðåõîäèì ê ñëåäóþùåìó øàãó. Ïðîöåññ ïîâòîðÿåòñÿ äî òåõ ïîð, ïîêà íå áóäóò

ïðîñìîòðåíû âñå òî÷êè èç íàáîðà S, ïîñëå ÷åãî <çàìûêàåì> îñòàâøèåñÿ âîçìîæíûå òðå-
óãîëüíèêè.

Íà ðèñ. 2 ïðèâåäåíà ãðàôè÷åñêàÿ ïîøàãîâàÿ ðåàëèçàöèÿ àëãîðèòìà. Êðàñíîé òî÷êîé ïîêà-
çàíî ïîëîæåíèå <crushpoint>'à äëÿ âîçìîæíîãî òðåóãîëüíèêà, óêàçàííîãî ðÿäîì â ôèãóðíûõ
ñêîáêàõ.
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à á

â ã

ä

Ðèñ. 2. Ãðàôè÷åñêàÿ äåìîíñòðàöèÿ âûïîëíåíèÿ îñíîâíûõ
îïåðàöèé àëãîðèòìà ìåòîäà âîçìîæíûõ òðåóãîëüíèêîâ
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Îá èñïîëüçîâàíèè îáîáùåíèÿ òðèàíãóëÿöèè Äåëîíå. Â ïðîöåññå òåñòèðîâàíèÿ àëãî-
ðèòìà PFEM íà òðåóãîëüíûõ ñåòêàõ îáíàðóæèâàþòñÿ òðóäíîñòè, ñâÿçàííûå ñ êëàññè÷åñêîé
òðèàíãóëÿöèåé: âîçìîæíî ïîÿâëåíèå íåîäíîçíà÷íîñòè îïèñàííîãî âûøå àëãîðèòìà â ñëó-
÷àå, êîãäà íåñêîëüêî óçëîâ ëåæàò íà îäíîé îêðóæíîñòè ëèáî áëèçêè ê ýòîìó (ðèñ. 3). Äëÿ
ðåàëèçàöèè PFEM â ýòîì ñëó÷àå åãî ðàçðàáîò÷èêè (E. O~nate, S.R. Idelson) [1, 9] ðåêîìåíäóþò
èñïîëüçîâàòü îáîáùåíèå òðèàíãóëÿöèè Äåëîíå, êîòîðîå ïîçâîëÿåò èñêëþ÷èòü íåîäíîçíà÷-
íîñòü ïîñòðîåíèÿ ñåòêè (ñì. ðèñ. 3). Ïðè ïîñòðîåíèè òàêîé ñåòêè ïîÿâëÿþòñÿ ìíîãîóãîëüíûå
ÿ÷åéêè, ÷òî òðåáóåò èñïîëüçîâàíèÿ ñïåöèàëüíûõ ôóíêöèé ôîðìû äëÿ ñîîòâåòñòâóþùèõ êî-
íå÷íûõ ýëåìåíòîâ [10, 11].

à á â

Ðèñ. 3. Âàðèàíòû ïîñòðîåíèÿ ñåòêè íà óçëàõ, ëåæàùèõ íà îäíîé îêðóæíîñòè: a, á| ðàâíîïðàâíûå
âàðèàíòû äëÿ êëàññè÷åñêîé òðèàíãóëÿöèè Äåëîíå; â | ÷åòûðåõóãîëüíàÿ ÿ÷åéêà, ïîëó÷åííàÿ ïðè
îáîáùåíèè òðèàíãóëÿöèè Äåëîíå

3. Àïïðîêñèìàöèÿ óðàâíåíèé ãèäðîäèíàìèêè

Îáùàÿ ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì ïëîñêîå òå÷åíèå âÿçêîé íåñæèìàåìîé æèä-
êîñòè, çàíèìàþùåé îáëàñòü Ω. Ïëîòíîñòü æèäêîñòè ñ÷èòàåòñÿ ïîñòîÿííîé è ðàâíîé ρ,
êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè ðàâåí µ. Ïðè ýòîì æèäêîñòü ìîæåò íàõîäèòüñÿ ïîä
âîçäåéñòâèåì âíåøíèõ îáúåìíûõ ñèë, îáúåìíàÿ ïëîòíîñòü êîòîðûõ ðàâíà b = {b1, b2}.
Äâèæåíèå òàêîé æèäêîñòè îïèñûâàåòñÿ óðàâíåíèåì ðàâíîâåñèÿ è óðàâíåíèÿìè Íàâüå|

Ñòîêñà:

∂ui

∂xi

= 0; (2)

ρ
Dui

Dt
= − ∂p

∂xi

+ µ
∂2ui

∂xj∂xj

+ ρbi, i = 1, 2. (3)

Çäåñü Dui

Dt
=

∂ui

∂t
+ uk

∂ui

∂xk
| ìàòåðèàëüíàÿ (ñóáñòàíöèîíàëüíàÿ) ïðîèçâîäíàÿ.

Ïóñòü n = {n1, n2} | åäèíè÷íûé âåêòîð íîðìàëè ê ãðàíèöå îáëàñòè òå÷åíèÿ, íàïðà-
âëåííûé âíóòðü æèäêîñòè; τij |êîìïîíåíòû òåíçîðà âÿçêèõ íàïðÿæåíèé â æèäêîñòè. Òîãäà
ãðàíè÷íûå óñëîâèÿ ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

1) τijnj −pni = σni, åñëè íà ó÷àñòêå ãðàíèöû çàäàíî íîðìàëüíîå íàïðÿæåíèå (äàâëåíèå);
ðàâåíñòâî σni = 0 îáåñïå÷èâàåò óñëîâèå ñâîáîäíîé ïîâåðõíîñòè;
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2) ui = ui|óñëîâèå ïðèëèïàíèÿ, åñëè íà ó÷àñòêå ãðàíèöû çàäàíà ñêîðîñòü åå äâèæåíèÿ;
àíàëîãè÷íîå óñëîâèå ñòàâèòñÿ íà âõîäíîé ãðàíèöå ðàñ÷åòíîé îáëàñòè, åñëè íàáåãàþùèé
ïîòîê íà íåé ñ÷èòàåòñÿ íåâîçìóùåííûì;

3) ∂ui

∂n
= 0 íà âûõîäíîé ãðàíèöå îáëàñòè;

4) ∂p

∂n
= 0 íà ãðàíèöå òåëà, îáòåêàåìîãî æèäêîñòüþ.

Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 ïðèìåì æèäêîñòü ïîêîÿùåéñÿ. Òàêèì îáðàçîì,
ïîëó÷àåì íà÷àëüíîå óñëîâèå:

ui(0, x) = 0, x ∈ Ω.

Äèñêðåòèçàöèÿ ïî âðåìåíè: àëãîðèòì äðîáíûõ øàãîâ. Óðàâíåíèå (3) çàïèñàíî â
ëàãðàíæåâîé ïîñòàíîâêå. Àïïðîêñèìèðóåì ïîëíóþ ïðîèçâîäíóþ ïî âðåìåíè, äëÿ ïðàâîé
÷àñòè óðàâíåíèÿ èñïîëüçóåì ïîëíîñòüþ íåÿâíóþ ñõåìó:

Dui

Dt
≈ ui(x

k+1
i , tk+1)− ui(x

k
i , t

k)

∆t
=

uk+1
i − uk

i

∆t
= −1

ρ

∂pk+1

∂xi

+
µ

ρ

∂2uk+1
i

∂xj∂xj

+ bi. (4)

Ïðè èíòåãðèðîâàíèè ïî âðåìåíè óðàâíåíèé (2), (3) âîçíèêàþò òðóäíîñòè, êîãäà æèäêîñòü
íåñæèìàåìà èëè ïî÷òè íåñæèìàåìà: âîçíèêàþò íåôèçè÷íûå îñöèëëÿöèè äàâëåíèÿ, êîòîðûå
íåîáõîäèìî ïîäàâëÿòü. ×òîáû ïðåîäîëåòü ýòè òðóäíîñòè, óäîáíî èñïîëüçîâàòü àëãîðèòì
äðîáíûõ øàãîâ [12].
Ñóòü ìåòîäà çàêëþ÷àåòñÿ â ðàñùåïëåíèè êàæäîãîøàãà ïî âðåìåíè íà äâå ÷àñòè. Ïðè ýòîì

ââîäèòñÿ âåëè÷èíà u∗i | ïðîãíîç ñêîðîñòè. Óðàâíåíèÿ (2), (3) ðàçáèâàþòñÿ íà 3 óðàâíåíèÿ
òàê, ÷òîáû ïðîöåññ ðåøåíèÿ íà êàæäîìøàãå îáåñïå÷èâàë áåçäèâåðãåíòíîñòü ïîëÿ ñêîðîñòåé,
ò. å. âûïîëíÿëîñü óðàâíåíèå (2):

1) íàõîäèì ïðîãíîç ñêîðîñòè u∗i , ðåøèâ óðàâíåíèå

u∗i − uk
i

∆t
=

µ

ρ

∂2u∗i
∂xj∂xj

+ bi, i = 1, 2, (5)

c ó÷åòîì ãðàíè÷íûõ óñëîâèé; ïðè ýòîì çíà÷åíèÿ ñêîðîñòè uk ñ÷èòàþòñÿ èçâåñòíûìè è áå-
ðóòñÿ ëèáî èç ðåçóëüòàòà ðåøåíèÿ íà ïðåäûäóùåì âðåìåííîì øàãå, ëèáî èç íà÷àëüíûõ
óñëîâèé;
2) íàõîäèì çíà÷åíèå äàâëåíèÿ, ðåøèâ óðàâíåíèå Ïóàññîíà ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé

∂2pk+1

∂xi∂xi

=
ρ

∆t

∂u∗i
∂xi

; (6)

3) íàõîäèì ñêîðîñòü uk+1, ó÷èòûâàÿ âëèÿíèå äàâëåíèÿ

uk+1
i − u∗i

∆t
= −1

ρ

∂pk+1

∂xi

. (7)

Äèñêðåòèçàöèÿ ïî ïðîñòðàíñòâó: ìåòîä êîíå÷íûõ ýëåìåíòîâ. Íåèçâåñòíûå ôóíê-
öèè ñêîðîñòè è äàâëåíèÿ ïðåäñòàâëÿþòñÿ â âèäå ëèíåéíûõ êîìáèíàöèé ôóíêöèé ôîðìû è
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çíà÷åíèé ñêîðîñòåé è äàâëåíèÿ â ÷àñòèöàõ ñëåäóþùèì îáðàçîì:

ui =
n∑

l=1

Nl(x)(ui)l = [N ]{ui}, p =
n∑

l=1

Nl(x)(p)l = [N ]{p},

ãäå n| êîëè÷åñòâî ÷àñòèö.
Èç-çà ñïåöèôèêè çàäà÷è íåîáõîäèìî èñïîëüçîâàòüôóíêöèèôîðìû, ëåãêî àäàïòèðóåìûå ê

ïîñòîÿííîìåíÿþùåéñÿ ñåòêå. Ïîäðîáíî âîïðîñ î âûáîðåôóíêöèéôîðìûèîá îñîáåííîñòÿõ
èõ ïðèìåíåíèÿ ðàññìîòðåí â ñëåäóþùåì ðàçäåëå.
Äëÿ ïîëó÷åíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, àïïðîêñèìèðóþùèõ çàäà÷ó

(5){(7), èñïîëüçóåì ìåòîä Áóáíîâà | Ãàëåðêèíà: ñèñòåìû ôîðìèðóþòñÿ èç óñëîâèÿ îðòî-
ãîíàëüíîñòè íåâÿçêè R ñîîòâåòñòâóþùåãî óðàâíåíèÿ ïðîåêöèîííûì ôóíêöèÿì N(x1, x2), â
êà÷åñòâå êîòîðûõ âûñòóïàþò ôóíêöèè ôîðìû.
Äèñêðåòíûå àíàëîãè óðàâíåíèé (5){(7) ìîæíî çàïèñàòü â âèäå:(

[M̃ ] +
µ∆t

ρ
[S]
)
{u∗i } = [M̃ ]{uk

i }+ ∆t{F}, (8)

[S]{pk+1} =
ρ

∆t
([B]T{u∗}), (9)

[M ]{uk+1} = [M ]{u∗} − ∆t

ρ
[B]{pk+1}, (10)

ãäå

[M ] =

 [M̃ ] 0

0 [M̃ ]

 , [B] = {[B1], [B2]}T , {F} = {[F1], [F2]}T , i = 1, 2.

Ìàòðèöû [M̃ ], [S], [B1], [B2] è âåêòîðû {ũ}, [F1], [F2] ïîëó÷àþò àíñàìáëèðîâàíèåì ýëå-
ìåíòíûõ ìàòðèö ïî âñåì êîíå÷íûì ýëåìåíòàì:

[M̃ ] =
∑
e

[a(e)]T
( ∫

Ω(e)

[N (e)]T [N (e)] dΩ(e)

)
[a(e)];

[S] =
∑
e

[a(e)]T
( ∫

Ω(e)

∂[N (e)]T

∂xj

∂[N (e)]

∂xj

dΩ(e)

)
[a(e)];

[Bi] =
∑
e

[a(e)]T
( ∫

Ω(e)

∂[N (e)]T

∂xi

[N (e)] dΩ(e)

)
[a(e)];

Fi =
∑
e

[a(e)]T
( ∫

Ω(e)

[N (e)]T bi dΩ(e)

)
+
∑
e

[a(e)]T
( ∫

Γs
(e)

[N (e)]T σk+1
ni dΓs

(e)

)
, i = 1, 2.

Çäåñü [N (e)]| âåêòîð-ñòðîêà ôóíêöèé ôîðìû, îòíîñÿùèõñÿ ê óçëàì, êîòîðûå ÿâëÿþòñÿ âåð-
øèíàìè ìíîãîóãîëüíîãî êîíå÷íîãî ýëåìåíòà, Ω(e) | ïëîùàäü êîíå÷íîãî ýëåìåíòà, [a(e)]|
ìàòðèöà ãåîìåòðè÷åñêèõ ñâÿçåé.
Îòìåòèì, ÷òî ãðàíè÷íûå óñëîâèÿ, çàäàþùèå êîìïîíåíòû ñêîðîñòè â ãðàíè÷íûõ óçëàõ,

ââîäÿòñÿ â ìàòðèöû ñèñòåì (8) è (10) ïîñëå àíñàìáëèðîâàíèÿ íàïðÿìóþ (óðàâíåíèå, ñîîòâåò-
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ñòâóþùåå ãðàíè÷íîìó óçëó, çàìåíÿåòñÿ íà íóæíîå ñîîòíîøåíèå). ×èñëî îáóñëîâëåííîñòè
ìàòðèö ïðè ýòîì íåâåëèêî (ñîïîñòàâèìî ñ èõ ðàçìåðîì). Ðåøåíèå ñèñòåì ïðîâîäèòñÿ ìåòî-
äîì BiCGStab ñ iLU-ïðåäîáóñëàâëèâàíèåì [13, 14], ïîýòîìó íåñèììåòðè÷íîñòü ìàòðèö íå
ÿâëÿåòñÿ êðèòè÷íîé.
Ïîëó÷åííûå ìàòðèöû ÿâëÿþòñÿ ðàçðåæåííûìè, ïîýòîìó öåëåñîîáðàçíî õðàíèòü èõ â

CSR-ôîðìàòå. Òàêèì îáðàçîì óäàåòñÿ äîñòè÷ü ñèëüíîé ýêîíîìèè èñïîëüçóåìîé ïàìÿòè.

Âûáîð ôóíêöèé ôîðìû: <non-Sibsonian interpolation>. Íà êàæäîì øàãå ðàñ÷åòà ïî
âðåìåíè ïðîèñõîäèò èçìåíåíèå ïîëîæåíèé ÷àñòèö è ïåðåñòðîåíèå ñåòêè, ïîýòîìó ôóíêöèè
ôîðìû, èñïîëüçóåìûå â PFEM, òàêæå äîëæíû ñîîòâåñòâóþùèì îáðàçîì èçìåíÿòüñÿ. ß÷åéêè
ñåòêè, ïîëó÷àåìîé â ðåçóëüòàòå ðàáîòû îáîáùåííîãî àëãîðèòìà òðèàíãóëÿöèè Äåëîíå, íå
îáÿçàòåëüíî áóäóò òðåóãîëüíûìè. Ïî ýòîé ïðè÷èíå íåîáõîäèìî ïðèìåíÿòü ôóíêöèè ôîðìû,
êîòîðûå ìîæíî ïîñòðîèòü äëÿ ìíîãîóãîëüíûõ ÿ÷ååê ñåòêè ñ ïðîèçâîëüíûì êîëè÷åñòâîì
óçëîâ â ÿ÷åéêå ïî åäèíîìó àëãîðèòìó.
Óäîáíî ïðèìåíÿòü ôóíêöèè ôîðìû áåññåòî÷íîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ (MFEM),

ïîëó÷àåìûå ñ ïîìîùüþ òàê íàçûâàåìîé <non-Sibsonian>-èíòåðïîëÿöèè [10]. Èõ ïîñòðîåíèå
îñíîâàíî íà îïðåäåëåíèè ñîñåäñòâà óçëîâ êîíå÷íîãî ýëåìåíòà è åãî âíóòðåííèõ òî÷åê ïóòåì
ñîñòàâëåíèÿ äèàãðàììû Âîðîíîãî.
Ïóñòü P = {n1, . . . , nm} | ìíîæåñòâî óçëîâ, îáðàçóþùèõ âåðøèíû ìíîãîóãîëüíèêà

(êîíå÷íîãî ýëåìåíòà), x| âíóòðåííÿÿ òî÷êà ýòîãî ìíîãîóãîëüíèêà (ðèñ. 4, à). Âû÷èñëåíèå
çíà÷åíèé ôóíêöèè ôîðìû Ni(x) óçëà ni â òî÷êå x ïðîèñõîäèò â íåñêîëüêî ýòàïîâ:

• còðîèòñÿ ÿ÷åéêà Âîðîíîãî äëÿ òî÷êè x íà ìíîæåñòâå P ∪ {x};
• âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèé

ϕj =
sj(x)

hj(x)
, j = 1, . . . , m,

ãäå sj | äëèíà ñòîðîíû ÿ÷åéêè Âîðîíîãî, ðàçäåëÿþùåé òî÷êè x è nj; hj | ðàññòîÿíèå
îò x äî nj;

à á

Ðèñ. 4. Ê ïîñòðîåíèþ ôóíêöèé ôîðìû: à| ÿ÷åéêà Âîðîíîãî; á| âèä îäíîé èç ôóíêöèé
ôîðìû íà ÷åòûðåõóãîëüíûõ êîíå÷íûõ ýëåìåíòàõ
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• âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèè ôîðìû:

Ni(x) =
ϕi(x)

m∑
j=1

ϕj(x)
.

Îòìåòèì, ÷òî ïîñòðîåííûå òàêèì îáðàçîì ôóíêöèè ôîðìû íà òðåóãîëüíûõ êîíå÷íûõ
ýëåìåíòàõ ñîâïàäàþò ñ <îáû÷íûìè> ëèíåéíûìè ôóíêöèÿìè ôîðìû.
Ïðè ñáîðêå ìàòðèö ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (8){(10) íåîáõîäèìî

âû÷èñëÿòü èíòåãðàëû îò ïðîèçâåäåíèÿ çíà÷åíèé ôóíêöèé ôîðìû è èõ ïðîèçâîäíûõ. Öåëå-
ñîîáðàçíî ñ÷èòàòü ýòè èíòåãðàëû ÷èñëåííî, èñïîëüçóÿ êâàäðàòóðíóþ ôîðìóëó Ãàóññà äëÿ
ðàñ÷åòà èíòåãðàëà ôóíêöèè ïî òðåóãîëüíèêó [15]:

∫
S∆

f(x) dS ≈ S∆

3∑
p=1

wp f(xp).

Çäåñü S∆ | ïëîùàäü òðåóãîëüíèêà, wp = 1/3| âåñîâîé ìíîæèòåëü, xp | ãàóññîâû òî÷êè,
L-êîîðäèíàòû êîòîðûõ ïîëó÷åíû èç ïîñëåäîâàòåëüíîñòè {2/3, 1/6, 1/6} öèêëè÷åñêîé ïåðå-
ñòàíîâêîé åå ýëåìåíòîâ.
Åñëè êîíå÷íûé ýëåìåíò òðåóãîëüíûì íå ÿâëÿåòñÿ (ò. å.m > 3), òî ìîæíî âîñïîëüçîâàòüñÿ

ñâîéñòâîì àääèòèâíîñòè èíòåãðàëà: ýëåìåíò ðàçáèâàåòñÿ íà òðåóãîëüíèêè, â êàæäîì èç êîòî-
ðûõ ðàñ÷åò âåäåòñÿ ïî óêàçàííîé êâàäðàòóðíîé ôîðìóëå, ïîñëå ÷åãî ïîëó÷åííûå ðåçóëüòàòû
ñóììèðóþòñÿ. Öåëåñîîáðàçíî ðàçáèâàòü òàêîé ýëåìåíò íàm òðåóãîëüíèêîâ, îäíà èç âåðøèí
êîòîðûõ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì öåíòðîì ìàññ êîíå÷íîãî ýëåìåíòà.
Ïðè ðåàëèçàöèè àëãîðèòìà ñðåäñòâàìè ÿçûêà Ñ++ óäîáíî ðåàëèçîâàòü ïðîöåäóðó ðàñ÷åòà

ýëåìåíòíûõ ìàòðèö êîíå÷íîãî ýëåìåíòà êàê âèðòóàëüíóþ ôóíêöèþ. Òåì ñàìûì óïðîùàåòñÿ
ïðîöåññ ðàñ÷åòà ýëåìåíòíûõ ìàòðèö òðåóãîëüíûõ êîíå÷íûõ ýëåìåíòîâ.

4. ×èñëåííûé ýêñïåðèìåíò: çàäà÷à î òå÷åíèè æèäêîñòè â êâàäðàòíîé êàâåðíå

Ðàññìîòðèì ìîäåëüíóþ ïëîñêóþ çàäà÷ó î òå÷åíèè âÿçêîé íåñæèìàåìîé æèäêîñòè â êâà-
äðàòíîé êàâåðíå Ω, äëèíà ñòîðîíû êîòîðîé ðàâíà L (ðèñ. 5). Âåðõíÿÿ ãðàíèöà êàâåðíû Γ1

äâèæåòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ U0. Ïëîòíîñòü æèäêîñòè ñ÷èòàåòñÿ ïîñòîÿííîé è ðàâíîé
ρ, êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè ðàâåí µ.
Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè òå÷åíèÿ æèäêîñòè èñïîëüçîâàëèñü ñëåäóþùèå

áåçðàçìåðíûå âåëè÷èíû (çíàêîì <∼> îáîçíà÷åíû ðàçìåðíûå âåëè÷èíû):
• u = ũ/U0 | ñêîðîñòü òå÷åíèÿ æèäêîñòè;

• p =
p̃

ρU2
0

| äàâëåíèå;

• xj = x̃j/L, j = 1, 2, | áåçðàçìåðíûå êîîðäèíàòû;
• t = t̃/t0 | áåçðàçìåðíîå âðåìÿ;

• Re =
U0L

µ
| ÷èñëî Ðåéíîëüäñà.
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Ðèñ. 5. Ðàñ÷åòíàÿ ñõåìà çàäà÷è î êàâåðíå

Ïîñëå îáåçðàçìåðèâàíèÿ îïðåäåëÿþùèå ñîîòíîøåíèÿ, ñîñòàâëÿþùèå ìàòåìàòè÷åñêóþ
ìîäåëü òå÷åíèÿ æèäêîñòè â êàâåðíå, âûãëÿäÿò òàê:

∇ · u = 0; (11)
Du

Dt
= −∇p +

1

Re
∆u; (12)

u
∣∣∣
Γ1

= (1; 0)T , u
∣∣∣
Γ2

= (0; 0)T ,
∂p

∂n

∣∣∣∣∣
Γ1∪Γ2

= 0,

ãäå Du
Dt

=
∂u
∂t

+ (u · ∇)u| ïîëíàÿ (ìàòåðèàëüíàÿ) ïðîèçâîäíàÿ ïî âðåìåíè.

Â òàêîé ïîñòàíîâêå äàâëåíèå â îáëàñòè òå÷åíèÿ îïðåäåëåíî ñ òî÷íîñòüþ äî ïðîèçâîëüíîé
ïîñòîÿííîé, ïîýòîìó áóäåì ïîëàãàòü p = 0 â ëåâîì íèæíåì óãëó êàâåðíû.
Ðàñ÷åòû áûëè ïðîâåäåíû ïðè ∆t = 0.01, h = 0.02, Re = 400, ãäå ∆t è h|øàãè ïî âðå-

ìåíè è ïðîñòðàíñòâó ñîîòâåòñòâåííî. Äèàãðàììà ðàñïðåäåëåíèÿ ñêîðîñòåé íà ïåðâîì øàãå
ïî âðåìåíè, ïîëó÷åííàÿ ïðè ïåðâîíà÷àëüíîé ðåãóëÿðíîé ÷åòûðåõóãîëüíîé ñåòêå, ïðèâåäåíà
íà ðèñ. 6.
Ðàñ÷åòû ïîêàçàëè, ÷òî èìååò ìåñòî ëèíåéíàÿ ñõîäèìîñòü ðåøåíèÿ. Íà ðèñ. 7 ïðèâåäåíû

ãðàôèêè, äåìîíñòðèðóþùèå çàâèñèìîñòü ðàâíîìåðíîé íîðìû ðàçíîñòè ðåøåíèé ε îò êîëè-
÷åñòâà ÷àñòèö n. Çíà÷åíèÿ êîìïîíåíò ñêîðîñòè u1 è u2, ïîëó÷åííûå â ïðîöåññå ðåøåíèÿ,
ñðàâíèâàëèñü ñî çíà÷åíèÿìè, ïîëó÷åííûìè íà ñåòêå, ñîñòîÿùåé èç 3136 ÷àñòèö, â îäíèõ è òåõ
æå òî÷êàõ. Èç ïðèâåäåííûõ ãðàôèêîâ âèäíî, ÷òî ïðè äîñòàòî÷íî áîëüøîì êîëè÷åñòâå ÷àñòèö
(áîëüøå 1000) íîðìà ðàçíîñòè ðåøåíèé íåâåëèêà | èìååò ìåñòî ÷èñëåííàÿ ñõîäèìîñòü.
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Ðèñ. 6. Äèàãðàììà ðàñïðåäåëåíèÿ ñêîðîñòåé ïðè t = 0.01

à

á

Ðèñ. 7. Ðàçíîñòü ðåøåíèé ε â çàâèñèìîñòè îò êîëè÷åñòâà ÷àñòèö n: à| äëÿ ðåãóëÿðíîé
÷åòûðåõóãîëüíîé ñåòêè; á | äëÿ òðåóãîëüíîé ñåòêè
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Äëÿ íåñòðóêòóðèðîâàííûõ ñåòîê, ïîñòðîåííûõ íà ïåðâîíà÷àëüíîì ñëó÷àéíîì ðàñïðå-
äåëåíèè ÷àñòèö, êîëè÷åñòâåííàÿ îöåíêà ñõîäèìîñòè çàòðóäíèòåëüíà, îäíàêî êà÷åñòâåííûå
îöåíêè ïîêàçûâàþò, ÷òî ïðè äîñòàòî÷íî áîëüøîì çíà÷åíèè n ðåøåíèå çàäà÷è ñòðåìèòñÿ ê
ïîëó÷åííîìó íà ñòðóêòóðèðîâàííûõ ñåòêàõ.

Çàêëþ÷åíèå

Ïðåäñòàâëåí àëãîðèòì ëàãðàíæåâà ìåòîäà ðåøåíèÿ çàäà÷ ìåõàíèêè ñïëîøíîé ñðåäû |
ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ ÷àñòèöàìè (PFEM). Äàííûé ìåòîä ïîçâîëÿåò óïðîñòèòü è
óòî÷íèòü àïïðîêñèìàöèþ êîíâåêòèâíûõ ñëàãàåìûõ â îïðåäåëÿþùèõ ñîîòíîøåíèÿõ, ÷òî ñó-
ùåñòâåííî óïðîùàåò ðàñ÷åòû. Îäíàêî èç-çà íåîáõîäèìîñòè ïåðåñòðîåíèÿ ñåòêè íà êàæäîì
øàãå ïî âðåìåíè ïðîöåññ ÷èñëåííîãî ðåøåíèÿ çàäà÷ ÿâëÿåòñÿ äîñòàòî÷íî òðóäîåìêèì. Ýòî
îïðåäåëÿåò ïåðñïåêòèâû äàëüíåéøåãî ðàçâèòèÿ ìåòîäà.
Òàêæå â ïðîöåññå ðåøåíèÿ âîçìîæíî ñèëüíîå ñáëèæåíèå ÷àñòèö, âñëåäñòâèå ÷åãî øàã ïî

âðåìåíè òàêæå äîëæåí áûòü óìåíüøåí äëÿ ñîõðàíåíèÿ óñòîé÷èâîñòè ñ÷åòà. Ñëåäîâàòåëüíî,
íåîáõîäèìî ðåàëèçîâàòü ìîäèôèêàöèè àëãîðèòìà, ïîçâîëÿþùèå èçáåæàòü òàêîé <ïðîáóê-
ñîâêè> ðåøåíèÿ.
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The aim of the present research is to develop software for the Particle Finite Element Method
(PFEM) and its verification on the model problem of viscous incompressible flow simulation in a
square cavity. The Lagrangian description of the medium motion is used: the nodes of the finite
element mesh move together with the fluid that allows to consider them as particles of the medium.
Mesh cells deform when in time-stepping procedure, so it is necessary to reconstruct the mesh to
provide stability of the finite element numerical procedure.
Meshing algorithm allows us to obtain the mesh, which satisfies the Delaunay criteria: it

is called \the possible triangles method". This algorithm is based on the well-known Fortune
method of Voronoi diagram constructing for a certain set of points in the plane. The graphical
representation of the possible triangles method is shown. It is suitable to use generalization of
Delaunay triangulation in order to construct meshes with polygonal cells in case of multiple nodes
close to be lying on the same circle.
The viscous incompressible fluid flow is described by the Navier | Stokes equations and

the mass conservation equation with certain initial and boundary conditions. A fractional steps
method, which allows us to avoid non-physical oscillations of the pressure, provides the time-
stepping procedure. Using the finite element discretization and the Bubnov | Galerkin method
allows us to carry out spatial discretization.
For form functions calculation of finite element mesh with polygonal cells, \non-Sibsonian in-

terpolation" is used, which allows to construct and reconstruct the functions with desired properties
for finite elements with arbitrary number of nodes.
The model problem of the flow simulation of viscous incompressible fluid in a square cavity

is considered. The diagram of the velocity distribution after the first time step is shown and the
numerical convergence of solutions for different initial meshes (regular quadrilateral and triangular)
is discussed.
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As the conclusion, the considered algorithm is useful for solving a number of problems in the
domains with complex geometry, which can be either broken into several domains or merged. A
Lagrangian approach us allows to take into account the convective terms of the governing equations
automatically. However, the procedure of the mesh reconstruction has large computational cost
and time step have to be reduced significantly if particles are located close one to each other. So,
there are some possibilities of algorithm improvement.
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