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Àëãîðèòìû ÷èñëåííîãî àíàëèçà íåêëàññè÷åñêèõ
ìàòåìàòè÷åñêèõ ìîäåëåé òåðìîìåõàíèêè
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1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Ïðåäëîæåíû ðàçëè÷íûå àëãîðèòìû ÷èñëåííîãî àíàëèçà ìàòåìàòè÷åñêèõ ìîäåëåé òåðìîìåõàíèêè
ñ íåëîêàëüíîñòüþ. Îòìå÷åíû îñíîâíûå ïîñòóëàòû è ãèïîòåçû ìåõàíèêè ñïëîøíîé ñðåäû ñ íå-
ëîêàëüíîñòüþ. Îòäåëüíî ðàññìîòðåíû ñëó÷àè íåëîêàëüíîñòè ïî âðåìåíè è ïðîñòðàíñòâó. Äëÿ
êàæäîé ìàòåìàòè÷åñêîé ìîäåëè ïðèâåäåíû ñîîòâåòñòâóþùèå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-
íûõ è ñïîñîáû èõ ÷èñëåííîé àïïðîêñèìàöèè. Îòìå÷åíû îñîáåííîñòè ïðîãðàììíîé ðåàëèçàöèè
ïðåäëîæåííûõ àëãîðèòìîâ â ðàìêàõ ïàêåòà OpenFOAM. Óêàçàí øèðîêî ïðèìåíÿåìûé â çàäà÷àõ
ïîäîáíîãî êëàññà îñîáûé òèï ãðàíè÷íîãî óñëîâèÿ. Îïèñàíû âîçìîæíûå ïîäõîäû ïî ðàñïàðàëëå-
ëèâàíèþ ðàçðàáîòàííûõ àëãîðèòìîâ.

Êëþ÷åâûå ñëîâà: ïàðàëëåëüíûå âû÷èñëåíèÿ; óðàâíåíèå òåïëîïðîâîäíîñòè; íåêëàññè÷åñêèå
ìîäåëè; ìåõàíèêà ñïëîøíîé ñðåäû ñ íåëîêàëüíîñòüþ

Ââåäåíèå

Ñóùåñòâóåò îïðåäåëåííûé êðóã çàäà÷ ôèçèêè è ìåõàíèêè ñïëîøíîé ñðåäû (ÌÑÑ), ê êî-
òîðûì â ÷èñòîì âèäå íåïðèìåíèìû êëàññè÷åñêèå ìåòîäû ðåøåíèÿ. Ïîñëåäíèå îñíîâàíû íà
ïðèíöèïå ëîêàëüíîñòè. Åãî èñïîëüçîâàíèå ïîçâîëÿåò ïîëó÷èòü îïðåäåëÿþùèå ñîîòíîøå-
íèÿ â âèäå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Áîëåå òî÷íî,
ïðèíöèï ëîêàëüíîñòè â ÌÑÑ ïîñòóëèðóåò, ÷òî çíà÷åíèÿ àêòèâíûõ ïåðåìåííûõ (êîòîðûå
õàðàêòåðèçóþò âíóòðåííåå ñîñòîÿíèå ìàòåðèàëà; íàïðèìåð, òåíçîð íàïðÿæåíèé σ̂, âåêòîð
òåïëîâîãî ïîòîêà q) â îêðåñòíîñòè ðàññìàòðèâàåìîé òî÷êè çàâèñÿò òîëüêî îò çíà÷åíèé ðå-
àêòèâíûõ ïåðåìåííûõ (îòðàæàþò ðåàêöèþ ìàòåðèàëà íà âíåøíèå âîçäåéñòâèÿ; íàïðèìåð,
òåìïåðàòóðà, ýëåêòðè÷åñêèé çàðÿä) â îêðåñòíîñòè ýòîé òî÷êè [1, 2].
Â ÷àñòíîñòè, êëàññè÷åñêèå ïîäõîäû ÌÑÑ çà÷àñòóþ íåïðèìåíèìû ïðè òåîðåòè÷åñêîì

ïðîãíîçèðîâàíèè ñâîéñòâ ñîâðåìåííûõ êîíñòðóêöèîííûõ è ôóíêöèîíàëüíûõ ìàòåðèàëîâ.
Äëÿ ïðîèçâîäñòâà òàêèõ ìàòåðèàëîâ èñïîëüçóþòñÿ ñïåöèàëüíûå ìåòîäû, ïîçâîëÿþùèå äî-
ñòè÷ü ïðåäåëüíûõ çíà÷åíèé èõ õàðàêòåðèñòèê: âûñîêîé ïðî÷íîñòè, òåïëîåìêîñòè, íèçêîé
òåïëîïðîâîäíîñòè è ïð. Îñîáåííîñòüþ ìàòåðèàëîâ ñ òàêèìè ñâîéñòâàìè ÿâëÿåòñÿ ìèêðî-
èëè íàíîñòðóêòóðà, â îòëè÷èå îò ìàòåðèàëîâ ñ êðóïíîçåðíèñòîé èëè àìîðôíîé ñòðóêòóðîé.
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Àäåêâàòíûå îöåíêè õàðàêòåðèñòèê òàêèõ ìàòåðèàëîâ ìîæíî ïîëó÷èòü ïðè ïîìîùè ò.í. ìàòå-
ìàòè÷åñêèõ ìîäåëåé ñïëîøíîé ñðåäû ñ íåëîêàëüíîñòüþ. Â ðàáîòå ðå÷ü èäåò îá àëãîðèòìàõ
÷èñëåííîãî àíàëèçà ìàòåìàòè÷åñêèõ ìîäåëåé òåïëîïðîâîäíîñòè, ó÷èòûâàþùèõ íåëîêàëü-
íîñòü ñïëîøíîé ñðåäû, à òàêæå î èõ ïðîãðàììíîé ðåàëèçàöèè â ðàìêàõ ïàêåòà OpenFOAM.

1. Îáëàñòü ïðèìåíåíèÿ êëàññè÷åñêèõ ìåòîäîâ

Âîîáùå ãîâîðÿ, ïðèìåíèìîñòü êëàññè÷åñêîé ìåòîäîëîãèè ÌÑÑ îïðåäåëÿåòñÿ ñîîòíîøå-
íèåì ïàðàìåòðîâ çàäà÷è: âíåøíåãî L (íàïðèìåð, ðàçìåð îáëàñòè) è âíóòðåííåãî l (ìåæ-
àòîìíîå ðàññòîÿíèå, ïàðàìåòð êðèñòàëëè÷åñêîé ðåøåòêè) õàðàêòåðíûõ ðàçìåðîâ. Îöåíêè
íà îñíîâàíèè êëàññè÷åñêèõ ïîäõîäîâ îñòàþòñÿ äîâîëüíî òî÷íûìè ïðè óñëîâèè L/l � 1.
Îäíàêî â òîé îáëàñòè, ãäå L/l ∼ 1, ðàñõîæäåíèå ñ ýêñïåðèìåíòàëüíûìè äàííûìè ñòàíî-
âèòñÿ çíà÷èòåëüíûì èç-çà âîçðàñòàþùåãî âëèÿíèÿ ìåæàòîìíûõ âçàèìîäåéñòâèé. Â òàêîì
ñëó÷àå íåîáõîäèìî îáðàùàòüñÿ ê èñïîëüçîâàíèþ ìåòîäîâ ìîëåêóëÿðíîé äèíàìèêè. Îäíàêî
ñóùåñòâóåò è äðóãîé, ìåíåå òðóäîåìêèé ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ, ïîäõîä | ìåòîä
íåïðåðûâíîé àïïðîêñèìàöèè. Îí çàêëþ÷àåòñÿ â ðàñïðîñòðàíåíèè ìåòîäîâ ÌÑÑ, îïèñûâàþ-
ùèõ ïîâåäåíèå ìàòåðèàëà íà ìàêðîóðîâíå, íà ìèêðîóðîâåíü è ïîñëåäóþùåì óñòàíîâëåíèè
ñâÿçè ìåæäó õàðàêòåðèñòèêàìè ìàêðî- è ìèêðî- (èëè íàíî-) óðîâíÿ. Íà ïðèìåíåíèè ìåòîäà
íåïðåðûâíîé àïïðîêñèìàöèè îñíîâàíà îáëàñòü íàóêè, íàçûâàåìàÿ îáîáùåííîé ìåõàíèêîé
ñïëîøíîé ñðåäû [3]. Âìåñòî êëàññè÷åñêèõ (ëîêàëüíûõ) ìàòåìàòè÷åñêèõ ìîäåëåé, â íåé øè-
ðîêî èñïîëüçóþòñÿ ìîäåëè ñïëîøíîé ñðåäû ñ íåëîêàëüíîñòüþ, âûñòóïàþùèå îáîáùåíèåì
ïåðâûõ. Ó÷èòûâàåìàÿ ïðè òàêîì ïîäõîäå íåëîêàëüíîñòü íàçûâàåòñÿ ïðîñòðàíñòâåííîé.
Àíàëîãè÷íî, äèíàìè÷åñêèå ïðîöåññû õàðàêòåðèçóþòñÿ âíåøíèì T (íàïðèìåð, âðåìÿ, â

òå÷åíèå êîòîðîãî äåéñòâóþò âíåøíèå íàãðóçêè) è âíóòðåííèì τ (íàïðèìåð, âðåìÿ ðåëàêñà-
öèè) âðåìåíí �ûìè ïàðàìåòðàìè. Òîãäà êëàññè÷åñêèå ìåòîäû ÌÑÑ ïðèìåíèìû òîëüêî ïîêà
T/τ � 1, à ïðè T/τ ∼ 1 öåëåñîîáðàçíî èñïîëüçîâàòü ìàòåìàòè÷åñêèå ìîäåëè ñïëîøíîé
ñðåäû ñ íåëîêàëüíîñòüþ, êîòîðàÿ â òàêîì ñëó÷àå íàçûâàåòñÿ âðåìåíí�îé. Òàêæå â ïîäîáíûõ
ñëó÷àÿõ ãîâîðÿò î ìîäåëÿõ ñïëîøíîé ñðåäû ñ ïàìÿòüþ.

2. Îñíîâíûå ïîëîæåíèÿ ìåõàíèêè ñïëîøíîé ñðåäû ñ íåëîêàëüíîñòüþ

Ïðè ïîñòðîåíèè ìîäåëåé ñïëîøíîé ñðåäû ñ íåëîêàëüíîñòüþ îñíîâûâàþòñÿ íà ñëåäóþ-
ùèõ ïîëîæåíèÿõ, ÿâëÿþùèõñÿ îáîáùåíèåì ñîîòâåòñòâóþùèõ ëîêàëüíûõ ïðèíöèïîâ [4]:

1. Çàêîí ñîõðàíåíèÿ ýíåðãèè (1) âûïîëíÿåòñÿ òîëüêî â èíòåãðàëüíîé ôîðìå (äëÿ âñåãî
òåëà):
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ãäå ε|ìàññîâàÿ ïëîòíîñòü âíóòðåííåé ýíåðãèè òåëà; vi|êîìïîíåíòûïîëÿ ñêîðîñòåé; fk|
êîìïîíåíòû âåêòîðà ìàññîâîé ïëîòíîñòè âíåøíèõ ñèë; h|ìàññîâàÿ ïëîòíîñòü èñòî÷íèêîâ
òåïëîòû.
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2. Ñîñòîÿíèå (ò.å. çíà÷åíèÿ àêòèâíûõ ïåðåìåííûõ) ïðîèçâîëüíîé òî÷êè òåëà â äàííûé
ìîìåíò çàâèñèò îò ñîñòîÿíèÿ âñåõ îñòàëüíûõ òî÷åê òåëà â òåêóùèé ìîìåíò, à òàêæå âî âñå
ïðåäûäóùèå.

Âäîïîëíåíèå ê îñíîâíûìîïðåäåëÿþùèìñîîòíîøåíèÿìèïîëîæåíèÿììåõàíèêè ñïëîø-
íîé ñðåäû ñ íåëîêàëüíîñòüþ ïðåäëîæåí [4] íàáîð ïðèíöèïîâ, èñïîëüçóåìûõ äëÿ ðàñïðîñòðà-
íåíèÿ ìåòîäîëîãèè êîíòèíóóìà íà ìèêðîóðîâåíü. Ñðåäè ýòèõ ïðèíöèïîâ îòìåòèì ïðèíöèï
ñîñåäñòâà è ïðèíöèï ïàìÿòè. Ñîãëàñíî ïåðâîìó, ÷åì äàëüøå íåêîòîðàÿ òî÷êà r′ îò ðàññìà-
òðèâàåìîé r, òåì ñëàáåå âëèÿíèå ñîñòîÿíèÿ òåëà â r′ íà åãî ñîñòîÿíèå â r. Àíàëîãè÷íî,
ñîãëàñíî âòîðîìó ïðèíöèïó, ÷åì äàëüøå íåêîòîðûé ìîìåíò âðåìåíè t′ îò òåêóùåãî t, òåì
ìåíüøå âëèÿíèå ñîñòîÿíèÿ òåëà â t′ íà òåêóùåå.
Äàëåå áóäåì ðàññìàòðèâàòü ìàòåìàòè÷åñêèå ìîäåëè ñïëîøíîé ñðåäû ñ íåëîêàëüíîñòüþ

ïðèìåíèòåëüíî ê ìîäåëèðîâàíèþ òåïëîïðîâîäíîñòè â òâåðäîì òåëå. Â òàêîì ñëó÷àå ïðî-
ñòðàíñòâåííàÿ íåëîêàëüíîñòü îçíà÷àåò ó÷åò âëèÿíèÿ íà òåìïåðàòóðó â òî÷êå òåìïåðàòóðû
âñåõ îñòàëüíûõ òî÷åê òåëà, à âðåìåíí�àÿ | ó÷åò êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ òå-
ïëîòû (â ïðîòèâîïîëîæíîñòü áåñêîíå÷íîé ñêîðîñòè ïðè êëàññè÷åñêîì ïîäõîäå) è ýôôåêòà
çàïàçäûâàíèÿ ïðè àêêóìóëÿöèè òåïëîòû.

3. Ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîïðîâîäíîñòè,
ó÷èòûâàþùàÿ íåëîêàëüíîñòü ïî âðåìåíè

Îñíîâíûå ñîîòíîøåíèÿ. Ðàñïðåäåëåíèå òåìïåðàòóðû â òâåðäîì òåëå â ìîäåëè ñïëîø-
íîé ñðåäû ñ âíóòðåííèìè ïàðàìåòðàìè ñîñòîÿíèÿ ìîæåò áûòü îïèñàíî ñëåäóþùèì óðàâíå-
íèåì [5, 6]:
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Àíàëîãè÷íî, ïðåîáðàçóÿ âûðàæåíèå â ñêîáêàõ â ïðàâîé ÷àñòè óðàâíåíèÿ (2), ïîëó÷àåì
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Òàêèì îáðàçîì, ïîñëå ïðåîáðàçîâàíèé (3){(4) óðàâíåíèå (2) ïðèìåò âèä

ρc
∂T

∂t
+ ρc

∂T

∂t

∣∣∣∣∣
t=0

exp
(
− t

τt

)
+

ρc

τt

t∫
0

∂T

∂t′
exp

(
−t− t′

τt

)
dt′ =

=
∂

∂xi

(
λ

(T )
ij

∂T

∂xj

∣∣∣∣∣
t=0

exp
(
− t

τq

)
+

λ
(T )
ij

τq

t∫
0

∂T

∂xj

exp
(
−t− t′

τq

)
dt′
)
. (5)

Ýòî óðàâíåíèå, â îòëè÷èå îò êëàññè÷åñêîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
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ÿâëÿåòñÿ óðàâíåíèåì ãèïåðáîëè÷åñêîãî òèïà [8]. Óðàâíåíèå (5) ñîäåðæèò äîïîëíèòåëüíûå
ñëàãàåìûå, ó÷èòûâàþùèå íåëîêàëüíîñòü ïî âðåìåíè: ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà
îòðàæàþò ýôôåêò çàïàçäûâàíèÿ ïðè àêêóìóëÿöèè òåïëîòû, â ïðàâîé | êîíå÷íóþ ñêîðîñòü
ðàñïðîñòðàíåíèÿ òåïëîòû â òåëå.
Çà÷àñòóþ ìàòåìàòè÷åñêèå ìîäåëè òåïëîïðîâîäíîñòè ñ íåëîêàëüíîñòüþ èñïîëüçóþòñÿ

äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ âûñîêîèíòåíñèâíîãî íàãðåâà [9, 10, 11, 12, 13, 14]. Òîãäà
óðàâíåíèå (5) ìîæåò äîïîëíÿòüñÿ ãðàíè÷íûì óñëîâèåì âèäà (â îäíîìåðíîì ñëó÷àå)

−λ(T )

(
∂T (x1, t)

∂x1

−
t∫

0

∂

∂t′
∂T (x1, t

′)

∂x1

exp
(
−t− t′

τq

)
dt′
)∣∣∣∣∣

x1=x
(0)
1

= qs,

ãäå qs | çàäàííûé òåïëîâîé ïîòîê íà ãðàíèöå.
Â ÷àñòíîñòè, ïðè qs = BMtm exp (−mt/t0), B, M = const, m > 1, m ∈ N, ñóùåñòâóåò

àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè (5) [6].

4. Ìàòåìàòè÷åñêàÿ ìîäåëü, ó÷èòûâàþùàÿ
ýôôåêò çàïàçäûâàíèÿ ïðè àêêóìóëÿöèè òåïëîòû

Óðàâíåíèå òåïëîïðîâîäíîñòè. Äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ñïëîøíîé ñðåäû ñ ïàìÿ-
òüþ öåëåñîîáðàçíî îòäåëüíî ðàññìîòðåòü ìàòåìàòè÷åñêèå ìîäåëè òåïëîïðîâîäíîñòè, ó÷è-
òûâàþùèå äâà ðàçëè÷íûõ ýôôåêòà. Óðàâíåíèå (5) ïðè τt 6= 0 è τq → 0 ó÷èòûâàåò ýôôåêò
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çàïàçäûâàíèÿ ïðè àêêóìóëÿöèè òåïëîòû, ïðè ýòîì ñêîðîñòü ðàñïðîñòðàíåíèÿ òåïëîòû ñ÷è-

òàåòñÿ áåñêîíå÷íîé. Äëÿ îäíîðîäíîãî èçîòðîïíîãî òâåðäîãî òåëà λ
(T )
ij = λ(T )δij , a2 =

λ(T )

ρc
|

êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè òåëà. Êðîìå òîãî, ïðè ìîäåëèðîâàíèè ïîâåðõíîñò-
íîãî íàãðåâà ÷àñòî èìååò ìåñòî íà÷àëüíîå óñëîâèå ∂T (x, t)

∂t

∣∣∣∣
t=0

= 0. Ñîîòâåòñòâóþùåå
óðàâíåíèå òåïëîïðîâîäíîñòè èìååò âèä [7]

∂T

∂t
+

1

τt

t∫
0

∂T

∂t′
exp

(
−t− t′

τt

)
dt′ = a2 ∂2T

∂xj∂xj

. (6)

Åñëè âçÿòü ïî ÷àñòÿì èíòåãðàë â ëåâîé ÷àñòè óðàâíåíèÿ (6), ïîëó÷èì

∂T

∂t
+

1

τt

(
T (t)− T0(x) exp

(
− t

τt

))
− 1

τ 2
t

t∫
0

T (t′) exp
(
−t− t′

τt

)
dt′ = a2 ∂2T

∂xj∂xj

, (7)

ãäå T0(x) = T (x, t)
∣∣∣
t=0
| íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû.

Àïïðîêñèìàöèÿ óðàâíåíèÿ. Ñëåäóþùèì ýòàïîì íà ïóòè ê ïðîâåäåíèþ âû÷èñëèòåëü-
íîãî ýêñïåðèìåíòà è ïîëó÷åíèþ ÷èñëåííîãî ðåøåíèÿ ÿâëÿåòñÿ ïðîöåññ àïïðîêñèìàöèè
óðàâíåíèÿ (7). Äëÿ ýòîé öåëè â êà÷åñòâå îñíîâíîé ïëàòôîðìû âûáðàí ïðîãðàììíûé ïà-
êåò OpenFOAM. Äàííûé ïàêåò ïðåäñòàâëÿåò ñîáîé èíñòðóìåíòàðèé äëÿ ðåøåíèÿ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîìîùüþ ìåòîäà êîíòðîëüíûõ îáúåìîâ.
Ðåøåíèå çàäà÷è â OpenFOAM ïðîèñõîäèò â îáùåì ñëó÷àå â òðåõìåðíîé ïîñòàíîâêå, ïðè
ýòîì äëÿ ðåøåíèÿ îäíî- èëè äâóìåðíûõ çàäà÷ íåîáõîäèìî óêàçàòü, â êàêèõ íàïðàâëåíèÿõ
èñêîìàÿ âåëè÷èíà íå èçìåíÿåòñÿ. Ñòîèò îòìåòèòü, ÷òî ðåøåíèå ýòîé çàäà÷è è ïîäîáíûõ
åé (íàïðèìåð, [15]) âîçìîæíî è ñ èñïîëüçîâàíèåì ìåòîäà êîíå÷íûõ ýëåìåíòîâ, îäíàêî â
òàêîì ñëó÷àå íå áóäåò îáåñïå÷èâàòüñÿ âûïîëíåíèå äèñêðåòíîãî àíàëîãà çàêîíà ñîõðàíåíèÿ
ýíåðãèè.
Ïðè àïïðîêñèìàöèè óðàâíåíèÿ (7) íàèáîëüøèé èíòåðåñ ïðåäñòàâëÿåò èíòåãðàëüíîå ñëà-

ãàåìîå â ëåâîé ÷àñòè, êîòîðîå, ñîáñòâåííî, ó÷èòûâàåò âëèÿíèå ðàñïðåäåëåíèÿ òåìïåðàòóðû
â òåëå â ïðåäûäóùèå ìîìåíòû âðåìåíè íà òåêóùåå â ñîãëàñèè ñ ïðèíöèïîì çàòóõàþùåé
ïàìÿòè. Ââåäåì íà îòðåçêå [0; t] ðàâíîìåðíóþ ðàçíîñòíóþ ñåòêó ñ øàãîì ∆t:

ω∆t = {ti : ti = i∆t, i = 0, 1, . . . , n; tn = t} .

Èíòåãðàë ïî âðåìåíí�îìó ïðîìåæóòêó (0; t) ïðåäñòàâèì â âèäå ñóììû èíòåãðàëîâ ïî ïðîìå-
æóòêàì (ti; ti+1). Êàæäûé èç íèõ àïïðîêñèìèðóåì ëèíåéíîé êîìáèíàöèåé ðàñïðåäåëåíèé
òåìïåðàòóðû íà êîíöàõ ñîîòâåòñòâóþùåãî ïðîìåæóòêà èíòåãðèðîâàíèÿ:

t∫
0

T (t′) exp
(
−t− t′

τt

)
dt′ =

n−1∑
i=0

ti+1∫
ti

T (t′) exp
(
−t− t′

τt

)
dt′ ≈

n−1∑
i=0

(CiTi + DiTi+1). (8)
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ÇäåñüCi èDi|êîýôôèöèåíòû, êîòîðûå âû÷èñëÿþòñÿ íåïîñðåäñòâåííî ñ ó÷åòîì òðåáîâàíèÿ
òî÷íîñòè êâàäðàòóðíîé ôîðìóëû (8) äëÿ êóñî÷íî-ëèíåéíîé ïî âðåìåíè ôóíêöèè òåìïåðà-
òóðû:

Ci = −τt exp
(
−t− ti

τt

)
+

τ 2
t

∆t

(
exp

(
−t− ti+1

τt

)
− exp

(
−t− ti

τt

))
,

Di = τt exp
(
−t− ti+1

τt

)
− τ 2

t

∆t

(
exp

(
−t− ti+1

τt

)
− exp

(
−t− ti

τt

))
.

Â ñèëó ïðèíöèïà çàòóõàþùåé ïàìÿòè, äëÿ óñêîðåíèÿ ïðîöåññà ñ÷åòà öåëåñîîáðàçíî íå-
ïîñðåäñòâåííî ó÷èòûâàòü âêëàä òîëüêî ïîñëåäíèõ k ñëàãàåìûõ â ñóììå (8) (äëÿ øàãîâ
tn−k+1, . . . , tn), à âêëàä ïåðâûõ ñëàãàåìûõ ó÷èòûâàòü óïðîùåííî: íàïðèìåð, çàìåíÿÿ âñå
T0, . . . , Tn−k íà Tn−k è âû÷èñëÿÿ îäèí èíòåãðàë äëÿ öåëîãî ïðîìåæóòêà (t0, tn−k):

tn−k∫
0

T (t′) exp
(
−t− t′

τt

)
dt′ ≈

tn−k∫
0

Tn−k exp
(
−t− t′

τt

)
dt′ =

= Tn−k exp
(
− t

τt

) tn−k∫
0

exp
(

t′

τt

)
dt′ =

1

τt

Tn−k exp
(
− t

τt

)(
exp

(
tn−k

τt

)
− 1

)
.

Â ñîîòâåòñòâèè ñ îáùåïðèíÿòûì ïîäõîäîì, â OpenFOAM ïðîèçâîäèòñÿ çàìåíà èñõîä-
íîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñèñòåìîé ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïîìîùüþ ïðîöåäóðû àïïðîêñèìàöèè è ïîñëåäóþùåå ðåøåíèå
ïîñòðîåííîé ñèñòåìû òåì èëè èíûì ïðÿìûì èëè èòåðàöèîííûì ìåòîäîì. Äëÿ ïîñòðîå-
íèÿ ðàçíîñòíîé ñõåìû âûïîëíÿåòñÿ èíòåãðèðîâàíèå èñõîäíîãî óðàâíåíèÿ ïî êîíòðîëüíîìó
îáúåìó V0 è âðåìåíè.
Àïïðîêñèìàöèÿ ñëàãàåìûõ óðàâíåíèÿ (7) â OpenFOAMîñóùåñòâëÿåòñÿ îïèñàííûì íèæå

ñïîñîáîì. Îïèñàííûå äàëåå ïîäõîäû íå ÿâëÿþòñÿ åäèíñòâåííî âîçìîæíûìè â OpenFOAM
è äëÿ ïîñòðîåíèÿ ÑËÀÓ ìîãóò áûòü ïðèìåíåíû èíûå ñõåìû àïïðîêñèìàöèè óðàâíåíèé [16].

1. Ñëàãàåìîå ∂T

∂t
:

∫
V0

t∫
t−∆t

∂T

∂t
dt dV ≈

∫
V0

T − Ť

∆t
∆t dV = (T − Ť )V0,

ãäå T = T (t) | íåèçâåñòíàÿ òåìïåðàòóðà; Ť = T (t − ∆t). Çíà÷åíèÿ òåìïåðàòóðû (T , Ť è
ò.ä.) áåðóòñÿ â ãåîìåòðè÷åñêèõ öåíòðàõ êîíòðîëüíûõ îáúåìîâ.

2. Ñëàãàåìîå a2 ∂2T

∂xj∂xj
: â ñîîòâåòñòâèè ñ òåîðåìîé Îñòðîãðàäñêîãî | Ãàóññà,

a2
∫
V0

t∫
t−∆t

∂2T

∂xj∂xj

dt dV = a2
∫
V0

t∫
t−∆t

∂

∂xj

(
∂T

∂xj

)
dt dV ≈

≈ a2

t∫
t−∆t

(∑
f

(
∂T

∂xj

)
f
· (Sf )j

)
dt = a2∆t

∑
f

(
∂T

∂xj

)
f
· (Sf )j.
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Ðèñ. 1. Ïàðàìåòðû ñåòêè â OpenFOAM

Ïîñëåäíåå âûðàæåíèå ïðåäñòàâëÿåò ñîáîé ñóììó ïî ãðàíÿì, îêðóæàþùèì êîíòðîëüíûé
îáúåì V0; (Sf )j |êîìïîíåíòû âåêòîðà, íàïðàâëåííîãî ïî íîðìàëè ê ãðàíè, ñ äëèíîé, ðàâíîé
ïëîùàäè ãðàíè Sf ;

(
∂T

∂xj

)
f
| êîìïîíåíòû ãðàäèåíòà òåìïåðàòóðû, âû÷èñëåííîãî íà ãðàíè

(òî÷íåå, â åå öåíòðå; ðèñ. 1). Â ñëó÷àå îðòîãîíàëüíîé ñåòêè (ò.å. êîãäà âåêòîðd, ñîåäèíÿþùèé
öåíòð ÿ÷åéêè ñ öåíòðîì ñîñåäíåé, êîëëèíåàðåí âåêòîðó Sf ) ñêàëÿðíîå ïðîèçâåäåíèå ïîä
çíàêîì ñóììû âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:(

∂T

∂xj

)
f
· (Sf )j = Sf

T − TN

|d|
,

ãäå TN | çíà÷åíèå òåìïåðàòóðû â ÿ÷åéêå, ñîñåäíåé ñ äàííîé. Â ñëó÷àå íåîðòîãîíàëüíîé
ñåòêè ïðè àïïðîêñèìàöèè ãðàäèåíòà ââîäÿòñÿ íåîáõîäèìûå ïîïðàâêè.
3. Âû÷èñëåíèå äâîéíîãî èíòåãðàëà îò îñòàâøèõñÿ ñëàãàåìûõ â ëåâîé ÷àñòè óðàâíåíèÿ

(7) ñ ó÷åòîì ôîðìóëû (8) ïðèâîäèò ê èñòî÷íèêîâûì ÷ëåíàì âèäà αT (èëè αŤ ) è αiTi, ãäå α,
αi, i = 0, . . . , n− 1, | íåêîòîðûå ÷èñëîâûå êîýôôèöèåíòû.

5. Ìàòåìàòè÷åñêàÿ ìîäåëü, ó÷èòûâàþùàÿ
êîíå÷íóþ ñêîðîñòü ðàñïðîñòðàíåíèÿ òåïëîòû

Óðàâíåíèå òåïëîïðîâîäíîñòè. Óðàâíåíèå (5) â ñëó÷àå τt → 0 è τq 6= 0 ó÷èòûâàåò
êîíå÷íóþ ñêîðîñòü ðàñïðîñòðàíåíèÿ òåïëîòû áåç ðàññìîòðåíèÿ ýôôåêòà çàïàçäûâàíèÿ ïðè
àêêóìóëÿöèè òåïëîòû. Êàê è ðàíåå, áóäåì èñõîäèòü èç ïðåäïîëîæåíèÿ îäíîðîäíîñòè è
èçîòðîïíîñòè òâåðäîãî òåëà. Òîãäà ïîëó÷èì óðàâíåíèå

∂T

∂t
= a2 ∂2T

∂xj∂xj

∣∣∣∣∣
t=0

exp
(
− t

τq

)
+

a2

τq

t∫
0

∂2T

∂xj∂xj

exp
(
−t− t′

τq

)
dt′. (9)

Îáîçíà÷èì ∂2T

∂xj∂xj
= ∆T , ãäå ∆| îïåðàòîð Ëàïëàñà.

Àïïðîêñèìàöèÿ óðàâíåíèÿ. Àïïðîêñèìàöèÿ ïåðâîé ïðîèçâîäíîé ïî âðåìåíè àíàëî-
ãè÷íà ñëó÷àþ óðàâíåíèÿ, ó÷èòûâàþùåãî çàïàçäûâàíèå ïðè àêêóìóëÿöèè òåïëîòû.
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Ñëàãàåìîå a2∆T
∣∣∣
t=0
àïïðîêñèìèðóåòñÿ îáùåïðèíÿòûì îáðàçîì. Â ÷àñòíîñòè, â îäíî-

ìåðíîì ñëó÷àå, åñëè íà îòðåçêå [0; l] (l | ðàçìåð ðàñ÷åòíîé îáëàñòè) ââåñòè ðàâíîìåðíóþ
ðàçíîñòíóþ ñåòêó ñ øàãîì ∆x

ω∆x = {xk : xk = k∆x, k = 0, 1, . . . , m; xm = l} ,

òî ïîëó÷èì

a2∆T
∣∣∣
t=0

= a2Tj+1 − 2Tj + Tj−1

(∆x)2

∣∣∣∣∣
t=0

.

Íàèáîëüøóþ âàæíîñòü ïðåäñòàâëÿåò àïïðîêñèìàöèÿ èíòåãðàëà â ïðàâîé ÷àñòè óðàâíåíèÿ
(9). Ïðåäñòàâèì åãî â âèäå ñóììû èíòåãðàëîâ ïî ïðîìåæóòêàì (ti; ti+1) è àïïðîêñèìèðóåì
êàæäûé èíòåãðàë îòäåëüíî:

a2

τq

t∫
0

∆T exp
(
−t− t′

τq

)
dt′ =

a2

τq

n−1∑
i=0

ti+1∫
ti

∆T exp
(
−t− t′

τq

)
dt′. (10)

Àïïðîêñèìàöèÿ èíòåãðàëà â (10) ìîæåò ïðîèçâîäèòüñÿ ðàçëè÷íûìè ñïîñîáàìè (îáîçíà÷èì
(∆T )i = ∆T (ti)).

1. Ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû òðàïåöèé:

ti+1∫
ti

∆T exp
(
−t− t′

τq

)
dt′≈ ∆t

2

(
(∆T )i exp

(
−t− ti

τq

)
+(∆T )i+1 exp

(
−t− ti+1

τq

))
=

=
∆t

2
exp

(
−t− ti

τq

)(
(∆T )i + (∆T )i+1 exp

(
∆t

τq

))
.

2. Ïî àíàëîãèè ñ ôîðìóëîé (8), íà êàæäîì îòäåëüíîì ïðîìåæóòêå èíòåãðèðîâàíèÿ ìîæíî
ïðåäñòàâèòü ∆T â âèäå

∆T (t) = (∆T )i +
(
(∆T )i+1 − (∆T )i

) t− ti
ti+1 − ti

, t ∈ [ti; ti+1],

è âû÷èñëèòü èíòåãðàë â (10) íåïîñðåäñòâåííî:
ti+1∫
ti

∆T exp
(
−t− t′

τq

)
dt′ ≈ Ei(∆T )i + Fi(∆T )i+1,

ãäå

Ei = − 1

τq

exp
(
−t− ti

τq

)
+

1

∆t

(
exp

(
−t− ti+1

τq

)
− exp

(
−t− ti

τq

))
,

Fi =
1

τq

exp
(
−t− ti+1

τq

)
− 1

∆t

(
exp

(
−t− ti+1

τq

)
− exp

(
−t− ti

τq

))
.

Êàê è â ñëó÷àå óðàâíåíèÿ, ó÷èòûâàþùåãî çàïàçäûâàíèå ïðè àêêóìóëÿöèè òåïëîòû, öåëå-
ñîîáðàçíî ó÷èòûâàòü ÿâíî ïîñëåäíèå k ñëàãàåìûõ â ñóììå â (10), à âêëàä ïåðâûõ ñëàãàåìûõ
ó÷èòûâàòü ïðèáëèæåííî, çàìåíÿÿ (∆T )0, . . . , (∆T )n−k íà (∆T )n−k è âû÷èñëÿÿ îäèí èíòåãðàë
äëÿ âñåãî ïðîìåæóòêà (t0; tn−k).
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6. Ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîïðîâîäíîñòè,
ó÷èòûâàþùàÿ íåëîêàëüíîñòü ïî ïðîñòðàíñòâó

Óðàâíåíèå òåïëîïðîâîäíîñòè. Ðàñïðåäåëåíèå òåìïåðàòóðû â ìàòåðèàëå ñ íåëîêàëüíî-
ñòüþ ïî ïðîñòðàíñòâó îïèñûâàåòñÿ ñëåäóþùèì óðàâíåíèåì [6, 17]:

ρc

A44

(
γ1

∂T (x, t)

∂t
+ γ2

∫
V

ϕT (|x′ − x|)∂T (x′, t)

∂t
dV (x′)

)
=

=
∂

∂xi

(
λ

(T )
ij

(
γ1

∂T

∂xj

+ γ2

∫
V

ϕ1(|x′ − x|)
∫
V

ϕ2(|x′′ − x′|) ∂T

∂xj

dV (x′′)dV (x′)

))
. (11)

Çäåñü γ1, γ2 ∈ [0; 1], γ1 + γ2 = 1, | êîýôôèöèåíòû ó÷åòà ðàçëè÷íûõ ïðîöåññîâ òåïëîïðî-
âîäíîñòè â òåëå, ïðè÷åì γ1|äîëÿ ëîêàëüíîãî òåïëîîáìåíà (ìåæäó ñîñåäíèìè ñòðóêòóðàìè
ìàòåðèàëà), γ2 | êîýôôèöèåíò ó÷åòà âëèÿíèÿ íà îïðåäåëåííóþ ñòðóêòóðó ìàòåðèàëà âñåõ
îñòàëüíûõ, â òîì ÷èñëå è íå ÿâëÿþùèõñÿ ñîñåäíèìè ñ íåé (ó÷åò ïðîñòðàíñòâåííîé íå-
ëîêàëüíîñòè); A44 | êîýôôèöèåíò ó÷åòà âëèÿíèÿ ïîâåðõíîñòåé ðàçäåëà (0 < A44 6 1);
ϕT (|x′ − x|) = ϕ◦

T ϕ0(|x′ − x|); ϕ◦
T | êîíñòàíòà; ϕ0(|x′ − x|), ϕ1(|x′ − x|), ϕ2(|x′ − x|) |

åäèíè÷íûå ôóíêöèè âëèÿíèÿ, òàêèå, ÷òî∫
V ′

ϕ0(|x′ − x|) dV ′ = 1,
∫
V ′

ϕ1(|x′ − x|) dV ′ = 1,
∫
V ′

ϕ2(|x′ − x|) dV ′ = 1.

Ôóíêöèè âëèÿíèÿ õàðàêòåðèçóþò ñòåïåíü âçàèìíîãî âëèÿíèÿ ñòðóêòóðíûõ ýëåìåíòîâ,
îáðàçóþùèõ ìàòåðèàë. Â äàííîì ñëó÷àå âûáåðåì ôóíêöèè âëèÿíèÿ ñëåäóþùèì îáðàçîì
(a| õàðàêòåðíûé ðàçìåð ñòðóêòóðíîãî ýëåìåíòà):

ϕi(|x′ − x|) = ϕ(|x′ − x|) =


1
a

(
1− |x′ − x|

a

)
, |x′ − x| < a;

0, |x′ − x| > a,
i = 0, 1, 2.

Àïïðîêñèìàöèÿ óðàâíåíèÿ. Êàê è ðàíåå, áóäåì ðàññìàòðèâàòü îäíîðîäíîå èçîòðîïíîå
òåëî, ò.å. λ(T )

ij = λ(T )δij . Àïïðîêñèìàöèÿ ñëàãàåìûõ ñ êîýôôèöèåíòîì γ1 â óðàâíåíèè (11),
ñîîòâåòñòâóþùèõ ëîêàëüíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè, ÿâëÿåòñÿ îáùåïðèíÿòîé è íå
îòëè÷àåòñÿ îò îïèñàííîé â ðàçä. 4. Äëÿ èíòåãðàëüíûõ ÷ëåíîâ ñ êîýôôèöèåíòîì γ2, ó÷èòûâà-
þùèõ ïðîñòðàíñòâåííóþ íåëîêàëüíîñòü ìàòåðèàëà, â ñîîòâåòñòâèè ñ ìåòîäîì êîíòðîëüíûõ
îáúåìîâ ïåðåéäåì ê ñóììå ïî êîíòðîëüíûì îáúåìàì Vk (k = 1, . . . ,m):

∫
V

ϕT (|x′ − x|)∂T (x′, t)

∂t
dV (x′) =

m∑
k=1

∫
Vk

ϕ(|x′ − x|)∂T (x′, t)

∂t
dV (x′), (12)

∂

∂xj

∫
V

ϕ(|x′ − x|) dV (x′)
∫
V

ϕ(|x′′ − x′|) ∂T

∂xj

dV (x′′) =

=
m∑

k=1

m∑
l=1

∂

∂xj

∫
Vk

ϕ(|x′ − x|) dV (x′)
∫
Vl

ϕ(|x′′ − x′|) ∂T

∂xj

dV (x′′). (13)
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Àïïðîêñèìàöèÿ èíòåãðàëîâ (12) è (13) ïðåäñòàâëÿåò ñëîæíîñòü â ñèëó ïðèñóòñòâèÿ â
ïîäèíòåãðàëüíûõ ôóíêöèÿõ ôóíêöèè âëèÿíèÿ ϕ. Ïðèìåì ñëåäóþùèå äîïóùåíèÿ îòíîñè-
òåëüíî ôóíêöèé âëèÿíèÿ äëÿ óïðîùåíèÿ âû÷èñëåíèÿ èíòåãðàëîâ:
1) ðàçìåð ñòðóêòóðíîãî ýëåìåíòà a çíà÷èòåëüíî áîëüøå øàãà ñåòêè, ò.å. â ïðåäåëàõ îäíîé

ôóíêöèè âëèÿíèÿ íàõîäèòñÿ äîñòàòî÷íî ìíîãî êîíòðîëüíûõ îáúåìîâ;
2) Ôóíêöèÿ âëèÿíèÿ ñ÷èòàåòñÿ ïîñòîÿííîé â ïðåäåëàõ êàæäîãî êîíòðîëüíîãî îáúåìà è

ðàâíîé çíà÷åíèþ ϕ â åãî öåíòðå.
Òîãäà ñóììû (12) è (13) ìîæíî âû÷èñëèòü ñëåäóþùèì îáðàçîì:
m∑

k=1

∫
Vk

ϕ(|x′ − x|)∂T (x′, t)

∂t
dV (x′) ≈

m∑
k=1

ϕ(|xk − x|)∂T (xk)

∂t
Vk, (14)

m∑
k=1

m∑
l=1

∂

∂xj

∫
Vk

ϕ(|x′ − x|) dV (x′)
∫
Vl

ϕ(|x′′ − x′|) ∂T

∂xj

dV (x′′) ≈

≈
m∑

k=1

m∑
l=1

ϕ(|xk − x|) ϕ(|xl − xk|)∆T (xl) VkVl, (15)

ãäå xk è xl | öåíòðû êîíòðîëüíûõ îáúåìîâ Vk è Vl, ñîîòâåòñòâåííî.

Àïïðîêñèìàöèÿ óðàâíåíèÿ â îäíîìåðíîì ñëó÷àå. Ðàññìîòðèì ñëó÷àé îäíîìåðíîãî
ñòåðæíÿ èç ìàòåðèàëà ñ ïðîñòðàíñòâåííîé íåëîêàëüíîñòüþ. Ïîñòðîèì îäíîðîäíóþ ñåòêó èç
êîíòðîëüíûõ îáúåìîâ ñ øàãîì∆x. Ñ ó÷åòîì (14) è (15), îáîçíà÷àÿ a2 = λ(T )/(ρc), óðàâíåíèå
òåïëîïðîâîäíîñòè (11) ìîæíî çàïèñàòü â âèäå

γ1
∂T (x)

∂t
+ γ2∆x

∑
k

ϕ(|xk − x|)∂T (xk)

∂t
=

= a2

(
γ1

∂2T (x)

∂x2
+ γ2(∆x)2

∑
k

∑
l

ϕ(|xk − x|)ϕ(|xl − xk|)
∂2T (xl)

∂x2

)
. (16)

Àïïðîêñèìàöèÿ ñëàãàåìûõ ñ êîýôôèöèåíòîì γ1, ñîîòâåòñòâóþùèõ ïàðàáîëè÷åñêîìó
óðàâíåíèþ òåïëîïðîâîäíîñòè, íå îòëè÷àåòñÿ îò îáùåïðèíÿòîé è îñóùåñòâëÿåòñÿ ñëåäó-
þùèì îáðàçîì:

∂T (x, t)

∂t
≈ T − Ť

∆t
,

∂2T (x, t)

∂x2
≈ Tk+1 − 2Tk + Tk−1

(∆x)2
.

Ïðè ðåøåíèè êëàññè÷åñêîãî ëîêàëüíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè (γ1 = 1, γ2 = 0)

òàêàÿ àïïðîêñèìàöèÿ ïðèâîäèò ê ïîñòðîåíèþòðåõäèàãîíàëüíîéìàòðèöû ñèñòåìûëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé.
Ìîæíî ïðåäëîæèòü ðàçëè÷íûå ñïîñîáû àïïðîêñèìàöèè ñëàãàåìûõ ñ êîýôôèöèåíòîì γ2,

ó÷èòûâàþùèõ ïðîñòðàíñòâåííóþ íåëîêàëüíîñòü ìàòåðèàëà.

1. ßâíûé ìåòîä:

∂T (xk, t)

∂t
≈ Ťk − ˇ̌T k

∆t
, k = 1, . . . , m;

∂2T (xl, t)

∂x2
≈ Ťl+1 − 2Ťl + Ťl−1

(∆x)2
, l = 1, . . . , m;

Ťk = Tk(t−∆t), ˇ̌T k = Tk(t− 2∆t), k = 1, . . . , m.
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2. ßâíî-íåÿâíûé ìåòîä:

∂T (xk, t)

∂t
≈


Tk − Ťk

∆t
, xk = x−1, x, x+1;

Ťk − ˇ̌T k

∆t
, xk 6= x−1, x, x+1;

∂2T (xl, t)

∂x2
≈


Tl+1 − 2Tl + Tl−1

(∆x)2
, xl = x;

Ťl+1 − 2Ťl + Ťl−1

(∆x)2
, xl 6= x.

3. Íåÿâíûé ìåòîä:

∂T (xk, t)

∂t
≈ Tk − Ťk

∆t
, k = 1, . . . , m;

∂2T (xl, t)

∂x2
≈ Tl+1 − 2Tl + Tl−1

(∆x)2
, l = 1, . . . , m.

Â òî âðåìÿ êàê ïðè äâóõ ïåðâûõ ñïîñîáàõ àïïðîêñèìàöèè ñëàãàåìûõ, ó÷èòûâàþùèõ
ïðîñòðàíñòâåííóþ íåëîêàëüíîñòü, ìàòðèöà ñèñòåìû îñòàåòñÿ òðåõäèàãîíàëüíîé, ïðè èñ-
ïîëüçîâàíèè íåÿâíîãî ìåòîäà ñòðóêòóðà ìàòðèöû ñòàíîâèòñÿ áîëåå îáùåé è òðåáóåò èíûõ
ìåòîäîâ ðåøåíèÿ ñèñòåìû.

7. Ðàñïàðàëëåëèâàíèå âû÷èñëåíèé ïðè èñïîëüçîâàíèè
ìàòåìàòè÷åñêèõ ìîäåëåé ñ íåëîêàëüíîñòüþ

Ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ (äâóìåðíûõ è òðåõìåðíûõ) çíà÷èòåëüíî óâåëè÷èâàåòñÿ
êîëè÷åñòâî êîíòðîëüíûõ îáúåìîâ è ðàçìåð ìàòðèöû ñèñòåìû. Äëÿ óñêîðåíèÿ ïðîöåññà ñ÷åòà
öåëåñîîáðàçíî ïðèìåíÿòü ìíîãîïðîöåññîðíûå âû÷èñëèòåëüíûå ñèñòåìû. Ïðè ýòîì âàæíî
âûáðàòü ýôôåêòèâíûé àëãîðèòì ðàñïàðàëëåëèâàíèÿ âû÷èñëåíèé è îáìåíà äàííûìè ìåæäó
âû÷èñëèòåëüíûìè ÿäðàìè.

Ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîïðîâîäíîñòè, ó÷èòûâàþùàÿ íåëîêàëüíîñòü ïî âðå-
ìåíè. Ìàòåìàòè÷åñêàÿ ìîäåëü ñ íåëîêàëüíîñòüþ ïî âðåìåíè íå ó÷èòûâàåò âçàèìíîãî âëèÿ-
íèÿ ñòðóêòóðíûõ ýëåìåíòîâ, ïîýòîìó ðàñïàðàëëåëèâàíèå âûïîëíÿåòñÿ åñòåñòâåííûì îáðà-
çîì ñ ïîìîùüþ äåêîìïîçèöèè ðàñ÷åòíîé îáëàñòè, ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè è
îáìåíà äàííûìè íà ãðàíèöàõ îáëàñòåé, ïðèíàäëåæàùèõ ðàçëè÷íûì âû÷èñëèòåëüíûì ÿäðàì.

Ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîïðîâîäíîñòè, ó÷èòûâàþùàÿ íåëîêàëüíîñòü ïî ïðî-
ñòðàíñòâó. Óðàâíåíèå òåïëîïðîâîäíîñòè ñ ïðîñòðàíñòâåííîé íåëîêàëüíîñòüþ (11) ïðåäïî-
ëàãàåò, ÷òî òåìïåðàòóðà â íåêîòîðîé òî÷êå ñðåäû ñóùåñòâåííûì îáðàçîì çàâèñèò îò òåìïå-
ðàòóðû ñîñåäíèõ òî÷åê. Âèä çàâèñèìîñòè è îáëàñòü âëèÿíèÿ îïðåäåëÿþòñÿ âèäîì ôóíêöèè
âëèÿíèÿ ϕ(|x′ − x|). Ýòî íåîáõîäèìî ó÷èòûâàòü ïðè äåêîìïîçèöèè îáëàñòè. Âîçìîæíû
ðàçëè÷íûå ïîäõîäû ê îðãàíèçàöèè ïðîöåññà ïàðàëëåëüíûõ âû÷èñëåíèé.

1. Íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû â ïîëíîì îáúåìå ðàññûëàåòñÿ íà êàæäûé âû-
÷èñëèòåëüíûé óçåë, êîòîðûé íàõîäèò ðåøåíèå äëÿ âûäåëåííîãî åìó íàáîðà êîíòðîëüíûõ
îáúåìîâ. Ïîñëå êàæäîãî øàãà ïðîèñõîäèò ñáîðêà ðåøåíèÿ è ðàññûëêà åãî âñåì âû÷è-
ñëèòåëüíûì ÿäðàì. Òàêîé ïîäõîä ÿâëÿåòñÿ ïðîñòûì â ðåàëèçàöèè, îäíàêî íåîïòèìàëåí â
èñïîëüçîâàíèè ïàìÿòè, à òàêæå ïðèâîäèò ê áîëüøèì âðåìåííûì çàòðàòàì íà îáìåí äàííûìè
ìåæäó âû÷èñëèòåëüíûìè óçëàìè.
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2. Ðàññûëêà êàæäîìó âû÷èñèòåëüíîìó ÿäðó çíà÷åíèé òåìïåðàòóðû òîëüêî â îãðàíè÷åí-
íîì íàáîðå êîíòðîëüíûõ îáúåìîâ, ñîñåäíèõ ñ ïîäîáëàñòüþ, âûäåëåííîé ÿäðó ïðè äåêîìïî-
çèöèè ðàñ÷åòíîé îáëàñòè. Êàæäûé âû÷èñëèòåëüíûé óçåë íàõîäèò ðåøåíèå â âûäåëåííîé
åìó ÷àñòè ðàñ÷åòíîé îáëàñòè, ïîñëå ÷åãî ìåæäó óçëàìè ïðîèñõîäèò îáìåí òîëüêî äàííûìè
î äîïîëíèòåëüíûõ ÿ÷åéêàõ (äëÿ êàæäîãî óçëà). Â òàêîì ñëó÷àå çíà÷èòåëüíî ñîêðàùàþòñÿ
ðàñõîäû íà ïåðåñûëêè äàííûõ êàê ïåðåä ïåðâûì øàãîì, òàê è â ïðîöåññå ñ÷åòà.

Çàêëþ÷åíèå

Ïðèâåäåííûå ìàòåìàòè÷åñêèå ìîäåëè ìîãóò èñïîëüçîâàòüñÿ äëÿ ìîäåëèðîâàíèÿ ïîâåäå-
íèÿ ìàòåðèàëîâ ñ íåëîêàëüíîñòüþ ïî âðåìåíè èëè ïðîñòðàíñòâó. Ðàññìîòðåííûå ìàòåìàòè-
÷åñêèå ìîäåëè îáðàçóþò íîâûé êëàññ íåêëàññè÷åñêèõ ìàòåìàòè÷åñêèõ ìîäåëåé, ïðèíöèïè-
àëüíî îòëè÷àÿñü îò êëàññè÷åñêèõ ìîäåëåé òåïëîïðîâîäíîñòè è ó÷èòûâàÿ äîïîëíèòåëüíûå
ñêîðîñòíûå ýôôåêòû è ýôôåêòû çàïàçäûâàíèÿ. Ïðåäëîæåííûå àëãîðèòìû ðåàëèçàöèè â
ïàêåòå OpenFOAM îïèñàííûõ ìàòåìàòè÷åñêèõ ìîäåëåé äåëàþò âîçìîæíûì ïðîâåäåíèå âû-
÷èñëèòåëüíîãî ýêñïåðèìåíòà ñ ïðèìåíåíèåì ñîâðåìåííîé âû÷èñëèòåëüíîé òåõíèêè, ïðè
èñïîëüçîâàíèè ïðåäëîæåííûõ ïîäõîäîâ ðàñïàðàëëåëèâàíèÿ âû÷èñëåíèé. Áëàãîäàðÿ âûáîðó
ïàêåòà OpenFOAM ðàçðàáîòàííûå àëãîðèòìû ïîçâîëÿþò ðåøàòü íå òîëüêî îäíîìåðíûå, íî
è äâóõ- è òðåõìåðíûå çàäà÷è.
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A certain range of physical and mechanical problems does not allow for the use of classical
treatment. Theoretical forecasting of the properties of new types of constructional materials is one
of such problems. Due to the micro- or nanostructure of such materials one has to use molecular
dynamics or non-classical approaches. The continuous approximation method is one of the latter. It
implies extension of the continuum mechanics methods onto the microscale level and establishing
the connection between microscale and macroscale properties of the material. When considering
heat transfer in a solid, this method allows to take into account such effects as the finite speed of
heat propagation and delay in the accumulation of heat, i.e. time nonlocality. Spatial nonlocality
leads to a completely different type of the heat transfer equation - integro-differential equation. Due
to the lack of software implementation of these kinds of models, especially for 2-D and 3-D cases,
this work's objective was development of the algorithms for the numerical analysis of non-classical
heat transfer models for their subsequent implementation within the OpenFOAM software package.
Approximation of the integral of the temperature distribution or its time derivative over the

whole period of time is the main problem in case of heat transfer equation with time nonlocality. In
case of the equation with spatial nonlocality, development of the algorithm for numerical solution
of the integro-differential heat transfer equation is required. Its most important terms account for
the mutual impact of all the parts of material without any limits. Different means of these terms'
approximation are offered.
Several approaches for parallelization of the algorithms are described for the purpose of speeding

up the computational process. Parallelization is done in a natural way for the model with time
nonlocality. For the model with spatial nonlocality, the outlined means of arrangement of the
computational process and communication between the nodes take into account the specifics of the
integro-differential heat transfer equation.

Science and Education of the Bauman MSTU 96

http://dx.doi.org/10.7463/0615.0778964
http://technomag.bmstu.ru/en/doc/778964.html
http://technomag.bmstu.ru/en/doc/778964.html
http://technomag.bmstu.ru


References

1. Zarubin V.S., Kuvyrkin G.N.Matematicheskie modeli termomekhaniki [Mathematical models
of thermomechanics]. Moscow, Fizmatlit Publ., 2002. 168 p. (in Russian).

2. Kuvyrkin G.N. Termomekhanika deformiruemogo tverdogo tela pri vysokointensivnom na-
gruzhenii [Thermomechanics of a solid body under highly intensive load]. Moscow, Bauman
MSTU Publ., 1993. 141 p. (in Russian).

3. Kunin I.A. Teoriya uprugykh sred s mikrostructuroy. Nelokal'naya teoriya uprugosti [Theory
of elastic media with microstructure. Nonlocal elasticity theory]. Moscow, Nauka Publ., 1975.
416 p. (in Russian).

4. Eringen A.C., ed. Nonlocal Continuum Field Theories. New York, Springer-Verlag, 2002.
376 p. DOI: 10.1007/b97697

5. 5.Kuvyrkin G.N., Savelyeva I.Yu. Mathematical Model of Heat Conduction of New Structural
Materials. Vestnik MGTU im. N.E. Baumana. Ser. Estestvennye nauki = Herald of the Bauman
Moscow State Technical University. Ser. Natural science, 2010, no. 3, pp. 72{85. (in Russian).

6. Savel'eva I.Y. Razrabotka neklassicheskikh matematicheskikh modeley teploprovodnosti i ikh
analiz. Kand. diss. [Development and analysis of non-classical mathematical models of heat
conductivity. Cand. diss.]. Moscow, Bauman MSTU , 2011. 101 p. (in Russian).

7. Savelyeva I.Yu. Simulation of Heat Conduction in Non-Local Media with Consideration
for Heat Accumulation. Inzhenernyy zhurnal: nauka i innovatsii = Engineering Journal:
Science and Innovation, 2012, no. 4. Available at: http://engjournal.ru/catalog/mathmodel/
hidden/173.html, accessed 01.05.2015. (in Russian).

8. Kuvyrkin G.N. Thermodynamic derivation of the hyperbolic heat-conduction equation.
Teplofizika vysokikh temperature, 1987, vol. 25, no. 1, pp. 78{82. (English version of jour-
nal: High Temperature, 1987, vol. 25, iss. 1, pp. 68-73.).

9. Zarubin V.S., Kuvyrkin G.N. Mathematical modeling of thermomechanical processes under
intense thermal effect. Teplofizika vysokikh temperature, 2003, vol. 41, no. 2, pp. 300-309.
(English version of journal: High Temperature, 2003, vol. 41, iss. 2, pp. 257{265. DOI:
10.1023/A:1023390021091).

10. Zarubin V.S., Kuvyrkin G.N. Thermomechanical model of a relaxing solid under transient
load. Doklady RAN, 1995, vol. 345, no. 2, p. 193. (in Russian).

11. Zarubin V.S., Kuvyrkin G.N., Savelyeva I.Yu. Nonlocal Mathematical Model of Heat Con-
duction in Solids. Vestnik MGTU im. N.E. Baumana. Ser. Estestvennye nauki = Herald of the
Bauman Moscow State Technical University. Ser. Natural science, 2011, no. 3, pp. 20{30. (in
Russian).

Science and Education of the Bauman MSTU 97

http://dx.doi.org/10.1007/b97697
http://engjournal.ru/catalog/mathmodel/hidden/173.html
http://engjournal.ru/catalog/mathmodel/hidden/173.html
http://dx.doi.org/10.1023/A:1023390021091
http://technomag.bmstu.ru


12. Zarubin V.S., Kuvyrkin G.N., Savel'eva I.Y. Mathematical model of a nonlocal medium with
internal state parameters. Journal of Engineering Physics and Thermophysics, 2013, vol. 86,
no. 4, pp. 820{826. DOI: 10.1007/s10891-013-0900-5

13. Kuvyrkin G.N., Panin S.D., Tsitsin A.G. Specific features of numerical solution of transient
heat conduction problems with highly intensive heating. Izvestiya AN SSSR. Energetika i
transport, 1988, no. 5, pp. 162{165. (in Russian).

14. Kuvyrkin G.N., Savelyeva I.Yu. Simulation of Temperature Fields in the Solid Body at Surface
Heating. Teplovye protsessy v tekhnike = Thermal Processes in Engineering, 2009, vol. 1, no. 9,
pp. 375{378. (in Russian).

15. Tian H., Ju L., Du Q. Nonlocal convection-diffusion problems and finite element approxima-
tions. Computer Methods in Applied Mechanics and Engineering, 2015, vol. 289, pp. 60{78.
DOI: 10.1016/j.cma.2015.02.008

16. Greenshields C.J. OpenFOAM User Guide. Version 2.4.0. OpenFOAM Foundation Ltd.,
2015. Available at: http://foam.sourceforge.net/docs/Guides-a4/UserGuide.pdf, accessed
31.05.2015.

17. Kuvyrkin G.N. Mathematical Model of Nonlocal Thermal Viscoelastic Medium. Part 2. Heat
Equation. Vestnik MGTU im. N.E. Baumana. Ser. Estestvennye nauki = Herald of the Bauman
Moscow State Technical University. Ser. Natural science, 2013, no. 2, pp. 86{95. (in Russian).

Science and Education of the Bauman MSTU 98

http://dx.doi.org/10.1007/s10891-013-0900-5
http://dx.doi.org/10.1016/j.cma.2015.02.008
http://foam.sourceforge.net/docs/Guides-a4/UserGuide.pdf
http://technomag.bmstu.ru

