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Èçëîæåíî ïðèáëèæåííîå àíàëèòè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è î ìàëûõ ñâîáîäíûõ îñåñèììå-
òðè÷íûõ êîëåáàíèÿõ óïðóãîãî áàêà ñ æèäêîñòüþ ñ ó÷åòîì ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ. Ñîñòà-
âëåíû âûðàæåíèÿ äëÿ êîëåáàíèé ìåõàíè÷åñêîãî àíàëîãà, äåéñòâèå ñèë ïîâåðõíîñòíîãî íàòÿæåíèå
ó÷òåíî êàê äåéñòâèå îáîáùåííûõ ïîòåíöèàëüíûõ ñèë íà ìåõàíè÷åñêèé àíàëîã, ôàêòè÷åñêè, ñ ïî-
ìîùüþ ýíåðãåòè÷åñêîãî ìåòîäà ó÷òåíû êàïèëëÿðíûå ñèëû íà ñâîáîäíîé ïîâåðõíîñòè. Â êà÷åñòâå
ìåõàíè÷åñêîãî àíàëîãà ðàññìàòðèâàåòñÿ îñöèëëÿòîð íà ïðóæèíå, æ¸ñòêîñòü êîòîðîé îïðåäåëÿåòñÿ
ýíåðãåòè÷åñêèì ìåòîäîì. Ó÷åò ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ èìååò ñóùåñòâåííîå çíà÷åíèå â
óñëîâèÿõ ìàëîé ãðàâèòàöèè è íåâåñîìîñòè.

Êëþ÷åâûå ñëîâà: æèäêîñòü; êîëåáàíèÿ; ïîâåðõíîñòíîå íàòÿæåíèå; îñöèëëÿòîð; ìåõàíè÷åñêèé
àíàëîã

Ââåäåíèå

Çàäà÷à î ìàëûõ äâèæåíèÿõ æèäêîñòè ïîä äåéñòâèåì ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ âîç-
íèêàåò â ñâÿçè ñ âîçíèêíîâåíèåì óñëîâèé íåâåñîìîñòè èëè ìèêðîãðàâèòàöèè, ÷òî ðåàëèçó-
åòñÿ íà ïàññèâíûõ ó÷àñòêàõ òðàåêòîðèè êîñìè÷åñêèõ ëåòàòåëüíûõ àïïàðàòîâ èëè ïðè ðàç-
äåëåíèè ñòóïåíåé ðàêåò-íîñèòåëåé [1]. Âîçðîñøàÿ àêòóàëüíîñòü çàäà÷è îáóñëîâëåíà èíòåí-
ñèôèêàöèåé ðàáîò â îáëàñòè ïðîåêòèðîâàíè è ñîçäàíèÿ ïåðñïåêòèâíûõ ñðåäñòâ âûâåäåíèÿ
è ðàçãîííûõ áëîêîâ, êàê â íàøåé ñòðàíå, òàê è çà ðóáåæîì [2] Èññëåäîâàíèþ ïîâåäåíèÿ
æèäêîñòè â óñëîâèÿõ íåâåñîìîñòè èëè ìèêðîãðàâèòàöèè ïîñâÿùåíî ìíîæåñòâî ïóáëèêà-
öèé è ìîíîãðàôèé, èç ðàáîò ïîñëåäíåãî âðåìåíè ìîæíî îòìåòèòü, íàïðèìåð, [3], ãäå òàêæå
ðàññìàòðèâàåòñÿ äâèæåíèå ìåõàíè÷åñêîãî àíàëîãà, ïðèìåíèòåëüíî ê ïðîöåññàì êèïåíèÿ
æèäêîñòè â óñëîâèÿõ íåâåñîìîñòè. Â ðàáîòå [4] èññëåäóåòñÿ ëèíåéíàÿ íåóñòîé÷èâîñòü
ðàâíîâåñèÿ ïëîñêîãî ãîðèçîíòàëüíîãî ñëîÿ íåîäíîðîäíî íàãðåòîé æèäêîñòè îòíîñèòåëüíî
êîëåáàòåëüíûõ âîçìóùåíèé. Â ñòàâøåé óæå êëàññè÷åñêîé ðàáîòå [5] èçëîæåíû ðåçóëüòàòû,
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ïîëó÷åííûå â õîäå ýêñïåðèìåíòàäüíûõ èçûñêàíèé â òîì ÷èñëå â óñëîâèÿõ íåâåñîìîñòè,
ïðîâåäåííûõ íà äîëãîâðåìåííûõ îðáèòàëüíûõ ñòàíöèÿõ. Â ñåðèè ðàáîò [6], [7], [8] çàòðàãè-
âàëèñü âîïðîñû äâèæåíèÿ æèäêîñòè â ïîäâèæíîì ñîñóäå ñ ëîêàëüíûìè íåðåãóëÿðíîñòÿìè
íà äíå, âûïîëíÿëîñü ïîñòðîåíèå ìåõàíè÷åñêîãî àíàëîãà òàêèõ äâèæåíèé. Â ðàìêàõ ðàáîò
íî ÍÈÐ [9] ðåøåíà çàäà÷à óïðàâëåíèÿ îäíîìåðíûì äâèæåíèåì ñîñóäà ñ òÿæåëîé íåîäíîðîä-
íîé æèäêîñòüþ ïîñðåäñòâîì ñèëû, ïðèëîæåííîé ê ñòåíêå. Ïîñòðîåí ñèíòåç îïòèìàëüíîãî
ïî áûñòðîäåéñòâèþ òîðìîæåíèÿ âðàùåíèé òâåðäîãî òåëà ñ ïîëîñòüþ, ñîäåðæàùåé ñèëüíî
âÿçêóþ æèäêîñòü (ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà), è ëèíåéíûé äåìïôåð áîëüøîé æåñòêî-
ñòè; ïîëíîñòüþ èçó÷åíà êàðòèíà óïðàâëÿåìîãî äâèæåíèÿ. Èññëåäîâàíî âëèÿíèå èçëó÷åíèÿ
êàïèëëÿðíûõ âîëí íà êîëåáàíèÿ îñöèëëÿòîðà, íàõîäÿùåãîñÿ ïîä ïîâåðõíîñòüþ íåîãðàíè-
÷åííîé æèäêîñòè. Â ñòðîãîé ïîñòàíîâêå èññëåäîâàíà çàäà÷à î ïåðåìåùåíèè òåëà íà óïðóãîé
ñâÿçè (îñöèëëÿòîðà) ïîä ïîâåðõíîñòüþ òÿæåëîé æèäêîñòè; îáíàðóæåíû êà÷åñòâåííûå ýô-
ôåêòû. Â ñòàòüå [10] ïðèâîäèòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ ÊÀ ñ êîëåáëþùèìèñÿ
â áàêàõ ÊÀ æèäêèìè êîìïîíåíòàìè òîïëèâà. Äëÿ ìîäåëèðîâàíèÿ êîëåáàíèé æèäêèõ êîì-
ïîíåíòîâ òîïëèâà â áàêàõ èñïîëüçîâàí <ìåõàíè÷åñêèé àíàëîã> êîëåáàíèé æèäêîñòè | êî-
ëåáàíèÿ ñôåðè÷åñêèõ ìàÿòíèêîâ. Âñå äèôôåðåíöèàëüíûå óðàâíåíèÿ çàïèñàíû â âåêòîðíîé
ôîðìå â äåêàðòîâûõ êîîðäèíàòàõ. Îáñóæäàþòñÿ îòëè÷èÿ ïðèâåäåííîé ìîäåëè îò èçâåñòíûõ.
Îáñóæäàåòñÿ ïðèìåíåíèå ïðèâåäåííîé ìîäåëè äëÿ èìèòàöèîííîãî ìîäåëèðîâàíèÿ äâèæå-
íèÿ ÊÀ. Â ñòàòüå [11] ïðåäëîæåíà ìåòîäèêà îïðåäåëåíèÿ äèíàìè÷åñêîãî äàâëåíèÿ àâòîöè-
ñòåðíû íà ïðîåçæóþ ÷àñòü ïðè òîðìîæåíèè ñ ó÷åòîì ïîäâèæíîñòè æèäêîñòè, ÷òî ÿâëÿåòñÿ
àêòóàëüíûì â ñâÿçè ñ åå ïîâûøåííûì äèíàìè÷åñêèì âîçäåéñòâèåì íà ïóòü. Ðàçðàáîòàíà
äèíàìè÷åñêàÿ ìîäåëü àâòîöèñòåðíû, â êîòîðîé ïëîñêàÿ äèíàìè÷åñêàÿ ìîäåëü àâòîìîáèëÿ
äîïîëíåíà ìåõàíè÷åñêîé ìîäåëüþ æèäêîãî ãðóçà. Â ðàáîòå [12] ðàçðàáîòàíà äèíàìè÷åñêàÿ
ìîäåëü àâòîöèñòåðíû ñ ó÷åòîì äåëåíèÿ êîòëà íà îòñåêè. Äëÿ ìîäåëèðîâàíèÿ ïðîäîëüíûõ
êîëåáàíèé æèäêîñòè èñïîëüçîâàëñÿ ìåõàíè÷åñêèé àíàëîã, ðàñ÷åò ïàðàìåòðîâ êîòîðîãî áûë
âûïîëíåí ñ ó÷åòîì âîçìîæíîñòè ïîÿâëåíèÿ ãèäðîóäàðà. Â ðàáîòå [13] îïèñûâàåòñÿ ìåòîäèêà
îïðåäåëåíèÿ ïàðàìåòðîâ ìåõàíè÷åñêîé ìîäåëè äâèæåíèÿ æèäêîñòè â áàêå ïðè âðàùåíèè îò-
íîñèòåëüíî ïðîäîëüíîé åãî îñè ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ èñïûòàíèé áàêà ñ æèäêîñòüþ
â ðåæèìå ñâîáîä- íûõ êîëåáàíèé. Ïóòåì ñðàâíåíèÿ ýêñïåðèìåíòàëüíûõ äàííûõ è ðåçóëü-
òàòîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïîâåäåíèÿ ìåõàíè÷åñêîãî àíàëîãà æèäêîñòè â âèäå
òâåðäûõ âêëàäûøåé íàõîäÿòñÿ ïàðàìåòðû, õàðàêòåðèçóþùèå âëèÿíèå åå ïîäâèæíîñòè íà
äâèæåíèå áàêà. Ïðèìå÷àòåëüíà ðàáîòà [14], ãäå íà îñíîâå ðåçóëüòàòîâ èñïûòàíèé áàêà ñ
æèäêîñòüþ â ðåæèìå ñâîáîäíûõ êîëåáàíèé îïèñûâàþòñÿ îñîáåííîñòè ìåõàíè÷åñêîé ìî-
äåëè äâèæåíèÿ òàêîé æèäêîñòè â áàêå ðàçãîííîãî áëîêà (ÐÁ) ñ ðàäèàëüíûìè ïåðåãîðîäêàìè
ïðè âðàùåíèè îòíîñèòåëüíî ïðîäîëüíîé åãî îñè. Ïóòåì ñðàâíåíèÿ äàííûõ ýêñïåðèìåíòîâ
è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïîâåäåíèÿ ìåõàíè÷åñêîãî àíàëîãà æèäêîñòè â âèäå òâåð-
äûõ âêëàäûøåé è îáîáùåííîãî âèõðÿ íàõîäÿòñÿ ïàðàìåòðû, õàðàêòåðèçóþùèå âëèÿíèå åå
ïîäâèæíîñòè íà äâèæåíèå áàêà. Â ñòóäåí÷åñêîé ðàáîòå [15] ñäåëàíà ïîïûòêà èññëåäîâàíèÿ
óñòîé÷èâîñòè ìàëûõ êîëåáàíèé ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè â æåñòêîé öèëèíäðè÷å-
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ñêîé îáîëî÷êå. Êîëåáàíèÿ æèäêîñòè ïî ïåðâîìó òîíó çàìåíÿþòñÿ ìåõàíè÷åñêèì àíàëîãîì â
âèäå ëèíåéíîãî îñöèëëÿòîðà. Ïðè ïîäúåìå áàêà ñ æèäêîñòüþ íà îïðåäåëåííóþ âûñîòó íàä
ïîâåðõíîñòüþ Çåìëè, èç-çà ýôôåêòà íåâåñîìîñòè, óñòîé÷èâîñòü êîëåáàíèé æèäêîñòè íàðó-
øàåòñÿ, â ðåçóëüòàòå ÷åãî æèäêîñòü îòäåëÿåòñÿ îò ñòåíîê îáîëî÷êè è ðàñïàäàåòñÿ ÷àñòè÷íî
íà ðÿä æèäêèõ ñôåðè÷åñêèõ îáúåêòîâ. Â ðàáîòå íàõîäèòñÿ êðèòè÷åñêàÿ âûñîòà ïîäúåìà
áàêà, ïðè êîòîðîé óñòîé÷èâîñòü êîëåáàíèé æèäêîñòè ñîõðàíÿåòñÿ. Òåì íå ìåíåå âûçûâàåò
îïðåäåëåííûå âîïðîñû ôèçè÷åñêàÿ êîððåêòíîñòü ðàññìàòðèâàåìûõ â ðàáîòå [15] ìîäåëü,
êîòîðàÿ äëÿ äàëüíåéøèõ èññëåäîâàíèé òðåáóåò óòî÷íåíèÿ è, âîçìîæíî, êîððåêòèðîâêè. Â
ðàáîòå [16] ñ ïîìîùüþ ìåõàíè÷åñêèõ àíàëîãîâ èññëåäîâàëèñü êîëåáàíèÿ æèäêèõ òîïëèâ âî
âðàùàþùèõñÿ êîñìè÷åñêèõ ëåòàòëüíûõ àïïàðàòàõ, à â ðàáîòå [17] îñóùåñòâëåíî ÷èñëåííîå
ìîäåëèðîâàíèå òàêèõ âçàèìîäåéñòâèé.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìàõåàíè÷åñêîãî àíàëîãà äëÿ îïèñàíèÿ ìà-

ëûõ îñèñèììåòðè÷íûõ êîëåáàíèé æèäêîñòè â óïðóãîì áàêå ñ ó÷åòîì ñèë ïîâåðõíîñòíîãî
íàòÿæåíèÿ, ÷òî â äàëüíåéøåì ïîçâîëèò ïðîâîäèòü èññëåäîâàíèÿ ïåðåõîäíûõ ïðîöåññîâ,
âîçíèêàþùèõ â áàêàõ êîñìè÷åñêèõ ëåòàòåëüíûõ àïïàðàòîâ ïðè íàñòóïëåíèè ñîñòîÿíèé íå-
âåñîìîñòè èëè ìàëîé ãðàâèòàöèè, êîãäà ïðåíåáðåæåíèå ñèëàìè ïîâåðõíîñòíîãî íàòÿæåíèÿ
óæå íåäîïóñòèìî [18], ëèáî ïðè ïåðåõîäå îò òàêèõ ñîñòîÿíèé ê íàëè÷èþ, íàïðèìåð, èíåðöè-
îííûõ ñèë, ÷òî ðåàëèçóåòñÿ ïðè çàïóñêå äâèãàòåëüíûõ óñòàíîâîê êîñìè÷åñêèõ ëåòàòåëüíûõ
àïïàðàòîâ [1].
Â ðàçä. 1 ìû ââîäèì îñíîâíûå äîïóùåíèÿ, ïîñòóëèðóåì ãðàíè÷íûå óñëîâèÿ è çàïèñûâàåì

óðàâíåíèÿ îïèñûâàþùèå ìàëûå äâèæåíèÿ æèäêîñòè â óïðóãîì áàêå. Äàëåå, ïðè ïîñòðîåíèè
ìîäåëè, ìû çàïèñûâàåì ýíåðãåòè÷åñêèå ñîîòíîøåíèÿ, áëàãîäàðÿ êîòîðûì îñóùåñòâëÿåòñÿ
ïåðåõîä ê ìåõàíè÷åñêîìó àíàëîãó. Òàìæå ìû áóäåì ó÷èòûâàòü äåéñòâèå ñèë ïîâåðõíîñòíîãî
íàòÿæåíèÿ. Â çàêëþ÷åíèè ïðîâîäèòñÿ îáçîð ïîëó÷åííûõ ðåçóëüòàòîâ.
Â ðàìêàõ äàííîé ðàáîòû, êàê ìîæíî âèäåòü, óäàëîñü âûïîëíèòü ïîñòðîåíèå ìîäåëèðó-

þùåé ìåõàíè÷åñêîé ñèñòåìû, äàííûé ïîäõîä äëÿ ñëó÷àÿ ìàëûõ êîëåáàíèé æèäêîñòè ïîä
äåéñòâèåì ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ ðàíåå øèðîêî íå ïðèìåíÿëñÿ.

1. Ïîñòàíîâêà çàäà÷è

Óêàçàííàÿ êðàåâàÿ çàäà÷à ðåøåíà ïðè ñëåäóþùèõ äîïóùåíèÿõ:

1) áàê ñ æèäêîñòüþ ïðåäïîëàãàåòñÿ öèëèíäðè÷åñêèì, àáñîëþòíî æåñòêèì, çàêðûòûì
óïðóãèì ïëîñêèì äíîì (ðèñ. 1);
2) æèäêîñòü ñ÷èòàåòñÿ èäåàëüíîé, íåñæèìàåìîé, à åå äâèæåíèå | ïîòåíöèàëüíûì ñ

ïîòåíöèàëîì ñêîðîñòåé Φ;
3) ïëîñêîå äíèùå ñ÷èòàåòñÿ èäåàëüíîé ìåìáðàíîé ïîñòîÿííîé òîëùèíû δ, ìàòåðèàë

êîòîðîé ïîä÷èíÿåòñÿ çàêîíó Ãóêà;
4) ðàññìàòðèâàåòñÿ ñëó÷àé ìàëûõ îñåñèììåòðè÷íûõ êîëåáàíèéþ Ïðåäïîëàãàåòñÿ, ÷òî

ïîòåíöèàë ñêîðîñòåé íå èçìåíÿåòñÿ ïðè ó÷åòå ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ Ôîðìû ñâî-
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Ðèñ. 1. Ìîäåëü áàêà ñ óïðóãèì äíèùåì

áîäíûõ êîëåáàíèé ïîòåíöèàëà ñêîðîñòåé Φ(x, r, t) ñ÷èòàþòñÿ òåìè æå, ÷òî è ïðè êîëåáàíèÿõ
ñèñòåìû áåç ó÷åòà ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ.

Òàêèì îáðàçîì, âíà÷àëå, äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è òðåáóåòñÿ îïðåäåëèòü ÷àñòîòû
è ôîðìû ñâîáîäíûõ îñåñèììåòðè÷íûõ êîëåáàíèé â áàêå ñ óïðóãîé ìåìáðàíîé â îäíîðîäíîì
ïîëå òÿæåñòèþ Óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ ðàâíî g.
Ïîñëå ýòîãî êîëåáàíèÿ áàêà ñ æèäêîñòüþ çàìåíÿþòñÿ êîëåáàíèÿìè ìåõàíè÷åñêîãî àíà-

ëîãà [20]. Ïðè ýòîì ïîñòóëèðóåòñÿ ðàâåíñòâî ÷àñòîò ñâîáîäíûõ êîëåáàíèé ñèñòåìûû áàê-
æèäêîòü è ñîáñòâåííûõ ÷àñòîò ìåõàíè÷åñêîãî àíàëîãà.
Ðåøåíèå êðàåâîé çàäà÷è î ìàëûõ îñåñèììåòðè÷íûõ êîëåáàíèÿõ öèëèíäðà, çàêðûòîãî

óïðóãîé ìåìáðàíîé âïåðâûå áûëî äàíî Ë.È. Áàëàáóõîì â 1964 ã. [19]. Âîñïîëüçóåìñÿ íà
ýòîì ïåðâîì ýòàïå ðåøåíèÿ çàäà÷è ðåçóëüòàòàìè Ë.È. Áàëàáóõà. Êðàåâàÿ çàäà÷à äëÿ ôóíêöèè
Φ èìååò âèä:

∇2Φ = 0, (x, r) ∈ τ,

∂Φ

∂x

∣∣∣∣∣
r=R

= 0,
∂Φ

∂x

∣∣∣∣∣
x=0

= ẇ,

çäåñüw|ñìåùåíèå ìåìáðàíû. Êðîìå òîãî, ñ÷èòàåòñÿ ñïðàâåäëèâûì èíòåãðàë Ëàãðàíæà|
Êîøè [19]

p =
∂Φ

∂t
, (x, r) ∈ τ.
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Ëèíåàðèçîâàííîå ãðàíè÷íîå óñëîâèå íà ñâîáîäíîé ïîâåðõíîñòè Σ èìååò âèä Φ = 0.
Äèôôåðåíöèàëüíûå óðàâíåíèÿ îñåñèììåòðè÷íûõ äâèæåíèé ìåìáðàíû ïîä äåéñòâèåì ãè-
äðîäèíàìè÷åñêîãî äàâëåíèÿ æèäêîñòè ïðèìåò âèä:

∂2w

∂r2
+

1

r

∂w

∂r
= %

∂Φ

∂t
.

2. Ïîñòðîåíèå ìîäåëè äâèæåíèÿ æèäêîñòè ïîä äåéñòâèåì ñèë
ïîâåðõíîñòíîãî íàòÿæåíèÿ ñ èñïîëüçîâàíèåì ìåõàíè÷åñêîãî àíàëîãà

Ïîòåíöèàë Φ áóäåì èñêàòü â âèäå [19]

Φ(r, x, t) =
∞∑
i=1

[
A1i ch(λix) + A2i sh(λix)

]
J0

(
λi

r

h

)
cos ωt.

Êîíñòàíòû ðàçäåëåíèÿ íàõîäèì èç ðåøåíèÿ òðàíñöåíäåíòíîãî óðàâíåíèÿ J1

(
λi

R

h

)
= 0,

ãäå i ∈ N. Íå ïðèâîäÿ ïîäðîáíîãî ðåøåíèÿ çàäà÷è ñîøëåìñÿ íà ðåçóëüòàò [19]. ×àñòîòíå
óðàâíåíèå â ðàññìàòðèâàåìîì ñëó÷àå | ñëó÷àå æåñòêîé îäíîñâÿçíîé íåïîäâèæíîé öèëèí-
äðè÷åñêîé ïîëîñòè ñ æèäêîñòüþ, çàêðûòîé ïëîñêîé ìåìáðàíîé èìååò âèä [19]

− 1

8
+

1

ω2

h2

R2
+

∞∑
i=1

λi

h

%δ

%0
+ 1

λ2
i

(
λi

h

%δ

%0
+ 1− λ3

i

h3

ω2R3

) = 0 (1)

Ýòî òðàíñöåíäåíòíîå óðàâíåíèå | ìåðîìîðôíàÿ ôóíêöèÿ, áåñêîíå÷íûé ðÿä áûñòðî
ñõîäèòñÿ è îïðåäåëåíèå ÷àñòîò êîëåáàíé| êîðíåé ýòîãî óðàâíåíèÿ íå ïðåäñòàâëÿåò íèêàêèõ
çàòðóäíåíèé.
Äëÿ ïåðâîãî òîíà êîëåáàíèé, êàê ýòî ñëåäóåò, íàïðèìåð, èç [20], ìîæíî ïðèâåäåí-

íóþ ìàññó ñèñòåìû M0
1 â ïåðâîì ïðèáëèæåíèè ñ÷èòàòü ðàâíîé ìàññå æèäêîñòè â áàêå:

M0
1 = ρπR2H . Òîãäà, ðåøàÿ òðàíñöåíäåíòíîå óðàâíåíèå (1), íàõîäèì ÷àñòîòó ïåðâîãî òîíà

êîëåáàíèé ω1 è ïðèâåäåííóþ æåñòêîñòü ñèñòåìû C0
1 :

C0
1 = M0

1 ω2
1

Èòàê, ìåõàíè÷åñêèé àíàëîã ðàññìàòðèâàåìîé êîëåáàòåëüíîé ñèñòåìû èìååò âèä, ïðåä-
ñòàâëåííûé íà ðèñ. 2. Äèôôåðåíöèàëüíîå æå óðàâíåíèå êîëåáàíèé ìåõàíè÷åñêîãî àíàëîãà,
â ñâîþ î÷åðåäü ïðèìåò âèä:

M0
1 ÿ + C0

1y = Qy. (2)

Çäåñü Qy | îáîáùåííàÿ ñèëà, âû÷èñëÿÿ êîòîðóþ ìû ìîæåì ó÷åñòü âëèÿíèå ñèë ïîâåðõ-
íîñòíîãî íàòÿæåíèÿ:

Qy =

∑
k

δAk(σ0)

δy
,
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Ðèñ. 2. Ìåõàíè÷åñêèé àíàëîã ðàññìàòðèâàåìîé ñèñòåìû

ãäå
∑
k

δAk(σ0) | âîçìîæíàÿ ðàáîòà ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ. Â ñîîòâåòñòâèè ñ èç-
âåñòíîé ôîðìóëîé Ëàïëàñà, èçáûòî÷íîå äàâëåíèå â òî÷êå ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè
∆p ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ îïðåäåëÿåòñÿ êàê [21]

∆p = σ
(

1

R1

+
1

R2

)
,

ãäå σ | êîýôôèöèåíò ïîâåðõíîñòíîãî íàòÿæåíèÿ; R1, R2 | ðàäèóñû ãëàâíûõ êðèâèçí â
ðàññìàòðèâàåìîé òî÷êå. Äëÿ íàøåãî ñëó÷àÿ ïëîñêîé ñâîáîäíîé ïîâåðõíîñòè â êðóãîâîì
öèëèíäðå ìû, î÷åâèäíî, áóäåì èìåòü R1 = R, R2 =∞, îòêóäà:

∆p =
σ

R
.

Ñóììà âîçìîæíûõ ðàáîò ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ áóäåò èìåòü âèä:

∑
k

δAk(σ0) = −
R∫

0

πRσ
∂wΣ

∂r
rδwΣ dr,

ãäåwΣ|ïåðåìåùåíèÿ ñâîáîäíîé ïîâåðõíîñòèæìäêîñòè ïðè îñåñèììåòðè÷íûõ êîëåáàíèÿõ
ïåðâîãî òîíà. Ïîñêîëüêó âàðèàöèÿ ýòîãî ïåðåìåùåíèÿ

δwΣ = −λ1

h
sh

(
λ1x

h

)
J0

(
λ1r

h

)
δy,

òî âûðàæåíèÿ äëÿ Qy áóäåò èìåòü ñëåäóþùèé âèä:

Qy = −πσ
(

λ1

h

)2

[sh(λ1)]
2I(λ1)y,

ãäå

I(λ1) = −λ1

h

R∫
0

J1

(
λ1

r

h

)
J0

(
λ1

r

h

)
rdr.
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Âû÷èñëÿÿ ýòîò èíòåãðàë, ïîëó÷àåì:

I(λ1) =
R

2
J2

0

(
λ1

R

h

)
− 1

2

ξ1∫
0

J2
0 (ξ) dξ,

ãäå â ñâîþ î÷åðåäü ξ1 = λ1
R

h
. Èíòåãðàë â ïîñëåäíåì ðàâåíñòâå âû÷èñëÿåòñÿ ÷èñëåííî èëè

ïî òåîðåìå î ñðåäíåì, òîãäà

I(λ1) =
R

2

[
J2

0

(
λ1

R

h

)
− J⊕2

0

]
,

ãäå âòîðîå ñëàãàåìîå åñòü íåêîòîðîå çíà÷åíèå ôóíêöèè J2
0 (ξ) â äèàïàçîíå îò 0 äî R.

Ñ ó÷åòîì ïðåäñòàâëåíèÿ äëÿ Qy âûðàæåíèå äëÿ êîëåáàíèé ìåçàíè÷åñêîãî àíàëîãà (2)
ïðèìåò âèä

M0
1 ÿ + C0

1y = −πσ
(

λ1

h

)2

sh2(λ1) I(λ1)y,

èëè
M0

1 ÿ + C∗
1y = 0,

ãäå

C∗
1 = C0

1 + πσ
(

λ1

h

)2

sh2(λ1) I(λ1).

Òàêèì îáðàçîì, ÷àñòîòà ñâîáîäíûõ êîëåáàíèé áóäåò îïðåäåëÿòüñÿ âûðàæåíèåì

ω2
σ =

C∗
1

M0
1

.

Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåíà âîçìîæíîñòü ó÷åñòü âëèÿíèå ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ â çà-
äà÷å î ìàëûõ êîëåáàíèÿõ èäåàëüíîé, íåñæèìàåìîé æèäêîñòè â óïðóãîì áàêå ñ ïîìîùüþ
ìåõàíè÷åñêîãî àíàëîãà. Ïîëó÷åííûå çàâèñèìîñòè ïîçâîëÿþò îñóùåñòâèòü ïåðåõîä ê ýêâè-
âàëåíòíîé ìåõàíè÷åñêîé ñèñòåìå. Óêàçàííûé ïîäõîä, âîçìîæíî, ïîçâîëèò â áóäóùåì ðåøàòü
çàäà÷ó î íåóñòîé÷èâîñòè îñåñèììåòðè÷íûõ êîëåáàíèé óïðóãîãî áàêà ñ æèäêîñòüþ, êîëåáà-
íèÿ êîòîðîãî çàìåíåíû ýêâèâàëåíòíîé ìåõàíè÷åñêîé ñèñòåìîé, ãäå ó÷èòûâàåòñÿ ëèøü òîëüêî
ïåðâûé îñíîâíîé òîí êîëåáàíèé. Óñòîé÷èâîñòü êîëåáàíèé æèäêîé ìàññû íàðóøàåòñÿ èç-çà
âîçíèêíîâåíèÿ ÿâëåíèÿ íåâåñîìîñòè íà âíåàòìîñôåðíîì ó÷àñòêå òðàåêòîðèè ïðè äâèæåíèè
ñòàðøèõ ñòóïåíåé ðàêåò-íîñèòåëåé èëè ðàçãîííûõ áëîêîâ.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà Ïðåçäèíåíòà ÐÔ ÍØ-4058.2014.8.
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In this paper we investigate small axisymmetric oscillations of a liquid in an elastic tank. We
also take into account the influence of surface tension forces. For this, we turn to the mechanical
analogue of the considered mechanical system. To realize the transition to mechanical analogue we
use the energy method: postulating the equality of kinetic and potential energy for the investigated
mechanical system and the mechanical system analog. Due to this transition we can further
investigate the oscillations of a mechanical analogue. As a mechanical analogue, we consider the
oscillator in the spring. The mass of the oscillator is calculated as the weight of the fluid to make
oscillations. The oscillator spring constant is calculated using the identity of equations, namely,
equation of free small oscillations of the oscillator and equation of free small oscillations of the
system under investigation: the fluid in the elastic tank. The identity of equations allows us to draw
conclusion about the identity of the natural frequencies for the source mechanical system and the
system of a mechanical analogue. Next, we take into consideration the action of the surface tension.
We record the Laplace condition for excess pressure because of the forces of surface tension. Then
we compile the expression for the generalized force, taking into account the phenomenon of the
surface tension. Next, we write the equation of oscillations of a mechanical analogue. The surface
tension, due to the introduction of the generalized force in the equation for small oscillations of
the mechanical analogue will change the natural frequency of the mechanical analogue. The paper
presents the appropriate dependencies. The abovementioned allows us to investigate the stability
of small motions of fluid in microgravity or low gravity by studying the stability of small motions
of mechanical analogue. The latter is especially important due to the design and development of
advanced space aircrafts with optimized use of residual fuels. Mechanics of fluids in low gravity
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and zero gravity were presented in references [1, 2, 3, 5, 18, 21]. Fluid motion using mechanical
analogues was studied in papers [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 20]. The paper [19]
solves the problem of hydro-elasticity.
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