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Ðàáîòà ïîñâÿùåíà àíàëèçó îäíîé èç íàèáîëåå ðàñïðîñòðàíåííûõ íåëèíåéíûõ ìîäåëåé âðåìåí-
íûõ ðÿäîâ | àâòîðåãðåññèîííîé ìîäåëè ñî ñëó÷àéíûìè êîýôôèöèåíòàìè. Ðàññìîòðåíà çàäà÷à
îöåíèâàíèÿ ïàðàìåòðà îäíîìåðíîãî àâòîðåãðåññèîííîãî óðàâíåíèÿ äëÿ ñòàöèîíàðíîãî ñëó÷àÿ.
Ïðåäïîëàãàåòñÿ, ÷òî ðàñïðåäåëåíèå âåðîÿòíîñòè îáíîâëÿþùåãî ïðîöåññà è àâòîðåãðåññèîííîãî
êîýôôèöèåíòà íåèçâåñòíî. Ïðåäëîæåí ðîáàñòíûé ìåòîä îöåíèâàíèÿ, îñíîâàííûé íà ïîäõîäå
Õüþáåðà. Äîêàçàíû ñîñòîÿòåëüíîñòü è àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ïîñòðîåííîé îöåíêè.
Ïîëó÷åíî âûðàæåíèå äëÿ åå àñèìïòîòè÷åñêîé îòíîñèòåëüíîé ýôôåêòèâíîñòè ïî îòíîøåíèþ ê
îöåíêå íàèìåíüøèõ êâàäðàòîâ.

Êëþ÷åâûå ñëîâà: îöåíêà íàèìåíüøèõ êâàäðàòîâ; àñèìïòîòè÷åñêàÿ îòíîñèòåëüíàÿ ýôôåêòèâ-
íîñòü; àâòîðåãðåññèîííîå óðàâíåíèå; ñëó÷àéíûå êîýôôèöèåíòû; ðîáàñòíàÿ îöåíêà

Ââåäåíèå

Âî ìíîãèõ îáëàñòÿõ íàóêè è òåõíèêè (ñì., íàïðèìåð, [1, 2, 3]) íàáëþäåíèÿ îïèñûâàþòñÿ
óðàâíåíèåì àâòîðåãðåññèè

Xt = ΦtXt−1 + εt, t = 0, ±1, ±2, . . . , (1)

â êîòîðîì êîýôôèöèåíò Φt ÿâëÿåòñÿ ñëó÷àéíûì. Â íàèáîëåå ðàñïðîñòðàíåííîì ñëó÷àå

Φt = a + ηt, t = 0, ±1, ±2, . . . , (2)

ãäå ηt, t = 0, ±1, ±2, . . . , | ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ
ñëó÷àéíûõ âåëè÷èí ñ íóëåâûìè ìàòåìàòè÷åñêèìè îæèäàíèÿìè E ηt = 0. Îñíîâíîé çàäà÷åé
àíàëèçà óðàâíåíèÿ (1) ÿâëÿåòñÿ îöåíèâàíèå àâòîðåãðåññèîííîãî ïàðàìåòðà a. Òðàäèöèîí-
íûì ìåòîäîì îöåíèâàíèÿ ÿâëÿåòñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ [4], êîòîðûé ïðè ðàçóìíûõ
îãðàíè÷åíèÿõ íà âåðîÿòíîñòíûå ñâîéñòâà ïðîöåññîâ ηt, εt ïîçâîëÿåò ïîëó÷èòü ñîñòîÿòåëüíûå
è àñèìïòîòè÷åñêè íîðìàëüíûå îöåíêè.
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Â ÷àñòíîì ñëó÷àå, êîãäà êîýôôèöèåíò Φt íåñëó÷àåí (ηt = 0), ñóùåñòâóþò îöåíêè, èìå-
þùèå âî ìíîãèõ ñëó÷àÿõ á�îëüøóþ ýôôåêòèâíîñòü, ÷åì îöåíêà íàèìåíüøèõ êâàäðàòîâ. Íà-
ïðèìåð, Ì-îöåíêè ÿâëÿþòñÿ ïðåäïî÷òèòåëüíåå îöåíêè íàèìåíüøèõ êâàäðàòîâ, åñëè εt èìååò
ðàñïðåäåëåíèå Òüþêè [5].
Â äàííîé ðàáîòå ïîñòðîåíûÌ-îöåíêè ïàðàìåòðà a = E Φt, äîêàçàíà èõ ñîñòîÿòåëüíîñòü è

àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü, ÷òî ïîçâîëèëî âû÷èñëèòü àñèìïòîòè÷åñêóþ îòíîñèòåëüíóþ
ýôôåêòèâíîñòü ýòèõ îöåíîê ïî îòíîøåíèþ ê îöåíêå íàèìåíüøèõ êâàäðàòîâ.

1. Ïîñòàíîâêà çàäà÷è

Äàëåå âñþäó ïðåäïîëàãàåòñÿ, ÷òî E εt = 0 äëÿ ëþáîãî t = 0, ±1, ±2, . . . è ó ñëó÷àéíûõ
âåëè÷èí ηt è εt ñóùåñòâóþò êîíå÷íûå äèñïåðñèè:

D ηt = ω2 < ∞, D εt = σ2 < ∞, (3)

óäîâëåòâîðÿþùèå óñëîâèþ

ω2 + σ2 < 1. (4)

Ïðè âûïîëíåíèè ýòèõ óñëîâèé ñóùåñòâóåò ñòàöèîíàðíîå ðåøåíèå óðàâíåíèÿ (1), ïðåäñòà-
âèìîå â âèäå ñõîäÿùåãîñÿ ñ âåðîÿòíîñòüþ 1 ðÿäà

Xt =
∞∑
i=0

δiεt−i,

ãäå δ0 = 1 è

δi =
i−1∏
j=0

(a + ηi−j), i = 1, 2, . . .

Îáîçíà÷èì ÷åðåç Fk σ-àëãåáðó ñîáûòèé, ïîðîæäåííóþ ìíîæåñòâîì ñëó÷àéíûõ âåëè÷èí
ηt, εt, t ≤ k. Îöåíêà íàèìåíüøèõ êâàäðàòîâ a∗n ïàðàìåòðà a ïî íàáëþäåíèÿìX0,X1, . . . ,Xn

ñëó÷àéíîãî ïðîöåññà Xt, îïèñûâàåìîãî óðàâíåíèåì (1), îïðåäåëÿåòñÿ êàê òî÷êà ìèíèìóìà
ôóíêöèè [6]

LLS(a) =
n∑

t=1

(Xt − E(Xt|Ft−1))
2,

ãäå E(Xt|Ft−1) | óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå E Xt îòíîñèòåëüíî σ-àëãåáðû Ft−1.
Ïîñêîëüêó E(Xt|Ft−1) = aXt−1, òî

LLS(a) =
n∑

t=1

(Xt − aXt−1)
2.

Â [4] ïîêàçàíî, ÷òî ïðè âûïîëíåíèè (3){(4) îöåíêà íàèìåíüøèõ êâàäðàòîâ ÿâëÿåòñÿ
ñîñòîÿòåëüíîé è àñèìïòîòè÷åñêè íîðìàëüíîé. Ñîñòîÿòåëüíîñòü îçíà÷àåò, ÷òî ïîñëåäîâà-
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òåëüíîñòü a∗n ïðè n → ∞ ñõîäèòñÿ ïî âåðîÿòíîñòè ê èñòèííîìó çíà÷åíèþ a0 ïàðàìåòðà a,
ò.å. äëÿ ëþáîãî ε > 0

P{|a∗n − a| > ε} → 0 ïðè n →∞.

Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ïîñëåäîâàòåëüíîñòè a∗n îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü√
n(a∗n − a0) ñòðåìèòñÿ ïî ðàñïðåäåëåíèþ ê íîðìàëüíîé ñëó÷àéíîé âåëè÷èíå ñ íóëåâûì

ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé, ðàâíîé

(1− a2
0 − ω2)2(σ2 E X2

0 + ω2 E X4
0 )

σ4
. (5)

Îáîáùèì îöåíêó íàèìåíüøèõ êâàäðàòîâ, îïðåäåëèâ îöåíêó ân ïàðàìåòðà a êàê òî÷êó
ìèíèìóìà ôóíêöèè

F(a) =
n∑

t=1

ρ(Xt − aXt−1), (6)

ãäå ρ| íåêîòîðàÿ ôóíêöèÿ. Ýòà îöåíêà ÿâëÿåòñÿ àíàëîãîì Ì-îöåíîê â àâòîðåãðåññèîííûõ
ìîäåëÿõ ñ íåñëó÷àéíûìè êîýôôèöèåíòàìè. Â ÷àñòíîì ñëó÷àå, êîãäà ρ(x) = x2, ïîëó÷àåòñÿ
îöåíêà íàèìåíüøèõ êâàäðàòîâ.
Äëÿ ïîñòðîåíèÿ ðîáàñòíûõ îöåíîê â êà÷åñòâå ρ îáû÷íî âûáèðàåòñÿ ÷åòíàÿ ôóíêöèÿ,

êîòîðàÿ ëèáî îãðàíè÷åíà, ëèáî ðàñòåò íà áåñêîíå÷íîñòè ìåäëåííåå, ÷åì x2. Íàèáîëåå ðàñ-
ïðîñòðàíåííûìè ÿâëÿþòñÿ ρ-ôóíêöèÿ Õüþáåðà [7]

ρH(x) =

 x2, |x| ≤ k;

2k|x| − k2, |x| > k,

è áèâåñ Òüþêè

ρT (x) =

 1−
(
1−

(
x

k

)2)3

, |x| ≤ k;

1, |x| > k.

Ýòè ôóíêöèè çàâèñÿò îò ïàðàìåòðà k > 0, èçìåíåíèå êîòîðîãî ïîçâîëÿåò ðåãóëèðîâàòü
ñòåïåíü ðîáàñòíîñòè îöåíîê.

2. Îñíîâíûå ðåçóëüòàòû

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñîñòîÿòåëüíîñòè è àñèìïòîòè÷å-
ñêîé íîðìàëüíîñòè Ì-îöåíîê ân, ïðèâåäåííîå â ñëåäóþùåé òåîðåìå.
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (3){(4), ïëîòíîñòè f è g ñëó÷àéíûõ âåëè÷èí εt

è ηt ÿâëÿþòñÿ ÷åòíûìè ôóíêöèÿìè, ôóíêöèÿ ρ(x) âûïóêëà, à åå âòîðàÿ ïðîèçâîäíàÿ ρ′′(x)

íåïðåðûâíà è îãðàíè÷åíà. Òîãäà ñëó÷àéíàÿ âåëè÷èíà
√

n(ân− a0) ÿâëÿåòñÿ àñèìïòîòè÷åñêè
íîðìàëüíîé ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé

E[(ρ′(η1X0 + ε1)X0)
2]

(E[ρ′′(η1X0 + ε1)X2
0 ])2

. (7)
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Ä î ê à ç à ò å ë ü ñ ò â î. Èäåÿ äîêàçàòåëüñòâà çàêëþ÷àåòñÿ â òîì, ÷òîáû ïðèáëèçèòü F(a)

êâàäðàòè÷íîé ôîðìîé (ïàðàáîëîé)F∗(a), äîêàçàòü àñèìïòîòè÷åñêóþ íîðìàëüíîñòü ðåøåíèÿ
a∗n óðàâíåíèÿ F∗(a) = 0 è çàòåì äîêàçàòü, ÷òî

√
n(ân − a∗n) → 0 ïî âåðîÿòíîñòè ïðè n →∞.

Çàìåòèì, ÷òî ân ÿâëÿåòñÿ òî÷êîé ìèíèìóìà (6) òîãäà è òîëüêî òîãäà, êîãäà β̂n =
√

n(ân−
a0)| òî÷êà ìèíèìóìà ôóíêöèè

L(b) =
n∑

t=1

ρ
(
Xt − a0Xt−1 −

βXt−1√
n

)
−

n∑
t=1

ρ(Xt − a0Xt−1)

èëè, ñ ó÷åòîì

Xt − a0Xt−1 = ηtXt−1 + εt

| òî÷êà ìèíèìóìà ôóíêöèè

L(b) =
n∑

t=1

ρ
(
ηtXt−1 + εt −

βXt−1√
n

)
−

n∑
t=1

ρ(Xt − a0Xt−1).

Ðàçëîæèâ ëåâóþ ÷àñòü L(b) â îêðåñòíîñòè íóëÿ ïî ñòåïåíÿì β, ïîëó÷èì

L(b) = −Anb +
1

2
Bnb

2 + αn(b),

ãäå

An =
1√
n

n∑
t=1

ρ′(ηtXt−1 + εt)Xt−1, Bn =
1

n

n∑
t=1

ρ′′(ηtXt−1 + εt)X
2
t−1,

αn(b) =
1

2n

n∑
t=1

(
ρ′′

(
ηtXt−1 + εt −

τbXt−1√
n

)
− ρ′′(ηtXt−1 + εt)

)
X2

t−1b
2, 0 < τ < 1.

Ñëó÷àéíûå ïîñëåäîâàòåëüíîñòè

ζ1t = ρ′′(ηtXt−1 + εt)X
2
t−1

è

ζ2t =
(
ρ′′

(
ηtXt−1 + εt −

τbXt−1√
n

)
− ρ′′(ηtXt−1 + εt)

)
X2

t−1

ÿâëÿþòñÿ ñòàöèîíàðíûìè è ýðãîäè÷åñêèìè êàê ïðåîáðàçîâàíèÿ ïðîöåññîâ òèïà <áåëîãî
øóìà> ηt è εt [8, p. 170, 182]. Èç ñòàöèîíàðíîñòè ζ2t ñëåäóåò, ÷òî

|αn(b)| ≤ 1

2
E

[∣∣∣∣ρ′′(η1X0 + ε1 −
τbX0√

n

)
− ρ′′(η1X0 + ε1)

∣∣∣∣X2
0b

2

]
.

Ïîýòîìó, à òàêæå â ñèëó íåïðåðûâíîñòè è îãðàíè÷åííîñòè ρ′′ ïî òåîðåìå Ëåáåãà î ìàæîðèðó-
åìîé ñõîäèìîñòè E |αn(b)| → 0 ïðè n →∞, îòêóäà âûòåêàåò, ÷òî αn(b) = op(1) ïðè n →∞
(çäåñü è â äàëüíåéøåì op(1) îçíà÷àåò ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí, ñõîäÿùèõñÿ
ê íóëþ ïî âåðîÿòíîñòè). Èç ñòàöèîíàðíîñòè è ýðãîäè÷íîñòè ζ1t ñëåäóåò [8, p. 181], ÷òî
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ñóùåñòâóåò ïðåäåë ïî âåðîÿòíîñòè

B = lim
n→∞

Bn = E
[
ρ′′(η1X0 + ε1)|X2

0

]
.

Ïîýòîìó
L(b) = −Anb +

1

2
Bb2 + γn(b),

ãäå γn(b) = op(1) ïðè n →∞.
Îáîçíà÷èì ÷åðåç b̃n =

An

B
òî÷êó ìèíèìóìà ôóíêöèè −Anb +

1
2
Bb2. Ïîêàæåì, ÷òî

ïîñëåäîâàòåëüíîñòü b̃n àñèìïòîòè÷åñêè íîðìàëüíà è b̂n− b̃n = op(1), îòêóäà áóäåò ñëåäîâàòü
àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ïîñëåäîâàòåëüíîñòè b̂n.
Òàê êàê ïëîòíîñòè f è g ñëó÷àéíûõ âåëè÷èí εt è ηt | ÷åòíûå ôóíêöèè, à ρ′ | íå÷åòíàÿ

ôóíêöèÿ, òî E[ρ′(ηtXt−1 + εt)Xt− 1|Ft−1] = 0. Ïîýòîìó [9, òåîðåìà 23.1] ïîñëåäîâàòåëü-
íîñòü An ÿâëÿåòñÿ àñèìïòîòè÷åñêè íîðìàëüíîé ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è
äèñïåðñèåé E[(ρ′(η1X0 + ε1)X0)

2]. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü b̃n ÿâëÿåòñÿ àñèìïòî-
òè÷åñêè íîðìàëüíîé ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé (7).
Òåïåðü äîêàæåì, ÷òî b̂n−b̃n = op(1) ïðèn →∞. Òàê êàêL(b) âûïóêëà, òî âûïóêëîé áóäåò

è ïîñëåäîâàòåëüíîñòü ôóíêöèé L(b) + Anb, êîòîðàÿ ïðè n → ∞ ñõîäèòñÿ ïî âåðîÿòíîñòè ê
âûïóêëîé ôóíêöèè Bb2. Ïîýòîìó [10] sup

b∈K
|γn(b)| = op(1) äëÿ ëþáîãî êîìïàêòà K ⊂ R ïðè

n →∞. Ïîêàæåì, ÷òî äëÿ ëþáîãî δ > 0

lim
n→∞

P
{
|b̂n − b̃n| > δ

}
= 0, (8)

÷òî ðàâíîñèëüíî b̂n − b̃n = op(1). Îáîçíà÷èì ÷åðåç Un îòðåçîê [b̃n, b̃n + δ]. Òàê êàê ïîñëå-
äîâàòåëüíîñòü b̃n ñõäîäèòñÿ ïî ðàñïðåäåëåíèþ, òî ñóùåñòâóåò òàêîé êîìïàêò K ⊂ R, ÷òî
P{Un ⊂ K} ñêîëü óãîäíî áëèçêà ê åäèíèöå. Ïîýòîìó ïðè n →∞

∆n = sup
b∈Un

|γn(b)| = op(1).

Òàê êàê L(b) âûïóêëà, òî äëÿ b1 = b̃n + δ è äëÿ ëþáîãî b = b̃n + s, ãäå s > δ,(
1− δ

s

)
L(b̃n) +

δ

s
L(b) ≥ L(b1).

Ïîýòîìó
L(b) ≥ s

δ
(L(b1)− L(b̃n)) + L(b̃n).

Òàê êàê
L(b1) = L(b̃n) +

1

2
δ2B + γn(b1)− γn(b̃n),

òî
inf

b∈Un

L(b) = L(b̃n) + inf
s>δ

s

δ
(L(b1)− L(b̃n)) ≥ L(b̃n) +

1

2
δ2B − 2∆n.

Ïîýòîìó ñ âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê åäèíèöå, ìèíèìóì L(b) íå ìîæåò áûòü áîëüøå, ÷åì
b̃n + δ.
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Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî ìèíèìóì L(b) íå ìîæåò áûòü ìåíüøå, ÷åì b̃n − δ. Òàêèì
îáðàçîì, äëÿ ëþáîãî δ > 0 âûïîëíÿåòñÿ (8) è, ñëåäîâàòåëüíî, àñèìïòîòè÷åñêîå ðàñïðåäåëå-
íèå b̂n ñîâïàäàåò ñ àñèìïòîòè÷åñêèì ðàñïðåäåëåíèåì b = b̃n. Òåîðåìà äîêàçàíà.

Ïîëó÷åííàÿ òåîðåìà ïîçâîëÿåò íàéòè àñèìïòîòè÷åñêóþ îòíîñèòåëüíóþ ýôôåêòèâíîñòü e

Ì-îöåíêè ïî îòíîøåíèþ ê îöåíêå íàèìåíüøèõ êâàäðàòîâ. Àñèìïòîòè÷åñêàÿ îòíîñèòåëüíàÿ
ýôôåêòèâíîñòü îöåíîê îïðåäåëÿåòñÿ êàê îáðàòíîå îòíîøåíèå èõ àñèìïòîòè÷åñêèõ äèñïå-
ðñèé. Ïîýòîìó èç (5) è (7) ñëåäóåò, ÷òî

e =
(1− a2

0 − ω2)2(σ2 E X2
0 + ω2 E X4

0 )(E[ρ′′(η1X0 + ε1)X
2
0 ])2

E[(ρ′(η1X0 + ε1)X0)2]σ4
.

Âû÷èñëèòü e äëÿ ðàçëè÷íûõ âåðîÿòíîñòíûõ ðàñïðåäåëåíèé ïðîöåññîâ ηt è εt ìîæíî ïðè
ïîìîùè êîìïüþòåðíîãî ìîäåëèðîâàíèÿ.

Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíà íåëèíåéíàÿ ìîäåëü âðåìåííûõ ðÿäîâ, îïèñûâàåìàÿ óðàâíåíèåì àâ-
òîðåãðåññèè ñî ñëó÷àéíûì êîýôôèöèåíòîì. Äëÿ ïàðàìåòðà àâòîðåãðåññèîííîãî óðàâíåíèÿ
ïîñòðîåíû îöåíêè, çàíèìàþùèå ïðîìåæóòî÷íîå ïîëîæåíèå ìåæäó îöåíêàìè íàèìåíüøèõ
êâàäðàòîâ è íàèìåíüøèõ ìîäóëåé. Ïðè äîñòàòî÷íî óìåðåííûõ ïðåäïîëîæåíèÿõ î âåðîÿò-
íîñòíîì ðàñïðåäåëåíèè îáíîâëÿþùåãî ïðîöåññà è àâòîðåãðåññèîííîãî êîýôôèöèåíòà äîêà-
çàíû ñîñòîÿòåëüíîñòü è àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ïðåäëîæåííûõ îöåíîê. Ïîëó÷åíî
ÿâíîå âûðàæåíèå äëÿ àñèìïòîòè÷åñêîé îòíîñèòåëüíîé ýôôåêòèâíîñòè ýòèõ îöåíîê ïî îòíî-
øåíèþ ê îöåíêå íàèìåíüøèõ êâàäðàòîâ.
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In recent years there has been a growing interest in non-linear time seriesmodels. They aremore
flexible than traditional linear models and allow more adequate description of real data. Among
these models a autoregressive model with random coefficients plays an important role. It is widely
used in various fields of science and technology, for example, in physics, biology, economics and
finance. Themodel parameters are the mean values of autoregressive coefficients. Their evaluation
is the main task of model identification. The basic method of estimation is still the least squares
method, which gives good results for Gaussian time series, but it is quite sensitive to even small
disturbances in the assumption of Gaussian observations. In this paper we propose estimates, which
generalize the least squares estimate in the sense that the quadratic objective function is replaced
by an arbitrary convex and even function. Reasonable choice of objective function allows you to
keep the benefits of the least squares estimate and eliminate its shortcomings. In particular, you
can make it so that they will be almost as effective as the least squares estimate in the Gaussian
case, but almost never loose in accuracy with small deviations of the probability distribution of the
observations from the Gaussian distribution.

The main result is the proof of consistency and asymptotic normality of the proposed estimates
in the particular case of the one-parameter model describing the stationary process with finite
variance. Another important result is the finding of the asymptotic relative efficiency of the
proposed estimates in relation to the least squares estimate. This allows you to compare the two
estimates, depending on the probability distribution of innovation process and of autoregressive
coefficients. The results can be used to identify an autoregressive process, especially with non-
Gaussian nature, and/or of autoregressive processes observed with gross errors.
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