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ÓÄÊ 536.2

Èññëåäîâàíèå âëèÿíèÿ ïîäâèæíîñòè ãðàíèöû
íà òåìïåðàòóðíîå ïîëå ïîëóïðîñòðàíñòâà
ïðè âîçäåéñòâèè òåïëîâîãî ïîòîêà

Âëàñîâ Ï.À.1,* *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Äëÿ îäíîìåðíîé çàäà÷è îïðåäåëåíèÿ òåìïåðàòóðíîãî ïîëÿ ïîëóïðîñòðàíñòâà ñ äâèæóùåéñÿ ïî
çàäàííîìó çàêîíó ãðàíèöåé, ïîäâåðæåííîãî âîçäåéñòâèþ íåñòàöèîíàðíî-ãî òåïëîâîãî ïîòîêà,
ïîëó÷åíà àíàëèòè÷åñêàÿ çàâèñèìîñòü ðåøåíèÿ îò òåìïåðàòóðû ãðàíèöû îáëàñòè. Äëÿ îïðåäåëå-
íèÿ òåìïåðàòóðû ãðàíèöû ñîñòàâëåíî èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà, ðåøåíèå
êîòîðîãî ïðîâåäåíî ÷èñëåííî. Ñ èñïîëüçîâàíèåì ïîëó÷åííîãî ïðåäñòàâëåíèÿ ðåøåíèÿ èññëå-
äîâàíû õàðàêòåðíûå îñîáåííîñòè ïðîöåññà ôîðìèðîâàíèÿ èçó÷àåìîãî òåìïåðàòóðíîãî ïîëÿ ïðè
ðåàëèçàöèè ðàçëè÷íûõ çàêîíîâ äâèæåíèÿ ãðàíèöû è ðàçëè÷íûõ çàêîíîâ èçìåíåíèÿ âî âðåìåíè
âíåøíåãî òåïëîâîãî ïîòîêà.

Êëþ÷åâûå ñëîâà: òåìïåðàòóðíîå ïîëå; ïîëóïðîñòðàíñòâî; ïîäâèæíàÿ ãðàíèöà

Ââåäåíèå

Àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ çàäà÷ çàíèìàþò îñîáîå ìåñòî â òåîðèè òåïëîïðîâîäíî-
ñòè. Âî ìíîãîì ýòî îáúÿñíÿåòñÿ òåì, ÷òî ïîëó÷åííûå ñ èõ èñïîëüçîâàíèåì ïðåäñòàâëåíèÿ
ðåøåíèé ìîãóò áûòü èñïîëüçîâàíû êàê äëÿ ïàðàìåòðè÷åñêîé àíàëèçà òåïëîâîãî ñîñòîÿíèÿ
èçó÷àåìîé ñèñòåìû, òàê è äëÿ òåñòèðîâàíèÿ ðàçðàáàòûâàåìûõ âû÷èñëèòåëüíûõ àëãîðèò-
ìîâ. Òðóäíîñòè, âîçíèêàþùèå ïðè ïîëó÷åíèè àíàëèòè÷åñêèõ ïðåäñòàâëåíèé ðåøåíèé çàäà÷
òåïëîïðîâîäíîñòè, õîðîøî èçâåñòíû [1].
Ìíîãèå ïðàêòè÷åñêè âàæíûå èíæåíåðíûå çàäà÷è, ñâÿçàííûå ñ ðàñ÷åòîì è îïòèìèçàöèåé

òåïëîâîé çàùèòû àýðîêîñìè÷åñêèõ ñèñòåì, òðåáóþò ó÷åòà ïîäâèæíîñòè ãðàíèö èçó÷àåìûõ
êîíñòðóêöèé [2]. Ïðè ýòîì ñëîæíîñòè, ñâÿçàííûå ñ ïîëó÷åíèåì àíàëèòè÷åñêèõ ïðåäñòàâëå-
íèé ñîîòâåòñòâóþùèõ çàäà÷, çíà÷èìî âîçðàñòàþò äàæå â òåõ ñëó÷àÿõ, êîãäà çàêîí äâèæåíèÿ
ãðàíèöû èçâåñòåí [1]|[6]. Òàê, â ðàáîòå [7] çàäà÷à îïðåäåëåíèÿ òåìïåðàòóðû äâèæóùåéñÿ
ãðàíèöû ïîëóïðîñòðàíñòâà, ïîäâåðæåííîãî íàãðåâó âíåøíåé ñðåäîé, ñâåäåíà ê çàäà÷å ðå-
øåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ, ÷òî ïîçâîëèëî èçó÷èòü õàðàêòåðíûå îñîáåííîñòè ïðîöåññà
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ôîðìèðîâàíèÿ èçó÷àåìîãî òåìïåðàòóðíîãî ïîëÿ. Â ðàáîòå [8] ïîëó÷åíî àíàëèòè÷åñêîå ïðåä-
ñòàâëåíèå ðåøåíèÿ çàäà÷è íàõîæäåíèÿ òåìïåðàòóðíîãî ïîëÿ ïîëóïðîñòðàíñòâà ñ ðàâíîìåðíî
äâèæóùåéñÿ ãðàíèöåé, ïîäâåðæåííîãî íàãðåâó âíåøíèì òåïëîâûì ïîòîêîì.
Îñíîâíàÿ öåëü íàñòîÿùåé ðàáîòû | èçó÷åíèå îñîáåííîñòåé ïðîöåññà ôîðìèðîâàíèÿ

òåìïåðàòóðíîãî ïîëÿ òâåðäîãî òåëà, ìîäåëèðóåìîãî ïîëóïðîñòðàíñòâîì ñ äâèæóùåéñÿ ïî
èçâåñòíîìó çàêîíó l = l(Fo) ãðàíèöåé, â óñëîâèÿõ íàãðåâà âíåøíèì òåïëîâûì ïîòîêîì.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Áóäåì ïðåäïîëàãàòü, ÷òî ðàññìàòðèâàåìîå ïîëóïðîñòðàíñòâî ÿâëÿåòñÿ îäíîðîäíûì, à
èíòåíñèâíîñòü òåïëîâîãî ïîòîêà íå çàâèñèò îò ïðîñòðàíñòâåííûõ êîîðäèíàò. Ýòî ïîçâîëÿåò
âûáðàòü â êà÷åñòâå îáúåêòà èññëåäîâàíèé îäíîìåðíóþ ìàòåìàòè÷åñêóþ ìîäåëü èçó÷àåìîãî
ïðîöåññà

∂ϑ(ξ,Fo)
∂Fo

=
∂2ϑ(ξ,Fo)

∂ξ2
, ξ > l(Fo), Fo > 0, (1)

ϑ(ξ, 0) = 0, ξ > 0, (2)

∂ϑ(ξ, τ)

∂ξ

∣∣∣∣∣
ξ=l(Fo)

= −Q(Fo), Fo > 0, (3)

ãäå ϑ(ξ,Fo)| òåìïåðàòóðíîå ïîëå ïîëóïðîñòðàíñòâà; l = l(Fo)| èçâåñòíûé çàêîí äâèæå-
íèÿ ãðàíèöû,

ξ =
z

z∗
, Fo =

κt

z2
∗
, ϑ =

T − T0

T0

, Q =
q0z∗
λ

,

z | ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ; z∗ | åäèíèöà ìàñøòàáà ïåðåìåííîé z; t | òåêóùåå
âðåìÿ; κ | êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè; T | òåìïåðàòóðà èçó÷àåìîé îáëàñòè;
T0 = const | òåìïåðàòóðà èçó÷àåìîé îáëàñòè â íà÷àëüíûé ìîìåíò âðåìåíè t = 0; q0 |
ìîùíîñòü âíåøíåãî òåïëîâîãî ïîòîêà; λ | êîýôôèöèåíò òåïëîîòäà÷è íà ãðàíèöå z = 0

ïîëóïðîñòðàíñòâà.
Ïðè ðåøåíèè çàäà÷è (1){(3) áóäåì ïðåäïîëàãàòü, ÷òî

ϑ(ξ,Fo)
∣∣∣∣
Fo>0

∈ L2[l(Fo), +∞), (4)

ò.å. ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè Fo > 0ôóíêöèÿ ϑ(ξ,Fo) èíòåãðèðóåìà ñ êâàäðàòîì
ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ξ ∈ [l(Fo), +∞). Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî äëÿ
êàæäîãî çíà÷åíèÿ Fo ôóíêöèÿ ϑ(·,Fo) ÿâëÿåòñÿ îðèãèíàëîì ïðåîáðàçîâàíèÿ Ôóðüå [11].
Îòíîñèòåëüíî çàêîíà äâèæåíèÿ ãðàíèöû áóäåì ïðåäïîëàãàòü, ÷òî l = l(Fo)|íåóáûâàþ-

ùàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, äèôôåðåíöèðóåìàÿ õîòÿ áû â îáîáùåííîì ñìûñëå, l(0) = 0,
à Q = Q(Fo) óäîâëåòâîðÿåò ñòàíäàðòíûì òðåáîâàíèÿì òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è [9]. Â ýòîì ñëó÷àå ìîæíî âûïîëíèòü çàìåíó
ïåðåìåííûõ

x = ξ − l(Fo), τ = Fo, (5)
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ïîñëå ÷åãî ìàòåìàòè÷åñêàÿ ìîäåëü (1){(3) ïðèìåò ñëåäóþùèé âèä:

∂ϑ(x, τ)

∂τ
=

∂2ϑ(x, τ)

∂x2
+ l′(τ)

∂ϑ(x, τ)

∂x
, x > 0, τ > 0, (6)

ϑ(x, 0) = 0, x > 0, (7)
∂ϑ(x, τ)

∂x

∣∣∣∣∣
x=0

= −Q(τ), τ > 0, (8)

à óñëîâèå (4) çàïèøåòñÿ â âèäå

ϑ(x, τ)
∣∣∣∣
τ>0

∈ L2[0, +∞). (9)

2. Ðåøåíèå ïîñòàâëåííîé çàäà÷è

Äëÿ ðåøåíèÿ çàäà÷è (6){(8) âîñïîëüçóåìñÿ êîñèíóñ- è ñèíóñ- ïðåîáðàçîâàíèÿìè Ôóðüå
[10, 11] ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x.
Ïðèìåíèâ îïåðàòîð êîñèíóñ-ïðåîáðàçîâàíèÿ ê óðàâíåíèþ (6) è íà÷àëüíîìó óñëîâèþ (7),

ñ ó÷åòîì (9) è ãðàíè÷íîãî óñëîâèÿ (8) ïðèõîäèì ê ñëåäóþùåé çàäà÷å:
dΘC(p, τ)

dτ
= −p2ΘC(p, τ) + pl′(τ) ΘS(p, τ) + Q(τ)− l′(τ) ϑ(0, τ), τ > 0;

ΘC(p, 0) = 0,
(10)

ãäå ΘC(p, τ)| èçîáðàæåíèå êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå íåèçâåñòíîãî ðåøåíèÿ ϑ(ξ, τ),
à p| ïàðàìåòð ýòîãî ïðåîáðàçîâàíèÿ.
Àíàëîãè÷íî ïðèìåíåíèå îïåðàòîðà ΦS ê óðàâíåíèþ (6) è íà÷àëüíîìó óñëîâèþ (7) ñ

ó÷åòîì (8), (9) ïðèâîäèò ê çàäà÷å
dΘS(p, τ)

dτ
= −pl′(τ) ΘC(p, τ)− p2ΘS(p, τ) + pϑ(0, τ), τ > 0;

ΘS(p, 0) = 0,
(11)

ãäå ΘS(p, τ)| èçîáðàæåíèå ñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå íåèçâåñòíîãî ðåøåíèÿ ϑ(ξ, τ).
Çàäà÷è (10) è (11) ýêâèâàëåíòíû ñëåäóþùåé çàäà÷å Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé:
d

dτ
Θ(p, τ) = A(p, τ) Θ(p, τ) + f(τ) + F (p, τ) ϑ(0, τ), τ > 0;

Θ(p, 0) = (0, 0)
ò
,

(12)

ãäå èñïîëüçîâàíû îáîçíà÷åíèÿ

Θ(p, τ) =

ΘC(p, τ)

ΘS(p, τ)

, A(p, τ) =

 −p2 pl′(τ)

−pl′(τ) −p2

, (13)

f(τ) =

Q(τ)

0

, F (p, τ) =

−l′(τ)

p

. (14)
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Ïðè ýòîì, ñîãëàñíî (12), (13), (14), èçîáðàæåíèÿΘC(p, τ),ΘS(p, τ) íåèçâåñòíîãî òåìïåðàòóð-
íîãî ïîëÿ ϑ(x, τ) ïîëíîñòüþ îïðåäåëÿþòñÿ åãî çíà÷åíèÿìè ϑ(0, τ) íà ãðàíèöå ïîëóïðîñòðàí-
ñòâà x > 0, ñêîðîñòüþ l′(τ) äâèæåíèÿ ãðàíèöû è ôóíêöèåé Q(τ), ïðèíèìàþùåé çíà÷åíèÿ,
ïðîïîðöèîíàëüíûå çíà÷åíèÿì âíåøíåãî òåïëîâîãî ïîòîêà.
Äëÿ ðåøåíèÿ çàäà÷è Êîøè (12) çàìåòèì, ÷òî åñëè R(τ, η)| ðåçîëüâåíòà ýòîé çàäà÷è, òî

åå ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî â ñòàíäàðòíîé ôîðìå [12]:

Θ(p, τ) =

τ∫
0

R(τ, η)
[
f(η) + F (p, η)ϑ(0, η)

]
dη. (15)

Ïîñêîëüêó ñîãëàñíî (13), (14) ìàòðè÷íûå ôóíêöèè A(p, τ) è

τ∫
η

A(p, χ) dχ =

 −p2(τ − η) p[l(τ)− l(η)]

−p[l(τ)− l(η)] −p2(τ − η)

 , 0 6 η 6 τ,

êîììóòèðóþò, â ÷åì ìîæíî óáåäèòüñÿ íåïîñðåäñòâåííîé ïðîâåðêîé, òî [12]

R(τ, η) = exp

 τ∫
η

A(p, χ) dχ

 . (16)

Ñîãëàñíî òåîðåìå Êýëè | Ãàìèëüòîíà [12], äëÿ ëþáîé êâàäðàòíîé ìàòðèöû U ïîðÿäêà n

åå õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí q(λ) ÿâëÿåòñÿ òàêæå åå àííóëèðóþùèì ìíîãî÷ëåíîì, ò.å.,
åñëè

q(λ) = det(U − λEn) ≡
n∑

k=0

qkλ
k,

q(U) =
n∑

k=0

qkU
k = On,

ãäå qk, k = 0, n, | êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà, U 0 = En, On | ñî-
îòâåòñòâåííî åäèíè÷íàÿ è êâàäðàòíàÿ íóëåâàÿ ìàòðèöû ïîðÿäêà n. Òàêèì îáðàçîì, ëþáàÿ
ñòåïåíü êâàäðàòíîé ìàòðèöû U ïîðÿäêà n ïðåäñòàâèìà â âèäå ëèíåéíîé êîìáèíàöèè êâà-
äðàòíûõ ìàòðèö Uk, k = 0, n− 1. Ñ ó÷åòîì ýòîãî ðåçóëüòàòà äîêàçàíî [12], ÷òî ìàòðè÷íàÿ
ôóíêöèÿ f(U) ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé êâàäðàòíûõ ìàòðèö Uk, k = 0, n− 1:

f(U) =
n−1∑
k=0

αkU
k,

ãäå αk, k = 0n− 1, | íåèçâåñòíûå êîýôôèöèåíòû, óäîâëåòâîðÿþùèå ñèñòåìå ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé

n−1∑
k=0

αkλ
k
j = f(λj), j = 1, n,

åñëè ñîáñòâåííûå ÷èñëà λk, k = 0n− 1, ìàòðèöû U ðàçëè÷íû.
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Â ðàññìàòðèâàåìîì ñëó÷àå n = 2 è ìàòðè÷íàÿ ýêñïîíåíòà â ïðàâîé ÷àñòè ðàâåíñòâà (16)
îïðåäåëÿåòñÿ êàê

exp

( τ∫
η

A(p, χ) dχ

)
= α0E2 + α1

τ∫
η

A(p, χ) dχ.

Êîýôôèöèåíòû α0 è α1 íàõîäèì ñëåäóþùèì îáðàçîì. Ðåøàÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det

( τ∫
η

A(p, χ) dχ− λE2

)
= 0,

íàõîäèì ñîáñòâåííûå ÷èñëà

λ1 = −p2(τ − η) + ip
[
l(τ)− l(η)

]
, λ2 = −p2(τ − η)− ip

[
l(τ)− l(η)

]
.

Äàëåå âûïèñûâàåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî êîýôôèöè-
åíòîâ α0, α1:  α0 + α1λ1 = eλ1 ,

α0 + α1λ2 = eλ2

è ïîëó÷àåì

α0 = α1p
2(τ − η) + e−p2(τ−η) cos pL, α1 =

1

pL
e−p2(τ−η) sin pL,

ãäå
L = L(τ, η) = l(τ)− l(η). (17)

Òàêèì îáðàçîì, ñ ó÷åòîì (16) ðåçîëüâåíòà çàäà÷è Êîøè (12) èìååò âèä

R(τ, η) =

 cos pL sin pL
− sin pL cos pL

 e−p2(τ−η) (18)

è, ñîãëàñíî (15), (18), (13), (14)

ΘC(p, τ) =

τ∫
0

e−p2(τ−η)Q(η) cos pL dη +

τ∫
0

e−p2(τ−η)
[
p sin pL − l′(η) cos pL

]
ϑ(0, η) dη. (19)

Ñ èñïîëüçîâàíèåì ôîðìóëû îáðàùåíèÿ êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå [10, 11]

ϑ(x, τ) =
2

π

+∞∫
0

ΘC(p, τ) cos(px) dp

è ïðåäñòàâëåíèÿ (19) ïîñëå èçìåíåíèÿ ïîðÿäêà èíòåãðèðîâàíèÿ ïîëó÷àåì:

ϑ(x, τ) =
2

π

τ∫
0

{ +∞∫
0

e−p2(τ−η) cos pL cos px dp

}
Q(η) dη +

+
2

π

τ∫
0

{ +∞∫
0

e−p2(τ−η)
[
p sin pL cos px− l′(η) cos pL cos px

]
dpϑ(0, η) dη. (20)

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 141

http://technomag.bmstu.ru


Âíóòðåííèå íåñîáñòâåííûå èíòåãðàëû â ïðàâîé ÷àñòè ðàâåíñòâà (20) ìîãóò áûòü âû÷èñëåíû
àíàëèòè÷åñêè. Âîñïîëüçîâàâøèñü èçâåñòíûìè ôîðìóëàìè òðèãîíîìåòðèè

cos pL cos px =
1

2

[
cos(pL−x)+cos(pL+x)

]
, sin pL cos px =

1

2

[
sin(pL−x)+sin(pL+x)

]
è ðàâåíñòâàìè [14]

+∞∫
0

e−αp2

cos βp dp =

√
π

2
√

α
e−β2/4α,

+∞∫
0

pe−αp2

sin βp dp =
β
√

π

4α
√

α
e−β2/4α,

ïðèäåì ê ñîîòíîøåíèþ

ϑ(x, τ) =

τ∫
0

K(τ, η, x) ϑ(0, η) dη + Ψ(τ, x), (21)

ãäå

K(τ, η, x) =
1

2
√

π
√

τ − η

 1

2(τ − η)

[
(L − x)e

−
(L−x)2

4(τ−η) + (L+ x)e
−

(L+x)2

4(τ−η)

]
−

− l′(η)
[
e
−

(L−x)2

4(τ−η) + e
−

(L+x)2

4(τ−η)

], (22)

Ψ(τ, x) =
1√
π

τ∫
0

1

2
√

τ − η

[
e
−

(L−x)2

4(τ−η) + e
−

(L+x)2

4(τ−η)

]
Q(η) dη.

Ðàâåíñòâà (21), (22) îäíîçíà÷íî îïðåäåëÿþò òåìïåðàòóðíîå ïîëå ϑ(x, τ) ïîëóïðîñòðàí-
ñòâà â ïîäâèæíîé ñèñòåìå êîîðäèíàò (5) ïðè èçâåñòíîì çàêîíå ϑ(0, τ) èçìåíåíèÿ òåìïåðà-
òóðû íà ãðàíèöå ýòîãî ïîëóïðîñòðàíñòâà. Ïîëàãàÿ x = 0 â ðàâåíñòâàõ (21), (22), ïðèõîäèì ê
ñîîòíîøåíèþ

u(τ) =

τ∫
0

A(τ, η)√
τ − η

u(η) dη + ϕ(τ), (23)

ãäå u(τ) = ϑ(0, τ)| çàêîí èçìåíåíèÿ òåìïåðàòóðû ãðàíèöû ïîëóïðîñòðàíñòâà,

A(τ, η) = K(τ, η, 0)
√

τ − η =
1√
π

[ L(τ, η)

2
√

τ − η
− l′(η)

]
e
−
L2(τ,η)
4(τ−η) , (24)

ϕ(τ) = Ψ(τ, 0) =
1√
π

τ∫
0

Q(η)√
τ − η

e
−
L2(τ,η)
4(τ−η) dη, (25)

à ôóíêöèÿ L(τ, η) îïðåäåëåíà ñîîòíîøåíèåì (17).
Àíàëèç ñîîòíîøåíèÿ (23) ïîêàçûâàåò, ÷òî ôóíêöèÿ u(τ) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëü-

íîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà, ÿäðî (τ − η)−1/2A(τ, η) êîòîðîãî èìååò ñëàáóþ
îñîáåííîñòü è íå ÿâëÿåòñÿ ôðåäãîëüìîâñêèì [15].
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Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (23) âûáèðàåì äîñòàòî÷íî áîëüøîå íàòóðàëüíîå
÷èñëî N , ïîëàãàåì

su =
τ∗
N

, τj = jsu, j = 0, N, (26)

è ñòðîèìèòåðàöèîííûéïðîöåññ, ïîçâîëÿþùèéïîèçâåñòíûìçíà÷åíèÿì
(
u(τj)

)m

j=0
èñêîìîãî

ðåøåíèÿu(τ) ñ çàäàííîé òî÷íîñòüþâû÷èñëèòü çíà÷åíèåu(τm+1). Ïðè ýòîì τ0 = 0èu(0) = 0.
Ïóñòü äàëåå

uj = u(τj), ϕj = ϕ(τj), j = 0, N. (27)

Òîãäà, ñîãëàñíî (23), (24), (25)

um+1 =

τm+1∫
0

A(τm+1, η)√
τm+1 − η

u(η) dη + ϕm+1. (28)

Èíòåãðàë, ñòîÿùèé â ïðàâîé ÷àñòè ðàâåíñòâà (28), ÿâëÿåòñÿ íåñîáñòâåííûì, ÷òî äåëàåò
íåâîçìîæíûì íåïîñðåäñòâåííîå èñïîëüçîâàíèå èçâåñòíûõ êâàäðàòóðíûõ ôîðìóë [16, 17].
Äëÿ ïðåîäîëåíèÿ ýòîãî çàòðóäíåíèÿ ïîëàãàåì

Jm+1 =

τm+1∫
0

A(τm+1, η)√
τm+1 − η

u(η) dη = J
(1)
m+1 + J

(2)
m+1, (29)

J
(1)
m+1 =

τm∫
0

A(τm+1, η)√
τm+1 − η

u(η) dη, (30)

J
(2)
m+1 =

τm+1∫
τm

A(τm+1, η)√
τm+1 − η

u(η) dη, (31)

ãäå èíòåãðàë J
(1)
m+1 ÿâëÿåòñÿ ñîáñòâåííûì è åãî çíà÷åíèå ìîæåò áûòü âû÷èñëåíî ñ èñïîëüçî-

âàíèåì èçâåñòíîé êâàäðàòóðíîé ôîðìóëû òðàïåöèé [16] è ðàâåíñòâ (26), (27):

J
(1)
m+1 ≈

√
su

2

[
2

m−2∑
j=1

A(τm+1, τj)√
m− j + 1

uj +A(τm+1, τm)um

]
. (32)

Çàìåíîé η = τm+1 − v2 ïåðåìåííîé èíòåãðèðîâàíèÿ íåñîáñòâåííûé èíòåãðàë J
(2)
m+1, îïðåäå-

ëåííûé â (31), ñâîäèòñÿ ê èíòåãðàëó îò ôóíêöèè, èìåþùåé óñòðàíèìûé ðàçðûâ. Ïîýòîìó ñ
ó÷åòîì (26), (27)

J
(2)
m+1 = 2

√
su∫

0

A(τm+1, τm+1 − v2)u(τm+1 − v2) dv ≈

≈
√

su

[
A(τm+1, τm+1)um+1 +A(τm+1, τm)um

]
, (33)

ãäå ïîä A(τ, τ) ïîíèìàåòñÿ ïðåäåëüíîå çíà÷åíèå, êîòîðîå ñ ó÷åòîì (17) èìååò âèä

A(τ, τ) = lim
η→τ−0

A(τ, η) = − l′(τ − 0)

2
√

π
.
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Ïîäñòàâèâ ïðàâûå ÷àñòè ðàâåíñòâ (29){(33) â (28) è âûðàçèâ èç ïîëó÷åííîãî ñîîòíîøåíèÿ
um+1, ïðèäåì ê ñëåäóþùåé ðàñ÷åòíîé ñõåìå äëÿ ïðèáëèæåííîãî ðåøåíèÿ èíòåãðàëüíîãî
óðàâíåíèÿ (23):

u0 = 0, (34)

u1 =
ϕ1

1−√suA(τ1, τ1)
, (35)

um+1 =
ϕm+1

1−√suA(τm+1, τm+1)
+

√
su

1−√suA(τm+1, τm+1)
×

×

3

2
A(τm+1, τm)um +

m−1∑
j=1

A(τm+1, τj)√
m− j + 1

uj

 , m = 1, N − 1. (36)

Ïðè ýòîì ñëåäóåò çàìåòèòü, ÷òî ýòè ðàâåíñòâà èìåþò ñìûñë ëèøü ïðè âûïîëíåíèè óñëîâèÿ

su <
1

max
06τ6τ∗

(
A(τ, τ)

)2 =
4π

max
06τ6τ∗

(
l′(τ − 0)

)2 . (37)

Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè (37), çàâèñèò ëèøü îò ñêîðîñòè äâèæåíèÿ ãðàíèöû ïîëó-
ïðîñòðàíñòâà è ìîæåò ðàññìàòðèâàòüñÿ êàê àíàëîã ïàðàìåòðà Êóðàíòà [18].

3. Ðåçóëüòàòû è èõ îáñóæäåíèå

Ðàññìîòðèì íåêîòîðûå ðåçóëüòàòû èññëåäîâàíèé, îòðàæàþùèå íàèáîëåå õàðàêòåðíûå
îñîáåííîñòè ïðîöåññà ôîðìèðîâàíèÿ òåìïåðàòóðíîãî ïðîôèëÿ ϑ(0, τ) íà äâèæóùåéñÿ ïî
çàäàííîìó çàêîíó ãðàíèöå ïîëóïðîñòðàíñòâà, êîòîðîå ïîäâåðæåíî âîçäåéñòâèþ âíåøíåãî
òåïëîâîãî ïîòîêà.
Íà ðèñ. 1 èçîáðàæåíû ãðàôèêèèçìåíåíèÿ ñêîðîñòè äâèæåíèÿ ãðàíèöûïîëóïðîñòðàíñòâà,

îòâå÷àþùèå äâóì õàðàêòåðíûì çàêîíàì åå äâèæåíèÿ. Êàæäîìó èç ýòèõ çàêîíîâ îòâå÷àåò

Ðèñ. 1. Çàâèñèìîñòü ñêîðîñòè äâèæåíèÿ ãðàíèöû ïîëóïðîñòðàíñòâà îò
âðåìåíè τ : 1| l′1(τ) = 1 + 1/(1 + τ)2; 2| l′2(τ) = 1 − 1/(1 + τ)2
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àñèìïòîòè÷åñêîå ïðè τ → +∞ çíà÷åíèå ñêîðîñòè, ðàâíîå 1, ïðè ýòîì çàâèñèìîñòü

l1(τ) = 1 + τ − 1

1 + τ

ñîîòâåòñòâóåò ñëó÷àþ <òîðìîæåíèÿ> äâèæóùåéñÿ ãðàíèöû, à çàâèñèìîñòü

l2(τ) = −1 + τ +
1

1 + τ
|

ñëó÷àþ åå <ðàçãîíà>. Íà ðèñ. 2 ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ,
ïðîâåäåííûõ c èñïîëüçîâàíèåì ðàñ÷åòíîé ñõåìû (34){(36) äëÿ Q(τ) ≡ 2 è óêàçàííûõ çàâè-
ñèìîñòåé li(τ), i = 1, 2. Àíàëèç ãðàôè÷åñêîé èíôîðìàöèè ïîçâîëÿåò ñäåëàòü âûâîä î òîì,
÷òî â îáîèõ ñëó÷àÿõ òåìïåðàòóðà äâèæóùåéñÿ ãðàíèöû èìååò àñèìïòîòè÷åñêîå çíà÷åíèå

ϑ(0, τ) ∼ Q

lim
τ→+∞

l′(τ)
,

÷òî ïîëíîñòüþ ñîãëàñóåòñÿ ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàáîòå [8]. Êðîìå òîãî, ìîæíî çà-
ìåòèòü, ÷òî áî́ëüøèå çíà÷åíèÿ ñêîðîñòè äâèæåíèÿ ãðàíèöû ïðèâîäÿò ê ñîêðàùåíèþ âðåìåíè
ïåðåõîäíîãî ïðîöåññà îò ϑ(0, 0) = 0 äî

ϑ(0, τ) ≈ Q

lim
τ→+∞

l′(τ)
.

Äëÿ èñëåäîâàíèÿ ïðîöåññà ýâîëþöèè òåìïåðàòóðû äâèæóùåéñÿ ãðàíèöû ïîëóïðîñòðàí-
ñòâà â óñëîâèÿõ íàãðåâà íåñòàöèîíàðíûì âíåøíèì ïîòîêîì áûëà âûáðàíà ïåðèîäè÷åñêàÿ çà-
âèñèìîñòüQ(τ) = 1+sin πτ ìîùíîñòè ïîòîêà, ãðàôèê êîòîðîé ïðèâåäåí íà ðèñ. 3. Íà ðèñ. 4
ïðåäñòàâëåíû ñîîòâåòñòâóþùèå ðåçóëüòàòû ðàñ÷åòîâ, òàêæå ïðîâåäåííûõ ñ èñïîëüçîâàíèåì
ñõåìû (34){(36) äëÿ ñëó÷àÿ ðàâíîìåðíîãî äâèæåíèÿ ãðàíèöû ñî ñêîðîñòüþ l′(τ) ≡ 1. Ýòè

Ðèñ. 2. Çàâèñèìîñòü òåìïåðàòóðû ϑ(0, τ) ãðàíèöû ïîëóïðîñòðàíñòâà îò âðåìåíè τ
ïðè Q = 2 è ðåàëèçàöèè ðàçëè÷íûõ çàêîíîâ äâèæåíèÿ åãî ãðàíèöû:
1 | l1(τ) = 1 + τ − 1/(1 + τ); 2 | l2(τ) = −1 + τ + 1/(1 + τ)
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Ðèñ. 3. Âðåìåíí�àÿ çàâèñèìîñòü ìîùíîñòè âíåøíåãî òåïëîâîãî ïîòîêà Q(τ) = 1 + sin(πτ)

Ðèñ. 4. Çàâèñèìîñòü òåìïåðàòóðû ϑ(0, τ) ãðàíèöû ïîëóïðîñòðàíñòâà îò
âðåìåíè τ ïðè l(τ) = τ è âîçäåéñòâèè íåñòàöèîíàðíîãî âíåøíåãî ïîòîêà

ðåçóëüòàòû ïîêàçûâàþò, ÷òî â ñëó÷àå ïåðèîäè÷åñêîãî çàêîíà èçìåíåíèÿ ìîùíîñòè âíåøíåãî
òåïëîâîãî ïîòîêà, çàêîí èçìåíåíèÿ òåìïåðàòóðû ãðàíèöû ñ òå÷åíèåì âðåìåíè òàêæå ñòàíî-
âèòñÿ ïåðèîäè÷åñêèì. Ïðè ýòîì ìîæíî çàìåòèòü, ÷òî ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ
âðåìåíè τ <àñèìïòîòè÷åñêè ñðåäíåå>; çíà÷åíèå òåìïåðàòóðû òàêæå ïðÿìî ïðîïîðöèîíàëüíî
ñðåäíåìó çíà÷åíèþ 〈Q〉 = 1 ìîùíîñòè ïîòîêà è îáðàòíî ïðîïîðöèîíàëüíî óñòàíîâèâøåéñÿ
ñêîðîñòè äâèæåíèÿ l′(τ) = 1.

Çàêëþ÷åíèå

Äëÿ çàäà÷è íàõîæäåíèÿ òåìïåðàòóðíîãî ïîëÿ ïîëóïðîñòðàíñòâà ñ äâèæóùåéñÿ ïî çà-
äàííîìó çàêîíó ãðàíèöåé, ïîäâåðæåííîãî âîçäåéñòâèþ íåñòàöèîíàðíîãî òåïëîâîãî ïîòîêà,
ïîëó÷åíà àíàëèòè÷åñêàÿ çàâèñèìîñòü ðåøåíèÿ îò òåìïåðàòóðû ãðàíèöû îáëàñòè. Äëÿ îïðå-
äåëåíèÿ òåìïåðàòóðû ãðàíèöû ñîñòàâëåíî èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà,
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ðåøåíèå êîòîðîãî ïðîâåäåíî ÷èñëåííî. Ñ èñïîëüçîâàíèåì ïîëó÷åííîãî ïðåäñòàâëåíèÿ ðå-
øåíèÿ èññëåäîâàíû õàðàêòåðíûå îñîáåííîñòè ïðîöåññà ôîðìèðîâàíèÿ èçó÷àåìîãî òåìïå-
ðàòóðíîãî ïîëÿ ïðè ðåàëèçàöèè ðàçëè÷íûõ çàêîíîâ äâèæåíèÿ ãðàíèöû è ðàçëè÷íûõ çàêîíîâ
âðåìåíí�îãî èçìåíåíèÿ âíåøíåãî òåïëîâîãî ïîòîêà.
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Research of the Border Mobility Influence on the Half-Space
Temperature Field Under Heat Flux
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Among the problems of unsteady heat conduction, tasks that can be solved in analytical closed-
form hold a special place. This species can be used both for parametric optimization of thermal
protection of structures and for testing of computational algorithms.
The previous paper presented an analytical solution of the problem to find the half-space

temperature field with the uniformly moving boundary, which was under the external heat flux of
constant power. In this paper we consider a similar problem, but the law of the moving boundary
is assumed to be arbitrary nondecreasing, and the power of the heat flux can vary over time.
An analytical dependence of the problem solution on the temperature of a moving boundary was

obtained by using the Fourier transformation in the spatial variable. To determine the temperature
of moving boundary, Volterra integral equation of the second kind was drawn. The solution of this
equation was numerically conducted using a specially developed computational algorithm.
The obtained representation was used to research the most characteristic features of the process

to form the temperature field in studied area when implementing the various laws of boundaries
motion and different operating conditions for the external heat flux influence. Using computational
experiments allowed us to find that the asymptotic nature of this dependence confirms the results
obtained in previous work. It has been established that the nonlinear character of both the boundary
motion law and the external heat flux power variation lawmainly affect the specifics of the transition
process.
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