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Îá àðèôìåòè÷åñêîé ïðèðîäå çíà÷åíèé
ïðîäèôôåðåíöèðîâàííûõ ïî ïàðàìåòðó
ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé

Èâàíêîâ Ï.Ë.1,*, Îáóõîâ Â.Ï.1 *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Äëÿ èçó÷åíèÿ àðèôìåòè÷åñêèõ ñâîéñòâ çíà÷åíèé îáîáùåííûõ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ñ
èððàöèîíàëüíûìè ïàðàìåòðàìè è èõ ïðîèçâîäíûõ (â òîì ÷èñëå è ïî ïàðàìåòðó) íåëüçÿ íåïîñðåä-
ñòâåííî ïðèìåíèòü èçâåñòíûé â òåîðèè òðàíñöåíäåíòíûõ ÷èñåë ìåòîä Çèãåëÿ. Ýòîò ìåòîä ïðåä-
ïîëàãàåò ïîñòðîåíèå ëèíåéíîé ïðèáëèæàþùåé ôîðìû ñ ïîìîùüþ ïðèíöèïà Äèðèõëå, ïðè÷åì
ïîñòðîåííàÿ ïðèáëèæàþùàÿôîðìà äîëæíà óäîâëåòâîðÿòüæåñòêèì òðåáîâàíèÿì, êîòîðûå èãðàþò
âàæíóþ ðîëü â àðèôìåòè÷åñêîé ÷àñòè ìåòîäà. Òàêàÿ êîíñòðóêöèÿ íå ìîæåò áûòü ðåàëèçîâàíà,
åñëè íàèìåíüøèé îáùèé çíàìåíàòåëü n ïåðâûõ êîýôôèöèåíòîâ ðàçëîæåíèÿ ðàññìàòðèâàåìûõ
ôóíêöèé â ðÿäû Òåéëîðà ðàñòåò ñëèøêîì áûñòðî. Èìåííî ýòó ñèòóàöèþ ìû èìååì â óïîìÿíóòîì
âûøå ñëó÷àå ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ñ èððàöèîíàëüíûìè ïàðàìåòðàìè. Â äàííîé ðàáîòå
ðàññìàòðèâàåòñÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ, êîòîðàÿ äèôôåðåíöèðóåòñÿ ïî ïàðàìåòðó, è çàòåì
âìåñòî ýòîãî ïàðàìåòðà ïîäñòàâëÿåòñÿ èððàöèîíàëüíîå ÷èñëî. Ïåðâûå ðåçóëüòàòû, êàñàþùèåñÿ
àðèôìåòè÷åñêèõ ñâîéñòâ çíà÷åíèé òàêèõ ôóíêöèé, áûëè ïîëó÷åíû ñ ïîìîùüþ ýôôåêòèâíîé êîí-
ñòðóêöèè ëèíåéíîé ïðèáëèæàþùåé ôîðìû. Ïðèìåíåíèå ñîâìåñòíûõ ïðèáëèæåíèé ïîçâîëÿåò
óëó÷øèòü è îáîáùèòü ýòè ðåçóëüòàòû. Îñíîâíàÿ òðóäíîñòü ïðè òàêîì ïîäõîäå ñîñòîèò â ïîëó÷å-
íèè ïðèåìëåìîé îöåíêè îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ àïïðîêñèìèðóþùèõ
ìíîãî÷ëåíîâ.

Êëþ÷åâûå ñëîâà: îöåíêè ëèíåéíûõ ôîðì; ñîâìåñòíûå ïðèáëèæåíèÿ; îáîáùåííûå ãèïåðãåîìå-
òðè÷åñêèå ôóíêöèè; äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó

Ââåäåíèå

Â ðàáîòå èçó÷àþòñÿ àðèôìåòè÷åñêèå ñâîéñòâà çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé
è èõ ïðîèçâîäíûõ (â òîì ÷èñëå è ïî ïàðàìåòðó). Ïðè ýòîì ïàðàìåòð, ïî êîòîðîìó ïðî-
èçâîäèòñÿ äèôôåðåíöèðîâàíèå, ïðèíèìàåò èððàöèîíàëüíîå çíà÷åíèå. Ðàíåå äëÿ ðåøåíèÿ
òàêîé çàäà÷è èñïîëüçîâàëàñü ýôôåêòèâíàÿ êîíñòðóêöèÿ ëèíåéíûõ ïðèáëèæàþùèõ ôîðì.
Ïðèìåíåíèå ñîâìåñòíûõ ïðèáëèæåíèé, ó÷èòûâàþùèõ ñïåöèôèêó îäíîðîäíîãî ñëó÷àÿ, ïî-
çâîëèëî ïîëó÷èòü ñîîòâåòñòâóþùèé ðåçóëüòàò â áîëåå îáùåé ñèòóàöèè. Â [1, çàìå÷àíèÿ
ê ãëàâå 7] ïðèâåäåíû ôîðìóëèðîâêè ðàçëè÷íûõ ðåçóëüòàòîâ îá àðèôìåòè÷åñêîé ïðèðîäå
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çíà÷åíèé ïðîäèôôåðåíöèðîâàííûõ ïî ïàðàìåòðó ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé. Ïðè ýòîì
âî âñåõ óêàçàííûõ òàì òåîðåìàõ ïàðàìåòðû ðàññìàòðèâàåìûõ ôóíêöèé ðàöèîíàëüíû (ñì.
ðàáîòû [2, 3, 4, 5, 6, 7, 8, 9, 10]). Â [11], ïî-âèäèìîìó, âïåðâûå äîêàçàíà òåîðåìà, â êîòîðîé
ôèãóðèðóåò ïðîäèôôåðåíöèðîâàííàÿ ïî ïàðàìåòðó ôóíêöèÿ, è ýòîò ïàðàìåòð ïðèíèìàåò
èððàöèîíàëüíîå çíà÷åíèå. Îòëè÷èå ïîñëåäíåé óïîìÿíóòîé òåîðåìû îò ïðèâåäåííîé íèæå
òåîðåìû 1 çàêëþ÷àåòñÿ â òîì, ÷òî â òåîðåìå èç [11] ôèãóðèðóåò ãèïåðãåîìåòðè÷åñêàÿ ôóíê-
öèÿ òèïà (1), ó êîòîðîé b(x) = x, è çíà÷åíèÿ ôóíêöèé áåðóòñÿ íå â ïðîèçâîëüíîé òî÷êå
ξ 6= 0, à â òî÷êå âèäà 1/q, ãäå q | äîñòàòî÷íî áîëüøîå ïî ìîäóëþ ÷èñëî. Îáîáùåíèå
ïîëó÷åíî çà ñ÷åò èñïîëüçîâàíèÿ ñîâìåñòíûõ ïðèáëèæåíèé. Îñíîâíûì ìîìåíòîì ñîîòâåò-
ñòâóþùåãî ðàññóæäåíèÿ ÿâëÿåòñÿ îöåíêà îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ
àïïðîêñèìèðóþùèõ ìíîãî÷ëåíîâ; ïðè ïîëó÷åíèè òàêîé îöåíêè ïðèìåíÿþòñÿ ñïåöèàëüíî
ðàçðàáîòàííûå äëÿ ýòîãî òåõíè÷åñêèå ïðèåìû.

1. Ôîðìóëèðîâêà îñíîâíîé òåîðåìû

Ïóñòü b(x) | ìíîãî÷ëåí ñòåïåíè m, m > 1, ñòàðøèé êîýôôèöèåíò êîòîðîãî ðàâåí
åäèíèöå; b(0) = 0; b(x) 6= 0 ïðè x = 1, 2, . . . ; I | íåêîòîðîå ìíèìîå êâàäðàòè÷íîå ïîëå;
b(x) ∈ I[x]; λ ∈ I \ Z; u = m + 1.
Ðàññìîòðèì ïðè l = 0, 1, j = 1, . . . , u ñëåäóþùèå ôóíêöèè:

Flj(z) =
∞∑

ν=0

zννj−1
ν∏

x=1

1

b(x)

d l

dλl

ν∏
x=1

1

x + λ
. (1)

Ïðè âûïîëíåíèè ïåðå÷èñëåííûõ óñëîâèé ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü ξ | íåíóëåâîå ÷èñëî èç ïîëÿ I; hlj , l = 0, 1, j = 1, . . . , u, |

íåòðèâèàëüíûé íàáîð öåëûõ ÷èñåë èç ýòîãî ïîëÿ; H | ìàêñèìóì ìîäóëåé ýòèõ ÷èñåë.
Òîãäà äëÿ ëþáîãî ε > 0 íàéäåòñÿ ïîëîæèòåëüíîå H0, òàêîå, ÷òî ïðè H > H0 âûïîëíÿåòñÿ
íåðàâåíñòâî ∣∣∣∣∣

1∑
l=0

u∑
j=1

hljFlj(ξ)

∣∣∣∣∣ > H1−4u−ε.

2. Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû

Â ðàáîòå [12] ðàññìàòðèâàþòñÿ ôóíêöèè âèäà

Fklkj(z) =
∞∑

ν=0

zννj−1
ν∏

x=1

a(x)

b(x)

d lk

dλlk
k

ν∏
x=1

1

x + λ
,

k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u,

ãäå τ1, . . . , τt|íåêîòîðûå íàòóðàëüíûå ÷èñëà. Äëÿ ýòèõ ôóíêöèé â óïîìÿíóòîé ðàáîòå ïðåä-
ëîæåíà ýôôåêòèâíàÿ êîíñòðóêöèÿ ñîâìåñòíûõ ïðèáëèæåíèé, ò.å. ïðè êàæäîì íàòóðàëüíîì
n ïîñòðîåíû ìíîãî÷ëåíû Pklkj(z) ñòåïåíè n, ïðè÷åì ôóíêöèè

Pklkj(z)Fk′l′
k
j′(z)− Pk′l′

k
j′(z)Fklkj(z)
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èìåþò ïðè z = 0 ïîðÿäîê íóëÿ, áëèçêèé ê ìàêñèìàëüíî âîçìîæíîìó. Ìû èñïîëüçóåì çäåñü
ýòó êîíñòðóêöèþ, ïðåäâàðèòåëüíî äàâ åå êðàòêîå îïèñàíèå ïðèìåíèòåëüíî ê ðàññìàòðèâà-
åìîé â äàííîé ðàáîòå ñèòóàöèè (ò.å. â ñëó÷àå k = 1, l1 = l = 1, a(x) = 1). Îñíîâíàÿ
òðóäíîñòü çàêëþ÷àåòñÿ â îöåíêå îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ ìíîãî-
÷ëåíîâ Pklkj(z). Â ðàáîòå [12] òàêîé ïðîáëåìû íå áûëî, òàê êàê òàì ðàññìàòðèâàåòñÿ ñëó÷àé
ðàöèîíàëüíûõ λ1, . . . , λt. Èòàê, ïóñòü n| íàòóðàëüíîå ÷èñëî, è ïóñòü

N1 =
[

2un

2u− 1

]
, N2 =

[
un

2u− 1

]
, (2)

Q(z) =
N2−1∏
x=0

(z − λ + x)2, (3)

θµ =
1

2πi

∫
Γ1

Q(ζ) dζ
N1∏

x=N1−µ
(ζ + x)

, µ = 0, 1, . . . , N1,

ãäå Γ1 | êàêàÿ-ëèáî ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòü, îõâàòûâàþùàÿ âñå ïî-
ëþñû ïîäûíòåãðàëüíîé ôóíêöèè. Èç òåîðèè ðÿäîâ Íüþòîíà âûòåêàåò ñïðàâåäëèâîñòü ðà-
âåíñòâà

N1∑
µ=0

θµ

N1−µ∏
x=1

1

z + x
=

Q(z)
N1∏
x=1

(z + x)

; (4)

ñì., íàïðèìåð, [13, ãë. 2, §2.2].
Äàëåå, ïóñòü

pµ = θµ

N1−µ∏
x=1

b(x), P (z) =
N1∑
µ=0

pµz
µ. (5)

Ñîñòàâèì áåñêîíå÷íûé ðÿä

P (z) Flj(z) =
∞∑

ν=0

p∗ljνz
ν (6)

è ðàññìîòðèì ìíîãî÷ëåí

P ∗
lj(z) =

n∑
ν=0

p∗ljνz
ν ,

ÿâëÿþùèéñÿ ÷àñòè÷íîé ñóììîé ýòîãî ðÿäà. Çâåçäî÷êè ∗ çäåñü ïîñòàâëåíû äëÿ òîãî, ÷òîáû
ðàçëè÷àòü ìíîãî÷ëåí P ∗

lj(z) è âñòðå÷àþùèéñÿ íèæå ìíîãî÷ëåí (8). Îòìåòèì òàêæå, ÷òî, õîòÿ
óêàçàííûå ìíîãî÷ëåíû, êàê è èõ êîýôôèöèåíòû, çàâèñÿò îò n, ïî ñëîæèâøåéñÿ òðàäèöèè
ýòà çàâèñèìîñòü íå óêàçûâàåòñÿ. Â öèòèðîâàííîé âûøå ðàáîòå [12] äîêàçàíî, ÷òî (ïðè
âûïîëíåíèè óñëîâèé òåîðåìû) ôóíêöèè

P ∗
lj(z) Fl′j′(z)− P ∗

l′j′(z) Flj(z) (7)

îòëè÷íû îò òîæäåñòâåííîãî íóëÿ (åñëè (l, j) 6= (l′, j′)) è èìåþò ïðè z = 0 ïîðÿäîê íóëÿ íå
íèæå N1 + 1. Äëÿ íàøèõ öåëåé óäîáíåå èñïîëüçîâàòü ìíîãî÷ëåíû

Plj(z) =
n∑

ν=0

pljνz
ν , (8)
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ãäå
pljν = qp∗ljν , (9)

q =
(λ + 1) . . . (λ + N1 −N2)

N1!
. (10)

Î÷åâèäíî, ÷òî ïðè ýòîì ñäåëàííûå âûøå óòâåðæäåíèÿ î ôóíêöèÿõ (7) îñòàíóòñÿ â ñèëå.
Íàøåé áëèæàéøåé çàäà÷åé ÿâëÿåòñÿ ïîëó÷åíèå îöåíêè îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ

êîýôôèöèåíòîâ ìíîãî÷ëåíîâ (8). Ýòè êîýôôèöèåíòû, î÷åâèäíî, ëåæàò â ïîëå I. Îáùèì
çíàìåíàòåëåì ìíîæåñòâà ÷èñåë X ⊂ I íàçûâàåòñÿ òàêîå íåíóëåâîå öåëîå ÷èñëî ω èç ýòîãî
ïîëÿ, ÷òîωx ∈ ZI ïðè ëþáîì x ∈ X . Íàèìåíüøèé ïî ìîäóëþ îáùèé çíàìåíàòåëü ìíîæåñòâà
X íàçûâàåòñÿ îáùèì íàèìåíüøèì çíàìåíàòåëåì ýòîãî ìíîæåñòâà.
Ëåììà 1. Ïóñòü σ | íåîòðèöàòåëüíîå öåëîå ðàöèîíàëüíîå ÷èñëî. Òîãäà

N1∑
µ=0

θµCσ(z, µ)
N1−µ∏
x=1

1

z + x
=

Q(z − σ)
N1∏
x=1

(z − σ + x)

, (11)

ãäå

Cσ(z, µ) =
σ−1∏
x=0

z + N1 − µ− x

z − x
.

Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî çàìåíèòü z íà z − σ â ðàâåíñòâå (4).
Ëåììà 2. Ïóñòü B(z, µ) | ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ, ñòåïåíü êîòîðîãî ïî ïåðå-

ìåííîé µ íå ïðåâûøàåò N . Òîãäà

N1∑
µ=0

θµB(z, µ)
N1−µ∏
x=1

1

z + x
=

N∑
σ=0

aσ
Q(z − σ)

N1∏
x=1

(z − σ + x)

, (12)

aσ = −
σ−1∏
x=0

(z − x)
1

2πi

∫
Γ2

B(z, ζ)
σ∏

x=0
(z + N1 − ζ − x)

dζ, (13)

ãäå ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòüΓ2 îõâàòûâàåò âñå ïîëþñûïîäûíòåãðàëüíîé
ôóíêöèè.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàïèøåì ðàâåíñòâî

B(z, µ) =
N∑

σ=0

aσCσ(z, µ), (14)

ãäå aσ îïðåäåëÿåòñÿ ïðàâîé ÷àñòüþ (13). Ñïðàâåäëèâîñòü ýòîãî ðàâåíñòâà îáîñíîâûâàåòñÿ
â òåîðèè ðÿäîâ Íüþòîíà (ñì. çàìå÷àíèå ïî ïîâîäó ðàâåíñòâà (4)). Ïîäñòàâèâ â (12) âìåñòî
B(z, µ) ïðàâóþ ÷àñòü (14), ïîëó÷èì òàêîå âûðàæåíèå äëÿ ëåâîé ÷àñòè (12):

N∑
σ=0

aσ

N1∑
µ=0

θµCσ(z, µ)
N1−µ∏
x=1

1

z + x
.

Îòñþäà ñ ó÷åòîì (11) ïîëó÷àåì òðåáóåìîå. Ëåììà äîêàçàíà.
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Ëåììà 3. Ïðè ν = 1, . . . , n, j = 1, . . . , u ñïðàâåäëèâî ðàâåíñòâî

p0jν = −q
N4∑

σ=N2

σ∏
x=1

(λ− σ + x)

N2−1∏
x=0

(x− σ)2

N1∏
x=1

(λ− σ + x)

1

2πi

∫
Γ3

Bjν(λ, ζ) dζ
σ∏

x=0
(λ + N1 − ζ − x)

, (15)

ãäå N4 = u(N1 + 1)− 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (1), (5), (6), (8) è (9) ñëåäóåò, ÷òî ïðè 0 6 ν 6 n âûïîëíÿåòñÿ
ðàâåíñòâî

pljν = q
ν∑

µ=0

pµ(ν − µ)j−1
ν−µ∏
x=1

1

b(x)

d l

dλl

ν−µ∏
x=1

1

λ + x
. (16)

Ïðåîáðàçóåì ïîñëåäíåå âûðàæåíèå ïðè l = 0. Ïîäñòàâëÿÿ â (16) âûðàæåíèå äëÿ pµ èç (5),
ïîëó÷àåì:

p0jν = q

(
N1∑
µ=0

θµBjν(z, µ)
N1−µ∏
x=1

1

z + x

)∣∣∣∣∣∣
z=λ

, (17)

Bjν(z, µ) = (ν − µ)j−1
N1∏

x=ν+1

b(x− µ)(x + z − µ). (18)

Âåðõíèé èíäåêñ ñóììèðîâàíèÿ ν ìîæíî çàìåíèòü íà N1 â ñèëó óñëîâèÿ b(0) = 0.
Ïðèìåíÿÿ ëåììó 2, ïîëó÷àåì ðàâåíñòâî

p0jν = q

 N4∑
σ=0

ajνσ
Q(z − σ)

N1∏
x=1

(z − σ + x)


∣∣∣∣∣∣∣∣
z=λ

, (19)

ãäå

ajνσ = −
σ−1∏
x=0

(z − x)
1

2πi

∫
Γ3

Bjν(z, ζ) dζ
σ∏

x=0
(z + N1 − ζ − x)

, (20)

à ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòü Γ3 îõâàòûâàåò âñå ïîëþñû ïîäûíòåãðàëüíîé
ôóíêöèè.
Òàê êàêQ(λ−σ) = 0 ïðè 0 6 σ 6 N2−1, òî, ñ ó÷åòîì (3), (19) è (20), ïîëó÷àåì òðåáóåìîå

ðàâåíñòâî (15).

Ëåììà 4. Ñïðàâåäëèâî ðàâåíñòâî

p1jν =−q
∂

∂z

 N4∑
σ=N2

σ∏
x=1

(z−σ +x)

N2−1∏
x=0

(z +x−σ)2

N1∏
x=1

(z−σ +x)

1

2πi

∫
Γ

Bjν(z,ζ)dζ
σ∏

x=0
(z +N1− ζ−x)


∣∣∣∣∣∣∣∣
z=λ

, (21)

â êîòîðîì N4 îïðåäåëÿåòñÿ, êàê â ïðåäûäóùåé ëåììå.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåîáðàçóåì (16) â ñëó÷àå l = 1. Èìååì

p1jν = q
ν∑

µ=0

pµ(ν − µ)j−1
ν−µ∏
x=1

1

b(x)

d

dλ

ν−µ∏
x=1

1

λ + x
=

= q
N1∑
µ=0

θµ(ν − µ)j−1
N1∏

x=ν+1

b(x− µ)
d

dλ

(
N1∏

x=ν+1

(x + λ− µ)
N1−µ∏
x=1

1

λ + x

)
=

= q
N1∑
µ=0

∂

∂ z

(
θµBjν(z, µ)

N1−µ∏
x=1

1

z + x

)∣∣∣∣∣∣
z=λ

, (22)

ãäå Bjν(z, µ) îïðåäåëÿåòñÿ ðàâåíñòâîì (18). Ïîñêîëüêó îáå ÷àñòè (12) ìîæíî ïðîäèôôåðåí-
öèðîâàòü ïî z, òî èç (22) ñëåäóåò, ÷òî

p1jν = q
∂

∂z

 N4∑
σ=0

ajνσ
Q(z − σ)

N1∏
x=1

(z − σ + x)


∣∣∣∣∣∣∣∣
z=λ

;

÷èñëà ajνσ îïðåäåëåíû ðàâåíñòâîì (20). Îòñþäà è èç (20) ïîëó÷àåì òðåáóåìîå ðàâåíñòâî
(21); ñóììèðîâàíèå ìîæíî íà÷èíàòü ñ σ = N2, òàê êàê èç (3) ñëåäóåò, ÷òî

∂Q (z − σ)

∂z
= 0

ïðè z = λ è σ = 0, 1, . . . , N2 − 1. Ëåììà äîêàçàíà.

×åðåç γ1, γ2, . . . áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå îò ïàðàìåòðîâ
ôóíêöèé (1).
Ëåììà 5. Îáùèé íàèìåíüøèé çíàìåíàòåëü êîýôôèöèåíòîâ ìíîãî÷ëåíîâ (8) îöåíèâàåòñÿ

ñâåðõó âåëè÷èíîé eγ1n(n!)
u

2(2u−1) .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ (15) è (21), íåòðóäíî ïîëó÷èòü îöåíêó ìîäóëÿ îáùåãî
íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ pljν . Åñëè çàïèñàòü èíòåãðàë, âõîäÿùèé â ïðàâóþ
÷àñòü (15) â âèäå âû÷åòà îòíîñèòåëüíî òî÷êè ζ = ∞, òî ñòàíåò ÿñíî, ÷òî ïðè âñåõ äîïóñòèìûõ
çíà÷åíèÿõ èíäåêñîâ j è ν ýòè èíòåãðàëû ëåæàò â ïîëå I, à ìîäóëü èõ îáùåãî íàèìåíüøåãî
çíàìåíàòåëÿ îöåíèâàåòñÿ ñâåðõó ÷èñëîì eγ2n. Àíàëîãè÷íîé âåëè÷èíîé îöåíèâàåòñÿ è ìîäóëü
îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ ïðè ýòèõ èíòåãðàëàõ. Èç (10) ñëåäóåò, ÷òî

ïðîèçâåäåíèå
N1∏
x=1

(λ− σ + x), âõîäÿùåå â çíàìåíàòåëü (15), ïîëíîñòüþ ñîêðàùàåòñÿ. Îöåíêà
çíàìåíàòåëÿ äðîáè

N2−1∏
x=0

(x− σ)2

N1

îñíîâûâàåòñÿ íà ñðàâíåíèè ñòåïåíåé, â êîòîðûõ ïðîñòûå ÷èñëà âõîäÿò â ÷èñëèòåëü è çíà-
ìåíàòåëü ýòîé äðîáè. Ñîîòâåòñòâóþùåå ðàññóæäåíèå ÿâëÿåòñÿ ñòàíäàðòíûì (ñì., íàïðèìåð,
äîêàçàòåëüñòâî ëåììû 2 â [1, ñ. 186]) è ïðèâîäèò ê îöåíêå âèäà eγ3n. Òàêèì îáðàçîì, ìî-
äóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë p0jν îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ4n. Ïðè
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ïîëó÷åíèè îöåíêè äëÿ îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ (21) ïðèõîäèòñÿ
ó÷èòûâàòü ïîñëåäñòâèÿ äèôôåðåíöèðîâàíèÿ. Ëåãêî âèäåòü, ÷òî çäåñü òðåáóåòñÿ äîïîëíè-
òåëüíî îöåíèòü îáùèå íàèìåíüøèå çíàìåíàòåëè ÷èñåë

1

2
, . . . ,

1

N4

, (23)

à òàêæå ÷èñåë
1

λ + 1
, . . . ,

1

λ + N2

. (24)

Õîðîøî èçâåñòíî, ÷òî äëÿ ÷èñåë (23) ñîîòâåòñòâóþùàÿ îöåíêà åñòü eγ5n. Äëÿ ÷èñåë (24)
òðåáóåìàÿ îöåíêà ïîëó÷åíà â [11, ñ. 68{69]; çäåñü ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíà-
òåëÿ îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ6(n!)

u
2(2u−1) . Ñóììèðóÿ âñå âûøåñêàçàííîå, ïîëó÷àåì

òðåáóåìóþ îöåíêó. Ëåììà äîêàçàíà.

Êðîìå îöåíêè îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ ìíîãî÷ëåíîâ (8) äëÿ
äîêàçàòåëüñòâà îñíîâíîé òåîðåìû âàæíî èìåòü òàêæå îöåíêè ñâåðõó ìîäóëåé çíà÷åíèé (ïðè
z = ξ) ýòèõ ìíîãî÷ëåíîâ è ìîäóëåé çíà÷åíèé ôóíêöèé

rljl′j′(z) = Plj(z) Fl′j′(z)− Pl′j′(z) Flj(z). (25)

Ëåììà 6. Ñïðàâåäëèâû îöåíêè

|Plj(ξ)| 6 eγ7n(n!)u, |rljl′j′(ξ)| 6 eγ7n(n!)−
u

2u−1 .

Â ýòèõ íåðàâåíñòâàõ êîíñòàíòà γ7 ìîæåò çàâèñåòü òàêæå è îò ξ.
Äîêàçàòåëüñòâî ìû íå ïðèâîäèì, òàê êàê äàííûå îöåíêè ïîëó÷àþòñÿ íåïîñðåäñòâåííî èç

îïðåäåëåíèéìíîãî÷ëåíîâPlj(z) èôóíêöèé rljl′j′(z); ïîìèìî ýòîãî ïðèíèìàåòñÿ âî âíèìàíèå
çàìå÷àíèå î ïîðÿäêå íóëÿ ïðè z = 0 ôóíêöèé (25), ñäåëàííîå ïîñëå ðàâåíñòâà (7).
Äàëüíåéøèå øàãè ñòàíäàðòíû: ðàñïîëàãàÿ ñîâìåñòíûìè ïðèáëèæåíèÿìè äëÿ ôóíêöèé

Flj(z), ìîæíîïîñòðîèòü öåëóþñîâîêóïíîñòü òàêèõïðèáëèæåíèé ñ îòëè÷íûìîò òîæäåñòâåí-
íîãî íóëÿ îïðåäåëèòåëåì. Âîçìîæíîñòü òàêîãî ïîñòðîåíèÿ îñíîâàíà íà òîì, ÷òî ôóíêöèè
(1) óäîâëåòâîðÿþò ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé, à ôóíêöèè (25) èìåþò ïîðÿäîê
íóëÿ, áëèçêèé ê ìàêñèìàëüíî âîçìîæíîìó. Èñïîëüçóåòñÿ òàêæå è ëèíåéíàÿ íåçàâèñèìîñòü
ôóíêöèé (1) íàä ïîëåì ðàöèîíàëüíûõ äðîáåé, óñòàíîâëåííàÿ â [14]. Ïîäðîáíî óêàçàííîå
ïîñòðîåíèå ðàññìàòðèâàåòñÿ â ðàáîòå [15]; ìåíåå ïîäðîáíî | â ðàáîòå [16]. Çàòåì îñó-
ùåñòâëÿåòñÿ ïåðåõîä îò ôóíêöèîíàëüíûõ ïðèáëèæåíèé ê ÷èñëîâûì. Ýòà ïðîöåäóðà òàêæå
ÿâëÿåòñÿ ñòàíäàðòíîé; ïîäðîáíî îíà îïèñàíà â ðàáîòå [15]. Ïîëó÷àþùèéñÿ ïðè ýòîì ðåçóëü-
òàò îôîðìèì â âèäå ëåììû.
Ëåììà 7. Ïðè êàæäîì íàòóðàëüíîì n â ïîëå I cóùåñòâóåò íàáîð ÷èñåë w

(k)
lj , k =

1, . . . , 2u, l = 0, 1, j = 1, . . . , u, îáëàäàþùèõ ñëåäóþùèìè ñâîéñòâàìè:

1) îïðåäåëèòåëü |w(k)
lj |, k = 1, . . . , 2u, l = 0, 1, j = 1, . . . , u, îòëè÷åí îò íóëÿ;

2) ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë w
(k)
lj íå ïðåâûøàåò eγ8n(n!)

u
2(2u−1) ;
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3)
∣∣∣w(k)

lj Fl′j′(ξ)− w
(k)
l′j′Flj(ξ)

∣∣∣ 6 eγ8n(n!)
− u

2u−1 ;
4)
∣∣∣w(k)

lj

∣∣∣ 6 eγ8n(n!)u.

Â ïîñëåäíèõ òðåõ ïóíêòàõ èíäåêñû k, l, j ìîãóò ïðèíèìàòü âñå äîïóñòèìûå çíà÷åíèÿ.
Èç ïîñëåäíåé ëåììû óòâåðæäåíèå îñíîâíîé òåîðåìû 1 âûâîäèòñÿ õîðîøî èçâåñòíûì

ïðèåìîì; ñì., íàïðèìåð, ðàññóæäåíèÿ èç [16, ñ. 396].

Çàêëþ÷åíèå

Âîçìîæíîñòè ìåòîäà, èñïîëüçîâàííîãî äëÿ äîêàçàòåëüñòâà òåîðåìû 1, åùå íå èñ÷åðïàíû.
Ìîæíî ïðåäïîëîæèòü, ÷òî ýòîò ìåòîä ïîçâîëèò ïîëó÷èòü àíàëîãè÷íûé ðåçóëüòàò è äëÿ äâà-
æäû ïðîäèôôåðåíöèðîâàííîé ïî ïàðàìåòðó ôóíêöèè âèäà (1). Ïðè ýòîì, ïî-âèäèìîìó,
ïðèäåòñÿ îãðàíè÷èòüñÿ çíà÷åíèÿìè ñîîòâåòñòâóþùèõ ôóíêöèé â òî÷êå âèäà 1/q. Ïðåäñòà-
âëÿåòñÿ åñòåñòâåííîé òàêæå âîçìîæíîñòü âàðüèðîâàòü ïàðàìåòð λ, âõîäÿùèé â ïðàâóþ ÷àñòü
ðàâåíñòâà (1).
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In this paperwe obtain the low estimate of themodulus of linear form in the values of generalized
hypergeometric function and its derivatives (also with respect to parameter) at the nonzero point
of some imaginary quadratic field. The parameter with respect to which the differentiation is
fulfilled is irrational. For the solution of such a problem it is impossible to apply directly known
in the theory of transcendental numbers Siegel's method, since above mentioned functions do not
belong to a special class of entire functions introduced by Siegel. The method of Siegel implies the
construction of linear approximating form (or simultaneous approximations) by means of Dirichlet
principle. The constructed form must satisfy strict requirements, which are of importance in the
arithmetic part of the method. Construction of this type cannot be realized if the least common
denominator of the first n coefficients of Taylor series of the functions under consideration grows
too fast. There exists a modification of the method of Siegel which makes it possible to apply in
some cases Dirichlet principle for the construction of approximating forms also for hypergeometric
functions with irrational parameters, but it is unknown if this modification can be applied for
functions differentiated with respect to parameter.
Usually in the case of irrational parameters for the investigation of the arithmetic properties of

the values of the functions under consideration one applies effective methods for constructing linear
approximating form. If we apply such a construction in the case when we have differentiation
with respect to the irrational parameter we shall have to introduce additional restrictions: the
hypergeometric function must be of a special type and its value calculated in the point belonging to
the vicinity of the origin of the coordinate system. The practice of dealing with similar problems
shows that better results can be achieved by using simultaneous approximations. This approach
makes it possible to consider functions of more general type and to reject the unnecessary restriction
on the point in which the values of these functions are calculated.
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In this paper we use the effective construction of simultaneous approximations. This requires
some additional technique for the estimation of the least common denominator of the coefficients
of the approximating polynomials. All this allows us to improve and generalize earlier results.
Remaining within the methods used in this paper one can obtain some other results concerning the
arithmetic properties of the values of the hypergeometric functions differentiated with respect to
parameter.
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