
Óòî÷íåíèå íåêîòîðûõ îöåíîê
äëÿ çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé
# 04, àïðåëü 2014
DOI: 10.7463/0414.0704694
Èâàíêîâ Ï.Ë.
ÓÄÊ 511.361

Ðîññèÿ, ÌÃÒÓ èì. Í.Ý. Áàóìàíà

Ââåäåíèå

Ïåðâûå îöåíêè íåîäíîðîäíûõ ëèíåéíûõ ôîðì îò çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ ôóíê-
öèé ñ èððàöèîíàëüíûìè ïàðàìåòðàìè áûëè ïîëó÷åíû ñ ïîìîùüþ ýôôåêòèâíîé êîíñòðóêöèè
ëèíåéíûõ ïðèáëèæàþùèõ ôîðì [1]. Â ðàáîòå [2] ïðåäëîæåí íåêîòîðûé âàðèàíò ìåòîäà Çè-
ãåëÿ, êîòîðûé ïîçâîëèë ïîëó÷èòü àíàëîãè÷íûå îöåíêè â áîëåå îáùåé ñèòóàöèè. Ïðè ýòîì
â îáîèõ ñëó÷àÿõ áûëè èñïîëüçîâàíû ñâåäåíèÿ èç òåîðèè äåëèìîñòè â ïîëÿõ àëãåáðàè÷åñêèõ
÷èñåë. Îöåíêè ëèíåéíûõ ôîðì, ñîäåðæàùèåñÿ â óêàçàííûõ ðàáîòàõ, çíà÷èòåëüíî îòëè÷à-
þòñÿ îò îöåíîê ñâåðõó, êîòîðûå ìîæíî ïîëó÷èòü ñ ïîìîùüþ ïðèíöèïà Äèðèõëå. Îêàçàëîñü,
îäíàêî, ÷òî óïîìÿíóòûå îöåíêè ìîæíî â íåêîòîðûõ ñëó÷àÿõ óòî÷íèòü, ïðè÷åì ýòî óòî÷íåíèå
îñóùåñòâëÿåòñÿ çà ñ÷åò îïòèìàëüíîãî âûáîðà ñòåïåíè íóëåâîãî ìíîãî÷ëåíà áåç ïðèâëå÷åíèÿ
òåîðåì î äåëèìîñòè â ïîëÿõ àëãåáðàè÷åñêèõ ÷èñåë [3]. Ìåòîä, èñïîëüçîâàííûé â ïîñëåä-
íåé ðàáîòå, ìîæíî ïðèìåíèòü è â ñëó÷àå, êîãäà ðàññìàòðèâàåìûå íåîäíîðîäíûå ëèíåéíûå
ôîðìû ñîäåðæàò òàêæå è ïðîèçâîäíûå ñîîòâåòñòâóþùèõ ôóíêöèé ïî ïàðàìåòðó. Çàìåòèì
åù¸, ÷òî îöåíêè, ïîëó÷åííûå â äàííîé ðàáîòå (êàê è â ðàáîòå [3]), âñå åùå âåñüìà äàëåêè îò
îæèäàåìûõ.

1. Ðåçóëüòàòû

Ðàññìîòðèì ôóíêöèè

Fklkj(z) =
∞∑

ν=0

zννj−1

ν∏
x=1

1

b(x)

d lk

dλlk
k

ν∏
x=1

1

x + λk

,

k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u,

(1)

ãäå b(x) = (x + β1) . . . (x + βm)| ìíîãî÷ëåí, ïåðâûå v1 − 1 êîðíåé êîòîðîãî ðàöèîíàëüíû
(v1 > 1), à (x+βv1) . . . (x+βm) ∈ I[x]; I|íåêîòîðîå ìíèìîå êâàäðàòè÷íîå ïîëå; u = m+1;
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τ1, . . . , τt | íàòóðàëüíûå ÷èñëà. Áóäåì ñ÷èòàòü, ÷òî λ1, . . . , λt | äðîáíûå ðàöèîíàëüíûå
÷èñëà, ïðè÷åì λk1 − λk2 /∈ Z ïðè k1 6= k2, k1, k2 = 1, . . . , t. Ïîòðåáóåì òàêæå, ÷òîáû
b(x)(x + λ1) . . . (x + λt) íå ðàâíÿëîñü íóëþ ïðè x = 1, 2, . . . Ïåðå÷èñëåííûå óñëîâèÿ
îáåñïå÷èâàþò ëèíåéíóþ íåçàâèñèìîñòü ôóíêöèé

1, Fklkj(z), k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u, (2)

íàä ïîëåì ðàöèîíàëüíûõ äðîáåé [4, òåîðåìà 1].
Òåîðåìà 1. Ïóñòü 0 6= ξ ∈ I, v = u− v1 è âûïîëíåíû âñå ïåðå÷èñëåííûå âûøå óñëîâèÿ;

ε | ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, h0, hklkj , k = 1, . . . , t, lk = 0, 1, . . . , τk − 1,
j = 1, . . . , u, | íåòðèâèàëüíûé íàáîð öåëûõ ÷èñåë èç ïîëÿ I. Îáîçíà÷èì

H = max(|hklkj|, k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u).

Òîãäà, åñëèH äîñòàòî÷íî âåëèêî (íèæíÿÿ ãðàíèöà çàâèñèò îò ε), òî âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣∣h0 +
t∑

k=1

τk−1∑
lk=0

u∑
j=1

hklkjFklkj(ξ)

∣∣∣∣∣ > H
−w− v

v1
−ε

, (3)

ãäå w = uT , T = τ1 + . . . + τk.
Â [5, òåîðåìà 3] ïîëó÷åíà àíàëîãè÷íàÿ îöåíêà ëèíåéíîéôîðìû, íî ñ çàìåíîé â ïîêàçàòåëå

ñòåïåíè â ïðàâîé ÷àñòè (3) âåëè÷èíû w +
v

v1
íà u2T + mθ

u−mθ
, ãäå

θ = 1− 1

m

(
1

κ1

+ . . . +
1

κm

)
,

à κ1, . . . , κm | ñòåïåíè ñîîòâåòñòâåííî ÷èñåë β1, . . . , βm. Âî ìíîãèõ ñëó÷àÿõ

w +
v

v1

<
u2T + mθ

u−mθ
, (4)

è îöåíêà (3) îêàçûâàåòñÿ òî÷íåå îöåíêè èç óïîìÿíóòîé ðàáîòû. Ïóñòü, íàïðèìåð, b(x) =

x2 + 1, t = 1, τ1 = 2. Òîãäà w = 6, v = 2, v1 = 1, θ =
1
2
è (4) ïðèâîäèò ê íåðàâåíñòâó 8 <

19
2
.

2. Äîêàçàòåëüñòâà

Äëÿ äîêàçàòåëüñòâà òåîðåìû ïðèìåíÿþòñÿ ñîâìåñòíûå ïðèáëèæåíèÿ, êîòîðûå ñòðîÿòñÿ
ñ ïîìîùüþ ïðèíöèïà Äèðèõëå, õîòÿ â ðàññìàòðèâàåìîì ñëó÷àå ìîæíî áûëî áû ïðèìåíèòü
è ýôôåêòèâíóþ êîíñòðóêöèþ, ñì. [6]. Ïðè ýòîì ñïåöèàëüíûì îáðàçîì âûáèðàåòñÿ ñòåïåíü
íóëåâîãî ìíîãî÷ëåíà. Íàì ïîòðåáóåòñÿ ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.
Ëåììà 1. Ïóñòü N | íàòóðàëüíîå ÷èñëî, l | íåîòðèöàòåëüíîå öåëîå ðàöèîíàëüíîå

÷èñëî. Òîãäà
d l

dλl

N∏
x=1

1

λ + x
=

N∏
x=1

1

λ + x

∑ ±1

(λ + x1) . . . (λ + xl)
,
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ãäå ñóììà ñîñòîèò èç íå áîëåå ÷åì (N + l)l ñëàãàåìûõ, à x1, . . . , xl | ÷èñëà (ñðåäè êî-
òîðûõ ìîãóò áûòü è ïîâòîðÿþùèåñÿ), ñîîòâåòñòâóþùèì îáðàçîì âûáðàííûå èç ìíîæåñòâà
{1, . . . , N}.
Äîêàçàòåëüñòâî ïðîâîäèòñÿ èíäóêöèåé ïî l.
Ïóñòü n | äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî, à ÷èñëà ε1, ε2, . . . ëåæàò íà èíòåð-

âàëå (0, 1). ×åðåç γ1, γ2, . . . áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå îò
ïàðàìåòðîâ ôóíêöèé (1), îò ïîëÿ I, à òàêæå, âîçìîæíî, îò ξ è (èëè) îò ε1, ε2, . . . Îáîçíà÷èì

N1 =
[
n
(
1 +

1

v1T

)
(1− ε1)

]
, N2 =

[n

T

]
− 1, N3 =

[
n
(
1 +

1

v1T
− 1

uT

)]
.

Ëåììà 2. Ïðè ëþáîì ε2 èç óêàçàííîãî âûøå èíòåðâàëà ñóùåñòâóåò íåòðèâèàëüíûé íàáîð
öåëûõ ðàöèîíàëüíûõ ÷èñåë

θ0, θ1, . . . , θn, (5)

äëÿ êîòîðûõ âûïîëíÿþòñÿ ðàâåíñòâà

n∑
s=0

θs
s(s− 1) . . . (s− σ + 1)

σ!
Aklks = 0, (6)

ãäå

Aklks =
n!

s!

d lk

dλlk
k

n−s∏
x=1

1

λk + N1 − n + x
,

k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, 0 6 σ 6 N2(1− ε2)− 1;

ïðè ýòîì
|θs| 6 eγ1n, s = 0, 1, . . . , n. (7)

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàâåíñòâà (6) ïðåäñòàâëÿþò ñîáîé ñèñòåìó èç íå áîëåå ÷åì
n(1− ε2) óðàâíåíèé îòíîñèòåëüíî n + 1 íåèçâåñòíûõ (5). Ïðèìåíèì ëåììó Çèãåëÿ [7,
ëåììà 11, ñ. 109]. Ñíà÷àëà îöåíèì îáùèé íàèìåíüøèé çíàìåíàòåëü êîýôôèöèåíòîâ ðàññìà-
òðèâàåìîé ñèñòåìû. ×èñëà s(s − 1) . . . (s − σ + 1)/σ! ÿâëÿþòñÿ öåëûìè. Äàëåå, èñïîëüçóÿ
ëåììó 1, ïîëó÷àåì

Aklks =
n!

s!
n−s∏
x=1

(λk + N1 − n + x)

∑ ±1

(λk + N1 − n + x1) . . . (λk + N1 − n + xlk)
. (8)

Îáùèé íàèìåíüøèé çíàìåíàòåëü äëÿ ìíîæèòåëåé ïåðåä ñóììîé â ïðàâîé ÷àñòè ýòîãî ðà-
âåíñòâà (ïðè âñåâîçìîæíûõ äîïóñòèìûõ çíà÷åíèÿõ k è s) îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé
eγ2n. ×òîáû äîêàçàòü ïîñëåäíåå óòâåðæäåíèå, íàäî ñðàâíèòü ñòåïåíè, â êîòîðûõ ïðîñòûå
÷èñëà âõîäÿò â ÷èñëèòåëè è çíàìåíàòåëè ðàññìàòðèâàåìûõ äðîáåé, à çàòåì ïðèìåíèòü àñèì-
ïòîòè÷åñêèé çàêîí ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë. Ñîîòâåòñòâóþùåå ðàññóæäåíèå ÿâëÿåòñÿ
ñòàíäàðòíûì (ñì., íàïðèìåð, [7, ëåììà 2 ñ. 186]). Õîðîøî èçâåñòíî, ÷òî îáùåå íàèìåíüøåå
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êðàòíîå ÷èñåë 1, . . . , n åñòü âåëè÷èíà ïîðÿäêà eO(n). Îòñþäà íåòðóäíî âûâåñòè, ÷òî îá-
ùèé íàèìåíüøèé çíàìåíàòåëü äðîáåé, âõîäÿùèõ â ñóììó èç ïðàâîé ÷àñòè ðàâåíñòâà (8), íå
ïðåâûøàåò eγ3n. Èç ñêàçàííîãî ñëåäóåò, ÷òî êîýôôèöèåíòû ñèñòåìû (6) ñòàíóò öåëûìè ðàöè-
îíàëüíûìè ÷èñëàìè ïîñëå óìíîæåíèÿ íà íàòóðàëüíîå ÷èñëî, íå ïðåâûøàþùåå eγ4n. Ìîäóëè
êîýôôèöèåíòîâ òàêîé ïðåîáðàçîâàííîé ñèñòåìû òàêæå ëåãêî îöåíèâàþòñÿ: îíè íå ïðåâû-
øàþò eγ5n. Ïðèìåíÿÿ âûøåóïîìÿíóòóþ ëåììó Çèãåëÿ, ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå.
Ëåììà äîêàçàíà.

Îïðåäåëèì ìíîãî÷ëåí îò z

P (z) =
n∑

s=0

psz
s, (9)

ãäå

ps =
n!θs

s!

N1−s∏
x=N1−n+1

b(x), (10)

è ïóñòü

rklkj(z) = P (z) Fklkj(z) =
∞∑

ν=0

cklkjνz
ν . (11)

Ëåììà 3. Ïðè äîñòàòî÷íî áîëüøîì n â ðàâåíñòâå (11) cklkjν = 0, åñëè N3 6 ν 6 N1 è
ε2 < ε1; k = 1, . . . , t, lk = 0, 1, . . . , τk, j = 1, . . . , u.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðè ν > n èìååì:

cklkjν =
n∑

s=0

ps(ν − s)j−1

ν−s∏
x=1

1

b(x)

d lk

dλlk
k

ν−s∏
x=1

1

λk + x
=

n!
N1−n∏
x=1

b(x)

n∑
s=0

θs

s!
(ν − s)j−1 ×

×
N1∏

x=ν+1

b(x− s)
d lk

dλlk
k

(
N1−n∏
x=1

1

λk + x

N1−s∏
x=N1−n+1

1

λk + x

N1∏
x=ν+1

(x + λk − s)

)
=

=
n!

N1−n∏
x=1

b(x)

∑
µ1+µ2+µ3=lk

lk!

µ1!µ2!µ3!
×

× dµ1

dλµ1

k

N1−n∏
x=1

1

λk + x

n∑
s=0

θs

s!
Qkµ2jν(s)

dµ3

dλµ3

k

n−s∏
x=1

1

λk + N1 − n + x
, (12)

ãäå

Qkµ2jν(s) = (ν − s)j−1

N1∏
x=ν+1

b(x− s)
dµ2

dλµ2

k

N1∏
x=ν+1

(x + λk − s). (13)

Íåòðóäíî ïðîâåðèòü, ÷òî (ïðè äîñòàòî÷íî áîëüøîì n è ïðè âûïîëíåíèè óñëîâèÿ ε2 < ε1)
ñòåïåíè ìíîãî÷ëåíîâ Qkµ2jν(s) íå áîëüøå N2(1− ε2)− 1. Ïîýòîìó òàêèå ìíîãî÷ëåíû ïðåä-

ñòàâëÿþòñÿ â âèäå ëèíåéíûõ êîìáèíàöèé ìíîãî÷ëåíîâ s(s− 1) . . . (s− σ + 1)
σ!

îò s, âõîäÿùèõ
â (6):

Qkµ2jν(s) =
∑

06σ6N2(1−ε2)−1

Ckµ2jνσ
s(s− 1) . . . (s− σ + 1)

σ!
. (14)
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Ïîäñòàâëÿÿ ïîñëåäíåå âûðàæåíèå â (12), â ñîîòâåòñòâèè ñ ëåììîé 2 ïîëó÷èì òðåáóåìîå.
Ëåììà äîêàçàíà.

Ïîëüçóÿñü ëåììîé 3, ìîæíî ïîñòðîèòü ñîâìåñòíûå ïðèáëèæåíèÿ äëÿ ôóíêöèé (1). Ïî-
ëîæèì

Rklkj(z) = Pklkj(z) + P (z) Fklkj(z), (15)

ãäå

Pklkj(z) = −
N3−1∑
ν=0

cklkjνz
ν , k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u; (16)

êîýôôèöèåíòû cklkjν îïðåäåëÿþòñÿ ðàâåíñòâàìè (11). Èç ëåììû 3 ñëåäóåò, ÷òî ïðè òàêîì
îïðåäåëåíèè ìíîãî÷ëåíîâ Pklkj(z) ôóíêöèîíàëüíûå ôîðìû Rklkj(z) áóäóò èìåòü ïðè z = 0

ïîðÿäîê íóëÿ íå ìåíüøå, ÷åì N1 + 1.
Ëåììà 4. Äëÿ ëþáîãî ε3, 0 < ε3 < 1, ìîæíî ïîäîáðàòü ε1 è ε2 òàê, ÷òî ïðè âñåõ

äîñòàòî÷íî áîëüøèõ n áóäóò ñïðàâåäëèâû îöåíêè

|ps| 6 eγ6n
(n!

s!

)u

, |P (ξ)| 6 eγ7n(n!)u, |Rklkj(ξ)| 6 (n!)
−u(1−ε3)

v1T .

Ëåììà íîñèò ÷èñòî òåõíè÷åñêèé õàðàêòåð. Ïåðâàÿ îöåíêà ñëåäóåò èç (10), âòîðàÿ âûòåêàåò
èç ïåðâîé, à òðåòüþìîæíîïîëó÷èòü, åñëèïåðâóþîöåíêóïðèìåíèòü ê (íåïðåîáðàçîâàííîìó)
âûðàæåíèþ äëÿ cklkjν , ñì. (12). Ïðè ýòîì íàäî ïðèíÿòü âî âíèìàíèå ñäåëàííîå ïåðåä
ôîðìóëèðîâêîé ðàññìàòðèâàåìîé ëåììû çàìå÷àíèå î ïîðÿäêå íóëÿ ôóíêöèè Rklkj(z).
Äëÿ äàëüíåéøåãî âàæíî èìåòü îöåíêó îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ

ìíîãî÷ëåíîâ (16). Îáùèì çíàìåíàòåëåì íåêîòîðîãî ìíîæåñòâà X ÷èñåë èç ïîëÿ I áóäåì
íàçûâàòü ëþáîå íåíóëåâîå öåëîå ÷èñëî èç ýòîãî ïîëÿ, ïîñëå óìíîæåíèÿ íà êîòîðîå êàæäîå
÷èñëî èçX ñòàíîâèòñÿ öåëûì â I. Íàèìåíüøèé ïî ìîäóëþ çíàìåíàòåëü ìíîæåñòâàX áóäåì
íàçûâàòü íàèìåíüøèì îáùèì çíàìåíàòåëåì ýòîãî ìíîæåñòâà.
Ëåììà 5. Ìîäóëü íàèìåíüøåãî îáùåãî çíàìåíàòåëÿ ìíîæåñòâà ÷èñåë

cklkjν , k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u, ν = 0, 1, . . . , N1 − 1, (17)

îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ8n(n!)
v

v1T .

Ä î ê à ç à ò å ë ü ñ ò â î. Âûðàæåíèå äëÿ êîýôôèöèåíòîâ (17) ïðè ν > n óæå áûëî ôàêòè-
÷åñêè âûïèñàíî ïî õîäó äîêàçàòåëüñòâà ëåììû 3. Ïðè 0 6 ν < n èìååì

cklkjν = S1 − S2, (18)

ãäå S1 ñîâïàäàåò ñ ïîñëåäíèì âûðàæåíèåì èç (12), à

S2 =
n!

N1−n∏
x=1

b(x)

n∑
s=ν+1

θs

s!
(ν − s)j−1

N1∏
x=ν+1

b(x− s)
d lk

dλlk
k

(
n−s∏
x=1

1

λk + x

n∏
x=ν+1

(x + λk − s)

)
, (19)
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èëè, ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé, èñïîëüçóþùèõ ëåììó 1,

S2 =
n∑

s=ν+1

θs(ν − s)j−1

N1−ν∏
x=1

b(x + ν − s)

N1−n∏
x=1

b(x)

n!

s!
n−s∏
x=1

(λk + x)

lk∑
µ=0

(
lk
µ

)
×

×
(∑ ±1

(λk + x1) . . . (λk + xµ)

)
d lk−µ

dλlk−µ
k

n∏
x=ν+1

(x + λk − s). (20)

Çíàìåíàòåëü äðîáè, ñîäåðæàùåé çíà÷åíèÿ ìíîãî÷ëåíà b(x), ïîëíîñòüþ ñîêðàùàåòñÿ â ñèëó
óñëîâèé 0 6 ν < n è ν + 1 6 s 6 n. Ðàöèîíàëüíîñòü ÷èñåë λk ïîçâîëÿåò, êàê è ïðè îöåíêå
îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ìíîæåñòâà ÷èñåë (8), ïðèìåíèòü ñîîòâåòñòâóþùóþ ñòàí-
äàðòíóþ òåõíèêó [7, ëåììà 2, ñ. 186]. Äëÿ îöåíêè îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ñóììû
â ñêîáêàõ ïðèìåíÿþòñÿ òå æå ñîîáðàæåíèÿ, ÷òî áûëè èñïîëüçîâàíû â àíàëîãè÷íîé ñèòóàöèè
äëÿ ñóììû èç ïðàâîé ÷àñòè (8); ñì. äîêàçàòåëüñòâî ëåììû 2. Î÷åâèäíà è îöåíêà îáùåãî
íàèìåíüøåãî çíàìåíàòåëÿ ïîñëåäíåãî (ïðîäèôôåðåíöèðîâàííîãî ïî λk) ïðîèçâåäåíèÿ |
çäåñü äàæå íå íóæíà ðàöèîíàëüíîñòü ÷èñåë λk. Â ðåçóëüòàòå ïîëó÷àåì, ÷òî ìîäóëü îáùåãî
íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë (20) íå áîëüøå, ÷åì eγ9n.
Ðàññìîòðèì òåïåðü óìåíüøàåìîå S1 èç ïðàâîé ÷àñòè (18), êîòîðîå çàïèñûâàåòñÿ â âèäå

ïîñëåäíåãî âûðàæåíèÿ èç (12). Ìíîãî÷ëåí (13), âõîäÿùèé â (12), çàïèøåì ñ ïîìîùüþ (14),
âûðàçèâ êîýôôèöèåíòû Ckµ2jνσ ÷åðåç ñîîòâåòñòâóþùèå èíòåãðàëû; ìû èìååì ðàâåíñòâà

Ckµ2jνσ =
σ!

2πi

∫
Γ

Qkµ2jν(z)dz

z(z − 1) . . . (z − σ)
, (21)

ãäå Γ| êàêàÿ-ëèáî ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòü, îõâàòûâàþùàÿ âñå îñîáûå
òî÷êè ïîäûíòåãðàëüíîé ôóíêöèè. Â äàííîì ñëó÷àå óæå íåëüçÿ óòâåðæäàòü, ÷òî σ 6 N2(1−
ε2) − 1, òàê êàê íåðàâåíñòâî ν > N3 èç ëåììû 3 íå âûïîëíÿåòñÿ. Ïîýòîìó íàäî çàìåíèòü
âåðõíþþ ãðàíèöó èçìåíåíèÿ σ â ïðàâîé ÷àñòè (14) íà N4, ãäå N4 | ñòåïåíü ìíîãî÷ëåíà
Qkµ2jν(s). Ïîñêîëüêó (14) ÿâëÿåòñÿ ðàçëîæåíèåì ìíîãî÷ëåíà èç ëåâîé ÷àñòè ýòîãî ðàâåíñòâà
â ðÿä Íüþòîíà, òî çäåñü ìîæíî èñïîëüçîâàòü ãîòîâûå ôîðìóëû ñîîòâåòñòâóþùåé òåîðèè
(ñì., íàïðèìåð, [8, ñ. 40-41]). Ïîäñòàâèì òåïåðü (14) ñ ó÷åòîì (21) â ïîñëåäíåå âûðàæåíèå
èç ÷èñëà âõîäÿùèõ â (12), îòáðîñèâ ïðè ýòîì íóëåâûå ñëàãàåìûå. Òàêîâûìè â ñîîòâåòñòâèè
ñ ëåììîé 2 áóäóò òå, ó êîòîðûõ σ 6 N2(1−ε2)−1. Â ðåçóëüòàòå ïðè 0 6 ν 6 N1−1 ïîëó÷èì
òàêîå ðàâåíñòâî:

S1 =
n!

N1−n∏
x=1

b(x)

∑
µ1+µ2+µ3=lk

lk!

µ1!µ2!µ3!

dµ1

dλµ1

k

N1−n∏
x=1

1

λk + x

∑
N2(1−ε2)−1<σ6N4

σ!

2πi
×

×
∫
Γ

Qkµ2jν(z)dz

z(z− 1) . . . (z−σ)

n∑
s=0

θs

s!

s(s− 1) . . . (s−σ +1)

σ!

dµ3

dλµ3

k

n−s∏
x=1

1

λk +N1−n+x
. (22)
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Äëÿ îöåíêè îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ïîëó÷èâøåãîñÿ âûðàæåíèÿ ñëåäóåò çàìå-
òèòü ñíà÷àëà, ÷òî îáùèé íàèìåíüøèé çíàìåíàòåëü èíòåãðàëîâ è äðîáåé âèäà

n!

s!

dµ3

dλµ3

k

n−s∏
x=1

1

λk + N1 − n + x
(23)

îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ10n. Äëÿ èíòåãðàëîâ ýòî ñòàíîâèòñÿ î÷åâèäíûì, åñëè çà-
ïèñàòü èõ â âèäå âû÷åòîâ îòíîñèòåëüíî òî÷êè z = ∞, à äëÿ äðîáåé (23) ñëåäóåò ïðèìåíèòü
ëåììó 1 è ñòàíäàðòíóþ òåõíèêó, èñïîëüçóþùóþ ðàöèîíàëüíîñòü ÷èñåë λk, î êîòîðîé íåîä-
íîêðàòíî ãîâîðèëîñü âûøå. Ïîñëå ýòîãî îñòàíåòñÿ ëèøü îöåíèòü (ñ ó÷åòîì òîãî, ÷òî â (22)
âûïîëíÿåòñÿ íåðàâåíñòâî σ > N2(1− ε2)− 1) îáùèé íàèìåíüøèé çíàìåíàòåëü äðîáè

[N2(1− ε1)]!
N1−n∏
x=1

b(x)

dµ1

dλµ1

k

N1−n∏
x=1

1

λk + x
.

Ïåðåïèøåì, èñïîëüçóÿ ëåììó 1, ïîñëåäíåå âûðàæåíèå êàê ïðîèçâåäåíèå äâóõ ñîìíîæèòåëåé:

[N2(1− ε2)]!
N1−n∏
x=1

(x + β1) . . . (x + βv1−1)(x + λk)

∑ ±1

(λk + x1) . . . (λk + xµ1)
(24)

è
1

N1−n∏
x=1

(x + βv1) . . . (x + βm)

.

Ñðàâíèâàÿ ñòåïåíè ïðîñòûõ ÷èñåë, âõîäÿùèõ â ÷èñëèòåëü è çíàìåíàòåëü äðîáè (24), à òàêæå
ïðèìåíÿÿ èçâåñòíîå çàìå÷àíèå îá îáùåì íàèìåíüøåì êðàòíîì ÷èñåë 1, . . . , n, | âñå ýòî
íåîäíîêðàòíî èñïîëüçîâàëîñü âûøå | ïîëó÷àåì, ÷òî îáùèé íàèìåíüøèé çíàìåíàòåëü âñåõ
ýòèõ äðîáåé îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ11n; ïðè ýòîì ïðèíèìàåòñÿ âî âíèìàíèå è
íåðàâåíñòâî ε2 < ε1 èç ëåììû 3. Ê ïîëó÷åííîìó òàêèì ñïîñîáîì îáùåìó íàèìåíüøåìó
çíàìåíàòåëþ äðîáåé (24) äîáàâèì ìíîæèòåëü

ρN1−n

N1−n∏
x=1

(x + βv1) . . . (x + βm),

ãäå íàòóðàëüíîå ÷èñëî ρ òàêîâî, ÷òî âñå êîýôôèöèåíòû ìíîãî÷ëåíà ρ(x + βv1) . . . (x + βm)

ëåæàò â ZI. Â ðåçóëüòàòå ìû ñìîæåì ïîëó÷èòü îöåíêó ìîäóëÿ îáùåãî íàèìåíüøåãî çíàìå-
íàòåëÿ ÷èñåë S1. Âñïîìèíàÿ îöåíêó ìîäóëÿ îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë (19),
ïîëó÷èì òðåáóåìîå óòâåðæäåíèå. Ëåììà äîêàçàíà. Òåîðåìà äîêàçàíà.

Ôóíêöèÿ Fk01(z) óäîâëåòâîðÿåò óðàâíåíèþ b(δ)(δ + λk)y = zy + λkb(0), δ = z
z

dz
. Äèô-

ôåðåíöèðóÿ ýòî óðàâíåíèå ïî λk ñîîòâåòñòâóþùåå ÷èñëî ðàç, ìîæíî ïîëó÷èòü óðàâíåíèå,
êîòîðîìó óäîâëåòâîðÿåò ôóíêöèÿ Fklk1(z), à çàòåì ñîñòàâèòü ñèñòåìó äèôôåðåíöèàëüíûõ
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óðàâíåíèé, êîòîðîé óäîâëåòâîðÿþò ôóíêöèè (1). Ïåðåíóìåðóåì ýòè ôóíêöèè â ïðîèçâîëü-
íîì ïîðÿäêå è îáîçíà÷èì èõ ÷åðåç

f1(z), . . . , fw(z). (25)

Ñèñòåìó óðàâíåíèé, êîòîðîé óäîâëåòâîðÿþò ôóíêöèè (25), çàïèøåì â ìàòðè÷íîé ôîðìå:

δY = AY + A0,

ãäå

Y =

 y1

...
yw

, A =

 a11 . . . a1w

. . . . . . .

aw1 . . . aww

 , A0 =

 a01

...
a0w

,

A è A0 | ìàòðèöû, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ ìíîãî÷ëåíû îò z. Ïóñòü

F (z) =


f1(z)
...

fw(z)

, P (z) =


P1(z)
...

Pw(z)

, R(z) =


R1(z)
...

Rw(z)

,

ãäå êîìïîíåíòû ñòîëáöîâ P (z) è R(z) ñóòü ñîîòâåòñòâóþùèì îáðàçîì ïåðåíóìåðîâàííûå
ìíîãî÷ëåíû (16) è ôóíêöèè (15). Òîãäà

R(z) = P (z)F (z) + P (z).

Äàëüíåéøèå ðàññóæäåíèÿ ïðîâîäÿòñÿ ïî ñõåìå, ïðåäëîæåííîé â ðàáîòå [9]. Ïîëîæèì

Rq(z) = zq(D − A)qR(z), q = 0, 1, . . . ,

ãäå D =
d

dz
| îïåðàòîð äèôôåðåíöèðîâàíèÿ. ßñíî, ÷òî

Rq(z) = Pq(z)F (z) + P q(z),

ãäå
Pq(z) = zq dq

dzq
P (z),

à P q(z) åñòü ñòîëáåö âûñîòû w, ñîñòàâëåííûé èç ìíîãî÷ëåíîâ; êîìïîíåíòû ýòîãî ñòîëáöà
îáîçíà÷èì P1q(z), . . . , Pwq(z). Äàëåå, ðàññóæäàÿ, êàê â [9], óñòàíîâèì, ÷òî ïðè äîñòàòî÷íî
áîëüøîì n ôóíêöèîíàëüíûé îïðåäåëèòåëü, ñòðîêàìè êîòîðîãî ñëóæàò Pq(z), P1q(z), . . . ,
Pwq(z), q = 0, 1, . . . , w, îòëè÷åí îò òîæäåñòâåííîãî íóëÿ; ñïðàâåäëèâîñòü ïîñëåäíåãî óòâåð-
æäåíèÿ îáåñïå÷èâàåòñÿ ëèíåéíîé íåçàâèñèìîñòüþ ôóíêöèé (2) íàä ïîëåì ðàöèîíàëüíûõ
äðîáåé. Åñëè ñèñòåìà óðàâíåíèé, êîòîðîé óäîâëåòâîðÿþò ôóíêöèè (1) íåîäíîðîäíà (ò.å.
åñëè b(0) 6= 0), òî ôèãóðèðóþùàÿ â ñîîòâåòñòâóþùåì ðàññóæäåíèè ñîïðÿæåííàÿ ñèñòåìà
èìååò âèä {

y′0 = −AT
0 Y

Y ′ = −AT Y.

http://technomag.bmstu.ru/doc/704694.html 182

http://technomag.bmstu.ru/doc/704694.html


Ïîñëå ýòîãî îò ôóíêöèîíàëüíûõ ïðèáëèæåíèé ïåðåéäåì ê ÷èñëîâûì. Ïîëó÷àþùèéñÿ ïðè
ýòîì ðåçóëüòàò îôîðìèì â âèäå ëåììû.
Ëåììà 6. Ïðè ëþáîì ε4, 0 < ε4 < 1, ìîæíî òàê âûáðàòü ε1, ε2 è ε3, ÷òî â ïîëå I íàéäóòñÿ

÷èñëà

g
(q)
0 , g

(q)
1 , . . . , g(q)

w , q = 0, 1, . . . , w, (26)

óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

1) îïðåäåëèòåëü, ñòðîêàìè êîòîðîãî ñëóæàò ÷èñëà (26) îòëè÷åí îò íóëÿ;
2) ÷èñëà g

(q)
0 ÿâëÿþòñÿ öåëûìè â ïîëå I, à ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ

îñòàëüíûõ ÷èñåë èç (26) îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ12n(n!)
v

v1T ;
3) |g(q)

0 fr(ξ) + g
(q)
r | 6 (n!)

−u(1−ε4)
v1T , r = 1, . . . , w, åñëè n äîñòàòî÷íî âåëèêî;

4) |g(q)
0 | 6 eγ13n(n!)u; äâà ïîñëåäíèõ íåðàâåíñòâà ñïðàâåäëèâû ïðè q = 0, 1, . . . , w.

Èç ýòîé ëåììû óòâåðæäåíèå òåîðåìû âûâîäèòñÿ õîðîøî èçâåñòíûì ñïîñîáîì; ñì., íà-
ïðèìåð, [10, ñ. 60].

Çàêëþ÷åíèå

Âîçìîæíîñòè ìåòîäà, ïðèìåíåííîãî â äàííîé ðàáîòå, íå èñ÷åðïàíû. Äàëüíåéøèå ðå-
çóëüòàòû ìîãóò áûòü ñâÿçàíû ñ îáîáùåíèåì òåîðåì ðàáîòû [4]. Çäåñü, ïî-âèäèìîìó, èìåþò
ìåñòî òåîðåìû î ëèíåéíîé íåçàâèñèìîñòè ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé è èõ ïðîèçâîäíûõ
(â òîì ÷èñëå è ïî ïàðàìåòðó) íàä ïîëåì ðàöèîíàëüíûõ äðîáåé, óñëîâèÿ êîòîðûõ ñîâïàäàþò
ñ óñëîâèÿìè ñîîòâåòñòâóþùèõ òåîðåì ðàáîòû [11].
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In this paper we consider the arithmetic properties of values of generalized hypergeometric
functions and their derivatives (including those with respect to parameter). Some parameters of
these functions are irrational. The research aims at refining the lower bound estimates of the
modules of heterogeneous linear forms with coefficients from some imaginary quadratic field of
the abovementioned values (heterogeneity here is understood in the sense that the function values
are considered together with the unit). To solve this problem we use the effective construction
of simultaneous approximations. The degrees of polynomials to form such a construction we
choose in a special way. The latter circumstance allows more accurate estimates of the modules of
corresponding linear forms.

To solve similar problems a Siegel's method is, usually, used. This is well known in the theory
of transcendental numbers method in which functional approximations are constructed by Dirichlet
principle. The advantage of this method is the generality of results. In case of irrational parameters
such method cannot be applied directly because the minimal common denominator of the hyperge-
ometric series coefficients with irrational parameters grows too fast. Therefore, the first estimates
of linear formmodules from the values of hypergeometric functions with irrational parameters have
been obtained via effective construction of linear approximating forms. Subsequently, the method
has been developed, comprising both the elements of Siegel's method and those of the method
based on the effective construction of linear approximating forms. Using a combined method
enables us to estimate the linear forms under consideration in the most general situation. This
method, however, has not been used yet to study the arithmetic nature of hypergeometric function
values differentiated with respect to parameter.

Note that all known estimates of the type under consideration still fall far short of expectations.
This remark refers just to the heterogeneous case; some of the known estimates of homogeneous
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linear forms inmost cases cannot be further refined. Generalization of the results in this paper seems
to be accomplished by abovementioned combined method, which includes both the generality of
Siegel's method and the capabilities of effective constructions.

Publicationswith keywords: estimates of linear forms, simultaneous approximations, generalized
hypergeometric functions, differentiation with respect to parameter
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