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Â ðàáîòå ïðåäñòàâëåí íîâûé ïîäõîä ê àíèçîòðîïèéíîìó àíàëèçó äèñêðåòíûõ äåñêðèï-
òîðíûõ ñèñòåì â ñëó÷àå âõîäíûõ ñèãíàëîâ ñ íåíóëåâûì ñðåäíèì.
Äåñêðèïòîðíûå ñèñòåìû ÿâëÿþòñÿ îáîáùåííûì ñëó÷àåì îáûêíîâåííûõ ñèñòåì. Îíè

ñîäåðæàò êàê äèôôåðåíöèàëüíûå (ðàçíîñòíûå) óðàâíåíèÿ, òàê è àëãåáðàè÷åñêèå. Êîãäà
ïåðåìåííûå ñîñòîÿíèÿ èìåþò ôèçè÷åñêèé ñìûñë, ìîäåëè ñèñòåì îáû÷íî ïðåäñòàâëÿþò â
äåñêðèïòîðíîé ôîðìå.
Â êëàññè÷åñêîé ñòîõàñòè÷åñêîé òåîðèè àíèçîòðîïèéíîãî ðîáàñòíîãî óïðàâëåíèÿ ðàññìà-

òðèâàþò âõîäíûå ñèãíàëû ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è çàäàííîé <öâåòíîñòüþ>.
Â ðåàëüíûõ òåõíè÷åñêèõ ñèñòåìàõ íà âõîä ìîãóò ïîäàâàòüñÿ è ñòîõàñòè÷åñêèå ñèãíàëû ñ íå-
íóëåâûì ñðåäíèì. Èìåííî ïîýòîìó ðàñïðîñòðàíåíèå òåîðèè àíèçîòðîïèéíîãî ðîáàñòíîãî
óïðàâëåíèÿ íà êëàññ ñèãíàëîâ ñ íåíóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì èìååò ïðàêòè÷åñêèé
èíòåðåñ. Îñíîâíûìè ïîíÿòèÿìè äàííîé òåîðèè ÿâëÿþòñÿ: àíèçîòðîïèÿ ñëó÷àéíîãî âåêòîðà,
ñðåäíÿÿ àíèçîòðîïèÿ âõîäíîé ïîñëåäîâàòåëüíîñòè è àíèçîòðîïèéíàÿ íîðìà ñèñòåìû. Àíèçî-
òðîïèÿ ñëó÷àéíîãî âåêòîðà õàðàêòåðèçóåò <öâåòíîñòü> ñèãíàëà êàê ìåðó îòëè÷èÿ ïëîòíîñòè
ðàñïðåäåëåíèÿ âåðîÿòíîñòè (ï.ð.â.) ñèãíàëà îò ï.ð.â. ãàóññîâñêîãî áåëîãî øóìà. Ñðåäíÿÿ
àíèçîòðîïèÿ ïîñëåäîâàòåëüíîñòè | ýòî àíèçîòðîïèÿ, óñðåäíåííàÿ ïî âðåìåíè. Àíèçîòðî-
ïèéíàÿ íîðìà ïðåäñòàâëÿåò ñîáîé ñòîõàñòè÷åñêèé êîýôôèöèåíò óñèëåíèÿ ñèñòåìû, êîãäà íà
âõîä ïîäàåòñÿ ïîñëåäîâàòåëüíîñòü ñ çàäàííûì óðîâíåì ñðåäíåé àíèçîòðîïèè.
Â äàííîé ðàáîòå ðåøåíà çàäà÷à âû÷èñëåíèÿ ñðåäíåé àíèçîòðîïèè ñòàöèîíàðíîé ãàóñ-

ñîâñêîé ïîñëåäîâàòåëüíîñòè ñ íåíóëåâûì ñðåäíèì â ñëó÷àå, êîãäà ôîðìèðóþùèé ôèëüòð
ïðåäñòàâëåí â äåñêðèïòîðíîé ôîðìå. Îñíîâûâàÿñü íà ïîëó÷åííîì àëãîðèòìå, ñðåäíþþ
àíèçîòðîïèþ ïîñëåäîâàòåëüíîñòè ìîæíî âû÷èñëèòü â ïðîñòðàíñòâå ñîñòîÿíèé, èñïîëüçóÿ
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ðåøåíèÿ óðàâíåíèé Ðèêêàòè è Ëÿïóíîâà, ïðè ýòîì ôîðìèðóþùèé ôèëüòð çàïèñàí âî âòîðîé
ýêâèâàëåíòíîé ôîðìå (SVD).
Äëÿ çàäàííîãî óðîâíÿ ñðåäíåé àíèçîòðîïèè âõîäíîãî ñèãíàëà ïîëó÷åíû óðàâíåíèÿ âû÷è-

ñëåíèÿ àíèçîòðîïèéíîé íîðìû â ÷àñòîòíîé îáëàñòè (äëÿ äåñêðèïòîðíûõ ñèñòåì). Ïðèâåäåí
÷èñëåííûé ïðèìåð, êîòîðûé èëëþñòðèðóåò òåõíèêó âû÷èñëåíèÿ àíèçîòðîïèéíîé íîðìû.
Ïîêàçàíî, ÷òî ôóíêöèè äëÿ âû÷èñëåíèÿ àíèçîòðîïèéíîé íîðìû òåðÿþò ìîíîòîííîñòü, êîãäà
íà âõîä ïîäàåòñÿ ñèãíàë ñ íåíóëåâûì ñðåäíèì. Â ñâÿçè ñ ýòèì âû÷èñëåíèå àíèçîòðîïèéíîé
íîðìû â ïðîñòðàíñòâå ñîñòîÿíèé îñòàåòñÿ ñëîæíîé è íåðåøåííîé çàäà÷åé.
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Introduction

The theory of optimal stochastic anisotropy-based control for linear discrete-time systems was
established in Russia since 1994 [1], [2]. This theory allows to design control that minimizes
specified norm of the closed-loop system (anisotropic norm). Since 2008 the theory of suboptimal
stochastic anisotropy-based control that provides boundedness of anisotropic norm for the referred
above systems was developed [3]. At present these mathematical theories find application in
different control and filtration problems.
The created theory lies between the classicalH2-optimal andH∞-optimal control theories (and

suboptimal as well) in some sense. The basic concepts of these theories are anisotropy of the
random signal and mean anisotropy of the input sequence. Anisotropy of the vector describes
so-called "spectral color" of the signal as the distinction between its probability density function
(p.d.f.) and p.d.f. of the Gaussian white noise sequence. Mean anisotropy of the sequence is the
time averaging anisotropy.
In classical anisotropy-based theory the input signal is supposed to be the signal with zero mean

and certain "spectral color". But in real technical systems the input signal can be a stochastic signal
with nonzero mean. That is why the extension of anisotropy-based theory on the class of signals
with nonzero mean has a practical interest. The formulas of anisotropy of the random vector, mean
anisotropy of the signal and anisotropic norm of the system with a random nonzero-mean input
signal were obtained in [4].
In this paper, anisotropy-based theory with zero mean input signals was generalized on linear

discrete-time descriptor systems. Mathematical models of such systems contain algebraic equa-
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tions. Algebraic equations in the model of the system appear as constraints when the system
variables have the meaning of physical processes. Descriptor systems (or singular systems, semis-
tate systems, degenerate systems) are a general case of normal systems, described by ordinary
differential or difference equations. Because of the algebraic relations between state variables, the
system becomes singular and has specific behavior, different from normal systems, for example,
impulsive behavior in continuous time case or noncausal behavior in discrete time case. So it is
necessary to generalize mathematical methods, developed for normal systems, on descriptor case.
Optimal control problem was solved in [5], [6], norm boundedness conditions were obtained

in [7], [8]. This paper presents the extension of anisotropy-based theory on the class of descriptor
systems in assumption that the "colored" Gaussian noise has nonzero mean.
The paper is organized as follows. In the first section, the basics of linear discrete-time

descriptor systems is introduced. The second section deals with anisotropy-based concepts, applied
to the Gaussian stationary random sequences with nonzero mean. The third section is devoted to
anisotropy-based analysis of descriptor systems in frequency domain. Numerical examples are
given.

1. Basics of descriptor systems theory

In linear case discrete-time descriptor systems are written as{
Exk+1 = Axk + Buk,

yk = Cxk + Duk

(1)

where xk ∈ Rn1 is the state, uk ∈ Rm is the control signal and yk ∈ Rp is the output signal.
A, B, C,D are constant real matrices of appropriate dimensions.
For the system (1) we suppose that rank(E) = n < n1. Such systems are called descriptor or

singular.
Some basic properties of descriptor systems are associated with matrices E and A. In different

literature [9, 10], they can be represented as a matrix pencil (zE − A) or a pair (E, A).
Definition 1. The pair (E, A) is said to be regular if there exists a scalar λ such that

det(λE − A) 6= 0.
Regularity of the pair (E, A) is a necessary and sufficient condition of existence and uniqueness

of solution of the system (1). The following lemma [9] provides necessary and sufficient conditions
of regularity for the system (1).
Lemma 1. The pair (E, A) is regular if and only if there exist invertible matrices Q1 and U1

such that
Ē = Q1EU1 = diag(In, N), Ā = Q1AU1 = diag(A1, In1−n) (2)

where A1 ∈ Rn×n, N is a nilpotent matrix, that is, Nh = 0 for some positive integer h. The
minimum h0 such that Nh

0 = 0 is called the index of N .
The index of the system (1) in equivalent form (2) is called the index of the nilpotentN . (Ē, Ā)

is called the Weierstrass canonical form of (E, A).
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Definition 2. The system (1) is called causal if its solution xk depends only on uk, . . . , u0

and xk−1, . . . , x0 for any consistent initial conditions. It is true if the index of the nilpotent N is
equal to 1.
The system (1) is causal if deg det(zE − A) = rank E.
Definition 3. The system (1) is called stable if ρ(E, A) < 1 where

ρ(E, A) , max |λ|λ∈{z| det(zE−A)=0}

is a generalized spectral radius of the pair (E, A).
Definition 4. The system (1) is said to be admissible if the pair (E, A) is regular, and the

system (1) is stable and causal. For more information, see [9].
It is known from matrix theory, that there are two nonsingular matrices Q and U such

that QEU = diag(In, 0). By the following transformation of coordinates U−1xk =

(
x1,k

x2,k

)
,

x1,k ∈ Rn, x2,k ∈ Rn1−n the system (1) can be written in the following equivalent form:
x1,k+1 = A11x1,k + A11x2,k + B1uk,

0 = A21x1,k + A22x2,k + B2uk,

yk = C1x1,k + C2x2,k + Duk

(3)

where matrices Aij , Bi, Ci (i, j = 1, 2) satisfy

QAU =

(
A11 A12

A21 A22

)
, QB =

(
B1

B2

)
, CU =

(
C1 C2

)
.

Matrices Q and U can be found from the singular value decomposition (SVD) [5].
Definition 5. The system (3) is called SVD canonical form of the system (1).
For the system (1) in SVD canonical form (3) the following lemma [10] holds true.
Lemma 2. The system (1) is

1) causal if and only if A22 is nonsingular;
2) admissible if and only if it is casual and ρ(A11 − A12A

−1
22 A21) < 1.

Definition 6. The transfer function of the system (1) is given by the expression P (z) =

C(zE − A)−1B + D.
Definition 7. Let Lp×m

2 (Γ) (where Γ is a unit circle on the complex plane) be the Hilbert space
of matrix-valued functions P : Γ → Cp×m that have bounded Lp×m

2 (Γ)-norm

‖P‖Lp×m
2 (Γ) =

(
1

2π

∫ 2π

0

tr
(
P ∗(eiω)P (eiω)

)
dω

)1/2

.

A subspace of Lp×m
2 (Γ) which consists of all rational transfer functions that have no poles in the

exterior of the closed unit disk is denoted by H2. The H2-norm of a transfer function P (z) ∈ H2

is defined by

‖P‖2 =

(
1

2π

∫ 2π

0

|P (eiω)|2dω

)1/2

.
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2. Anisotropy of the random vector, mean anisotropy
of the Gaussian sequence with nonzero mean

In this section, we consider the concept of anisotropy of the random vector with nonzero mean
and give definition of mean anisotropy of the Gaussian nonzero-mean sequence, generated by the
shaping filter in descriptor form.

Anisotropy of the random vector. Anisotropy of m-dimensional random vector w is in-
troduced in [1] as the minimal value of the relative entropy of w with respect to the Gaussian
m-dimensional vector with p.d.f.

pm,λ(x) = (2πλ)−m/2 exp

(
−xT x

2λ

)
, x ∈ Rm,

and is described by

A(w) = min
λ>0

Ef ln
f(x)

pm,λ(x)
(4)

where the function f is p.d.f. of w.
We suppose w ism-dimensional Gaussian random vector with nonzero mean µ and covariance

matrix S, which p.d.f. is given by

f(x) = ((2π)m|S|)−1/2 exp

(
−(x− µ)T S−1(x− µ)

2

)
, x ∈ Rm.

By definition of anisotropy (4) of the random vector,

A(w) = −1

2
ln det

(
mS

trS + |µ|2

)
.

One can show that if S = γIm and µ = 0, thenA(w) = 0 where γ is a constant real value.

Mean anisotropy of the Gaussian sequence with nonzero mean. Let W be a stationary
sequence of random m-dimensional vectors. Mean anisotropy of the stationary ergodic sequence
W = {wk} is defined in [1] by the following expression

A(W ) = lim
N→∞

A(W0:N−1)

N

whereW0:N−1 is an extended vector of the sequence:

W0:N−1 =


w0

...
wN−1

.

Let the sequence W = {wk} be generated from the Gaussian white noise V = {vk} by an
admissible shaping filter

G ∼

{
Egxk+1 = Agxk + Bg(vk + µ),

wk = Cgxk + Dg(vk + µ)
(5)

where Eg ∈ Rn1×n1 , Ag ∈ Rn1×n1 , Bg ∈ Rn1×m, Cg ∈ Rm×n1 , Dg ∈ Rm×m.
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Besides, det(Dg) 6= 0, rank Eg = n < n1 and |µ| < ∞. Connection between mean anisotropy
A(W ) of the sequence W and state-space representation (5) of shaping filter is given by the
following theorem.
Theorem 1. For a given state-space representation (5) of the shaping filter G mean anisotropy

A(W ) is determined by

A(W ) = −1

2
ln det

(
m(Σ + Ξ)

trΣ + |M|2

)
where Σ and Ξ are connected with the solutions of Lyapunov and Riccati equations P and R by
formulas

Σ = ĈP ĈT + D̂D̂T , P = ÂP ÂT + B̂B̂T , Ξ = ĈRĈT ,

R = ÂRÂT − Λ(Σ + Ξ)−1ΛT , Λ = B̂D̂T + Â(P + R)ĈT

with matrices

Â = A11 − A12A
−1
22 A21, B̂ = B1 − A12A

−1
22 B2,

Ĉ = C1 − C2A
−1
22 A21, D̂ = Dg − C2A

−1
22 B2,

connected with matrices Aij , Bi, Ci (i, j = 1, 2) of SVD canonical form of the system (5), and the
vectorM is represented by

M = (D̂ + Ĉ(In×n − Â)−1B̂)µ.

Ä î ê à ç à ò å ë ü ñ ò â î. The system (5) in SVD canonical form can be rewritten as
x1

k+1 = A11x
1
k + A12x

2
k + B1(vk + µ),

0 = A21x
1
k + A22x

2
k + B2(vk + µ),

wk = C1x
1
k + C2x

2
k + Dd(vk + µ)

(6)

where x1
k ∈ Rn, x2

k ∈ Rn1−n. According to Lemma 1, det A22 6= 0, then

x2
k = −A−1

22 (A21x
1
k + B2(vk + µ)). (7)

Substituting x2
k into the first and the third subsystems of (6), one can get{

x1
k+1 = Âx1

k + B̂(vk + µ),

wk = Ĉx1
k + D̂(vk + µ)

(8)

where

Â=A11−A12A
−1
22 A21, B̂ =B1−A12A

−1
22 B2, Ĉ =C1−C2A

−1
22 A21, D̂ =Dg−C2A

−1
22 B2.

Applying Theorem 1 from [4] to the reduced normal system, we can finish the proof.

The random sequenceW is fully defined by its generating filterG, therefore, the notationA(G)

is used as equivalent to the notation A(W ).
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Example 1. Let the shaping filter (5) be formed by the following matrices

Eg =

 1 0 1

0 −1 −1

1 1 2

 , Bg =

 0.03

0.10

0.07

, Ag =

 0.7649 0.7572 −0.0581

−0.0424 0.2854 0.2218

0.7706 0.6003 0.7157

 ,

Cg = (1 2 1.5), Dg = (0.5),

and vector µ = (0.1); rank E = 2, m = 1. The system in SVD canonical form is defined by
matrices:

Â=

(
0.7187 0.0253

0.9639 −0.3064

)
, B̂ =

(
−0.1213

−0.2673

)
, Ĉ =(−2.2291 0.9010), D̂ =(0.7324).

So, the vectorM = (0.065). Solving Lyapunov and Riccati equations from the Theorem 1, we
obtain

Σ = (0.5873), Ξ = (−0.0510).

Consequently,

A(W ) = −1

2
ln det

(
m(Σ + Ξ)

trΣ + |M|2

)
= 0.049.

3. Anisotropic norm

Consider an admissible linear discrete-time descriptor system written in a state-space represen-
tation

P ∼

{
Exk+1 = Axk + Bwk,

zk = Cxk + Dwk

(9)

where xk ∈ Rn1 is the state, wk ∈ Rm and zk ∈ Rp are input and output signals, respectively.
E, A, B, C, D are constant real matrices of appropriate dimensions. We suppose that the matrix
E is singular, i.e. rank(E) = n < n1. W = {wk} is the stationary Gaussian sequence of
m-dimensional random vectors with a given mean anisotropy level A(W ) = a ≥ 0 and known
nonzero mean Ew∞ = M, |M| < ∞.
For a given system P with the input signalW = {wk} the mean-square gain is defined as [12]

Q(P, W ) =
‖z‖P
‖w‖P

=

√√√√√√√√ lim
N→∞

1
N

N−1∑
k=0

E|zk|2

1
N

N−1∑
k=0

E|wk|2
(10)

where

‖y‖P =

√√√√ lim
N→∞

1

N

N−1∑
k=0

E|yk|2

is the power norm of the signal {yk}.
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Let the sequence {wk} be represented in the form

wk = Cgxk + Dg(vk + µ) (11)

where xk is the state of the system (9), and µ is a known vector. Using (11), we obtain the
admissible filter

G ∼

{
Exk+1 = (A + BCg)xk + BDg(vk + µ),

wk = Cgxk + Dg(vk + µ).
(12)

The power norms of outputs of the systems (9) and (12) are written as

‖w‖2
P

= lim
k→∞

(
tr cov(wk) + |Ewk|2

)
= ‖G‖2

2 + |M|2,

‖z‖2
P

= lim
k→∞

(
tr cov(zk) + |Ezk|2

)
= ‖PG‖2

2 + |PM|2

where
P = P (1) = D + C(E − A)−1B.

The mean-square gain (10) of the system with nonzero-mean input signal is given by the following
expression:

Q(P, W ) = Q(P, G) =

√
‖PG‖2

2 + |PM|2
‖G‖2

2 + |M|2
. (13)

Finally, anisotropic norm of the system is defined as [2]

|||P |||a = sup
G:A(G)≤a

Q(P, G). (14)

Theorem 2. Consider the system, defined by (9) (with the transfer function P (z) =

= C(zE − A)−1B + D). Let W be the sequence of nonzero-mean m-dimensional Gaussian
random vectors, generated by an admissible shaping filter G in the form (5), with mean anisotropy
A(W ) = a and Ew∞ = M. Then anisotropic norm of the descriptor system (9) can be computed
in the frequency domain as

|||P |||a = sup
q∈[0;‖P‖−2

∞ )

{N(q) | A(q) = a} (15)

where

A(q) =
m

2

(
ln
(
Φ(q) +

1

m
|M|2

)
−Ψ(q)

)
, N(q) =

√√√√√Φ(q)− 1 +
q

m
|PM|2

qΦ(q) +
q

m
|M|2

,

Φ(q) =
1

2πm

π∫
−π

trS(q, ω)dω, Ψ(q) =
1

2πm

π∫
−π

ln det S(q, ω)dω,

S(q, ω) = (Im − qΛ(ω))−1, q ∈ [0; ‖F‖2
∞).

Here Λ(ω) = P̂ ∗(ω)P̂ (ω), P̂ (ω) = lim
r→1

P (rejω), and P = P (1).
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Besides,

N(0) =

√
‖P‖22 + |PM|2

m + |M|2
.

The proof can be found in [11]. This theorem presents the equations of anisotropic norm
computation (in the frequency domain) for descriptor systems. The functions A(q) and N(q)

for anisotropic norm computation lose monotony when the input signal has nonzero mean. The
performance of these functions in such case is shown and analyzed in the following example.
Example 2. Let the system P be described by

E =

(
0.9 0

0 0

)
, A=

(
0.7 −0.3

0.1 0.3

)
, B =

(
−0.02

0.07

)
, C =

(
0.50 0.09

)
, D =

(
0.035

)
.

The transfer function of the system is

P (z) =
0.235

9z − 8
+ 0.014.

The spectral density of the system is

Λ(ω) =
0.031(1 + cos ω)

−144 cos ω + 145
.

The spectral density of the worst case shaping filter is

S(q, ω) =
144 cos ω + 145

(−144− 0.031q) cos ω + 145− 0.031q
.

Fig. 1 and fig. 2 present A(q) and N(q) plots for different values ofM, respectively.Fig.1

fig.2

Ðèñ. 1. A(q) for different values ofM
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Ðèñ. 2. N(q) for different values ofM

For large values of M functions A(q) and N(q) lose their monotony (see fig. 3). The set

fig.3
{N(q) |A(q)=a} can be empty or contain several values of N(q). Therefore, the anisotropic norm
is defined as a supremum function by (15).

When a = 0.34, the anisotropic norm of the system is equal to ‖|P |‖a = 0.1841 forM = 0,
‖|P |‖a = 0.1823 forM = 1 and cannot be computed forM = {2, 3} (see fig. 4 and 5).fig.4

fig.5

Ðèñ. 3. A(q) and N(q) forM = 3
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Ðèñ. 4. N(A(q)) for differentM

Ðèñ. 5. N(A(q)) plots for differentM (magnified)

Conclusions

In this paper, the problem of anisotropy-based analysis for linear discrete-time descriptor
systems with Gaussian stationary random nonzero-mean sequences as input signals is solved.
The algorithm of mean anisotropy computation of the Gaussian stationary random sequence with
nonzero mean, generated by the shaping filter in descriptor form, is obtained. On basis of this
algorithm the mean anisotropy of the sequence may be calculated in the state-space representation
using the solutions of Lyapunov and Riccati equations. For the given mean anisotropy level
of the input signal the equations of anisotropic norm computation (in the frequency domain) for

http://technomag.bmstu.ru/doc/704850.html 172

http://technomag.bmstu.ru/doc/704850.html


descriptor systems are developed. Numerical example illustrates that for the given system functions
for anisotropic norm computation lose monotony when the input signal has nonzero mean. This
fact makes it difficult to compute anisotropic norm in the state-space representation and requires
further investigation.
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