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B pabote npencraBiieH HOBBII MOIXO/ K aHU30TPOIIUHHOMY aHAJIU3y JUCKPETHBIX JECKPHUII-
TOPHBIX CUCTEM B CIIy4acC BXOAHBIX CUTHAJIOB C HCHYJICBBIM CPCOAHUM.

JIeCKpUNTOPHBIE CUCTEMBI SIBISIOTCS OOOOIIEHHBIM clydaeM OOBIKHOBEHHBIX cucteM. OHHu
coaepkaTr Kak auddepeHnnanbHbple (pa3HOCTHBIE) ypaBHEHMA, Tak M aireOpanyeckue. Korga
MNEPEMCHHBIC COCTOSAHHA NMCIOT (1)I/ISI/ILIGCKI/II71 CMBICJI, MOACIIN CUCTEM 0OBIYHO MNpeaACTaBJIAIOT B
JECKPUIITOPHOH (opme.

B knaccuueckoi cToXacTHYeCcKOi TeOpUU aHU30TPOIMIHOT0 poOAaCTHOTO YIPaBIEHUS paccMa-
TPUBAIOT BXOJHBIE CUTHAJIBI C HYJICBBIM MaTeMaTH4e€CKUM OJKUAAHUEM U 33/1aHHON «IIBETHOCTBIO».
B PCATbHBIX TEXHUYCCKUX CUCTEMAX Ha BXOA MOT'YT IMOAABAaThLCA U CTOXAaCTUICCKUEC CUT'HAJIbI C HE-
HYJIEBBIM CpellHUM. VMIMEHHO Mo3TOMy pacnpocTpaHEHHE TEOPUU aHU30TPOIIUHHOIO pobacTHOTO
yIpaBJIeHHs] Ha KJIACC CUTHAJIOB C HEHYJIEBBIM MAaTEMAaTHUECKUM OXKHIAHUEM UMEET NPaKTHYECKHUil
uHTepec. OCHOBHBIMU NOHATHAMMU JJAHHOH TEOPUU SABJISIFOTCA: aHU30TPOIHUS CIIy4aifHOrO BEKTOPA,
CpEHsIsl aHM30TPOIHS BXOJIHOM IOCIIEI0BATEIbHOCTH M aHU30TPOIIMIHAS HOPMAa CUCTEMBI. AHH30-
TPOIHMS CIIy4aliHOTO BEKTOPA XapaKTEPU3yeT «LIBETHOCTH) CUTHAJIA KaK MEpYy OTIIMYUS IUIOTHOCTH
pacripeneneHust BEpOsTHOCTH (I.p.B.) CHTHaNa OT I.p.B. rayccoBckoro 6esnoro myma. CpemHss
aHU30TPOIHUS MOCIIEI0BATEIIBHOCTH — 3TO AHU30TPONHMS, YCPEAHEHHAs 110 BpeMeHH. AHU30TPO-
MUHAsg HOpMa MPECTABISET COO0M CTOXaCTHUECKUN KOI(DPHUITUEHT YCUIICHHUS CHCTEMBI, KOT/Ia Ha
BXOJ1 IOJJAETCSI NTOCIIE0BATENBHOCTD C 3a/1aHHBIM YPOBHEM CPEAHENW aHU30TPOIHH.

B nanHoil pabote peleHa 3agaya BBIYUCICHUS CpeAHEH aHM30TPONUHU CTAllMOHAPHOM rayc-
COBCKOH TOCIIEI0BAaTEIbHOCTH C HEHYJIEBBIM CPEJHUM B Cllydae, Korna (GOopMUPYIOUINN QUIBTP
IIPEICTaBIEH B JECKpUNTOpHON (popme. OCHOBBIBAasCh Ha IMOJyYEHHOM QJITOPUTME, CPEIHIOIO

AHU3OTPOIHIO IMOCICAOBATCIBHOCTH MOKHO BBIYHCIIUTL B MPOCTPAHCTBE COCTO&IHI/If/’I, HCIOJIb3Ys
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pewienns ypaBHeHuit Pukkaru u JIsmyHoBa, ipu 5ToM (GOPMHUPYIOLTHIA (GUIIBTP 3aMlMCaH BO BTOPOM
sKBHUBaNeHTHOH Popme (SVD).

JUJ1s1 3a1aHHOTO YPOBHS CpEIHEN aHU30TPOIIMH BXOAHOIO CUTHAJIA TIOIYYEHbl YPAaBHEHUS BBIUU-
CJIEHUSI aHU30TPOIUHHON HOPMBI B YaCTOTHON 00JIacTH (AJ1s1 IECKPUNITOPHBIX cucteM). [IpuBenex
YUCJICHHBIN NPUMEp, KOTOPBIA HIUTOCTPUPYET TEXHUKY BBIYMCIICHHS] aHU30TPOIMMHONW HOPMBI.
[Toka3zaHo, yTo (hyHKLMU AJIst BEIYUCIECHHS aHU30TPOITUITHON HOPMBI TEPSIFOT MOHOTOHHOCTb, KOI/1a
Ha BXOJ] [10/IA€TCSI CUTHAJI C HEHYJIEBBIM CPETHUM. B CBS3M € 3TUM BBIYMCIIEHHE aHU30TPOIUIHON

HOPMBI B IIPOCTPAHCTBE COCTOSHUM OCTAETCS CIOKHON M HEPELIEHHOM 3a1a4eH.
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Introduction

The theory of optimal stochastic anisotropy-based control for linear discrete-time systems was
established in Russia since 1994 [1], [2]. This theory allows to design control that minimizes
specified norm of the closed-loop system (anisotropic norm). Since 2008 the theory of suboptimal
stochastic anisotropy-based control that provides boundedness of anisotropic norm for the referred
above systems was developed [3]. At present these mathematical theories find application in
different control and filtration problems.

The created theory lies between the classical Hs-optimal and H ,.-optimal control theories (and
suboptimal as well) in some sense. The basic concepts of these theories are anisotropy of the
random signal and mean anisotropy of the input sequence. Anisotropy of the vector describes
so-called ”spectral color” of the signal as the distinction between its probability density function
(p.d.f.) and p.d.f. of the Gaussian white noise sequence. Mean anisotropy of the sequence is the
time averaging anisotropy.

In classical anisotropy-based theory the input signal is supposed to be the signal with zero mean
and certain “’spectral color”. But in real technical systems the input signal can be a stochastic signal
with nonzero mean. That is why the extension of anisotropy-based theory on the class of signals
with nonzero mean has a practical interest. The formulas of anisotropy of the random vector, mean
anisotropy of the signal and anisotropic norm of the system with a random nonzero-mean input
signal were obtained in [4].

In this paper, anisotropy-based theory with zero mean input signals was generalized on linear

discrete-time descriptor systems. Mathematical models of such systems contain algebraic equa-
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tions. Algebraic equations in the model of the system appear as constraints when the system
variables have the meaning of physical processes. Descriptor systems (or singular systems, semis-
tate systems, degenerate systems) are a general case of normal systems, described by ordinary
differential or difference equations. Because of the algebraic relations between state variables, the
system becomes singular and has specific behavior, different from normal systems, for example,
impulsive behavior in continuous time case or noncausal behavior in discrete time case. So it is
necessary to generalize mathematical methods, developed for normal systems, on descriptor case.

Optimal control problem was solved in [5], [6], norm boundedness conditions were obtained
in [7], [8]. This paper presents the extension of anisotropy-based theory on the class of descriptor
systems in assumption that the ”colored” Gaussian noise has nonzero mean.

The paper is organized as follows. In the first section, the basics of linear discrete-time
descriptor systems is introduced. The second section deals with anisotropy-based concepts, applied
to the Gaussian stationary random sequences with nonzero mean. The third section is devoted to
anisotropy-based analysis of descriptor systems in frequency domain. Numerical examples are

given.

1. Basics of descriptor systems theory

In linear case discrete-time descriptor systems are written as

{ Ezj1 = Axy + Bug, )
yr = Cxp + Duy
where z;, € R™ is the state, u;y € R™ is the control signal and y;, € RP is the output signal.
A, B, C, D are constant real matrices of appropriate dimensions.

For the system (1) we suppose that rank(E) = n < n;. Such systems are called descriptor or
singular.

Some basic properties of descriptor systems are associated with matrices F and A. In different
literature [9, 10], they can be represented as a matrix pencil (2 — A) or a pair (F, A).

Definition 1. The pair (EF, A) is said to be regular if there exists a scalar A\ such that
det(\E — A) # 0.

Regularity of the pair (£, A) is a necessary and sufficient condition of existence and uniqueness
of solution of the system (1). The following lemma [9] provides necessary and sufficient conditions
of regularity for the system (1).

Lemma 1. The pair (£, A) is regular if and only if there exist invertible matrices (), and U
such that

E = Q,EU, = diag(I,,N), A= Q,AU, = diag(Ay, I, _») ()
where A; € R™ ", N is a nilpotent matrix, that is, N* = 0 for some positive integer h. The
minimum £ such that N} = 0 is called the index of N.

The index of the system (1) in equivalent form (2) is called the index of the nilpotent N. (E, A)

is called the Weierstrass canonical form of (£, A).
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Definition 2. The system (1) is called causal if its solution x; depends only on wuy, ..., ug
and x;_1, ..., xg for any consistent initial conditions. It is true if the index of the nilpotent NV is
equal to 1.

The system (1) is causal if degdet(zE — A) = rank E.

Definition 3. The system (1) is called stable if p(F, A) < 1 where

p(E,A) £ max |>‘|)\e{z|det(zE—A):0}

is a generalized spectral radius of the pair (£, A).

Definition 4. The system (1) is said to be admissible if the pair (F, A) is regular, and the
system (1) is stable and causal. For more information, see [9].

It is known from matrix theory, that there are two nonsingular matrices () and U such

that QEU = diag(l,,0). By the following transformation of coordinates U ~'z; = (xl’k >,
X2k

z1, € R, 29 € R™ ™" the system (1) can be written in the following equivalent form:
T g1 = Anz g + Anzor + Biug,

0 = Ag1x1 1 + Asowa ) + Bouy, (3)
yr = Cix1 1 + Coxa, + Duy,

where matrices A;;, B;, C; (7, j = 1, 2) satisfy

A Agg By
AU = , B = , CU=(Cy Cy ).

22

Matrices () and U can be found from the singular value decomposition (SVD) [5].

Definition 5. The system (3) is called SVD canonical form of the system (1).

For the system (1) in SVD canonical form (3) the following lemma [10] holds true.

Lemma 2. The system (1) is

1) causal if and only if A, is nonsingular;

2) admissible if and only if it is casual and p(A;; — A1 Ay Agy) < 1.

Definition 6. The transfer function of the system (1) is given by the expression P(z) =
C(zE—A)'B+D.

Definition 7. Let L5 (I") (where I is a unit circle on the complex plane) be the Hilbert space
of matrix-valued functions P : I' — CP*™ that have bounded L5*™ (T")-norm

] 1/2

27
IPligeney = (50 [ (P e)pees) ao)

A subspace of L™ (T") which consists of all rational transfer functions that have no poles in the

exterior of the closed unit disk is denoted by H,. The Hy-norm of a transfer function P(z) € Ho

is defined by
1 2 )
P — [ = P(e™ 2d
Pl = (52 [ PP

http://technomag.bmstu.ru/doc/704850.html 165

1/2



http://technomag.bmstu.ru/doc/704850.html

2. Anisotropy of the random vector, mean anisotropy

of the Gaussian sequence with nonzero mean

In this section, we consider the concept of anisotropy of the random vector with nonzero mean
and give definition of mean anisotropy of the Gaussian nonzero-mean sequence, generated by the

shaping filter in descriptor form.

Anisotropy of the random vector. Anisotropy of m-dimensional random vector w is in-
troduced in [1] as the minimal value of the relative entropy of w with respect to the Gaussian

m-dimensional vector with p.d.f.

—m/2 a'x m
Pma(z) = (27A) exp| —— |, z€R™”,
’ 2\
and is described by
o f(z)
A(w) = min E;In s () 4)

where the function f is p.d.f. of w.
We suppose w is m-dimensional Gaussian random vector with nonzero mean p and covariance

matrix S, which p.d.f. is given by

F(z) = (@)™ ™2 exp (—‘” s e “>), r €R™

By definition of anisotropy (4) of the random vector,

1 msS

One can show that if S = 71,,, and u = 0, then A (w) = 0 where 7 is a constant real value.

Mean anisotropy of the Gaussian sequence with nonzero mean. Let I/ be a stationary
sequence of random m-dimensional vectors. Mean anisotropy of the stationary ergodic sequence
W = {wy} is defined in [1] by the following expression

-~ . A(WO:Nfl)
AW) = Jm =N

where Wj.y_1 1s an extended vector of the sequence:
Wo
Won-1 =
WN-1

Let the sequence W = {wy} be generated from the Gaussian white noise V' = {v;} by an

admissible shaping filter

()

G~ Egtpi1 = Agr + By(vr + 1),
Wy = Cgl‘k + Dg(vk + ,u)

where £, € R"*™, A, € Rm*™ B, € Rm*™, C, € R™*™, D, € R™*™,
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Besides, det(D,) # 0, rank E, = n < n; and |p| < co. Connection between mean anisotropy
A(W) of the sequence W and state-space representation (5) of shaping filter is given by the
following theorem.

Theorem 1. For a given state-space representation (5) of the shaping filter G mean anisotropy

A (W) is determined by
— 1 m(X+ =)
AW)=—-Indet | ————=
o) =~ et (5= )
where X and = are connected with the solutions of Lyapunov and Riccati equations P and R by

formulas
Y =CPCT + DD, P=APAT + BBT, ==CRCT,
R=ARAT — A(X+2)'A”, A=BDT + AP+ R)C"

with matrices

~

A= A — A12A2_21A217 B =D — A12A2_21B27
C =0y —CyAyl Ay, D =D, — ChA;) B,

connected with matrices A;;, B;, C; (i, = 1,2) of SVD canonical form of the system (5), and the

vector M is represented by
M = (D +C(Lyxn — A)'B)p.
JNokazaTtenbcTBoO. The system (5) in SVD canonical form can be rewritten as

C(,’]ngrl = AHZE}C + Algl'i + B1 (’Uk + M),
0 = Ayyz}, + Agexi + Bo(vg + p), (6)
Wy = Cl.f]lc + ng'z + Dd<vk + ,U)

where ;. € R, 22 € R™™". According to Lemma 1, det Agy # 0, then
i = — Ay (Any, + Ba(vg, + ). (7
Substituting z7 into the first and the third subsystems of (6), one can get

1A'y B
{ wk—‘rl xk + (/Uk + M)’ (8)

wy, = Cxl + D(vy, + 1)
where
A\: All - A12A;21A21, B\ - Bl - AlgAgleQ, 6 — Cl - 02A521A21, Zj — Dg - CQA;;BQ.

Applying Theorem 1 from [4] to the reduced normal system, we can finish the proof.

The random sequence W is fully defined by its generating filter G, therefore, the notation A(G)

is used as equivalent to the notation A(W).
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Example 1. Let the shaping filter (5) be formed by the following matrices

1 0 1 0.03 0.7649 0.7572 —0.0581
E,=10 -1 =1, By=1010 |, A;=] —0.0424 0.2854 0.2218 |,
1 1 2 0.07 0.7706  0.6003  0.7157

C,=(1 2 15), D,=(0.5),

and vector ;1 = (0.1); rank £ = 2, m = 1. The system in SVD canonical form is defined by

matrices:

~ (07187 0.0253 ~ (-01213\ A ~
A= , B= . C=(—2.2291 0.9010), D=(0.7324).
0.9639 —0.3064 —0.2673

So, the vector M = (0.065). Solving Lyapunov and Riccati equations from the Theorem 1, we

obtain
Y = (0.5873),

(11

= (—0.0510).

Consequently,

A(W)=—=1nd — 7~ | =0.049.

3. Anisotropic norm

Consider an admissible linear discrete-time descriptor system written in a state-space represen-

tation

P { Exp1 = Axy, + By, )

2z = Cay, + Dwy,
where x;, € R™ is the state, w, € R™ and 2, € RP? are input and output signals, respectively.
E, A, B, C, D are constant real matrices of appropriate dimensions. We suppose that the matrix
E is singular, i.e. rank(E) = n < n;. W = {wy} is the stationary Gaussian sequence of
m-dimensional random vectors with a given mean anisotropy level A(1W) = a > 0 and known
nonzero mean Ew,, = M, IM| < cc.

For a given system P with the input signal W = {wy,} the mean-square gain is defined as [12]

1 N-1 | |2
-— Ezk
_ =l N =
Q(P,W) = = | lm = (10)
[w]l N—oo 1 A )
k=0
where
R,
lyll, = 4| Jim — > Byl
N—oco N
k=0

is the power norm of the signal {y;}.
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Let the sequence {wy,} be represented in the form
wy, = Cyxp + Dy(vp + 1) (11)

where z; is the state of the system (9), and p is a known vector. Using (11), we obtain the
admissible filter

o { Exy1 = (A+ BCy)xy, + BDy(vy + p), (12)

W = CgZL’k + Dg(l)k + M).
The power norms of outputs of the systems (9) and (12) are written as
wll2 = lim (tr cov(wy) + [Bunl?) = |G + [ M,
212 = lim (tr cov(=) + [Baf?) = | PGJE + [PM?
where
P=P1)=D+C(E—-A)'B.

The mean-square gain (10) of the system with nonzero-mean input signal is given by the following

expression:
|PG3 + [PM|?
QW) =Q(P,G) = (13)
IG13 + [M]?
Finally, anisotropic norm of the system is defined as [2]
IPll, = sup Q(P.G). (14)

G:A(G)<a

Theorem 2. Consider the system, defined by (9) (with the transfer function P(z) =
= C(zE — A)"'B + D). Let W be the sequence of nonzero-mean m-dimensional Gaussian
random vectors, generated by an admissible shaping filter G in the form (5), with mean anisotropy
A(W) = a and Ew,, = M. Then anisotropic norm of the descriptor system (9) can be computed

in the frequency domain as

[P, = sup {N(q)[Alg) = a} (15)

q€[05]| PII)

where

. ) d(q) — 1+ LpMmp?
Alg) = (@ —IMP2) = U(q) ), N(q) = e ,
(9) 5 ( ( (q) + m| | ) (Q)) (9) Q‘P(Q)+%|M|2

1 r 1 T
®(q) = %/trS(q,w)dw, U(q) = %/lndet S(q,w)dw,

S(q.w) = (Im — qAW)™", g € [0;]|FI).

Here A(w) = P*(w)P(w), P(w) = lim P(re?®), and P = P(1).

r—
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Besides,

IPI3 + PMP?
N(0) = \/ T IME

The proof can be found in [11]. This theorem presents the equations of anisotropic norm
computation (in the frequency domain) for descriptor systems. The functions A(q) and N(q)
for anisotropic norm computation lose monotony when the input signal has nonzero mean. The
performance of these functions in such case is shown and analyzed in the following example.

Example 2. Let the system P be described by

E:(O(']g g) A:(SZ _0033> B:(}f(‘ff), C:(o.50 0.09), D:<0.035).

The transfer function of the system is

0.235
P(2) = 0.014.
B=9,—s*

The spectral density of the system is

~0.031(1 + cosw)
 —144cosw + 145"

A(w)

The spectral density of the worst case shaping filter is

144 cosw + 145
(—144 — 0.031q) cosw + 145 — 0.031¢"

S(q,w) =

Fig. 1 and fig. 2 present A(q) and N(q) plots for different values of M, respectively.

A
12 F——— T T T T T T R =
DB J||||||||:]|||||||||§4|||||||||§||||||||||51|||||||||:]|||||||||51|||||iiiii]iiiii||11';’-._
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fig.4

fig.5
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Puc. 2. N(q) for different values of M

For large values of M functions A(g) and N(q) lose their monotony (see fig. 3). The set
{N(q) |a(g)=a} can be empty or contain several values of N(q). Therefore, the anisotropic norm
is defined as a supremum function by (15).

When a = 0.34, the anisotropic norm of the system is equal to ||| P|||, = 0.1841 for M = 0,
Il|P]]|la = 0.1823 for M = 1 and cannot be computed for M = {2, 3} (see fig. 4 and 5).
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Puc. 3. A(q) and N(q) for M =3
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Conclusions

In this paper, the problem of anisotropy-based analysis for linear discrete-time descriptor
systems with Gaussian stationary random nonzero-mean sequences as input signals is solved.
The algorithm of mean anisotropy computation of the Gaussian stationary random sequence with
nonzero mean, generated by the shaping filter in descriptor form, is obtained. On basis of this
algorithm the mean anisotropy of the sequence may be calculated in the state-space representation
using the solutions of Lyapunov and Riccati equations. For the given mean anisotropy level

of the input signal the equations of anisotropic norm computation (in the frequency domain) for
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descriptor systems are developed. Numerical example illustrates that for the given system functions

for anisotropic norm computation lose monotony when the input signal has nonzero mean. This

fact makes it difficult to compute anisotropic norm in the state-space representation and requires

further investigation.
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