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Ââåäåíèå

Ïóñòü ζ1, . . . , ζm | êîìïëåêñíûå ÷èñëà. Ìåðîé ëèíåéíîé íåçàâèñèìîñòè ýòèõ ÷èñåë
íàçûâàåòñÿ

L(ζ1, . . . , ζm; H) = min |h1ζ1 + . . . + hmζm|, (1)

ãäå ìèíèìóì áåðåòñÿ ïî âñåì íåòðèâèàëüíûì íàáîðàì öåëûõ ðàöèîíàëüíûõ ÷èñåë h1, . . . ,
hm, äëÿ êîòîðûõ

max(|h1|, . . . , |hm|) 6 H. (2)

Åñëè íå âñå ÷èñëà ζ1, . . . , ζm ÿâëÿþòñÿ âåùåñòâåííûìè, òî ÷àñòî ìèíèìóì â ïðàâîé ÷àñòè
(1) ðàññìàòðèâàþò ïî âñåì íåòðèâèàëüíûì íàáîðàì öåëûõ ÷èñåë (óäîâëåòâîðÿþùèõ óñëî-
âèþ (2)) èç êàêîãî-ëèáî ìíèìîãî êâàäðàòè÷íîãî ïîëÿ. Ïîñêîëüêó íàéòè ÿâíîå âûðàæåíèå
äëÿ ôóíêöèè (1) îáû÷íî íå óäàåòñÿ, òî ïðèõîäèòñÿ îãðàíè÷èâàòüñÿ ïîëó÷åíèåì äëÿ ýòîé
ôóíêöèè îöåíîê ñíèçó. Äëÿ çíà÷åíèé ïîêàçàòåëüíîé ôóíêöèè íàèáîëåå èçâåñòåí ðåçóëüòàò
Ê. Ìàëåðà [1]

L(1, e, . . . , em; H) > h−m−c
m2 ln m
ln ln H , (3)

ãäå c| ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, à ÷èñëî H äîñòàòî÷íî âåëèêî.

Óòî÷íèòü îöåíêó (3) ïîêà íå óäàåòñÿ (êðîìå ñëó÷àÿ m = 1). Ìîæíî, îäíàêî, ïîëó÷àòü
àíàëîãè÷íûå (è áîëåå òî÷íûå) îöåíêè äëÿ çíà÷åíèé ïîêàçàòåëüíîé ôóíêöèè â ñïåöèàëüíî
âûáðàííûõ òî÷êàõ íåêîòîðîãî ìíèìîãî êâàäðàòè÷íîãî ïîëÿ (èëè ïîëÿ ðàöèîíàëüíûõ ÷è-
ñåë). Ïðèìåðû ðåçóëüòàòîâ òàêîãî ðîäà èìåþòñÿ â [2, 3, 4]. Â äâóõ ïîñëåäíèõ ðàáîòàõ
ðàññìàòðèâàåòñÿ ñëó÷àé k = 2 èç ïðèâîäèìîé íèæå òåîðåìû.
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1. Îñíîâíûå îáîçíà÷åíèÿ è ôîðìóëèðîâêà ðåçóëüòàòà

Îáîçíà÷èì ÷åðåç ξ1 = 1, ξ2, . . . , ξk ðàçëè÷íûå êîðíè k-é ñòåïåíè èç åäèíèöû (k > 2), è
ïóñòü àëãåáðàè÷åñêîå ïîëå I ñîäåðæèò âñå ýòè êîðíè. Ïóñòü, äàëåå, b 6= 0, b ∈ ZI. Îáîçíà÷èì

C =
√

k

( √
2πM

|b|kΓ
(
1− 1

k

))k−1

, γ =
k + 1

2
− 1

k
, (4)

M = max

(∣∣∣e− ξ1
b

∣∣∣, . . . , ∣∣∣e− ξk

b

∣∣∣) . (5)

Ïðè íåêîòîðûõ çíà÷åíèÿõ k (íàïðèìåð, ïðè k = 2, 3, 4, 6) ïîëå I ìîæåò áûòü ïîëåì ðàöèî-
íàëüíûõ ÷èñåë èëè ìíèìûì êâàäðàòè÷íûì ïîëåì.
Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî I åñòü ïîëå ðàöèîíàëüíûõ ÷èñåë èëè ìíèìîå êâàäðàòè÷íîå

ïîëå. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

1. Íåðàâåíñòâî ∣∣∣h1e
ξ1
b + . . . + hke

ξk

b

∣∣∣ < CH1−k

(
ln ln H

ln H

)γ

,

ãäå H = max(|h1|, . . . , |hk|), èìååò áåñêîíå÷íî ìíîãî ðåøåíèé â öåëûõ ÷èñëàõ h1, . . . , hk èç
ïîëÿ I.
2. Åñëè bk−

k
2 | öåëîå (àëãåáðàè÷åñêîå) ÷èñëî, òî ïðè ëþáîì ε > 0 íåðàâåíñòâî∣∣∣h1e

ξ1
b + . . . + hke

ξk

b

∣∣∣ < (C − ε)H1−k

(
ln ln H

ln H

)γ

ìîæåò èìåòü ëèøü êîíå÷íîå ÷èñëî ðåøåíèé óêàçàííîãî âèäà.

2. Äîêàçàòåëüñòâî òåîðåìû

Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ

Φr(ν) = (ν − r)(ν − r − k) . . . (ν − r − k(n− 1))
k∑

j=1

ξν−r
j , (6)

ãäå r = 0, 1, . . . , k − 1; ν = 0, 1, 2, . . .; n| íàòóðàëüíîå ÷èñëî.
Ëåììà 1. Åñëè 0 6 ν 6 kn + r − 1 èëè ν − r íå äåëèòñÿ íà k, òî Φr(ν) = 0. Åñëè

ν > kn + r è ν − r äåëèòñÿ íà k, òî âûïîëíÿåòñÿ ðàâåíñòâî

Φr(ν) = kn+1 t!

(t− n)!
,

ãäå t =
ν − r

k
.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñêîëüêó

k∑
j=1

ξν−r
j =

{
k, ν ≡ r(mod k),

0 â îñòàëüíûõ ñëó÷àÿõ,

òî ñïðàâåäëèâîñòü óòâåðæäåíèé ëåììû âûòåêàåò íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ôóíêöèè
Φr(ν). Ëåììà äîêàçàíà.

Ïîäáåðåì ìíîãî÷ëåíû

Prj(z) =
n∑

s=0

prjsz
s, r = 0, 1, . . . , k − 1, j = 1, . . . , k,

äëÿ êîýôôèöèåíòîâ êîòîðûõ ðàâåíñòâî

k∑
j=1

n∑
s=0

prjsξ
ν−s
j ν(ν − 1) . . . (ν − s + 1) = Φr(ν) (7)

âûïîëíÿåòñÿ ïðè ν = 0, 1, 2, . . . Äëÿ ýòîãî äîñòàòî÷íî ïðè r = 0, 1, . . . , k−1, j = 1, . . . , k,
s = 0, . . . , n ïîëîæèòü

prjs =
ξs−r
j

2πi

∫
|ζ|=n+1

(ζ − r)(ζ − r − k) . . . (ζ − r − k(n− 1))

ζ(ζ − 1) . . . (ζ − s)
dζ, (8)

ãäå îêðóæíîñòü |ζ| = n+1 îðèåíòèðîâàíà ïîëîæèòåëüíî. Ïîñëåäíåå óòâåðæäåíèå î÷åâèäíî:
åñëè ïîäñòàâèòü ïðàâóþ ÷àñòü (8) âìåñòî prjs â (7), òî ìû ïîëó÷èì ðàâåíñòâî

k∑
j=1

ξν−r
j

n∑
s=0

ν(ν − 1) . . . (ν − s + 1)
prjs

ξs−r
j

= Φr(ν),

êîòîðîå ñïðàâåäëèâî, ïîñêîëüêó âíóòðåííÿÿ ñóììà â ëåâîé ÷àñòè åñòü ðàçëîæåíèå â ðÿä

Íüþòîíà ìíîãî÷ëåíà
n−1∏
x=0

(ν − r − kx) îò ν èç ïðàâîé ÷àñòè (6) [5, §2.2].

Ðàññìîòðèì òåïåðü ôóíêöèîíàëüíóþ ëèíåéíóþ ôîðìó

Lr(z) =
k∑

j=1

Prj(z)eξjz. (9)

Ïðåîáðàçóåì âûðàæåíèå äëÿ êîýôôèöèåíòà ïðè zν â ðàçëîæåíèè Lr(z) ïî ñòåïåíÿì z. Òîãäà

k∑
j=1

min(n,ν)∑
s=0

prjs

ξν−s
j

(ν − s)!
=

1

ν!

k∑
j=1

n∑
s=0

prjsξ
ν−s
j ν(ν − 1) . . . (ν − s + 1) =

Φr(ν)

ν!
.

Ìû âîñïîëüçîâàëèñü ðàâåíñòâîì (7), à òàêæå òåì, ÷òî
s−1∏
x=0

(ν − x) = 0 ïðè s > ν. Òàêèì

îáðàçîì,

Lr(z) =
∞∑

ν=0

Φr(ν)

ν!
zν . (10)
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Ëåììà 2. Ïðè n →∞

bnLr

(1

b

)
= k

1
2
−rb−r(be−1kn)(1−k)nn−r

(
1 + O

( 1

n

))
. (11)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñîîòâåòñòâèè ñ ëåììîé 1 è ðàâåíñòâîì (10) èìååì ïðè n →∞

bnLr

(1

b

)
=

∞∑
t=n

kn+1t!

(t− n)!(kt + r)!

bn

bkt+r
= b(1−k)n−rkn+1 n!

(kn + r)!

(
1 + O

( 1

n

))
.

Èç ýòîãî ðàâåíñòâà òðåáóåìîå óòâåðæäåíèå ïîëó÷àåòñÿ ñ ïîìîùüþ ôîðìóëû Ñòèðëèíãà.
Ëåììà äîêàçàíà.

Ëåììà 3. Ïðè n →∞

bnP0j

(1

b

)
= (−1)n−1

√
2π

Γ
(
1− 1

k

) ξj

bk
e−

ξj

b (be−1kn)nn−
1
2
− 1

k

(
1 + O

(
1

k
√

n

))
, (12)

bnPrj

(1

b

)
= (−1)nξ−r

j

√
2π

Γ
(

r

k

) e−
ξj

b (be−1kn)nn−
1
2

+ r
k

(
1 + O

(
1

k
√

n

))
, (13)

j = 1, . . . , k, r = 1, . . . , k − 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü r > 0. Ïðèìåíèâ òåîðåìó î âû÷åòàõ ê ïðàâîé ÷àñòè (8),
ïîëó÷èì

bnPrj

(1

b

)
=

bn

ξr
j

n∑
s=0

(ξj

b

)s 1

2πi

∫
|ζ|=n+1

(ζ − r)(ζ − r − k) . . . (ζ − r − k(n− 1))

ζ(ζ − 1) . . . (ζ − s)
dζ =

=
bn

ξr
j

(
n∑

s=0

(ξj

b

)s−r(−r − k) . . . (−r − k(n− 1))

(−1) . . . (−s)
+

+
n∑

s=1

(ξj

b

)s
s∑

µ=1

(−1)s−µ (µ− r)(µ− r − k) . . . (µ− r − k(n− 1))

µ!(s− µ)!

)
. (14)

Äàëåå, ïðè n →∞ èìååì

n∑
s=0

(ξj

b

)s−r(−r − k) . . . (−r − k(n− 1))

(−1) . . . (−s)
=

= (−1)nkn
Γ
(
n +

r

k

)
Γ
(

r

k

) (
∞∑

s=0

(
−ξj

b

)s 1

s!
−

∞∑
s=n+1

(
−ξj

b

)s 1

s!

)
=

= (−1)nkne−
ξj

b

Γ
(
n +

r

k

)
Γ
(

r

k

) (
1 + O

( 1

n

))
.
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Îöåíèì äâîéíóþ ñóììó èç ïðàâîé ÷àñòè (14). Äëÿ çíàìåíàòåëÿ äðîáè, âõîäÿùåé âî
âíóòðåííþþ ñóììó, èìååì î÷åâèäíóþ îöåíêó

µ!(s− µ)! >
s!

2s
.

Îáîçíà÷èì ÷åðåç m ìèíèìàëüíîå çíà÷åíèå Γ-ôóíêöèè íà (0,∞). Ïðè äîñòàòî÷íî áîëü-
øîì n

∣∣(µ−r)(µ−r−k) . . .(µ−r−k(n−1))
∣∣=kn

n−1∏
x=

[µ
k

]
+1

(r−µ

k
+x
)∣∣∣∣∣

[µ
k

]∏
x=0

(µ−r

k
−x
)∣∣∣∣∣6

6 kn
Γ
(
n +

r − µ

k

)
Γ
(

r

k
−
{

µ

k

}
+ 1
)(2µ

k
+ 1
)µ

k
+1

6 kn
Γ
(
n +

r − 1
k

)
m

(2s

k
+ 1
) s

k
+1

.

Òàêèì îáðàçîì,

∣∣∣∣(µ− r)(µ− r − k) . . . (µ− r − k(n− 1))

µ!(s− µ)!

∣∣∣∣ 6 kn
Γ
(
n +

r − 1
k

)(2s

k
+ 1
) s

k
+1

2s

ms!
,

îòêóäà∣∣∣∣∣
n∑

s=1

(ξj

b

)s
s∑

µ=1

(−1)s−µ (µ− r)(µ− r − k) . . . (µ− r − k(n− 1))

µ!(s− µ)!

∣∣∣∣∣ 6
6

kn

m
Γ
(
n +

r − 1

k

) ∞∑
s=1

(
2

|b|

)s

(2s

k
+ 1
) s

k
+1

(s− 1)!
. (15)

Èç ôîðìóëû Ñòèðëèíãà ñëåäóåò, ÷òî ïðè n →∞

Γ
(
n +

r

k
− α

k

)
=
√

2π nn− 1
2

+ r
k
− α

k e−n

(
1 + O

( 1

n

))
, α = 0, 1.

Ïîëüçóÿñü ýòèì, èç (14)|(15) ïîëó÷àåì (13). Ïðè r = 0 èìååì

bnP0j

(1

b

)
= bn

n∑
s=0

(ξj

b

)s 1

2πi

∫
|ζ|=n+1

ζ(ζ − k) . . . (ζ − k(n− 1))

ζ(ζ − 1) . . . (ζ − s)
dζ =

=bn

(
n∑

s=1

(ξj

b

)s (1−k)...(1−k(n−1))

(−1)...(1−s)
+

n∑
s=2

(ξj

b

)s
s∑

µ=2

(−1)s−µ (µ−k)...(µ−k(n−1))

(µ−1)!(s−µ)!

)
.

Ðàññóæäåíèÿ, àíàëîãè÷íûå ïðèâåäåííûì âûøå, äàþò ôîðìóëó (12). Ëåììà äîêàçàíà.
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Îáîçíà÷èì
arj = a

(n)
rj = bnPrj

(1

b

)
. (16)

Çàìåòèì, ÷òî òàê îïðåäåëåííûå ÷èñëà arj ÿâëÿþòñÿ öåëûìè â ïîëå I. Äëÿ òîãî, ÷òîáû
óáåäèòüñÿ â ýòîì, äîñòàòî÷íî çàïèñàòü èíòåãðàë èç ïðàâîé ÷àñòè (8) ñ ïîìîùüþ âû÷åòà
îòíîñèòåëüíî òî÷êè ζ = ∞.
Èç ëåììû 3 ñëåäóåò, ÷òî

|arj| = c1(c2n)nnc3(1 + o(1)) (n →∞),

ãäå c1, c2, c3 | ïîñòîÿííûå, íå çàâèñÿùèå îò n; c1 è c2 ïîëîæèòåëüíû. Ïîýòîìó ïðè n →∞

ln ln |arj|
ln |arj|

=
1

n

(
1 +

ln ln n

ln n
+ O

(
1

ln n

))
. (17)

Äëÿ ÷èñëîâîé ëèíåéíîé ôîðìû

lr = l(n)
r = bnLr

(1

b

)
= ar1e

ξ1
b + . . . + arke

ξk

b , 0 6 r 6 k − 1, (18)

îáîçíà÷èì ÷åðåç Hr = H
(n)
r ìàêñèìóì ìîäóëåé åå êîýôôèöèåíòîâ. Èç (12) è (17) ñëåäóåò,

÷òî ïðè n →∞

CH1−k
0

( ln ln H0

ln H0

)γ

=
√

k(|b|e−1kn)(1−k)n

(
1 + γ

ln ln n

ln n
+ O

(
1

ln n

))
, (19)

ãäå C è γ îïðåäåëåíû ðàâåíñòâàìè (4). Ñðàâíèâàÿ ïðàâóþ ÷àñòü (19) ñ (11) ïðè r = 0, âèäèì,
÷òî ïðè ëþáîì ε > 0 ïðè âñåõ äîñòàòî÷íî áîëüøèõ n âûïîëíÿåòñÿ äâîéíîå íåðàâåíñòâî

(C − ε)H1−k
0

( ln ln H0

ln H0

)γ

< |l0| < CH1−k
0

( ln ln H0

ln H0

)γ

, (20)

èç êîòîðîãî, â ÷àñòíîñòè, ñëåäóåò ïåðâîå óòâåðæäåíèå òåîðåìû.
Ïåðåõîäÿ ê äîêàçàòåëüñòâó âòîðîé ÷àñòè òåîðåìû, çàìåòèì ïðåæäå âñåãî, ÷òî ïðè ëþáîì

ôèêñèðîâàííîì ε > 0 è ïðè âñåõ äîñòàòî÷íî áîëüøèõ n

(Cr − ε)H1−k
r

( ln ln Hr

ln Hr

)γr

< |lr| < CrH
1−k
r

( ln ln Hr

ln Hr

)γr

, 1 6 r 6 k − 1. (21)

Ñîîòíîøåíèÿ (21) ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ (13) è (11) ïî óêàçàííîé âûøå ñõåìå;
ïðè ýòîì

Cr = k
1
2
−r|b|−r

√2πM

Γ
(

r

k

) max
16j6k

∣∣∣e− ξj

b

∣∣∣
k−1

, γr =
k − 1

2
+

r

k
, r = 1, . . . , k − 1, (22)

ãäå ÷èñëîM îïðåäåëåíî ðàâåíñòâîì (5). Èç (20), (21) è (22) ñëåäóåò, ÷òî ïðè âñåõ äîñòàòî÷íî
áîëüøèõ n âûïîëíÿåòñÿ íåðàâåíñòâî

|lr| > (C − ε)H1−k
r

( ln ln Hr

ln Hr

)γ

, r = 0, 1, . . . , k − 1.
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Ëåììà 4. Îïðåäåëèòåëü, ñòðîêàìè êîòîðîãî ñëóæàò êîýôôèöèåíòû ëèíåéíûõ ôîðì

l(n)
q , l

(n)
q+1, . . . , l

(n)
k−1, l

(n+1)
1 , . . . , l(n+1)

q , 0 6 q 6 k − 1,

îòëè÷åí îò íóëÿ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ñëó÷àé q = 0. Çàìåòèì ñíà÷àëà, ÷òî ïîðÿäîê íóëÿ
îïðåäåëèòåëÿ

∆(z) = |Prj(z)|r=0,1,...,k−1, j=1,...,k

ïðè z = 0 íå ìåíüøå kn. Ýòî ñëåäóåò èç ëåììû 1, (9) è (10). Ïîýòîìó

∆(z) = Azkn, (23)

ãäå
A = |prjn|r=0,1,...,k−1, j=1,...,k.

Èç (8) ñëåäóåò, ÷òî
A = |ξn−r

j |r=0,1,...,k−1, j=1,...,k = ±q, (24)

ãäå
q = i

(k−1)(3k−2)
2 k

k
2

Ïî ïîâîäó âû÷èñëåíèÿ ïîñëåäíåãî îïðåäåëèòåëÿ ñì., íàïðèìåð, [6, çàäà÷à 532]. Èç (23) è
(24) ñëåäóåò, â ÷àñòíîñòè, ÷òî ∆(z) 6= 0, åñëè z 6= 0. Îòñþäà âûòåêàåò óòâåðæäåíèå ëåììû
ïðè q = 0. Àíàëîãè÷íî ìîæíî äîêàçàòü ëåììó è ïðè 1 6 q 6 k − 1. Ëåììà äîêàçàíà.

Ëåììà 5. Ïóñòü âûïîëíåíî óñëîâèå bk−
k
2 ∈ ZA âòîðîãî óòâåðæäåíèÿ òåîðåìû è ïóñòü

c ∈ I, 0 < |c| < 1. Òîãäà ïðè ôèêñèðîâàííîì r, 0 6 r 6 k − 1, íå âñå ÷èñëà

carj, j = 1, . . . , k, (25)

áóäóò öåëûìè â ïîëå I.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (16), (23) è (24) âûòåêàåò ðàâåíñòâî

|arj|r=0,1,...,k−1, j=1,...,k = ±q. (26)

Ïîýòîìó åñëè âñå ÷èñëà (25) ÿâëÿþòñÿ öåëûìè, òî öåëûì áóäåò è ÷èñëî cq. Ñëåäîâàòåëüíî,
öåëûì ÿâëÿåòñÿ è ÷èñëî c, ïîñêîëüêó bq−1 ∈ ZI è

car1 =
n−1∑
s=0

pr1scq(bq
−1)bn−s−1 + c.

Îäíàêî ýòî íåâîçìîæíî, òàê êàê 0 < |c| < 1. Ëåììà äîêàçàíà.

Ñ ïîìîùüþ (12) íåòðóäíî óáåäèòüñÿ, ÷òî ïîñëåäîâàòåëüíîñòü {H(n)
0 } âîçðàñòàåò, íà÷èíàÿ

ñ íåêîòîðîãî íîìåðà (÷èñëà H
(n)
r îïðåäåëåíû ïîñëå ðàâåíñòâà (18)). Ïîýòîìó äëÿ ëèíåéíîé

ôîðìû
l = h1e

ξ1
b + . . . + hke

ξk
b
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ñ öåëûìè â ïîëå I êîýôôèöèåíòàìè ïðè äîñòàòî÷íî áîëüøîì H ,

H = max(|h1|, . . . , |hk|),

íàéäåòñÿ íàòóðàëüíîå n, òàêîå, ÷òî H
(n)
0 6 H < H

(n+1)
0 . Áóäåì ðàçëè÷àòü äâà ñëó÷àÿ

H
(n)
0 6 H < H

(n)
k−1 è H

(n)
k−1 6 H < H

(n+1)
0 . (27)

Ðàññìîòðèì ïåðâûé ñëó÷àé. Òàê êàê ïðè âñåõ äîñòàòî÷íî áîëüøèõ n

H
(n)
0 < H

(n)
1 < . . . < H

(n)
k−1,

òî íàéäåòñÿ r, 0 6 r 6 k − 2, äëÿ êîòîðîãî

H(n)
r 6 H < H

(n)
r+1. (28)

Ïóñòü ñíà÷àëà H0 6 H < H1; ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî

H 6
1

ln ln n
H1.

Ïîñêîëüêó ëèíåéíûå ôîðìû l0, l1, . . . , lk−1 ëèíåéíî íåçàâèñèìû (ñì. (26)), òî â ïîëå I
ñóùåñòâóþò òàêèå ÷èñëà α0, α1, . . . , αk−1, ÷òî

(h1 . . . hk) = (α0 α1 . . . αk−1)


a01 a02 . . . a0k

a11 a12 . . . a1k

. . . . . . . . . . . . . .

ak−1,1 ak−1,2 . . . ak−1,k

 (29)

Åñëè â ïîñëåäíåì ðàâåíñòâå α1 = . . . = αk−1 = 0, òî l = α0l0. Êðîìå òîãî, òàê êàê l èìååò
öåëûå êîýôôèöèåíòû, òî, ñîãëàñíî ëåììå 5, |α0| > 1. Òàêèì îáðàçîì, â ðàññìàòðèâàåìîì
ñëó÷àå

|l| = |α0l0| > |α0|(C − ε)H1−k
0

(
ln ln H0

ln H0

)γ

> (C − ε)H1−k

(
ln ln H

ln H

)γ

.

Ïóñòü òåïåðü â (29) èìååòñÿ êîýôôèöèåíò αj , 1 6 j 6 k−1, îòëè÷íûé îò íóëÿ. Òîãäà ôîðìû
l0, . . . , lj−1, l, lj+1, . . . , lk−1 ëèíåéíî íåçàâèñèìû è îïðåäåëèòåëü

δ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a01 a02 . . . a0k

. . . . . . . . . . . . . . .

aj−1,1 aj−1,2 . . . aj−1,k

h1 h2 . . . hk

aj+1,1 aj+1,2 . . . aj+1,k

. . . . . . . . . . . . . . .

ak−1,1 ak−1,2 . . . ak−1,k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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îòëè÷åí îò íóëÿ; â ýòîì ñëó÷àå
|δ| > 1.

Äëÿ ïîëó÷åíèÿ îöåíêè ñâåðõó ìîäóëÿ δ íàïèøåì î÷åâèäíîå ðàâåíñòâî

δe
1
b =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

l0 a02 . . . a0k

. . . . . . . . . . . . .

lj−1 aj−1,2 . . . aj−1,k

l h2 . . . hk

lj+1 aj+1,2 . . . aj+1,k

. . . . . . . . . . . . .

lk−1 ak−1,2 . . . ak−1,k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Îòñþäà
1

(k − 1)!

∣∣δe1
b
∣∣ 6 k−1∑

µ=0, µ 6=j

|lµ|
HH0H1 . . . Hk−1

HµHj

+ |l|H0H1 . . . Hk−1

Hj

.

Çàìåòèì, ÷òî ñóììà ïî µ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ñòðåìèòñÿ ê íóëþ ïðè n →∞. Â
ñàìîì äåëå, ïðè µ = 0 èìååì ∣∣∣∣l0HH1 . . . Hk−1

Hj

∣∣∣∣ 6 c4

ln ln n
n

1−j
k ,

ãäå c4 ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò n. Ïîñêîëüêó j > 1, òî ïîñëåäíåå
âûðàæåíèå ñòðåìèòñÿ ê íóëþ. Àíàëîãè÷íî ìîæíî ïðîâåðèòü, ÷òî ïðè n → ∞ ñòðåìÿòñÿ ê
íóëþ è ñëàãàåìûå, îòâå÷àþùèå äðóãèì çíà÷åíèÿì µ. Ïîýòîìó ïðè âñåõ äîñòàòî÷íî áîëüøèõ
n

|l| > c5
Hj

H0H1 . . . Hk−1

>
c5

H0H2 . . . Hk−1

.

Ó÷èòûâàÿ íåðàâåíñòâî H > H0, à òàêæå ñîîòíîøåíèÿ (12) è (13), ïîëó÷àåì îòñþäà, ÷òî

|l| > c6H
1−k
( ln ln H

ln H

)γ−ε0

, (30)

ãäå êîíñòàíòà γ îïðåäåëåíà ðàâåíñòâîì (4), à ε0 = 2/k.
Ðàññìîòðèì òåïåðü ñëó÷àé

1

ln ln n
H1 6 H 6 H1.

Â ýòîé ñèòóàöèè ñëåäóåò âçÿòü ëèíåéíî íåçàâèñèìûå ôîðìû

l
(n)
1 , l

(n)
2 , . . . , l

(n)
k−1, l

(n+1)
1 .

Ðàññóæäåíèÿ, àíàëîãè÷íûå ïðèâåäåííûì âûøå, äàþò íåðàâåíñòâî âèäà (30). Èçìåíÿòñÿ,
áûòü ìîæåò, ëèøü ïîëîæèòåëüíûå ïîñòîÿííûå c6 è ε0. Àíàëîãè÷íî îáñòîèò äåëî è ñ íåðà-
âåíñòâîì (28) ïðè r > 0. È çäåñü â êîíå÷íîì èòîãå îêàçûâàåòñÿ, ÷òî ñïðàâåäëèâî íåðàâåíñòâî
òèïà (30). Âòîðîé ñëó÷àé èç (27) ðàçáèðàåòñÿ àíàëîãè÷íî è ïðèâîäèò ê òîìó æå ðåçóëüòàòó.
Ìû âèäèì, ÷òî ïðè âñåõ äîñòàòî÷íî áîëüøèõ H âûïîëíÿåòñÿ íåðàâåíñòâî∣∣h1e

ξ1
b + . . . + hke

ξk

b
∣∣ > (C − ε)H1−k

(
ln ln H

ln H

)γ

.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò âòîðîå óòâåðæäåíèå òåîðåìû.
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Çàêëþ÷åíèå

Àíàëèòè÷åñêàÿ êîíñòðóêöèÿ, èñïîëüçîâàííàÿ â äàííîé ðàáîòå, ïîñëå âíåñåíèÿ íåêîòî-
ðûõ äîïîëíèòåëüíûõ óñîâåðøåíñòâîâàíèé ìîæåò áûòü èñïîëüçîâàíà è äëÿ îöåíêè ëèíåéíûõ
ôîðì îò çíà÷åíèé îáîáùåííûõ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé. Ñ íåêîòîðûìè îãîâîðêàìè
çäåñü îæèäàåòñÿ ðåçóëüòàò àíàëîãè÷íûé èçëîæåííîìó â íàñòîÿùåé ðàáîòå: îöåíêè ëèíåéíûõ
ôîðì áóäóò òî÷íû ïî âûñîòå è â áîëüøèíñòâå ñëó÷àåâ âîçìîæíî âû÷èñëåíèå ñîîòâåòñòâóþ-
ùèõ êîíñòàíò. Âî âòîðîé ÷àñòè äîêàçàííîé â äàííîé ðàáîòå òåîðåìû èìååòñÿ îãðàíè÷åíèå
íà ÷èñëî b. Îò ýòîãî îãðàíè÷åíèÿ ìîæíî îòêàçàòüñÿ (ýòî ïðèâåäåò ê óñëîæíåíèþ ôîðìóëè-
ðîâêè òåîðåìû è ê íåîáõîäèìîñòè ïðîâåäåíèÿ äîïîëíèòåëüíûõ ðàññóæäåíèé òåõíè÷åñêîãî
õàðàêòåðà).
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In order to obtain quantitative results in the theory of Diophantine approximations one uses
functional linear approximating forms which have sufficiently high order of zero at z = 0. Such
forms are constructed either by means of the Dirichlet principle or effectively. In this article, by
means of effective construction of approximating linear forms, we obtain a low estimate of the
modulus of a linear form in the values of an exponential function in different points of an imaginary
quadratic field; numerators of these points are roots of unity. Precise estimates, with respect to the
height, were obtained with computation of corresponding constants. The proposed construction
could be used for obtaining analogous estimates in values of generalized hypergeometric functions.
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