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Ðàññìàòðèâàåòñÿ çàäà÷à òåðìèíàëüíîãî óïðàâëåíèÿ ñ ôèêñèðîâàííûì âðåìåíåì äëÿ àôôèííûõ
ñèñòåì âòîðîãî ïîðÿäêà ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèÿ. Ïðåäëîæåíî ðåøåíèå ýòîé
çàäà÷è â ñëó÷àå ñèñòåì ñî ñêàëÿðíûì óïðàâëåíèåì, èìåþùèõ ðåãóëÿðíûé êàíîíè÷åñêèé âèä.
Äîêàçàíî, ÷òî èñõîäíàÿ òåðìèíàëüíàÿ çàäà÷à ýêâèâàëåíòíà çàäà÷å ïîèñêà ôóíêöèè, óäîâëåòâî-
ðÿþùåé îïðåäåëåííûì óñëîâèÿì. Ôóíêöèÿ ñòðîèòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå ñòðîèòñÿ
ôóíêöèÿ, îïðåäåëÿþùàÿ ðåøåíèå òåðìèíàëüíîé çàäà÷è áåç îãðàíè÷åíèé. Íà âòîðîì ýòàïå ïî-
ñòðîåííàÿ ôóíêöèÿ, åñëè íåîáõîäèìî êîððåêòèðóåòñÿ ñ ïîìîùüþ äîïîëíèòåëüíîãî ñëàãàåìîãî,
âëèÿíèå êîòîðîãî ðåãóëèðóåòñÿ çíà÷åíèåì âõîäÿùåãî â ýòî ñëàãàåìîå ïàðàìåòðà. Ïðåäëîæåííûé
ìåòîä ïðîòåñòèðîâàí íà êîíêðåòíîì ïðèìåðå ñèñòåìû, îïèñûâàþùåé êîëåáàíèÿ ìàòåìàòè÷åñêîãî
ìàÿòíèêà.

Êëþ÷åâûå ñëîâà: òåðìèíàëüíîå óïðàâëåíèå, êàíîíè÷åñêèé âèä, îãðàíè÷åíèÿ íà ñîñòîÿíèÿ

Ââåäåíèå

Ðåøåíèå òåðìèíàëüíîé çàäà÷è çàêëþ÷àåòñÿ â íàõîæäåíèè ïðîãðàììíîãî óïðàâëåíèÿ, êî-
òîðîå ðåàëèçóåò äâèæåíèå âäîëü òðàåêòîðèè, ñîåäèíÿþùåé çàäàííîå íà÷àëüíîå ïîëîæåíèå
ñèñòåìû ñ çàäàííûì êîíå÷íûì ïîëîæåíèåì. Ôîðìóëèðîâêà çàäà÷è òåðìèíàëüíîãî óïðàâëå-
íèÿ ìîæåò ñîäåðæàòü îãðàíè÷åíèÿ íà ñîñòîÿíèÿ. Îãðàíè÷åíèÿ íà ñîñòîÿíèÿ ìîãóò ñëåäîâàòü
èç ôèçè÷åñêîãî ñìûñëà çàäà÷è, à ìîãóò áûòü íàëîæåíû èñõîäÿ èç äðóãèõ ñîîáðàæåíèé. Íå-
çàâèñèìî îò ïðèðîäû îãðàíè÷åíèé èõ íàëè÷èå ñóùåñòâåííî îñëîæíÿåò ðåøåíèå çàäà÷è.
Ðåøåíèå òåðìèíàëüíûõ çàäà÷ ðàññìàòðèâàëîñü äëÿ ïëîñêèõ ñèñòåì [1] è àôôèííûõ ñè-

ñòåì ñ âåêòîðíûì óïðàâëåíèåì, êîòîðûå ïðåîáðàçóþòñÿ ê êâàçèêàíîíè÷åñêîìó âèäó [2, 3,
4, 5, 6]. Â ðàáîòå [7] èçëîæåíî ðåøåíèå òåðìèíàëüíîé çàäà÷è äëÿ äèíàìè÷åñêèõ ñèñòåì
êàíîíè÷åñêîãî âèäà ïóòåì ïîñòðîåíèÿ ïðîãðàììíîé òðàåêòîðèè â âèäå ìíîãî÷ëåíà, ñòåïåíü
êîòîðîãî îïðåäåëÿåòñÿ ðàçìåðíîñòüþ ñèñòåìû. Îäíàêî ýòè ïîäõîäû íå ïîçâîëÿþò ó÷åñòü
îãðàíè÷åíèÿ.
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Â ðàáîòàõ [8, 9] îïèñàíî ðåøåíèå òåðìèíàëüíûõ çàäà÷ ìåòîäîì íàêðûòèé. Ýòîò ïîä-
õîä ïðåäñòàâëÿåò ñîáîé îáîáùåíèå ðåøåíèÿ çàäà÷ òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ ïëîñêèõ
ñèñòåì. Èäåÿ äàííîãî ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî îí ñâîäèò ðåøåíèå èñõîäíîé òåð-
ìèíàëüíîé çàäà÷è ê ðåøåíèþ äâóõ çàäà÷ Êîøè, ïîñòðîåííûõ îïðåäåëåííûì îáðàçîì. Â
[10] ïðåäñòàâëåí àëãîðèòì ðåøåíèÿ òåðìèíàëüíîé çàäà÷è çà ôèêñèðîâàííîå âðåìÿ ñ ïî-
ìîùüþ êóñî÷íî-ïîñòîÿííîãî óïðàâëåíèÿ. Àëãîðèòì èñïîëüçóåò ïëîñêîñòè ïåðåêëþ÷åíèÿ,
êîòîðûå ïîëó÷åíû íà îñíîâå àïïðîêñèìàöèè ðåøåíèé çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ.
Â [11, 12] èçëîæåí ìåòîä ðåøåíèÿ çàäà÷ òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ àôôèííûõ ñèñòåì,
èñïîëüçóþùèé îðáèòàëüíóþ ëèíåàðèçàöèþ äëÿ ïðåîáðàçîâàíèÿ èñõîäíîé ñèñòåìû ê ñè-
ñòåìå êàíîíè÷åñêîãî âèäà. Â ðàáîòå [13] äëÿ ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ èñïîëüçóåòñÿ
ïàðàìåòðè÷åñêîå ìíîæåñòâî ðåøåíèé èíòåãðàëüíûõ óðàâíåíèé.

Â ðàáîòàõ [14, 15] ðàññìàòðèâàëèñü çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ çàäàííûìè ãðà-
íè÷íûìè óñëîâèÿìè è îãðàíè÷åíèÿìè íà ñîñòîÿíèÿ. Àâòîðû èñïîëüçîâàëè ìåòîä ëîêàëü-
íûõ âàðèàöèé. Èäåÿ ýòîãî ìåòîäà çàêëþ÷àåòñÿ â ïîèñêå ëîêàëüíîãî ìèíèìóìà ôóíêöèîíàëà
ïóòåì ðåêóððåíòíîãî ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé, êîòîðàÿ îïðåäåëÿåò ðå-
øåíèå çàäà÷è. Ïîñòðîåíèå ïðîèñõîäèò ïóòåì âàðüèðîâàíèÿ âåêòîðà ôàçîâûõ êîîðäèíàò, ÷òî
ïîçâîëÿåò ó÷åñòü ãðàíè÷íûå óñëîâèÿ è îãðàíè÷åíèÿ íà ñîñòîÿíèå. Òðóäíîñòü çàêëþ÷àåòñÿ
â îïðåäåëåíèè ýëåìåíòàðíîé îïåðàöèè [16], êîòîðàÿ ñòàâèò â ñîîòâåòñòâèå äâóì áëèçêèì
òî÷êàì ôàçîâîãî ïðîñòðàíñòâà óïðàâëåíèå êàê ôóíêöèþ âðåìåíè. Â ñëó÷àå åñëè ðàçìåð-
íîñòü ïðîñòðàíñòâà ñîñòîÿíèé ñèñòåìû ñîâïàäàåò ñ ðàçìåðíîñòüþ óïðàâëåíèÿ, ýëåìåíòàð-
íàÿ îïåðàöèÿ ââîäèòñÿ äîñòàòî÷íî ïðîñòî, èíà÷å êàæäîå åå âûïîëíåíèå òðåáóåò ðåøåíèÿ
âñïîìîãàòåëüíîé âàðèàöèîííîé çàäà÷è.

Â äàííîé ñòàòüå èçëîæåí ìåòîä ðåøåíèÿ çàäà÷ òåðìèíàëüíîãî óïðàâëåíèÿ ñ ôèêñèðî-
âàííûì âðåìåíåì äëÿ ñèñòåì âòîðîãî ïîðÿäêà ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèÿ. Îí
çàêëþ÷àåòñÿ â ïîñòðîåíèè ïðîãðàììíîé òðàåêòîðèè ñ ïîìîùüþ ïîëèíîìà êàê ôóíêöèè
âðåìåíè, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è, ïðè îòñóòñòâèè îãðàíè÷åíèé.
Åñëè ïðîãðàììíàÿ òðàåêòîðèÿ óäîâëåòâîðÿåò îãðàíè÷åíèÿì, òî ðåàëèçóþùåå åå óïðàâëåíèå
ÿâëÿåòñÿ ðåøåíèåì ïîñòàâëåííîé çàäà÷è. Åñëè îãðàíè÷åíèÿ íà ïîñòðîåííóþ ïðîãðàììíóþ
òðàåêòîðèþ íàðóøàþòñÿ, òî òðàåêòîðèÿ êîððåêòèðóåòñÿ ïóòåì äîáàâëåíèÿ íîâîé ôóíêöèè,
âëèÿíèå êîòîðîé ðåãóëèðóåòñÿ çíà÷åíèåì ïàðàìåòðà. Óïðàâëåíèå, ðåàëèçóþùåå äâèæåíèå
âäîëü ïîñòðîåííîé ïðîãðàììíîé òðàåêòîðèè, ÿâëÿåòñÿ íåïðåðûâíûì.

Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçä. 1 ïðèâåäåíà ïîñòàíîâêà çàäà÷è. Â
ðàçä. 2 ïðèâåäåíî ðåøåíèå òåðìèíàëüíîé çàäà÷è, íå ó÷èòûâàþùåå îãðàíè÷åíèÿ íà ñîñòîÿíèÿ
ñèñòåìû. Â ðàçä. 3 èçëîæåíà ñõåìà ó÷åòà îãðàíè÷åíèé íà ñîñòîÿíèÿ. Â ðàçä. 4 ïðåäñòàâëåí
ïðèìåð ðåøåíèÿ çàäà÷è òåðìèíàëüíîãî óïðàâëåíèÿ ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèÿ
äëÿ ñèñòåìû, îïèñûâàþùåé êîëåáàíèÿ ìàòåìàòè÷åñêîãî ìàÿòíèêà. Â çàêëþ÷åíèè ïðèâåäåíî
êðàòêîå îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ.
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1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ãëàäêóþ àôôèííóþ ñèñòåìó êàíîíè÷åñêîãî âèäà ñî ñêàëÿðíûì óïðàâëåíèåì

ÿ = f(y, ẏ) + g(y, ẏ)u, t ∈ [0; t∗] (1)

è îãðàíè÷åíèÿìè íà ñîñòîÿíèÿ

hk(y, ẏ) ≤ 0, k = 1, K. (2)

Îáîçíà÷èì âåêòîð ñîñòîÿíèÿ (y, ẏ) ñèñòåìû (1) ÷åðåç ȳ è ïóñòü Ω | îáëàñòü äîïóñòèìûõ
ñîñòîÿíèé, ò.å. Ω =

{
ȳ ∈ R2 : hk(ȳ) ≤ 0, k = 1, K

}
. Áóäåì ñ÷èòàòü, ÷òî ñèñòåìà (1) ÿâëÿåòñÿ

ðåãóëÿðíîé, ò.å. g(ȳ) 6= 0 ïðè ȳ ∈ Ω. Òàêæå ïðåäïîëàãàåì, ÷òî íà ïåðåìåííûå ñîñòîÿíèÿ
çàäàíû ãðàíè÷íûå óñëîâèÿ

ȳ
∣∣∣
t=0

= ȳ0 = (y0, ẏ0)
ò
, ȳ

∣∣∣
t=t∗

= ȳ∗ = (y∗, ẏ∗)
T ; ȳ0, ȳ∗ ∈ Ω, (3)

è çàäàíû ãðàíè÷íûå çíà÷åíèÿ óïðàâëåíèé:

u
∣∣∣
t=0

= u0, u
∣∣∣
t=t∗

= u∗. (4)

Òðåáóåòñÿ íàéòè íåïðåðûâíîå óïðàâëåíèå u(t), óäîâëåòâîðÿþùåå óñëîâèÿì (4), êîòîðîå
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è òåðìèíàëüíîãî óïðàâëåíèÿ ñ ôèêñèðîâàííûì âðåìåíåì t∗ äëÿ
ñèñòåìû (1){(2) ñ ãðàíè÷íûìè óñëîâèÿìè (3).
Êàæäîå ðåøåíèå u(t) ïîñòàâëåííîé òåðìèíàëüíîé çàäà÷è îïðåäåëÿåò ôóíêöèþ y = y(t),

êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

ÿ = f(y, ẏ) + g(y, ẏ)u(t), y
∣∣∣
t=0

= y0, ẏ
∣∣∣
t=0

= ẏ0.

Ôóíêöèÿ y(t) è åå ïðîèçâîäíàÿ ïî âðåìåíè óäîâëåòâîðÿþò ñèñòåìå îãðàíè÷åíèé (2). Çíà÷å-
íèÿ åå ïåðâîé è âòîðîé ïðîèçâîäíîé â íà÷àëüíûé è êîíå÷íûé ìîìåíò âðåìåíè îäíîçíà÷íî
îïðåäåëÿþòñÿ ãðàíè÷íûìè óñëîâèÿìè (3){(4), â ÷àñòíîñòè,

ÿ(0) = ÿ0 = f(y0, ẏ0) + g(y0, ẏ0)u0, ÿ(t∗) = ÿ∗ = f(y∗, ẏ∗) + g(y∗, ẏ∗)u∗.

Ñëåäîâàòåëüíî, èñõîäíàÿ òåðìèíàëüíàÿ çàäà÷à ìîæåò áûòü ñôîðìóëèðîâàíà â âèäå çàäà÷è
ïîèñêà ôóíêöèè ψ(t) ∈ C2[0; t∗], óäîâëåòâîðÿþùåé óñëîâèÿì

ψ
∣∣∣
t=0

= y0, ψ
∣∣∣
t=t∗

= y∗, (5)

ψ̇
∣∣∣
t=0

= ẏ0, ψ̇
∣∣∣
t=t∗

= ẏ∗, (6)

ψ̈
∣∣∣
t=0

= ÿ0, ψ̈
∣∣∣
t=t∗

= ÿ∗, (7)

hk(ψ(t), ψ̇(t)) ≤ 0, k = 1, K, t ∈ [0; t∗]. (8)

Ôóíêöèÿ ψ(t) îïðåäåëÿåò òðàåêòîðèþ y = ψ(t), ẏ = ψ̇(t), t ∈ [0; t∗], ñèñòåìû (1), êîòîðàÿ
ðåàëèçóåòñÿ íåïðåðûâíûì ïðîãðàììíûì óïðàâëåíèåì

u(t) =
ψ̈(t)− f(ψ(t), ψ̇(t))

g(ψ(t), ψ̇(t))
(9)

ñ ãðàíè÷íûìè çíà÷åíèÿìè (4).
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2. Ðåøåíèå òåðìèíàëüíîé çàäà÷è ïðè îòñóòñòâèè îãðàíè÷åíèé

Â êëàññå ìíîãî÷ëåíîâ ñóùåñòâóåò ôóíêöèÿ

ψ(t) = y0 + ẏ0t+ ÿ0
t2

2
+ c0

t3

t3∗
+ c1

t4

t4∗
+ c2

t5

t5∗
, (10)

êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì (5){(7) è, ñëåäîâàòåëüíî, çàäàåò óïðàâëåíèå (9), ÿâëÿþùååñÿ
ðåøåíèåì òåðìèíàëüíîé çàäà÷è (1), (3){(4) ïðè îòñóòñòâèè îãðàíè÷åíèé (2) íà ñîñòîÿíèå
ñèñòåìû. Êîýôôèöèåíòû ôóíêöèè (10) îïðåäåëÿþòñÿ èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé 

1 1 1

3 4 5

6 12 20



c0

c1

c2

 =


y∗ − y0 − ẏ0t∗ − 0.5ÿ0t

2
∗

ẏ∗t∗ − ẏ0t∗ − ÿ0t
2
∗

ÿ∗t
2
∗ − ÿ0t

2
∗

. (11)

Ìàòðèöà â ëåâîé ÷àñòè ñèñòåìû (11) ÿâëÿåòñÿ íåâûðîæäåííîé, îíà íå çàâèñèò îò âèäà
ãðàíè÷íûõ óñëîâèé è îïðåäåëÿåòñÿ òîëüêî ñòåïåíüþ ïîëèíîìà (10). Âûïîëíåíèå óñëîâèé
(5){(7) ãàðàíòèðóåò, ÷òî óïðàâëåíèå (9), ðåàëèçóþùåå äâèæåíèå ïî òðàåêòîðèè y = ψ(t),
ẏ = ψ̇(t), t ∈ [0, t∗], èìååò ãðàíè÷íûå çíà÷åíèÿ (4).

3. Ó÷åò îãðàíè÷åíèé íà ñîñòîÿíèå (2)

Â îáùåì ñëó÷àå ôóíêöèÿ ψ(t) â âèäå (10) íå óäîâëåòâîðÿåò óñëîâèþ (8). Ïóñòü îãðà-
íè÷åíèÿ (2) òàêîâû, ÷òî ñóùåñòâóþò íåïåðåñåêàþùèåñÿ îòðåçêè [tli; tri], i = 1, n, 0 < tl1,
trn < t∗, tli < tl(i+1), íà êàæäîì èç êîòîðûõ íå âûïîëíåíî óñëîâèå(8).
Áóäåì èñêàòü íîâóþ ôóíêöèþ ψd(t), êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì

hk(ψd(t), ψ̇d(t)) ≤ 0, t ∈ [0; t∗], k = 1, K, (12)

ïî ñëåäóþùåé ñõåìå. Îòðåçîê [tl1; tr1] ðàñøèðÿåòñÿ â îáå ñòîðîíû äî îòðåçêà [t̃l1; t̃r1] òàê, ÷òî
hk(ψ(t̃l1), ψ̇(t̃l1)) ≤ 0, k = 1, K, hk(ψ(t̃r1), ψ̇(t̃r1)) ≤ 0, k = 1, K. Íà îòðåçêå [0; t̃l1] ôóíêöèÿ
ψd(t) ñîâïàäàåò ñ ôóíêöèåé ψ(t), òàê êàê óñëîâèÿ hk(ψ(t), ψ̇(t)) ≤ 0, k = 1, K âûïîëíåíû
ïðè t ∈ [0; t̃l1]. Íà îòðåçêå [t̃l1; t̃r1] ôóíêöèÿ ψd(t) èùåòñÿ â âèäå ψd(t) = ψ(t) + dψlr(t), ãäå
ôóíêöèÿ ψlr(t) ∈ C2[t̃l1; t̃r1] óäîâëåòâîðÿåò óñëîâèÿì

ψlr(t̃l1) = 0, ψlr(t̃r1) = 1, ψ̇lr(t̃l1) = 0, ψ̇lr(t̃r1) = 0, (13)

ψ̈lr(t̃l1) = 0, ψ̈lr(t̃r1) = 0, (14)

ψlr(t) > 0, t ∈ (t̃l1; t̃r1), (15)

à d | ïàðàìåòð. Óñëîâèÿ (13){(14) ãàðàíòèðóþò C2-ãëàäêîñòü ôóíêöèè ψd(t) íà îòðåçêå
[0; t̃r1] è íåïðåðûâíîñòü ïðîãðàììíîãî óïðàâëåíèÿ u(t), ðåàëèçóþùåãî äâèæåíèå ïî òðàåê-
òîðèè y = ψd(t), ẏ = ψ̇d(t). Âûáåðåì ôóíêöèþ ψrl(t) â âèäå

ψrl(t) = τ 3(d0 + d1τ
2 + d2τ

4), τ =
t− t̃l1
t̃r1 − t̃l1

, (16)
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ãäå d0 = 4,375, d1 = −5,25, d2 = 1,875. Ìîæíî ïîêàçàòü, ÷òî ôóíêöèÿ ψrl(t) â âèäå (16)
óäîâëåòâîðÿåò óñëîâèÿì (13){(15).
Ïðåäïîëîæèì, ÷òî íàéäåíî, íàïðèìåð, ÷èñëåííî çíà÷åíèå ïàðàìåòðà d, ïðè êîòîðîì íà

îòðåçêå t ∈ [t̃l1; t̃r1] âûïîëíåíû îãðàíè÷åíèÿ hk(ψd(t), ψ̇d(t)) ≤ 0, k = 1, K. Òîãäà íà îòðåçêå
[t̃r1; t∗] ôóíêöèÿ ψd(t) ïîëàãàåòñÿ ðàâíîé ôóíêöèè ψr(t), êîòîðàÿ çàäàåòñÿ àíàëîãè÷íî (10) â
âèäå

ψr(t) = ψ(t̃r1) + d+ ψ̇(t̃r1)(t− t̃r1) + ψ̈(t̃r1)
(t− t̃r1)

2

2
+

+ cr0
(t− t̃r1)

3

(t∗ − t̃r1)3
+ cr1

(t− t̃r1)
4

(t∗ − t̃r1)4
+ cr2

(t− t̃r1)
5

(t∗ − t̃r1)5
, (17)

ãäå 
1 1 1

3 4 5

6 12 20



cr0

cr1

cr2

 =


y∗ − ψ(t̃r1)− d− ψ̇(t̃r1)(t∗ − t̃r1)− 0,5ψ̈(t̃r1)(t∗ − t̃r1)

2

ẏ∗(t∗ − t̃r1)− ψ̇(t̃r1)(t∗ − t̃r1)− ψ̈(t̃r1)(t∗ − t̃r1)
2

ÿ∗(t∗ − t̃r1)
2 − ψ̈(t̃r1)(t∗ − t̃r1)

2

.

Ôóíêöèÿ ψr(t) óäîâëåòâîðÿåò óñëîâèÿì
ψr(t̃r1) = ψ(t̃r1) + d, ψr(t∗) = y∗,

ψ̇r(t̃r1) = ψ̇(t̃r1), ψ̇r(t∗) = ẏ∗,

ψ̈r(t̃r1) = ψ̈(t̃r1), ψ̈r(t∗) = ÿ∗.

(18)

Âûïîëíåíèå óñëîâèé (18) îáåñïå÷èâàåò C2-ãëàäêîñòü ôóíêöèè ψd(t) è íåïðåðûâíîñòü ïðî-
ãðàììíîãî óïðàâëåíèÿ u(t) íà îòðåçêå [t̃r1; t∗].
Åñëè ïîñòðîåííàÿ ôóíêöèÿ ψr(t) òàêîâà, ÷òî

hk(ψr(t), ψ̇r(t)) ≤ 0, t ∈ [t̃r1; t∗], k = 1, K, (19)

òî ôóíêöèÿ

ψd(t) =


ψ(t), t ∈ [0; t̃l1];

ψ(t) + dψlr(t), t ∈ [t̃l1; t̃r1];

ψr(t), t ∈ [t̃r1; t∗],

îïðåäåëÿåò íåïðåðûâíîå óïðàâëåíèå

u(t) =
ψ̈d(t)− f(ψd(t), ψ̇d(t))

g(ψd(t), ψ̇d(t))
, (20)

ñ ãðàíè÷íûìè çíà÷åíèÿìè (4), êîòîðîå ÿâëÿåòñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è (3) ñèñòåìû
(1) ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèå (2).
Â ñëó÷àå åñëè óñëîâèÿ (19) íå âûïîëíåíû, ïîñòðîåíèå íîâîé ôóíêöèè ψrd(t) íà îòðåçêå

[t̃r1; t∗] ïðîèñõîäèò â ñîîòâåòñòâèè ñ èçëîæåííîé ñõåìîé.
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4. Ïðèìåð

Â äàííîì ðàçäåëå ïðåäñòàâëåíî ðåøåíèå çàäà÷è òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû,
îïèñûâàþùåé êîëåáàíèÿ ìàòåìàòè÷åñêîãî ìàÿòíèêà

ÿ = sin(y) + u. (21)

Òåðìèíàëüíàÿ çàäà÷à ðàññìàòðèâàåòñÿ ñ ãðàíè÷íûìè çíà÷åíèÿìè íà ñîñòîÿíèå

ȳ0 = (π, 0)
ò
, ȳ∗ = (0, 0)

ò (22)

è óïðàâëåíèå
u0 = u∗ = 0 (23)

ïðè t∗ = 5 ñ è íàëè÷èè îãðàíè÷åíèÿ íà ñîñòîÿíèÿ ñèñòåìû

|ẏ| < 1. (24)

Ñîñòîÿíèÿ ȳ0, ȳ∗ ÿâëÿþòñÿ íèæíèì è âåðõíèì ïîëîæåíèÿìè ðàâíîâåñèÿ ìàÿòíèêà ñîîòâåò-
ñòâåííî. Òðàåêòîðèÿ y = ψ(t), ẏ = ψ̇(t) ñèñòåìû íà îòðåçêå [t0; t∗], çàäàííàÿ â âèäå (10),
ñîåäèíÿþùàÿ íà÷àëüíîå ïîëîæåíèå ȳ0 ñ êîíå÷íûì ȳ∗, òàêîâà, ÷òî îãðàíè÷åíèå (24) íà îò-
ðåçêå t ∈ [1, 8; 3, 2] íå âûïîëíåíî. Îòðåçîê [tl1; tr1] = [1,8; 3,2] ðàñøèðåí äî îòðåçêà [t̃l1; t̃r1]

= [1,7; 3,305] â ñîîòâåòñòâèè ñî ñõåìîé, ïðèâåäåííîé â ðàçäåëå 3, è íàéäåíà ôóíêöèÿ

ψd(t) =


ψ(t), t ∈ [0; 1,7];

ψ(t) + dψlr(t), d = 0,377, t ∈ [1,7; 3,305];

ψr(t), t ∈ [3,305; 5],

(25)

êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì

|ψ̇d(t)| < 1, t ∈ [0; 5].

Íà ðèñ. 1 ñèíèì öâåòîì ïîñòðîåí ãðàôèê ôóíêöèè ψ(t) íà îòðåçêå t ∈ [0; 5], à íà ðèñ. 2|
ãðàôèê ïðîèçâîäíîé ψ̇(t). Ôóíêöèÿ ψ(t) îïðåäåëÿåò ðåøåíèå òåðìèíàëüíîé çàäà÷è äëÿ

Ðèñ. 1. Ãðàôèê ôóíêöèè ψd(t) (25)
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Ðèñ. 2. Ãðàôèê ïðîèçâîäíîé ôóíêöèè ψd(t) (25)

ñèñòåìû (21) áåç îãðàíè÷åíèÿ (24). Íà ðèñ. 1 çåëåíûì öâåòîì ïîñòðîåí ãðàôèê ôóíêöèè
ψ(t) + dψlr(t) íà îòðåçêå t ∈ [1, 7; 3, 305], ìàëèíîâûì | ψr(t) íà îòðåçêå t ∈ [3, 305; 5]. Íà
ðèñ. 2 ãðàôèêè ïðîèçâîäíûõ óêàçàííûõ ôóíêöèé ïîñòðîåíû ñ èñïîëüçîâàíèåì ñîîòâåòñòâó-
þùèõ öâåòîâ. Ãðàôèê ôóíêöèè ψd(t) (25) ïðèâåäåí íà ðèñ. 1 è ñîñòîèò èç òðåõ ó÷àñòêîâ.
Ïåðâûé ó÷àñòîê ïðåäñòàâëÿåò ñîáîé ÷àñòü ãðàôèêà ôóíêöèè ψ(t), ïîñòðîåííîãî ñèíèì öâå-
òîì, íà îòðåçêå t ∈ [0; 1,7], âòîðîé ó÷àñòîê | ãðàôèê ôóíêöèè ψ(t) + dψlr(t) íà îòðåçêå
t ∈ [1,7; 3,305], ïîñòðîåííûé çåëåíûì öâåòîì, òðåòèé ó÷àñòîê | ãðàôèê ôóíêöèè ψr(t) íà
îòðåçêå t ∈ [3,305; 5] ìàëèíîâîãî öâåòà. Íà ðèñ. 2 ïðåäñòàâëåí ãðàôèê ïðîèçâîäíîé ψ̇d(t),
êîòîðûé ñîñòîèò èç òðåõ ñîîòâåòñòâóþùèõ ÷àñòåé.
Íà ðèñ. 3 ãðàôèê óïðàâëåíèÿ, ðåàëèçóþùåãî òðàåêòîðèþ y = ψ(t), ẏ = ψ̇(t), ïîñòðîåí

ñèíèì öâåòîì. Ãðàôèê óïðàâëåíèÿ, ðåàëèçóþùåãî äâèæåíèå ïî òðàåêòîðèè y = ψd(t),
ẏ = ψ̇d(t), ñîñòîèò èç òðåõ ôðàãìåíòîâ: êðèâàÿ ñèíåãî öâåòà íà îòðåçêå t ∈ [0; 1,7], êðèâàÿ

Ðèñ. 3. Óïðàâëåíèå, ðåàëèçóþùåå äâèæåíèå ïî òðàåêòîðèè y = ψd(t), ẏ = ψ̇d(t)
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Ðèñ. 4. Ôàçîâàÿ êðèâàÿ ñèñòåìû (21)

çåëåíîãî öâåòà íà îòðåçêå t ∈ [1,7; 3,305], êðèâàÿ ìàëèíîâîãî öâåòà íà îòðåçêå t ∈ [3, 305; 5].
Íà ðèñ. 4 ïðèâåäåí âèä ôàçîâîé êðèâîé ñèñòåìû (21).

Ïðåäïîëîæèì, ÷òî íåîáõîäèìî ðåøèòü òåðìèíàëüíóþ çàäà÷ó ñ òåìè æå ãðàíè÷íûìè
óñëîâèÿìè (22){(23) è ïðè òîì æå îãðàíè÷åíèè (24), íî çà ìåíüøåå âðåìÿ t∗ = 4,7 ñ. Â ýòîì
ñëó÷àå êîððåêòèðîâàíèå ôóíêöèèψ(t) (10) ïðîèñõîäèò çà äâå èòåðàöèè. Òðàåêòîðèÿ ñèñòåìû
y = ψ(t), ẏ = ψ̇(t) òàêîâà ÷òî, îãðàíè÷åíèÿ (24) íå âûïîëíåíû íà îòðåçêå t ∈ [1,5839; 3,1161].
Îòðåçîê [tl1; tr1] = [1,5839; 3,1161] ðàñøèðåí äî îòðåçêà [t̃l1; t̃r1] = [1,4899; 3,2148]. Ôóíê-
öèÿ ψr(t) îïðåäåëåííàÿ íà îòðåçêå t ∈ [3,2148; 4,7] íå óäîâëåòâîðÿåò îãðàíè÷åíèþ (24)
íà îòðåçêå [tl2; tr2] = [3,4592; 4,0984], êîòîðûé ðàñøèðÿåòñÿ â îáå ñòîðîíû äî îòðåçêà
[t̃l2; t̃r2] = [3,3652; 4,1971]. Èòîãîâàÿ ôóíêöèÿ ψd(t), t ∈ [0; 4,7], êîòîðàÿ óäîâëåòâîðÿåò
óñëîâèþ |ψd(t)| < 1 èìååò âèä

ψd(t) =



ψ(t), t ∈ [0; 1,4899];

ψ(t) + dψlr(t), t ∈ [1,4899; 3,2148];

ψr(t), t ∈ [3,2148; 3,3652];

ψr(t) + drψrlr(t), t ∈ [3,3652; 4,1971];

ψrr(t), t ∈ [4,1971; 4,7],

(26)

ãäå d = 0,644, dr = 0,118.

Íà ðèñ. 5 ñèíèì öâåòîì ïîñòðîåí ãðàôèê ôóíêöèèψ(t) íà îòðåçêå t ∈ [0; 4, 7], íà ðèñ. 6|
ãðàôèê ïðîèçâîäíîé ψ̇(t). Ãðàôèê ôóíêöèè ψd(t) â âèäå (26), ïðèâåäåííûé íà ðèñ. 5, ñîñòîèò
èç ïÿòè ôðàãìåíòîâ:

{ ÷àñòü ãðàôèêà ôóíêöèè ψ(t) íà îòðåçêå [0; 1,4899], ïîñòðîåííàÿ ñèíèì öâåòîì;

{ ãðàôèê ôóíêöèèψ(t)+dψlr(t) íà îòðåçêå [1,4899; 3,2148], ïîñòðîåííûé çåëåíîé ñïëîø-
íîé ëèíèåé;

{ ÷àñòü ãðàôèêà ôóíêöèèψr(t) íà îòðåçêå [3,2148; 3,3652], ïîñòðîåííàÿ ìàëèíîâîé ñïëîø-
íîé ëèíèåé;
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Ðèñ. 5. Ãðàôèê ôóíêöèè ψd(t), çàäàííîé â âèäå (26)

Ðèñ. 6. Ãðàôèê ïðîèçâîäíîé ôóíêöèè ψd(t), çàäàííîé â âèäå (26)

{ ãðàôèê ôóíêöèè ψ(t) + dψrlr(t) íà îòðåçêå [3,3652; 4,1971], ïîñòðîåííûé çåëåíîé ïðå-
ðûâèñòîé ëèíèåé;

{ ãðàôèê ôóíêöèè ψrr(t) íà îòðåçêå [4,1971; 4,7], ïîñòðîåííûé ìàëèíîâîé ïðåðûâèñòîé
ëèíèåé.

Íà ðèñ. 6 èçîáðàæåí ãðàôèê ïðîèçâîäíîé ψ̇d(t), ñîñòîÿùèé èç ñîîòâåòñòâóþùèõôðàãìåí-
òîâ. Íà ðèñ. 7 àíàëîãè÷íî èçîáðàæåíî óïðàâëåíèå â âèäå (20), êîòîðîå ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû (21) ñ ãðàíè÷íûìè óñëîâèÿìè (22){(23) ïðè
íàëè÷èè îãðàíè÷åíèÿ (24). Íà ðèñ. 8 ïðèâåäåí âèä ôàçîâîé êðèâîé ñèñòåìû (21).
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Ðèñ. 7. Óïðàâëåíèå, ðåàëèçóþùåå äâèæåíèå ïî òðàåêòîðèè y = ψd(t), ẏ = ψ̇d(t)

Ðèñ. 8. Ôàçîâàÿ êðèâàÿ ñèñòåìû (21)

Çàêëþ÷åíèå

Ïðåäëîæåí àëãîðèòì ðåøåíèÿ çàäà÷ òåðìèíàëüíîãî óïðàâëåíèÿ ñ ôèêñèðîâàííûì âðåìå-
íåì äëÿ ñèñòåì âòîðîãî ïîðÿäêà ðåãóëÿðíîãî êàíîíè÷åñêîãî âèäà ñî ñêàëÿðíûì óïðàâëåíèåì
ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèÿ. Îí ïðèìåíåí äëÿ ðåøåíèÿ òåðìèíàëüíîé çàäà÷è
ñ îãðàíè÷åíèåì äëÿ ñèñòåìû, îïèñûâàþùåé êîëåáàíèÿ ìàòåìàòè÷åñêîãî ìàÿòíèêà. Äàííàÿ
ñõåìà ìîæåò áûòü îáîáùåíà íà ðåøåíèå òåðìèíàëüíûõ çàäà÷ ñ îãðàíè÷åíèÿìè íà ñîñòîÿíèÿ
äëÿ ñèñòåì êàíîíè÷åñêîãî âèäà ñ âåêòîðíûì óïðàâëåíèåì.
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Variations Method to Solve Terminal Problems
for the Second Order Systems of Canonical Form
with State Constraints

Kasatkina T. S., Krishchenko A. P. *

Bauman Moscow State Technical University

Keywords: terminal control, canonical form, state constraints

Terminal control problem with fixed finite time for the second order affine systems with state
constraints is considered. A solution of such terminal problem is suggested for the systems with
scalar control of regular canonical form.
In this article it is shown that the initial terminal problem is equivalent to the problem of

auxiliary function search. This function should satisfy some conditions. Such function design
consists of two stages. The first stage includes search of function which corresponds the solution
of the terminal control problem without state constraints. This function is designed as polynom
of the fifth power which depends on time variable. Coefficients of the polynom are defined by
boundary conditions. The second stage includesmodification of designed function if corresponding
to that function trajectory is not satisfied constraints. Modification process is realized by adding
to the current function supplementary polynom. Influence of that polynom handles by variation of
a parameter value. Modification process can include a few iterations. After process termination
continuous control is found. This control is the solution of the initial terminal problem.
Using presented scheme the terminal control problem for system, which describes oscillations

of the mathematical pendulum, is solved. This approach can be used for the solution of terminal
control problems with state constraints for affine systems with multi-dimensional control.
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