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ñ ïîäâèæíîé ãðàíèöåé
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1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Â ñâÿçè ñ èíòåíñèâíûì âíåäðåíèåì â èíæåíåðíóþ ïðàêòèêó ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ, íàðÿäó ñ âû÷èñëèòåëüíûìè ìåòîäàìè âñå áîëüøóþ çíà÷èìîñòü ïðèîáðåòàþò àíàëèòè-
÷åñêèå ìåòîäû ðåøåíèÿ çàäà÷ òåîðèè òåïëîïðîâîäíîñòè. Íåñìîòðÿ íà åñòåñòâåííóþ îãðàíè-
÷åííîñòü îáëàñòè ïðèìåíèìîñòè àíàëèòè÷åñêèõ ìåòîäîâ, íàáëþäàåìàÿ òåíäåíöèÿ îáóñëîâëåíà
ìíîãèìè ïðè÷èíàìè. Â ÷àñòíîñòè, ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷, ïîëó÷åííûå â àíàëèòè÷åñêè
çàìêíóòîì âèäå, ïîçâîëÿþò òåñòèðîâàòü íîâûå âûñîêîïðîèçâîäèòåëüíûå àëãîðèòìû, ïðîâîäèòü
ïàðàìåòðè÷åñêèé àíàëèç òåìïåðàòóðíîãî ïîëÿ èçó÷àåìîé ñèñòåìû è èññëåäîâàòü ñïåöèôè÷åñêèå
îñîáåííîñòè ïðîöåññà åå ôîðìèðîâàíèÿ, ôîðìóëèðîâàòü è ðåøàòü çàäà÷è îïòèìèçàöèè, à òàêæå
èçó÷àòü âîçìîæíîñòè óïðîùåíèÿ èñïîëüçóåìîé ìàòåìàòè÷åñêîé ìîäåëè ñ ñîõðàíåíèåì åå àäå-
êâàòíîñòè èçó÷àåìîìó ïðîöåññó. Îñíîâíàÿ öåëü ïðîâåäåííûõ èññëåäîâàíèé | ïðåäñòàâëåíèå â
àíàëèòè÷åñêè çàìêíóòîì âèäå ðåøåíèÿ çàäà÷è íàõîæäåíèÿ êâàçèñòàöèîíàðíîãî òåìïåðàòóðíîãî
ïîëÿ ñèñòåìû, èìèòèðóåìîé èçîòðîïíûì ïîëóïðîñòðàíñòâîì, âíåøíÿÿ ãðàíèöà êîòîðîãî, îáëà-
äàþùàÿ èçîòðîïíûì ïîêðûòèåì ïîñòîÿííîé òîëùèíû è íàõîäÿùàÿñÿ ïîä âîçäåéñòâèåì ñòàöèî-
íàðíîãî òåïëîâîãî ïîòîêà ãàóññîâñêîãî òèïà, ïåðåìåùàåòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ ïàðàëëåëüíî
ñàìîé ñåáå.

Êëþ÷åâûå ñëîâà: òåìïåðàòóðíîå ïîëå, ïîëóïðîñòðàíñòâî, ïîäâèæíàÿ ãðàíèöà

Ââåäåíèå

Â ñâÿçè ñ èíòåíñèâíûì âíåäðåíèåì â èíæåíåðíóþ ïðàêòèêó ìåòîäîâ ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ, íàðÿäó ñ âû÷èñëèòåëüíûìè ìåòîäàìè âñå áîëüøóþ çíà÷èìîñòü ïðèîáðå-
òàþò àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ çàäà÷ òåîðèè òåïëîïðîâîäíîñòè [1, 2, 3, 4]. Íåñìîòðÿ
íà åñòåñòâåííóþ îãðàíè÷åííîñòü îáëàñòè ïðèìåíèìîñòè àíàëèòè÷åñêèõ ìåòîäîâ, íàáëþ-
äàåìàÿ òåíäåíöèÿ îáóñëîâëåíà ìíîãèìè ïðè÷èíàìè. Â ÷àñòíîñòè, ðåøåíèÿ ñîîòâåòñòâó-
þùèõ çàäà÷, ïîëó÷åííûå â àíàëèòè÷åñêè çàìêíóòîì âèäå, ïîçâîëÿþò òåñòèðîâàòü íîâûå
âûñîêîïðîèçâîäèòåëüíûå àëãîðèòìû [4, 5, 6, 7], ïðîâîäèòü ïàðàìåòðè÷åñêèé àíàëèç òåì-
ïåðàòóðíîãî ïîëÿ èçó÷àåìîé ñèñòåìû è èññëåäîâàòü ñïåöèôè÷åñêèå îñîáåííîñòè ïðîöåññà
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åå ôîðìèðîâàíèÿ, ôîðìóëèðîâàòü è ðåøàòü çàäà÷è îïòèìèçàöèè, à òàêæå èññëåäîâàòü âîç-
ìîæíîñòè óïðîùåíèÿ èñïîëüçóåìîé ìàòåìàòè÷åñêîé ìîäåëè ñ ñîõðàíåíèåì åå àäåêâàòíîñòè
èçó÷àåìîìó ïðîöåññó [8, 9].
Òðóäíîñòè, êîòîðûå äîëæåí ïðåîäîëåòü èññëåäîâàòåëü ïðè ïîëó÷åíèè â àíàëèòè÷åñêè

çàìêíóòîì âèäå ðåøåíèÿ òîé èëè èíîé çàäà÷è ìàòåìàòè÷åñêîé òåîðèè òåïëîïðîâîäíîñòè,
õîðîøî èçâåñòíû [1, 2, 3, 4, 8]. Òåì íå ìåíåå îíè åùå áîëåå óñóãóáëÿþòñÿ, åñëè âîçíèêàåò
íåîáõîäèìîñòü ó÷åòà âëèÿíèÿ ðàçëè÷íûõ ôèçèêî-õèìè÷åñêèõ è ìåõàíè÷åñêèõ ïðîöåññîâ,
ïðèâîäÿùèõ ê èçìåíåíèþ âî âðåìåíè ãðàíèö èçó÷àåìîãî òâåðäîãî òåëà. Ïðè ýòîì ïðî-
áëåìàòè÷íîñòü íàõîæäåíèÿ ðåøåíèé çàäà÷ òàêîãî êëàññà â àíàëèòè÷åñêè çàìêíóòîì âèäå
ñîõðàíÿåòñÿ äàæå â òåõ ñëó÷àÿõ, êîãäà çàêîí äâèæåíèÿ ãðàíèöû èçâåñòåí [10, 11].
Îñíîâíàÿ öåëü ïðîâåäåííûõ èññëåäîâàíèé | ïðåäñòàâëåíèå â àíàëèòè÷åñêè çàìêíó-

òîì âèäå ðåøåíèÿ çàäà÷è íàõîæäåíèÿ êâàçèñòàöèîíàðíîãî òåìïåðàòóðíîãî ïîëÿ ñèñòåìû,
èìèòèðóåìîé èçîòðîïíûì ïîëóïðîñòðàíñòâîì, âíåøíÿÿ ãðàíèöà êîòîðîãî, îáëàäàþùàÿ èçî-
òðîïíûì ïîêðûòèåì ïîñòîÿííîé òîëùèíû è íàõîäÿùàÿñÿ ïîä âîçäåéñòâèåì ñòàöèîíàðíîãî
òåïëîâîãî ïîòîêà ãàóññîâñêîãî òèïà, ïåðåìåùàåòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ ïàðàëëåëüíî
ñàìîé ñåáå.

1. Èñõîäíûå äîïóùåíèÿ è ìàòåìàòè÷åñêàÿ ìîäåëü

Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà ôîðìèðîâàíèÿ òåìïåðàòóðíîãî ïîëÿ
T (r, z, t) èçó÷àåìîé ñèñòåìû â ôèêñèðîâàííîé öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò Orz áó-
äåì ïðåäïîëàãàòü âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ.

à) Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 òåìïåðàòóðà â ëþáîé òî÷êå ñèñòåìû ïîñòîÿííà:
T (r, z, 0) ≡ T0 = const;
á) çàêîí äâèæåíèÿ ãðàíèöû èçîòðîïíîãî ïîëóïðîñòðàíñòâà ÿâëÿåòñÿ ëèíåéíûì, ò.å. z =

vt, ãäå v = const;
â) èçîòðîïíîå ïîêðûòèå èìååò ïîñòîÿííóþ âî âðåìåíè òîëùèíó h;
ã) â ñèñòåìå <ïîëóïðîñòðàíñòâî | ïîêðûòèå> ðåàëèçóþòñÿ óñëîâèÿ èäåàëüíîãî òåïëî-

âîãî êîíòàêòà [1, 2, 3];
ä) ñòàöèîíàðíûé òåïëîâîé ïîòîê, âîçäåéñòâóþùèé íà âíåøíþþïîâåðõíîñòü ïîêðûòèÿ â

íàïðàâëåíèè îñè Oz èñïîëüçóåìîé ñèñòåìû êîîðäèíàò, ÿâëÿåòñÿ îñåñèììåòðè÷íûì è èìååò
èíòåíñèâíîñòü ãàóññîâñêîãî òèïà ñ îïðåäåëÿþùèìè ïàðàìåòðàìè k2 è q0;
å) ïðè ëþáûõ ôèêñèðîâàííûõ çíà÷åíèÿõ t > 0 è z > vt − h ôóíêöèîíàë T (r, z, t) èí-

òåãðèðóåì ñ êâàäðàòîì è âåñîì r íà ïîëóáåñêîíå÷íîì èíòåðâàëå [0; +∞), ò.å. ïðèíàäëåæèò
ïðîñòðàíñòâó L2

r[0; +∞) [12];
æ) ïðè ëþáûõôèêñèðîâàííûõ çíà÷åíèÿõ t > 0 è r > 0ôóíêöèîíàë T (r, z, t) èíòåãðèðóåì

ñ êâàäðàòîì íà ïîëóáåñêîíå÷íîì èíòåðâàëå [vt − h; +∞), ò.å. ïðèíàäëåæèò ïðîñòðàíñòâó
L2[vt− h; +∞) [12];
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ç) ïðè ëþáûõôèêñèðîâàííûõ çíà÷åíèÿõ r > 0 è z > vt−hôóíêöèîíàë T (r, z, t) ÿâëÿåòñÿ
îðèãèíàëîì èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà [2] ïî âðåìåíí�îìó ïåðåìåííîìó t, ò.å.
ïðèíàäëåæèò ïðîñòðàíñòâó L[0, +∞).

Ïðèíÿòèå äîïóùåíèé à){ä) ïðèâîäèò ê ñëåäóþùåé ìàòåìàòè÷åñêîé ìîäåëè èçó÷àåìîãî
ïðîöåññà, ïðåäñòàâëÿþùåé ñîáîé ñìåøàííóþ çàäà÷ó äëÿ ñèñòåìû óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî òèïà:



∂ϑ

∂Fo
=

1

ρ

∂

∂ρ
ρ
∂ϑ

∂ρ
+

∂2ϑ

∂Z2
, ρ > 0, Z > V Fo, Fo > 0;

α2 ∂ϑ

∂Fo
=

1

ρ

∂

∂ρ
ρ
∂ϑ

∂ρ
+

∂2ϑ

∂Z2
, ρ > 0, V Fo− ε < Z < V Fo, Fo > 0;

ϑ(ρ, Z, Fo)
∣∣∣
Fo=0

≡ 0;

∂ϑ

∂Z

∣∣∣∣∣
Z=V Fo−ε

= −Q0 exp(−K2ρ2);

ϑ(ρ, V Fo− 0, Fo) = ϑ(ρ, V Fo + 0, Fo);

Λ
∂ϑ

∂Z

∣∣∣∣∣
Z=V Fo−0

=
∂ϑ

∂Z

∣∣∣∣∣
Z=V Fo+0

,

(1)

ãäå

ϑ =
T − T0

T0

; Fo =
λt

cγl2
; ρ =

r

l
; Z =

z

l
; α2 =

c∗γ∗λ

cγλ∗
;

Q0 =
q0k

2l

πT0λ∗
; K = kl; ε =

h

l
; Λ =

λ∗

λ
; V =

cγlv

λ
;

l | èñïîëüçóåìàÿ åäèíèöà ìàñøòàáà ïðîñòðàíñòâåííûõ ïåðåìåííûõ; λ, c, γ | çíà÷åíèÿ
êîýôôèöèåíòà òåïëîïðîâîäíîñòè Ôóðüå, óäåëüíîé òåïëîåìêîñòè è ïëîòíîñòè ìàòåðèàëà ñî-
îòâåòñòâåííî. Èíäåêñ <∗> îòíîñèòñÿ ê òåïëîôèçè÷åñêèì õàðàêòåðèñòèêàì ïîêðûòèÿ. Êðîìå
òîãî, äîïóùåíèÿ å){ç) ïðèâîäÿò ê óñëîâèÿì


ϑ(· , Z, Fo) ∈ L2

ρ[0, +∞), Z > V Fo− ε, Fo > 0,

ϑ(ρ, · , Fo) ∈ L2[V Fo− ε, +∞), ρ > 0, Fo > 0,

ϑ(ρ, Z, · ) ∈ L[0, +∞), ρ > 0, Z > V Fo− ε.

(2)

Ïåðåõîä ê ñòàíäàðòíîé ïîäâèæíîé ñèñòåìå êîîðäèíàò

X = Z − V Fo, τ = Fo (3)
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ïîçâîëÿåò ïðèâåñòè èñõîäíóþ ìàòåìàòè÷åñêóþ ìîäåëü (1) ê ñëåäóþùåìó âèäó, áîëåå óäîá-
íîìó äëÿ åå ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ:

∂ϑ

∂τ
=

1

ρ

∂

∂ρ
ρ
∂ϑ

∂ρ
+

∂2ϑ

∂X2
+ V

∂ϑ

∂X
, ρ > 0, X > 0, τ > 0;

α2∂ϑ

∂τ
=

1

ρ

∂

∂ρ
ρ
∂ϑ

∂ρ
+

∂2ϑ

∂X2
+ α2V

∂ϑ

∂X
, ρ > 0, −ε < X < 0, τ > 0;

ϑ(ρ, X, τ)
∣∣∣
τ=0

≡ 0;

∂ϑ

∂X

∣∣∣∣∣
X=−ε

= −Q0 exp(−K2ρ2);

ϑ(ρ, 0− 0, τ) = ϑ(ρ, 0 + 0, τ);

Λ
∂ϑ

∂X

∣∣∣∣∣
X=0−0

=
∂ϑ

∂X

∣∣∣∣∣
X=0+0

.

(4)

Ïðè ýòîì óñëîâèÿ (2) ïðèìóò âèä
ϑ(· , X, τ) ∈ L2

ρ[0, +∞), X > −ε, τ > 0,

ϑ(ρ, · , τ) ∈ L2[−ε, +∞), ρ > 0, τ > 0,

ϑ(ρ, X, · ) ∈ L[0, +∞), ρ > 0, X > −ε.

(5)

Ñëåäóåò çàìåòèòü, ÷òî ñîãëàñíî ìàòåìàòè÷åñêîé ìîäåëè (4) â ïîäâèæíîé ñèñòåìå êîîðäè-
íàò (3) ïðîöåññ ôîðìèðîâàíèÿ òåìïåðàòóðíîãî ïîëÿ èçó÷àåìîé îáëàñòè ïðåäñòàâëÿåò ñîáîé
êîìïîçèöèþ êîíäóêòèâíîãî è êîíâåêòèâíîãî òåïëîïåðåíîñà [8]. Ïåðâûé èç íèõ ðåàëèçóåò
äèôôóçèîííûé <ïåðåíîñ òåïëà>, ïîñòóïàþùåãî â ñèñòåìó ïðè âîçäåéñòâèè âíåøíåãî òåïëî-
âîãî ïîòîêà, îò âíåøíåé ãðàíèöû ïîêðûòèÿ ê ïåðèôåðèè èçîòðîïíîãî ïîëóïðîñòðàíñòâà, à
âòîðîé | êîíâåêòèâíûé <ïåðåíîñ õîëîäà> îò ïåðèôåðèè èçîòðîïíîãî ïîëóïðîñòðàíñòâà ê
âíåøíåé ãðàíèöå åãî ïîêðûòèÿ â íàïðàâëåíèè âåêòîðà âíåøíåé íîðìàëè ê íåé. Ïîñêîëüêó
ñêîðîñòü V ýòîãî ïåðåíîñà ÿâëÿåòñÿ ïîñòîÿííîé, à ìîùíîñòü âíåøíåãî òåïëîâîãî ïîòîêà
òàêæå íå çàâèñèò îò âðåìåíè, òî èç ôèçè÷åñêèõ ñîîáðàæåíèé ñòàíîâèòñÿ î÷åâèäíûì ñóùå-
ñòâîâàíèå èñêîìîãî êâàçèñòàöèîíàðíîãî ïîëÿ.

2. Òåìïåðàòóðíîå ïîëå

Óñëîâèÿ (5) ïîçâîëÿþò ïîñëåäîâàòåëüíî ïðèìåíèòü ê ñìåøàííîé çàäà÷å (4) ñíà÷àëà èí-
òåãðàëüíîå ïðåîáðàçîâàíèå Ãàíêåëÿ íóëåâîãî ïîðÿäêà [12] ïî ïðîñòðàíñòâåííîìó ïåðåìåí-
íîìó ρ

H0[ϑ] ≡
+∞∫
0

ϑ(ρ)ρJ0(pρ) dρ, H−1
0 [κ] ≡

+∞∫
0

κ(p)pJ0(pρ) dp, (6)

à çàòåì | èíòåãðàëüíîå ïðåîáðàçîâàíèå Ëàïëàñà [1, 2] ïî âðåìåíí�îìó ïåðåìåííîìó τ .
Ïîëàãàÿ

A(p, X, τ) = H0[ϑ(ρ, X, τ)], (7)

B(p, X, s) = L[A(p, X, τ)], (8)
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ãäå L | îïåðàòîð ïðÿìîãî ïðåîáðàçîâàíèÿ Ëàïëàñà, è èñïîëüçóÿ ñâîéñòâà èíòåãðàëüíûõ
ïðåîáðàçîâàíèé Ãàíêåëÿ è Ëàïëàñà [1, 2, 3, 12] âêóïå ñ òàáëèöàìè <èçîáðàæåíèå-îðèãèíàë>
[13], ïðèõîäèì ê çàäà÷å äëÿ îïðåäåëåíèÿ èçîáðàæåíèÿ B(p, X, s):

d2B

dX2
+ V

dB

dX
− (s + p2)B = 0, X > 0; (9)

d2B

dX2
+ α2V

dB

dX
− (α2s + p2)B = 0, −ε < X < 0; (10)

dB

dX

∣∣∣∣∣
X=−ε

= − Q0

2K2s
exp

(
− p2

4K2

)
; (11)

B(p, 0− 0, s) = B(p, 0 + 0, s); (12)

Λ
dB

dX

∣∣∣∣∣
X=0−0

=
dB

dX

∣∣∣∣∣
X=0+0

, (13)

ãäå â ñîîòâåòñòâèè ñ ïðåäïîëîæåíèÿìè (5) äîëæíî âûïîëíÿòüñÿ óñëîâèå

B(p, · , s) ∈ L2[−ε, +∞), p ∈ R+, s ∈ C, (14)

êîòîðîå òàêæå èãðàåò ðîëü ãðàíè÷íîãî óñëîâèÿ â áåñêîíå÷íîñòè.
Ñ ó÷åòîì îãðàíè÷åíèÿ (14) ðåøåíèå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé âòîðîãî ïîðÿäêà (9){(10) ìîæåò áûòü íàéäåíî ñòàíäàðòíûìè ìåòîäàìè [14]:

B(p, X, s) = C0(p, s) exp
{
−

[
V

2
+

√
∆(p, s)

]
X

}
, X > 0; (15)

B(p, X, s) = C1(p, s) exp
{
−

[
α2 V

2
+

√
∆(p, s)

]
X

}
+

+ C2(p, s) exp
{
−

[
α2V

2
−

√
∆(p, s)

]
X

}
, −ε < X < 0, (16)

ãäå ôóíêöèîíàëû δ(p, s) è ∆(p, s) îïðåäåëåíû ðàâåíñòâàìè

δ(p, s) = s + p2 +
V 2

4
, ∆(p, s) = α2s + p2 +

α4V 2

4
, (17)

à ôóíêöèîíàëû Cj(p, s), j = 0, 2, óäîâëåòâîðÿþò ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé, îòâå÷àþùèõ ãðàíè÷íîìó óñëîâèþ (11), óñëîâèÿì ñîïðÿæåíèÿ (12), (13) è ïðåäñòàâëå-
íèþ (15){(16) èçîáðàæåíèÿ B(p, X, s):

[
α2V

2
+

√
∆(p, s)

]
exp

(
ε
√

∆(p, s)
)
C1(p, s) +

+
[
α2V

2
−

√
∆(p,s)

]
exp

(
−ε

√
∆(p,s)

)
C2(p,s) =

Q0

2K2s
exp

[
− p2

4K2
− α2V ε

2

]
;

C1(p, s) + C2(p, s) = C0(p, s);

Λ
{[

α2V

2
+

√
∆(p, s)

]
C1(p, s) +

[
α2V

2
−

√
∆(p, s)

]
C2(p, s)

}
=

=
[
V

2
+

√
δ(p, s)

]
C0(p, s).

(18)
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Ïðè ýòîì ñ ó÷åòîì âòîðîãî óðàâíåíèÿ ñèñòåìû (18) åå òðåòüå óðàâíåíèå ìîæåò áûòü ïðå-
îáðàçîâàíî ê ñëåäóþùåìó âèäó:

C1(p, s)− C2(p, s) = D(p, s)C0(p, s), (19)

ãäå èñïîëüçîâàíî îáîçíà÷åíèå

D(p, s) =
(1− Λα2)V/2 +

√
δ(p, s)

Λ
√

∆(p, s)
. (20)

Âîñïîëüçîâàâøèñü âòîðûì óðàâíåíèåì ñèñòåìû (18) è óðàâíåíèåì (19), íàõîäèì, ÷òî

Cj(p, s) =
1− (−1)jD(p, s)

2
, j = 1, 2, (21)

è äëÿ çàâåðøåíèÿ ïðîöåäóðû ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (18)
äîñòàòî÷íî âîñïîëüçîâàòüñÿ åå ïåðâûì óðàâíåíèåì è ðàâåíñòâàìè (21). Òàêèì îáðàçîì,

C0(p, s) =
1

s
ϕ(p, s), (22)

ãäå

ϕ(p, s) =

Q0

K2
exp

[
− p2

4K2
−

(
α2 V

2
+

√
∆(p, s)

)
ε
]

(
α2V + 2

√
∆(p, s)

)(
1 + D(p, s)

)[
1 +D(p, s) exp

(
−2ε

√
∆(p, s)

)] , (23)

D(p, s) =
α2V − 2

√
∆(p, s)

α2V + 2
√

∆(p, s)

1−D(p, s)

1 + D(p, s)
, (24)

è â èçîáðàæåíèÿõ êîìïîçèöèè èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ (6) è ïðåîáðàçîâàíèÿ Ëàïëàñà
òåìïåðàòóðíîå ïîëå îáúåêòà èññëåäîâàíèé ïîëíîñòüþ îïðåäåëåíî ðàâåíñòâàìè (15){(17),
(21), (20), (22), (23), (24).
Ïðè îáñóæäåíèè ñïåöèôèêè ìàòåìàòè÷åñêîé ìîäåëè (4) áûë ñäåëàí âûâîä î ñóùåñòâîâà-

íèè êâàçèñòàöèîíàðíîãî òåìïåðàòóðíîãî ïîëÿ èçó÷àåìîé îáëàñòè, ïîä êîòîðûì ïîíèìàåòñÿ
åå ñòàöèîíàðíîå òåìïåðàòóðíîå ïîëå â ïîäâèæíîé ñèñòåìå êîîðäèíàò (3). Ñ ó÷åòîì ýòîãî
ôàêòà è ïðåäåëüíîé òåîðåìû èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà [1] ñ èñïîëüçîâàíèåì
ïðåäñòàâëåíèÿ (8) èìååì:

A(p, X, +∞) = lim
s→0

sB(p, X, s) ≡ B(p, X, 0), (25)

ãäå ôóíêöèÿ B(p, X, 0) îïðåäåëåíà ðàâåíñòâàìè (15){(17), (21), (20),

C0(p, s) ≡ ϕ(p, s) (26)

è (23), (24) ïðè s = 0.
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Òàêèì îáðàçîì, ñîãëàñíî (7) è (6), â ïîäâèæíîé ñèñòåìå êîîðäèíàò (3) èñêîìîå òåìïåðà-
òóðíîå ïîëå ìîæåò áûòü ïðåäñòàâëåíî â âèäå

ϑ(ρ, X, +∞) =

+∞∫
0

A(p, X, +∞)pJ0(pρ) dp, (27)

ãäå èçîáðàæåíèå A(p, X, +∞) îïðåäåëåíî ðàâåíñòâàìè (25), (15){(17), (21), (20), (26) è (23),
(24) ïðè s = 0.

Çàêëþ÷åíèå

Ñ èñïîëüçîâàíèåì èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà è Ãàíêåëÿ íóëåâîãî ïîðÿäêà
â àíàëèòè÷åñêè çàìêíóòîì âèäå ïîëó÷åíî ðåøåíèå çàäà÷è íàõîæäåíèÿ êâàçèñòàöèîíàðíîãî
òåìïåðàòóðíîãî ïîëÿ èçîòðîïíîãî ïîëóïðîñòðàíñòâà, ãðàíèöà êîòîðîãî, ïåðåìåùàþùàÿñÿ
ïàðàëëåëüíî ñàìîé ñåáå ñ ïîñòîÿííîé ñêîðîñòüþ, èìååò èçîòðîïíîå ïîêðûòèå ïîñòîÿííîé
òîëùèíû, êîòîðîå ñ âíåøíåé ñòîðîíû ïîäâåðæåíî âîçäåéñòâèþ ñòàöèîíàðíîãî òåïëîâîãî
ïîòîêà ãàóññîâñêîãî òèïà.
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Due to intensive introduction of mathematical modeling methods into engineering practice,
analytical methods for solving problems of heat conduction theory along with computational
methods become increasingly important. Despite the well-known limitations of the analytical
method applicability, this trend is caused bymany reasons. In particular, solutions of the appropriate
problems presented in analytically closed form can be used to test the new efficient computational
algorithms, to carry out a parametric study of the temperature field of the analyzed system and
to explore specific features of its formation, to formulate and solve optimization problems. In
addition, these solutions allow us to explore the possibility for simplifying mathematical model
with retaining its adequacy to the studied process.

The main goal of the conducted research is to provide an analytically closed-form solution to
the problem of finding the quasi-stationary temperature field of the system, which is simulated by
isotropic half-space with isotropic coating of constant thickness. The outer boundary of this system
is exposed to the Gaussian-type heat flux and uniformly moves in parallel with itself.

A two-dimensionalmathematicalmodel that takes into account the axial symmetry of the studied
process has been used. After the transition to a moving coordinate system rigidly associated with
a moving boundary the Hankel integral transform of zero order (with respect to the radial variable)
and the Laplace transform (with respect to the temporal variable) were used. Next, the image
of the Hankel transform for the stationary temperature field of the system with respect to the
moving coordinate system was found using a limit theorem of operational calculus. This allowed
representing the required quasi-stationary field in the form of an improper integral of the first kind,
which depends on the parameters. This result obtained can be used to conduct a parametric study
and solve for optimization problems.
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