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Ðàññìîòðåíà çàäà÷à î ìîäåëèðîâàíèè äâóìåðíîãî îáòåêàíèÿ ïðîôèëÿ íåñæèìàåìîé ñðåäîé ñ èñ-
ïîëüçîâàíèåì ìåòîäà âèõðåâûõ ýëåìåíòîâ. Ïðîâåäåíî èññëåäîâàíèå òî÷íîñòè ðàñ÷åòíûõ ñõåì,
îñíîâàííûõ íà ðàçíûõ ïîäõîäàõ ê óäîâëåòâîðåíèþ ãðàíè÷íîãî óñëîâèÿ, ïðèìåíèòåëüíî ê ìîäå-
ëèðîâàíèþæåñòêîãî íåïîäâèæíîãî ïðîôèëÿ ñ óãëîâîé òî÷êîé. Îòëè÷èå äàííûõ ïîäõîäîâ ñîñòîèò
â ñïîñîáå óäîâëåòâîðåíèÿ ãðàíè÷íîãî óñëîâèÿ, êîòîðîå îáåñïå÷èâàåòñÿ ðàâåíñòâîì íóëþ ëèáî
íîðìàëüíûõ, ëèáî êàñàòåëüíûõ êîìïîíåíò ñêîðîñòè íà ïðîôèëå. Èññëåäîâàíî âëèÿíèå ðàâíî-
ìåðíîñòè ðàçáèåíèÿ ïðîôèëÿ íà ïàíåëè íà òî÷íîñòü ðàñ÷åòíûõ ñõåì. Â ñëó÷àå, êîãäà ðàçáèåíèå
ïðîôèëÿ ÿâëÿåòñÿ áëèçêèì ê ðàâíîìåðíîìó, ðàñ÷åòíûå ñõåìû, îñíîâàííûå íà îáîèõ ïîäõîäàõ,
ïîçâîëÿþò ïîëó÷èòü êà÷åñòâåííî ïðàâèëüíîå ðåøåíèå ñ áëèçêîé äîñòàòî÷íî âûñîêîé òî÷íîñòüþ.
Â ñëó÷àå ñóùåñòâåííîãî ðàçëè÷èÿ äëèí ïàíåëåé, ïðèìûêàþùèõ ê óãëîâîé òî÷êå, ìåòîä ñ íîðìàëü-
íûìè êîìïîíåíòàìè, â îòëè÷èå îò ìåòîäà ñ êàñàòåëüíûìè êîìïîíåíòàìè ñêîðîñòè, íå ïîçâîëÿåò
ïîëó÷èòü êà÷åñòâåííî ïðàâèëüíîå ðåøåíèå.

Êëþ÷åâûå ñëîâà: ñõîäèìîñòü; èíòåãðàëüíîå óðàâíåíèå; ìåòîä âèõðåâûõ ýëåìåíòîâ; ðàñ÷åòíàÿ
ñõåìà; îñîáåííîñòü ðåøåíèÿ

Ââåäåíèå

Ïðè ðåøåíèè äâóìåðíûõ çàäà÷ àýðîãèäðîäèíàìèêè è àýðîãèäðîóïðóãîñòè â ñëó÷àÿõ,
êîãäà ñêîðîñòü îòíîñèòåëüíîãî äâèæåíèÿ îáòåêàåìîãî ïðîôèëÿ è ñðåäû ÿâëÿåòñÿ ìàëîé è
âëèÿíèåì ñæèìàåìîñòè ñðåäû ìîæíî ïðåíåáðå÷ü, âåñüìà óäîáíûìè äëÿ ïðàêòè÷åñêîãî èñ-
ïîëüçîâàíèÿ ìîãóò áûòü áåññåòî÷íûå ëàãðàíæåâû âèõðåâûå ìåòîäû [1, 2, 3, 4, 5]. Îíè
îñîáåííî ýôôåêòèâíû ïðè ìîäåëèðîâàíèè âíåøíåãî îáòåêàíèÿ ïðîôèëåé, êîãäà îáëàñòü
òå÷åíèÿ ÿâëÿåòñÿ íåîãðàíè÷åííîé. Òàêæå ñóùåñòâåííûì ïðåèìóùåñòâîì âèõðåâûõ ìå-
òîäîâ ÿâëÿåòñÿ òî, ÷òî ðàñ÷åò îáòåêàíèÿ ïîäâèæíûõ è/èëè äåôîðìèðóåìûõ ïðîôèëåé íå
ÿâëÿåòñÿ ïðèíöèïèàëüíî áîëåå ñëîæíûì ïî ñðàâíåíèþ ñî ñëó÷àåì íåïîäâèæíîãî æåñòêîãî
ïðîôèëÿ.
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Òå÷åíèå íåñæèìàåìîé æèäêîñòè â íåîãðàíè÷åííîé îáëàñòè îïèñûâàåòñÿ óðàâíåíèÿìè

∇ · ~V = 0,
∂~V

∂t
+ (~V · ∇)~V = ν∆~V − ∇p

ρ
, (1)

ãäå ~V | ñêîðîñòü; p`| äàâëåíèå; ρ| ïëîòíîñòü; ν | êèíåìàòè÷åñêàÿ âÿçêîñòü ñðåäû.
Íà÷àëüíîå ðàñïðåäåëåíèå ñêîðîñòåé ñðåäû ïðåäïîëàãàåòñÿ èçâåñòíûì; íà áåñêîíå÷íîñòè

çàäàåòñÿ óñëîâèå çàòóõàíèÿ âîçìóùåíèé, à íà ïîâåðõíîñòè îáòåêàåìîãî ïðîôèëÿ| óñëîâèå
ïðèëèïàíèÿ (ëèáî íåïðîòåêàíèÿ â ñëó÷àå ν = 0):

~V →
|~r|→∞

~V∞, ~V |~r∈K = ~VK (èëè ~V |~r∈K · ~n = ~VK · ~n). (2)

Çäåñü ~VK | ñêîðîñòü äâèæåíèÿ òî÷åê ïîâåðõíîñòè ïðîôèëÿ, êîòîðàÿ ñ÷èòàåòñÿ èçâåñòíîé;
~n| îðò íîðìàëè ê ïîâåðõíîñòè ïðîôèëÿ.
Ðåøåíèå çàäà÷ âèõðåâûìè ìåòîäàìè ïðåäïîëàãàåò ìîäåëèðîâàíèå ïðîôèëÿ ðàñïðåäå-

ëåííûì ïî åãî ïîâåðõíîñòè âèõðåâûì ñëîåì è ñëîåì èñòî÷íèêîâ. Èçâåñòíû òàêæå è äðóãèå
ïîäõîäû, ïðåäïîëàãàþùèå, â ÷àñòíîñòè, íàëè÷èå çàâèõðåííîñòè âíóòðè ïðîôèëÿ [2]. Ñëîé
èñòî÷íèêîâ ÿâëÿåòñÿ ïðèñîåäèíåííûì, ò. å. ñâÿçàííûì ñ ïðîôèëåì; åãî ðàññìîòðåíèå íåîá-
õîäèìî â ñëó÷àå ïîäâèæíîãî (äåôîðìèðóåìîãî) ïðîôèëÿ. Âèõðåâîé ñëîé â îáùåì ñëó÷àå
ñîñòîèò èç äâóõ ÷àñòåé | ïðèñîåäèíåííîãî è ñâîáîäíîãî ñëîåâ; ñâîáîäíàÿ çàâèõðåííîñòü
ãåíåðèðóåòñÿ íà ïîâåðõíîñòè ïðîôèëÿ è ñõîäèò â ïîòîê, îáðàçóÿ âèõðåâîé ñëåä âáëèçè è
ïîçàäè ïðîôèëÿ. Èíòåíñèâíîñòè âèõðåâûõ ñëîåâ è ñëîÿ èñòî÷íèêîâ îïðåäåëÿþòñÿ èç ãðà-
íè÷íîãî óñëîâèÿ ïðèëèïàíèÿ ëèáî íåïðîòåêàíèÿ íà ïîâåðõíîñòè ïðîôèëÿ (ñîîòâåòñòâåííî,
ïðè ìîäåëèðîâàíèè òå÷åíèÿ âÿçêîé ëèáî èäåàëüíîé ñðåäû). Èçâåñòíî íåñêîëüêî ïîäõîäîâ
ê ïîñòðîåíèþ ðàñ÷åòíûõ ñõåì âèõðåâûõ ìåòîäîâ, îòëè÷àþùèõñÿ ñïîñîáîì óäîâëåòâîðåíèÿ
ãðàíè÷íîãî óñëîâèÿ [6, 7, 8].
Òàêèì îáðàçîì, ðàñ÷åò îáòåêàíèÿ ïðîôèëÿ âêëþ÷àåò â ñåáÿ ðåøåíèå äâóõ îñíîâíûõ çà-

äà÷ | îïðåäåëåíèå èíòåíñèâíîñòåé âèõðåâîãî ñëîÿ è ñëîÿ èñòî÷íèêîâ, à òàêæå ìîäåëèðîâà-
íèå ýâîëþöèè âèõðåâîãî ñëåäà â îáëàñòè òå÷åíèÿ. Êîððåêòíîå âû÷èñëåíèå èíòåíñèâíîñòåé
ñëîåâ èìååò îïðåäåëÿþùåå çíà÷åíèå äëÿ ïðàâèëüíîñòè ðåøåíèÿ çàäà÷è â öåëîì. Öåëüþ íà-
ñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå òî÷íîñòè ñîîòâåòñòâóþùèõ ðàñ÷åòíûõ ñõåì â ñëó÷àå
ìîäåëèðîâàíèÿ îáòåêàíèÿ ïðîôèëåé ñ óãëîâîé òî÷êîé.

1. Êðàòêîå îïèñàíèå ðàñ÷åòíûõ ñõåì ìåòîäà âèõðåâûõ ýëåìåíòîâ

Îãðàíè÷èìñÿ ðàññìîòðåíèåì íàèáîëåå ïðîñòîãî ñëó÷àÿ, êîãäà îáòåêàåìûé ïðîôèëü ÿâëÿ-
åòñÿ æåñòêèì è íåïîäâèæíûì. Ïðè ýòîì ïðèñîåäèíåííûé ñëîé èñòî÷íèêîâ áóäåò îòñóòñòâî-
âàòü. Ãðàíèöó îáòåêàåìîãî ïðîôèëÿ áóäåì ñ÷èòàòü êóñî÷íî-ãëàäêîé çàìêíóòîé êðèâîé K,
îðòû âíåøíåé íîðìàëè è êàñàòåëüíîé ê íåé (íà ãëàäêèõ ó÷àñòêàõ) îáîçíà÷èì çà ~n è ~τ ñîîò-
âåòñòâåííî.
Â êà÷åñòâå ìîäåëüíîé çàäà÷è ðàññìîòðèì ñèòóàöèþ, êîãäà îáëàñòü òå÷åíèÿ ÿâëÿåòñÿ

íåîãðàíè÷åííîé, çàâèõðåííîñòü â íåé îòñóòñòâóåò, à íàáåãàþùèé ïîòîê, èìåþùèé ñêî-
ðîñòü ~V∞, âîçìóùàåòñÿ ëèøü ïðîôèëåì. Òàêàÿ ïîñòàíîâêà çàäà÷è ñîîòâåòñòâóåò ìãíî-

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 235

http://technomag.bmstu.ru


âåííîìó ñòàðòó òå÷åíèÿ ñðåäû. Çàäà÷è ðàñ÷åòà èíòåíñèâíîñòè âèõðåâîãî ñëîÿ, êîòîðûå
íåîáõîäèìî ðåøàòü íà êàæäîì øàãå ìîäåëèðîâàíèÿ íåñòàöèîíàðíîãî îáòåêàíèÿ ïðîôèëÿ,
îòëè÷àþòñÿ îò îïèñàííîé ëèøü òåì, ÷òî â îáëàñòè òå÷åíèÿ èìååòñÿ èçâåñòíîå ðàñïðåäå-
ëåíèå çàâèõðåííîñòè, êîòîðîå áóäåò îêàçûâàòü âëèÿíèå íà ïðàâóþ ÷àñòü ñîîòâåòñòâóþùèõ
èíòåãðàëüíûõ óðàâíåíèé.
<Êëàññè÷åñêèé> ïîäõîä ê óäîâëåòâîðåíèþ ãðàíè÷íîãî óñëîâèÿ ñîñòîèò â îáåñïå÷åíèè ðà-

âåíñòâà íóëþ íîðìàëüíîé êîìïîíåíòû ñêîðîñòè ñðåäû íà ïîâåðõíîñòè ïðîôèëÿ è ïðèâîäèò
ê íåîáõîäèìîñòè ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ [1, 6]

1

2π

∮
K

(
~k × (~r − ~ξ )

|~r − ~ξ |2
· ~n(~r )

)
γ(~ξ ) dlξ = −~V∞ · ~n(~r ), ~r ∈ K, (3)

ãäå ~k|åäèíè÷íûé âåêòîð, ïåðïåíäèêóëÿðíûé ïëîñêîñòè òå÷åíèÿ, âûáèðàåìûé òàêèì îáðà-
çîì, ÷òî ~k × ~n(~r ) = ~τ(~r ); γ(~ξ ) | èñêîìàÿ èíòåíñèâíîñòü âèõðåâîãî ñëîÿ íà ïîâåðõíîñòè
ïðîôèëÿ.
Äàííîå óðàâíåíèå ÿâëÿåòñÿ ñèíãóëÿðíûì ñ ÿäðîì Ãèëüáåðòà, èíòåãðàë ïîíèìàåòñÿ â

ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè. Åãî ðåøåíèå íååäèíñòâåííî, äëÿ âûäåëåíèÿ íóæíîãî
ðåøåíèÿ èñïîëüçóåòñÿ äîïîëíèòåëüíîå óñëîâèå∮

K

γ(~ξ ) dlξ = 0. (4)

Ðåàëèçàöèè âèõðåâûõìåòîäîâ, îñíîâàííûå íà ðåøåíèè óðàâíåíèé (3) è (4), áóäåì îáîçíà÷àòü
àááðåâèàòóðîéÍÌÂÝ|ìåòîä âèõðåâûõ ýëåìåíòîâ ñ íîðìàëüíûìèêîìïîíåíòàìè ñêîðîñòè.
Àëüòåðíàòèâíûé ïîäõîä ê ðàçðàáîòêå ðàñ÷åòíûõ ñõåì âèõðåâûõ ìåòîäîâ îñíîâàí íà

ðàâåíñòâå íóëþ ïðåäåëüíîãî çíà÷åíèÿ êàñàòåëüíîé êîìïîíåíòû ñêîðîñòè ñî ñòîðîíû ïðî-
ôèëÿ [6, 7, 8]

~V−(~r ) · ~τ(~r ) = ~V (~r ) · ~τ(~r )− γ(~r )

2
= 0, ~r ∈ K, (5)

êîòîðîå ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ âèäà

1

2π

∮
K

(
~k × (~r − ~ξ )

|~r − ~ξ |2
· ~τ(~r )

)
γ(~ξ ) dlξ −

γ(~r )

2
= −~V∞ · ~τ(~r ), ~r ∈ K. (6)

Êàê è â ïðåäûäóùåì ñëó÷àå, äàííîå óðàâíåíèå èìååò íååäèíñòâåííîå ðåøåíèå. Äëÿ âû-
äåëåíèÿ åäèíñòâåííîãî ðåøåíèÿ èñïîëüçóåòñÿ òî æå ñàìîå óñëîâèå (4). Ðàñ÷åòíûå ñõåìû
âèõðåâûõ ìåòîäîâ, ïðåäïîëàãàþùèå ðåøåíèå óðàâíåíèé (6) è (4), îáîçíà÷èì àááðåâèàòóðîé
ÊÌÂÝ|ìåòîä âèõðåâûõ ýëåìåíòîâ ñ êàñàòåëüíûìè êîìïîíåíòàìè ñêîðîñòè. Îòìåòèì, ÷òî
óðàâíåíèÿ (3) è (6) ýêâèâàëåíòíû [6].
ßäðî èíòåãðàëüíîãî óðàâíåíèÿ (6) ÿâëÿåòñÿ îãðàíè÷åííûì, åñëè K ÿâëÿåòñÿ ãëàäêîé

êðèâîé êëàññà C2, à òàêæå ïðè ìîäåëèðîâàíèè îáòåêàíèÿ ïðîôèëåé ñ îñòðîé êðîìêîé, ÿâëÿ-
þùåéñÿ òî÷êîé âîçâðàòà (íàïðèìåð, ñåìåéñòâî ïðîôèëåé Æóêîâñêîãî). Â ýòèõ ñëó÷àÿõ
ðåøåíèå óðàâíåíèÿ (6) áóäåò îãðàíè÷åííîé ôóíêöèåé.
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Ðàñ÷åòíûå ñõåìû, ïðåäïîëàãàþùèå ÷èñëåííîå ðåøåíèå óðàâíåíèÿ (6), ïîêàçàëè ñóùå-
ñòâåííî áîëåå âûñîêóþ òî÷íîñòü ïî ñðàâíåíèþ ñî ñõåìàìè, îñíîâàííûìè íà óðàâíåíèè (3),
ïðè ðåøåíèè ðàçëè÷íûõ ìîäåëüíûõ çàäà÷ [7, 8, 9, 10]. Â çàäà÷àõ, ðàññìîòðåííûõ â [7, 8, 9]
îñóùåñòâëÿëñÿ ðàñ÷åò èíòåíñèâíîñòè âèõðåâîãî ñëîÿ íà ýëëèïòè÷åñêèõ ïðîôèëÿõ è ïðî-
ôèëÿõ Æóêîâñêîãî êàê â îïèñàííîé âûøå ïîñòàíîâêå, òàê è ïðè íàëè÷èè çàâèõðåííîñòè â
îáëàñòè òå÷åíèÿ. Âûáîð ýòèõ ïðîôèëåé áûë ñâÿçàí ñ äâóìÿ ôàêòîðàìè: êàê óêàçàíî âûøå,
äëÿ òàêèõ ïðîôèëåé ÿäðî óðàâíåíèÿ (6) ÿâëÿåòñÿ îãðàíè÷åííûì, è äëÿ íèõ íåñëîæíî ïîñòðî-
èòü òî÷íîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è, èñïîëüçóÿ àïïàðàò òåîðèè ôóíêöèé êîìïëåêñíîãî
ïåðåìåííîãî [11, 12].
Â òî æå âðåìÿ èçâåñòíî [1], ÷òî ïðè íàëè÷èè íà ïðîôèëå óãëîâîé òî÷êè ñ âíåøíèì

óãëîì α > π, èíòåíñèâíîñòü âèõðåâîãî ñëîÿ â îêðåñòíîñòè ýòîé òî÷êè ìîæåò èìåòü ñëàáóþ
(èíòåãðèðóåìóþ) îñîáåííîñòü âèäà ρπ/α−1. Îòñþäà ñëåäóåò, ÷òî èíòåíñèâíîñòü âèõðåâîãî
ñëîÿ âîçðàñòàåò ïðè ïðèáëèæåíèè ê îñòðîé êðîìêå è âáëèçè íåå â ïîòîêìîãóò ñõîäèòü âèõðè ñ
äîñòàòî÷íî áîëüøîé öèðêóëÿöèåé, ÷òî ïîäòâåðæäàåòñÿ ðåçóëüòàòàìè ïðàêòè÷åñêèõ ðàñ÷åòîâ.
Òî÷íîñòü âû÷èñëåíèÿ ýòèõ öèðêóëÿöèé âî ìíîãîì îïðåäåëÿåò ïðàâèëüíîñòü ìîäåëèðîâàíèÿ
âèõðåâîãî ñëåäà.
Â íàñòîÿùåé ðàáîòå ðàññìîòðèì ìîäåëüíóþ çàäà÷ó î ðàñ÷åòå îáòåêàíèÿ ïðîôèëÿ ñ óãëî-

âîé òî÷êîé è èññëåäóåì òî÷íîñòü îïðåäåëåíèÿ öèðêóëÿöèé âèõðåâûõ ýëåìåíòîâ, ãåíåðèðóå-
ìûõ âáëèçè óãëîâîé òî÷êè.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì îáòåêàíèå ñèììåòðè÷íîãî ïðîôèëÿ, èìåþùåãî äëèíó L è õàðàêòåðèçóåìîãî
óãëàìè α è β êàê ïîêàçàíî íà ðèñ. 1.

Ðèñ. 1. Ïðîôèëü ñ óãëîâûìè òî÷êàìè

Ïåðåäíÿÿ ÷àñòü ïðîôèëÿ ïðåäñòàâëÿåò ñîáîé äóãó îêðóæíîñòè ðàäèóñîì

R =
L sin(β/2)

sin(β/2)− cos α
,
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çàäíÿÿ ÷àñòü îáðàçîâàíà îòðåçêàìè ïðÿìûõ. Íàáåãàþùèé ïîòîê ÿâëÿåòñÿ ãîðèçîíòàëüíûì.
Ïðè ýòîìèñêîìàÿèíòåíñèâíîñòü âèõðåâîãî ñëîÿ áóäåò îáðàùàòüñÿ â áåñêîíå÷íîñòü â âåðõíåé
è íèæíåé òî÷êàõ ïðîôèëÿ (ïðåäïîëàãàåòñÿ, ÷òîα > π) è ïðè ïðèáëèæåíèè ê íèì, êàê ñëåäóåò
èç [1], γ ≈ Cρπ/α−1, ãäå ρ| ðàññòîÿíèå äî óãëîâîé òî÷êè, C | íåêîòîðàÿ êîíñòàíòà.
Ïîñòðîåíèå ðàñ÷åòíîé ñõåìû â âèõðåâûõ ìåòîäàõ ïðåäïîëàãàåò çàìåíó èñõîäíîãî ïðî-

ôèëÿ ëîìàíîé, çâåíüÿ êîòîðîé íàçûâàþò ïàíåëÿìè, ïðè ýòîì íà êàæäîé ïàíåëè ãåíåðèðóåòñÿ
îäèí âèõðåâîé ýëåìåíò. ßñíî, ÷òî òî÷íîñòü ðåøåíèÿ çàâèñèò îò êîëè÷åñòâà ïàíåëåé; ïðè ýòîì
ðàâíîìåðíîñòü ðàçáèåíèÿ ìîæåò ñóùåñòâåííî âëèÿòü íà ðåçóëüòàò. Â ÷àñòíîñòè, â ìåòîäå
ÍÌÂÝ äëèíû ñîñåäíèõ ïàíåëåé íå äîëæíû ñóùåñòâåííî ðàçëè÷àòüñÿ. Ýòî ñâÿçàíî ñ îñîáåí-
íîñòÿìè èñïîëüçóåìîé êâàäðàòóðíîé ôîðìóëû, ïîçâîëÿþùåé âûäåëÿòü ãëàâíîå çíà÷åíèå â
ñìûñëå Êîøè ñèíãóëÿðíîãî èíòåãðàëà â óðàâíåíèè (3). Â ìåòîäàõ ÊÌÂÝ íà ãëàäêèõ ó÷àñò-
êàõ ïðîôèëÿ ðàçáèåíèå íà ïàíåëè ìîæåò ïðîèçâîäèòüñÿ äîñòàòî÷íî ïðîèçâîëüíî, ïîñêîëüêó
ïîäûíòåãðàëüíàÿ ôóíêöèÿ â óðàâíåíèè (6) ÿâëÿåòñÿ îãðàíè÷åííîé. Ïðè ýòîì èñïîëüçîâà-
íèå ñõåì ÊÌÂÝ äëÿ ýëëèïòè÷åñêèõ ïðîôèëåé ïîçâîëÿåò ïîâûñèòü òî÷íîñòü îïðåäåëåíèÿ
öèðêóëÿöèé âèõðåâûõ ýëåìåíòîâ ïðèìåðíî íà ïîðÿäîê (ïðè êîëè÷åñòâå ïàíåëåé íà ïðîôèëå
N ≈ 200), à äëÿ ïðîôèëåé Æóêîâñêîãî | äî òðåõ ïîðÿäêîâ â çàâèñèìîñòè îò ïàðàìåòðîâ
ïðîôèëÿ è îñîáåííîñòåé èñïîëüçóåìûõ ðàñ÷åòíûõ ñõåì.
Ðàññìîòðèì ðàçëè÷íûå ñïîñîáû àïïðîêñèìàöèè ïðîôèëÿ ïàíåëÿìè è èññëåäóåì äëÿ

íèõ òî÷íîñòü ðàñ÷åòíûõ ñõåì ÍÌÂÝ è ÊÌÂÝ. Ïðè ýòîì áóäåì àíàëèçèðîâàòü ðåøåíèå
(èíòåíñèâíîñòü âèõðåâîãî ñëîÿ) íà ïðÿìîëèíåéíîì ó÷àñòêå ïðîôèëÿ ïðè ïðèáëèæåíèè ê
âåðõíåé óãëîâîé òî÷êå. Äëÿ ïðîñòîòû ïðèìåì, ÷òî äóãîâàÿ ÷àñòü ïðîôèëÿ ðàçáèâàåòñÿ
íà ïàíåëè îäèíàêîâîé äëèíû, è ðàññìîòðèì ðàçëè÷íûå ñïîñîáû àïïðîêñèìàöèè ïàíåëÿìè
ïðÿìîëèíåéíîãî ó÷àñòêà:

• ïàíåëè èìåþò ðàâíûå äëèíû, áëèçêèå ê äëèíàì ïàíåëåé äóãîâîé ÷àñòè;
• ïàíåëè èìåþò ðàâíûå äëèíû, ñóùåñòâåííî îòëè÷àþùèåñÿ îò äëèí ïàíåëåé äóãîâîé

÷àñòè;
• ïàíåëè èìåþò ðàçíûå äëèíû, îáðàçóþùèå, ê ïðèìåðó, ãåîìåòðè÷åñêóþ ïðîãðåññèþ, è

óìåíüøàþòñÿ ïðè ïðèáëèæåíèè ê âåðõíåé óãëîâîé òî÷êå.

3. Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïðîôèëÿ ñ ðàâíîìåðíûì ðàçáèåíèåì íà ïàíåëè

Ïîäðîáíîå îïèñàíèå ðàñ÷åòíûõ ñõåì, îòíîñÿùèõñÿ ê ìåòîäàì ÍÌÂÝ è ÊÌÂÝ, ïðèâå-
äåíî â ðàáîòàõ [7, 8, 13, 14], òàì æå ïðåäëîæåíà ìåòîäèêà îöåíêè èõ òî÷íîñòè. Íàèáîëåå
î÷åâèäíûé ïóòü ñðàâíåíèÿ âû÷èñëåííîãî çíà÷åíèÿ èíòåíñèâíîñòè âèõðåâîãî ñëîÿ ñ òî÷íûì
ðåøåíèåì ÿâëÿåòñÿ íåêîððåêòíûì, îñîáåííî ïðèìåíèòåëüíî ê ïðîôèëþ ñ óãëîâîé òî÷êîé,
ïðè ïðèáëèæåíèè ê êîòîðîé äàííàÿ âåëè÷èíà äîëæíà íåîãðàíè÷åííî âîçðàñòàòü. Ôèçè÷å-
ñêèé ñìûñë èìååò öèðêóëÿöèÿ âèõðåâîãî ýëåìåíòà, êîòîðûé ñõîäèò â ïîòîê è âïîñëåäñòâèè
ó÷àñòâóåò â ôîðìèðîâàíèè âèõðåâîãî ñëåäà çà ïðîôèëåì. Âåëè÷èíà öèðêóëÿöèè ðàâíà ñóì-
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ìàðíîé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ íà íåêîòîðîì ó÷àñòêå ïðîôèëÿ (íà ïàíåëè â ñõåìàõ
ÊÌÂÝ è íà ïîëîâèíàõ äâóõ ñìåæíûõ ïàíåëåé â ÍÌÂÝ).
Â äàííîì ñëó÷àå òî÷íîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è íåèçâåñòíî, èçâåñòíà ëèøü åãî

àñèìïòîòèêà ïðè ïðèáëèæåíèè ê óãëîâîé òî÷êå, ïîýòîìó âîñïîëüçóåìñÿ ñëåäóþùèì ïðè-
åìîì: äëÿ êîíêðåòíîãî ïðîôèëÿ ñ ôèêñèðîâàííûìè ïàðàìåòðàìè L, α, β è çàäàííîé ñêî-
ðîñòüþ íàáåãàþùåãî ïîòîêà V∞ ÷èñëåííî ðåøèì ïîñòàâëåííóþ çàäà÷ó äëÿ ðàçëè÷íîãî êî-
ëè÷åñòâà ïàíåëåé N . Ïðè ýòîì áóäåì èñïîëüçîâàòü îáå ñõåìû ÍÌÂÝ è ÊÌÂÝ, ðàçáèåíèå
ïðîôèëÿ íà ïàíåëè áóäåì îñóùåñòâëÿòü ðàâíîìåðíî.
Ñ÷èòàÿ, ÷òî òî÷íîå ðåøåíèå âáëèçè óãëîâîé òî÷êè èìååò âèä γ∗(ρ) = Cρπ/α−1, âû÷èñëèì

ñóììàðíóþ çàâèõðåííîñòü íà np áëèæàéøèõ ê óãëîâîé òî÷êå ïàíåëÿõ:

Γ∗i =

ρi+1∫
ρi

γ∗(ρ) dρ =

ρi+1∫
ρi

Cρπ/α−1 dρ =
αC

π

(
ρ

π/α
i+1 − ρ

π/α
i

)
, i = 1, 2, . . . , np. (7)

Çäåñü ρi | ðàññòîÿíèå îò óãëîâîé òî÷êè äî íà÷àëà i-é ïàíåëè.
Ìåòîä ÊÌÂÝ ïîçâîëÿåò îïðåäåëÿòü âåëè÷èíû γi | ñðåäíèå ïî ïàíåëÿì èíòåíñèâíîñòè

âèõðåâîãî ñëîÿ, ïîýòîìó íà îñíîâå íàéäåííûõ âûøå çíà÷åíèé Γ∗i âû÷èñëèì âåëè÷èíó

γ∗i =
Γ∗i

ρi+1 − ρi

=
αC

π

ρ
π/α
i+1 − ρ

π/α
i

ρi+1 − ρi

. (8)

Äàëåå îáðàçóåì ôóíêöèþ Ψ(C) ïî ñëåäóþùåìó ïðàâèëó

Ψ(C) =
np∑
i=1

(γi − γ∗i )
2, (9)

ãäå ñóììèðîâàíèå âåäåòñÿ ïî np áëèæàéøèì ê óãëîâîé òî÷êå ïàíåëÿì; â íàñòîÿùåé ðà-
áîòå ïðèíÿòî np = 5. Çíà÷åíèå êîíñòàíòû C îïðåäåëÿåòñÿ èç óñëîâèÿ ìèíèìèçàöèè ôóíê-
öèè Ψ(C).
Äëÿ ìåòîäà ÍÌÂÝ ìåòîäèêà â öåëîì ñîõðàíÿåòñÿ ñ òîé ëèøü ðàçíèöåé, ÷òî â ðàñ÷åòå

âû÷èñëÿåòñÿ âåëè÷èíà γi, ñîîòâåòñòâóþùàÿ ñðåäíåìó çíà÷åíèþ èíòåíñèâíîñòè âèõðåâîãî
ñëîÿ íà ïîëîâèíàõ ñìåæíûõ ïàíåëåé, èìåþùèõ íîìåðà i è i + 1. Ñîîòâåòñòâåííî, èí-
òåãðèðîâàíèå àñèìïòîòè÷åñêîãî ðåøåíèÿ íóæíî ïðîâîäèòü ïî îòðåçêàì ñ êîíöàìè â òî÷êàõ
ρi + ρi+1

2
è ρi+1 + ρi+2

2
.

Ðåçóëüòàòû îïðåäåëåíèÿ âåëè÷èíû êîýôôèöèåíòàC ïðè ðàçëè÷íîì çíà÷åíèè ÷èñëà ïàíå-
ëåé íà äóãîâîé ÷àñòè ïðîôèëÿ è ñîîòâåòñòâóþùåì çíà÷åíèè ÷èñëà ïàíåëåé íà âñåì ïðîôèëå
ïðåäñòàâëåíû â òàáë. 1.
Âèäíî, ÷òî ñ óâåëè÷åíèåì ÷èñëà ïàíåëåé íà ïðîôèëå çíà÷åíèå êîýôôèöèåíòà C <ñòà-

áèëèçèðóåòñÿ>, ïðè ýòîì íàáëþäàåìîå ðàçëè÷èå â îöåíêàõ äëÿ ìåòîäîâ ÍÌÂÝ è ÊÌÂÝ íå
ïðåâûøàåò 1%. Ýòó ðàçíèöó ìîæíî îáúÿñíèòü îïèñàííûìè âûøå îñîáåííîñòÿìè ìåòîäîâ,
à òàêæå òåì, ÷òî òî÷íîå ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñóììó

γexact(ρ) = Cρ
π
α
−1 + h(ρ), (10)

ãäå h(ρ)| îãðàíè÷åííàÿ ôóíêöèÿ, íàëè÷èå êîòîðîé íèêàê íå ó÷èòûâàëîñü ïðè ïîñòðîåíèè
îöåíêè äëÿ C.
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Ò à á ë è ö à 1

Âû÷èñëåííûå çíà÷åíèÿ êîýôôèöèåíòà C

×èñëî ïàíåëåé íà ïîëîâèíå
äóãîâîé ÷àñòè

Îáùåå ÷èñëî
ïàíåëåé CÍÌÂÝ CÊÌÂÝ

20 180 0,8081 0,8119
40 360 0,8016 0,8072
60 538 0,7991 0,8058
80 718 0,7983 0,8052
100 896 0,7977 0,8049
150 1344 0,7972 0,8046
200 1792 0,7970 0,8045
300 2688 0,7970 0,8045

Îòìåòèì, ÷òî ïðè ìîäåëèðîâàíèè îáòåêàíèÿ ïðîôèëÿ â ôîðìå ðîìáà, çàäíÿÿ ÷àñòü êîòî-
ðîãî ñîâïàäàåò ñ çàäíåé ÷àñòüþ ïðîôèëÿ, èçîáðàæåííîãî íà ðèñ. 1, à ïåðåäíÿÿ ÿâëÿåòñÿ åå
ñèììåòðè÷íûì îòðàæåíèåì, îñîáåííîñòü ðåøåíèÿ â âåðõíåé óãëîâîé òî÷êå èìååò òàêîé æå
õàðàêòåð, à çíà÷åíèÿ êîýôôèöèåíòà C ïðè íåé, îïðåäåëÿåìûå ìåòîäàìè ÍÌÂÝ è ÊÌÂÝ ïî
îïèñàííîé âûøå ìåòîäèêå, ðàçëè÷àþòñÿ ìåíåå, ÷åì íà 0.1 %.
Íà ðèñ. 2 äëÿ ñëó÷àÿ N = 896 ïðèâåäåíû ãðàôèêè, íà êîòîðûõ òî÷êàìè èçîáðàæåíû

âû÷èñëåííûå çíà÷åíèÿ γi ñðåäíèõ âåëè÷èí èíòåíñèâíîñòè âèõðåâîãî ñëîÿ íà íåñêîëüêèõ
áëèæàéøèõ ê óãëîâîé òî÷êå ó÷àñòêàõ ïðîôèëÿ, à ñïëîøíîé ëèíèåé ñîåäèíåíû çíà÷åíèÿ âå-
ëè÷èíû γ∗i , íàéäåííûå íà îñíîâå ïîëó÷åííîé îöåíêè êîýôôèöèåíòàC. Âèçóàëüíîå ðàçëè÷èå
ãðàôèêîâ îáúÿñíÿåòñÿ òåì, ÷òî ó÷àñòêè ïðîôèëÿ, äëÿ êîòîðûõ ïðîèçâîäèòñÿ ðàñ÷åò â ìåòîäàõ
ÍÌÂÝ è ÊÌÂÝ, ðàçíûå, î ÷åì áûëî óïîìÿíóòî âûøå.

2 4 6 8 10
i

2.5

3.0

3.5

4.0

4.5

γi

à

2 4 6 8 10
i

2.5

3.0

3.5

4.0

4.5

γi

á
Ðèñ. 2. Âû÷èñëåííûå çíà÷åíèÿ (òî÷êè) ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ âáëèçè óãëîâîé òî÷êè
â ñðàâíåíèè ñ àñèìïòîòè÷åñêèì ðåøåíèåì (ëèíèÿ) äëÿ ìåòîäîâ ÍÌÂÝ (a) è ÊÌÂÝ (á)

Ñðåäíèå âåëè÷èíû îòíîñèòåëüíûõ îòêëîíåíèé âû÷èñëåííûõ çíà÷åíèé ñðåäíåé èíòåí-
ñèâíîñòè âèõðåâîãî ñëîÿ îò àñèìïòîòè÷åñêîãî ðåøåíèÿ ïðèâåäåíû â òàáë. 2. Îñðåäíåíèå
ïðîèçâîäèëîñü ïî np = 5 áëèæàéøèì ê óãëîâîé òî÷êå ó÷àñòêàì ïðîôèëÿ, äëÿ êîòîðûõ ïðîèç-
âîäèëñÿ ðàñ÷åò. Íàïîìíèì, ÷òî âñå ðàñ÷åòû ïðîâåäåíû äëÿ ñëó÷àÿ ðàâíîìåðíîãî ðàçáèåíèÿ
ïðîôèëÿ íà ïàíåëè.
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Ò à á ë è ö à 2

Îòêëîíåíèÿ ðàñ÷åòíûõ çíà÷åíèé ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ
îò àñèìïòîòè÷åñêîãî ðåøåíèÿ

×èñëî ïàíåëåé 180 360 538 718 896 1344 1792 2688
δНМВЭ, % 2,41 1,56 1,26 1,12 1,04 0,95 0,92 0,90
δКМВЭ, % 2,12 1,36 1,12 1,00 0,94 0,80 0,85 0,83

Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ ïîçâîëÿåò ñäåëàòü âûâîä î òîì, ÷òî îáà ìåòîäà ÍÌÂÝ
è ÊÌÂÝ ïîçâîëÿþò ñ äîñòàòî÷íî âûñîêîé òî÷íîñòüþ ðàññ÷èòàòü èíòåíñèâíîñòü âèõðåâîãî
ñëîÿ íà ïðîôèëå ñ óãëîâîé òî÷êîé. Äàííûé âûâîä, îäíàêî, ñïðàâåäëèâ ëèøü äëÿ ñèòóàöèé,
áëèçêèõ ê ðàññìîòðåííîé ìîäåëüíîé çàäà÷å, êîãäà âáëèçè îáòåêàåìîãî ïðîôèëÿ â ïîòîêå
çàâèõðåííîñòü îòñóòñòâóåò. Èññëåäîâàíèå òî÷íîñòè ðàçëè÷íûõ ðàñ÷åòíûõ ñõåì ïðè íàëè÷èè
â ïîòîêå âáëèçè ïðîôèëÿ âèõðåâûõ ýëåìåíòîâ ïðåäñòàâëÿåò ñîáîé îòäåëüíóþíåòðèâèàëüíóþ
çàäà÷ó, ÷àñòè÷íî ðàññìîòðåííóþ (äëÿ ñëó÷àÿ êðóãîâîãî ïðîôèëÿ) â [14].

4. Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïðîôèëÿ
ñ íåðàâíîìåðíûì ðàçáèåíèåì íà ïàíåëè

Â ðÿäå ñëó÷àåâ îáåñïå÷èâàòü ðàâåíñòâî äëèí âñåõ ïàíåëåé íà îáòåêàåìîì ïðîôèëå íà
ïðàêòèêå áûâàåò íåóäîáíî; â ÷àñòíîñòè, ïðîôèëü ìîæåò áûòü <ñêîíñòðóèðîâàí> èç îòäåëü-
íûõ êðèâûõ, äëÿ êîòîðûõ ðàçáèåíèå íà ïàíåëè óæå ïîñòðîåíî. Òî æå îòíîñèòñÿ ê ìîäåëèðî-
âàíèþ îáòåêàíèÿ äåôîðìèðóåìûõ ïðîôèëåé, êîãäà äëèíû ïàíåëåé íà ïðîôèëå åñòåñòâåííûì
îáðàçîì ìåíÿþòñÿ â ïðîöåññå ðàñ÷åòà.
Äëÿ îïèñàííîé âûøå ìîäåëüíîé çàäà÷è ðàññìîòðèì ñíà÷àëà ñèòóàöèþ, êîãäà è äóãîâàÿ,

è ïðÿìîëèíåéíàÿ ÷àñòè ïðîôèëÿ (ñì. ðèñ. 1) ðàçáèòû íà ïàíåëè ðàâíîìåðíî, íî äëèíû ýòèõ
ïàíåëåé ðàçëè÷íû. Ïðèìåì, ÷òî äóãîâàÿ ÷àñòü ïðîôèëÿ ðàçáèòà íà 200 ïàíåëåé, à êîëè÷åñòâî
ïàíåëåé íà ïðÿìîëèíåéíûõ ÷àñòÿõ áóäåì âàðüèðîâàòü, óêàçûâàÿ ïðè ýòîì îòíîøåíèå κ > 1

äëèí ïàíåëåé, ïðèìûêàþùèõ ê óãëîâîé òî÷êå. Â êà÷åñòâå <ýòàëîííîãî> ïðèìåì àñèìïòîòè÷å-
ñêîå ðåøåíèå ñ ðàíåå îïðåäåëåííûì çíà÷åíèåì êîýôôèöèåíòà C.
Â òàáë. 3 ïðèâåäåíû ñðåäíèå âåëè÷èíû îòíîñèòåëüíûõ îòêëîíåíèé âû÷èñëåííûõ çíà-

÷åíèé ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ îò àñèìïòîòè÷åñêîãî ðåøåíèÿ ïðè âûøåîïè-

Ò à á ë è ö à 3

Îòêëîíåíèÿ ðàñ÷åòíûõ çíà÷åíèé ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ
îò àñèìïòîòè÷åñêîãî ðåøåíèÿ ïðè ðàçëè÷íûõ äëèíàõ ïàíåëåé

íà äóãîâîé è ïðÿìîëèíåéíîé ÷àñòÿõ ïðîôèëÿ

Îòíîøåíèå äëèí ïàíåëåé κ 1,10 1,25 1,33 1,50 2,00 3,00 5,00 10,00
Îáùåå ÷èñëî ïàíåëåé 966 1070 1128 1244 1592 2288 3680 7158
δНМВЭ, % 1,37 2,74 3,49 4,93 8,95 15,92 27,21 47,65
δКМВЭ, % 0,98 1,06 1,10 1,19 1,45 1,92 2,53 3,13
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ñàííîì ñïîñîáå ðàçáèåíèÿ ïðîôèëÿ. Îñðåäíåíèå ïðîèçâîäèëîñü ïî np = 5 áëèæàéøèì ê
óãëîâîé òî÷êå ó÷àñòêàì ïðîôèëÿ, äëÿ êîòîðûõ ïðîèçâîäèëñÿ ðàñ÷åò.

Âèäíî, ÷òî ïîãðåøíîñòü îáåèõ ðàñ÷åòíûõ ñõåì âîçðàñòàåò ïðè óâåëè÷åíèè îòíîøåíèÿ
äëèí ïàíåëåé, ïðèìûêàþùèõ ê óãëîâîé òî÷êå, îäíàêî ïðè çíà÷èòåëüíîé âåëè÷èíå ýòîãî
îòíîøåíèÿ ñõåìà ÊÌÂÝ îêàçûâàåòñÿ íà ïîðÿäîê áîëåå òî÷íîé. Äëÿ íàãëÿäíîñòè ðåçóëüòàòû
ðàñ÷åòà ïî îáåèì ñõåìàì äëÿ çíà÷åíèÿ κ = 10.0 ïîêàçàíû íà ðèñ. 3.
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Ðèñ. 3. Âû÷èñëåííûå çíà÷åíèÿ (òî÷êè) ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ âáëèçè óãëîâîé
òî÷êè ïðè κ = 10 â ñðàâíåíèè ñ àñèìïòîòè÷åñêèì ðåøåíèåì (ëèíèÿ) äëÿ ìåòîäîâ ÍÌÂÝ (a)
è ÊÌÂÝ (á)

Ðàñ÷åòû ïîêàçûâàþò, ÷òî ðàâíîìåðíîñòü ðàçáèåíèÿ ïðÿìîëèíåéíîé ÷àñòè ïðîôèëÿ íà
ïàíåëè íå èìååò ïðèíöèïèàëüíîãî çíà÷åíèÿ. Â ÷àñòíîñòè, åñëè ðàçáèåíèå îñóùåñòâëÿåòñÿ
íåðàâíîìåðíî, à äëèíû ïàíåëåé îáðàçóþò ãåîìåòðè÷åñêóþ ïðîãðåññèþ ñî çíàìåíàòåëåì
q = 0.95 . . . 0.99, ÷òî ñîîòâåòñòâóåò ñãóùåíèþ ïðè ïðèáëèæåíèè ê âåðõíåé óãëîâîé òî÷êå,
òî ïðè ñîõðàíåíèè ïîñòîÿííîãî ÷èñëà ïàíåëåé íà äóãîâîé ÷àñòè è çíà÷åíèÿ κ îòíîøåíèÿ
äëèí ïàíåëåé, ïðèìûêàþùèõ ê óãëîâîé òî÷êå, òàêèìè æå, êàêèå áûëè ïðèíÿòû â òàáë. 3,
ðåçóëüòàò ìåíÿåòñÿ íåçíà÷èòåëüíî. Îòêëîíåíèå îò àñèìïòîòè÷åñêîãî çíà÷åíèÿ äëÿ ñõåìû
ÊÌÂÝ ïðàêòè÷åñêè íå èçìåíÿåòñÿ, à äëÿ ñõåìû ÍÌÂÝ íåñêîëüêî óâåëè÷èâàåòñÿ, äîñòèãàÿ
âåëè÷èíû â 54% ïðè q = 0.95, κ = 10; â ýòîì ñëó÷àå îáùåå êîëè÷åñòâî ïàíåëåé íà ïðîôèëå
ñîñòàâëÿåò ëèøü 400 (200 íà äóãîâîé ÷àñòè, 200 íà äâóõ ïðÿìîëèíåéíûõ ÷àñòÿõ), à íå 7158,
êàê ïðè ðàâíîìåðíîì ðàçáèåíèè âñåãî ïðîôèëÿ (ñì. òàáë. 3).

Ïðè åùå áîëåå íåðàâíîìåðíîì ðàçáèåíèè ïðîôèëÿ, êîãäàκ > 10, îòíîñèòåëüíàÿ ïîãðåø-
íîñòü ìåòîäà ÍÌÂÝ ïðîäîëæàåò íàðàñòàòü, è óæå ìîæíî ãîâîðèòü î ïîëó÷åíèè êà÷åñòâåííî
íåâåðíîãî ðåøåíèÿ, òîãäà êàê ïîãðåøíîñòü ñõåìû ÊÌÂÝ äàæå â ýòîì ñëó÷àå îñòàåòñÿ íå
ñëèøêîì áîëüøîé è óäàåòñÿ ïîëó÷èòü êà÷åñòâåííî ïðàâèëüíîå ðåøåíèå. Ïðèìåð ÷èñëîâûõ
çíà÷åíèé äëÿ ðàçáèåíèÿ äóãîâîé ÷àñòè ïðîôèëÿ íà 200 ïàíåëåé, çíàìåíàòåëÿ ïðîãðåññèè
q = 0.98, ðàçëè÷íîãî êîëè÷åñòâà ïàíåëåé íà ïðÿìîëèíåéíîé ÷àñòè è ñîîòâåòñòâóþùèõ çíà-
÷åíèé îòíîøåíèÿ κ ïðèâåäåí â òàáë. 4.
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Ò à á ë è ö à 4

Îòêëîíåíèÿ ðàñ÷åòíûõ çíà÷åíèé ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ
îò àñèìïòîòè÷åñêîãî ðåøåíèÿ ïðè áîëüø�èõ çíà÷åíèÿõ îòíîøåíèÿ κ

äëèí ïàíåëåé, ïðèìûêàþùèõ ê óãëîâîé òî÷êå

×èñëî ïàíåëåé íà ïðÿìîëèíåéíîé ÷àñòè 450 500 550 600
Îòíîøåíèå äëèí ïàíåëåé κ 13,1 21,9 36,3 60,3
Îáùåå ÷èñëî ïàíåëåé 650 700 750 800
δНМВЭ, % 69,6 82,0 106,8 135,1
δКМВЭ, % 3,7 5,6 8,3 11,5

5. Ïðîôèëü ñ âíåøíèì óãëîì, ìåíüøèì ðàçâåðíóòîãî

Â çàêëþ÷åíèå ðàññìîòðèì ïðîôèëü, èìåþùèé óãëîâóþ òî÷êó, âíåøíèé óãîë ïðè êîòîðîé
α < π (ðèñ. 4). Àëãîðèòì ïîñòðîåíèÿ òàêîãî ïðîôèëÿ îñòàåòñÿ ïðåæíèì.

Ðèñ. 4. Ïðîôèëü ñ óãëîâûìè òî÷êàìè

Â [1] óêàçàíî, ÷òî â òàêèõ óãëîâûõ òî÷êàõ èíòåíñèâíîñòü âèõðåâîãî ñëîÿ íå èìååò îñî-
áåííîñòè. Ïðè ðàâíîìåðíîì ðàçáèåíèè ïðîôèëÿ, êîãäà äëèíû âñåõ ïàíåëåé ïðèìåðíî îäè-
íàêîâû, îáà ìåòîäà ÍÌÂÝ è ÊÌÂÝ ïîçâîëÿþò ïîëó÷èòü êà÷åñòâåííî ïðàâèëüíîå ðåøåíèå.
Ïðè íåðàâíîìåðíîì ðàçáèåíèè, ñîîòâåòñòâóþùåì íåáîëüøèì çíà÷åíèÿì ïàðàìåòðà κ < 2

(â îáîçíà÷åíèÿõ ïðåäûäóùåãî ðàçäåëà), ðåøåíèå òàêæå îñòàåòñÿ êà÷åñòâåííî ïðàâèëüíûì è
ïðàêòè÷åñêè íå èçìåíÿåòñÿ êîëè÷åñòâåííî.
Áîëüøàÿ íåðàâíîìåðíîñòü ðàçáèåíèÿ ïðîôèëÿ ïðèâîäèò ê ñóùåñòâåíîé ïîãðåøíîñòè

ðåøåíèÿ, ïîëó÷àåìîãî ìåòîäîì ÍÌÂÝ, òîãäà êàê ðåøåíèå, ïîëó÷àåìîå ïî ñõåìå ÊÌÂÝ,
îñòàåòñÿ áëèçêèì ê èñõîäíîìó. Íà ðèñ. 5 ïðèâåäåíû çàâèñèìîñòè ñðåäíåé èíòåíñèâíîñòè
âèõðåâîãî ñëîÿ îò ðàññòîÿíèÿ äî óãëîâîé òî÷êè, èçìåðÿåìîãî âäîëü ïðÿìîëèíåéíîé ÷àñòè
ïðîôèëÿ. Ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò ðåøåíèþ, ïîëó÷åííîìó ïðè âåñüìà ïîäðîáíîì
ðàâíîìåðíîì ðàçáèåíèè ïðîôèëÿ íà N ≈ 4 000 ïàíåëåé, òî÷êè | íåðàâíîìåðíîìó ðàç-
áèåíèþ; ïðè ýòîì çíà÷åíèå N è ñîîòâåòñòâóþùåå åìó çíà÷åíèå κ âàðüèðîâàëîñü, ðàñ÷åò
ïðîâîäèëñÿ ïî ñõåìàì ÍÌÂÝ è ÊÌÂÝ. Äóãîâàÿ ÷àñòü ïðîôèëÿ âî âñåõ ñëó÷àÿõ ðàçáèâàëîñü
ðàâíîìåðíî íà 200 ïàíåëåé, äëèíû ïàíåëåé ïðÿìîëèíåéíîé ÷àñòè îáðàçîâûâàëè ãåîìåòðè-
÷åñêóþ ïðîãðåññèþ ñî çíàìåíàòåëåì q = 0.98 (ïàíåëè èçìåëü÷àëèñü ïðè ïðèáëèæåíèè ê
óãëîâîé òî÷êå).

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 243

http://technomag.bmstu.ru


0.01 0.02 0.03
ρ

0.1

0.2

0.3

0.4

0.5

0.6

0.7

γi

à

0.01 0.02 0.03
ρ

0.1

0.2

0.3

0.4

0.5

0.6

0.7
γi

á

0.005 0.010 0.015 0.020
ρ

0.1

0.2

0.3

0.4

0.5

0.6

0.7

γi

â

0.005 0.010 0.015 0.020
ρ

0.1

0.2

0.3

0.4

0.5

0.6

0.7

γi

ã

0.004 0.008 0.012
ρ

0.1

0.2

0.3

0.4

0.5

γi

ä

0.004 0.008 0.012
ρ

0.1

0.2

0.3

0.4

0.5

γi

å
Ðèñ. 5. Âû÷èñëåííûå çíà÷åíèÿ (òî÷êè) ñðåäíåé èíòåíñèâíîñòè âèõðåâîãî ñëîÿ âáëèçè óãëîâîé òî÷êè
ïðè N = 440, κ ≈ 2.81 (à, á); N = 500, κ ≈ 5.39 (â, ã); N = 600, κ ≈ 15.27 (ä, å) â ñðàâíåíèè
ñ ðåøåíèåì, ïîëó÷åííûì ïðè ðàâíîìåðíîì ðàçáèåíèè (ëèíèÿ). Ðàñ÷åòû âûïîëíåíû ïî ñõåìàì
ÍÌÂÝ (à, â, ä) è ÊÌÂÝ (á, ã, å)

Çàêëþ÷åíèå

Ðåçóëüòàòû èññëåäîâàíèÿ ìîäåëüíîé çàäà÷è î ðàñ÷åòå îáòåêàíèÿ ïðîôèëÿ ñ óãëîâîé òî÷-
êîé â îòñóòñòâèå çàâèõðåííîñòè â îáëàñòè òå÷åíèÿ ïîçâîëÿþò óòâåðæäàòü, ÷òî ñõåìû ìåòîäà
âèõðåâûõ ýëåìåíòîâ ñ íîðìàëüíûìè è êàñàòåëüíûìè êîìïîíåíòàìè ñêîðîñòè íà ïðîôèëå
(ÍÌÂÝ è ÊÌÂÝ ñîîòâåòñòâåííî) îáåñïå÷èâàþò áëèçêóþ òî÷íîñòü ïðè ðàâíîìåðíîì ðàç-
áèåíèè ïðîôèëÿ ïàíåëÿìè. Ïðè íåðàâíîìåðíîì ðàçáèåíèè, êîãäà ïðèìûêàþùèå ê óãëîâîé
òî÷êå ïàíåëè ñóùåñòâåííî ðàçëè÷àþòñÿ ïî äëèíå, ñõåìà ÊÌÂÝ îáåñïå÷èâàåò çíà÷èòåëüíî
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á�îëüøóþ òî÷íîñòü ïî ñðàâíåíèþ ñ ÍÌÂÝ. Â òåõ ñëó÷àÿõ, êîãäà îòíîøåíèå äëèí ýòèõ ïàíå-
ëåé ïðåâûøàåò 10, ïîëó÷èòü êà÷åñòâåííî ïðàâèëüíîå ðåøåíèå ìåòîäîì ÍÌÂÝ íå óäàåòñÿ,
â òî âðåìÿ êàê ïðè èñïîëüçîâàíèè ÊÌÂÝ ðåøåíèå îñòàåòñÿ êà÷åñòâåííî âåðíûì è èìååò
ïðèåìëåìóþ äëÿ ìíîãèõ ïðàêòè÷åñêèõ öåëåé ïîãðåøíîñòü.
Ñõîäíûå ðåçóëüòàòû ïîëó÷åíû êàê äëÿ ïðîôèëÿ ñ âíåøíåé óãëîâîé òî÷êîé, âáëèçè êîòî-

ðîé òî÷íîå ðåøåíèå çàäà÷è èìååò îñîáåííîñòü èçâåñòíîãî õàðàêòåðà, òàê è äëÿ ïðîôèëÿ ñ
âíóòðåííåé óãëîâîé òî÷êè, â êîòîðîé òî÷íîå ðåøåíèå îñîáåííîñòè íå èìååò.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãðàíòîâ Ïðåçèäåíòà ÐÔ äëÿ
ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ| êàíäèäàòîâ íàóê (ïðîåêòûÌÊ-
3705.2014.8 è ÌÊ-5357.2015.8).
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The paper considers two-dimensional problem of numerical flow simulation around an airfoil.
The flow is assumed to be incompressible, so a meshless lagrangian vortex element method (VEM)
can be used to simulate the flow. The aim of this research is to investigate the accuracy of the
numerical schemes of VEM, which use different approaches to satisfy boundary conditions on the
surface of airfoil in case of simulation of the flow around airfoils with angle point.
When constructing a numerical scheme, airfoil is replaced by polygon, which consists of

panels. The airfoil is assumed to be rigid and immovable. The numerical schemes are based
on two mathematically equivalent approaches to the boundary conditions satisfaction. The first
(\classical") approach implies the equality to zero of the normal component of the flow velocity
on the airfoil surface. It leads to the singular integral equation with Hilbert-type kernel, and
the principal value of the corresponding integral should be understood in Cauchy sense. This
equation should be solved numerically, but the mentioned features impose strong restrictions on
discretization of airfoil, in particular, lengths of neighboring panels should not differ significantly.
In the second case, the limit value of the tangential component of flow velocity from the airfoil
side equates to zero. This approach leads to an integral equation of the second kind, which kernel
is bounded in case of a smooth airfoil. This approach is free from limitations of the previous way.
The numerical schemes based on the first and the second approaches are called NVEM and TVEM,
correspondingly.
When solving engineering problems the airfoil sometimes should be split into panels with

significantly different lengths. In order to investigate the accuracy of the mentioned NVEM and
TVEM schemes the model problem of the flow simulation around the airfoil with angle point is
considered. The asymptotic behavior of the solution, which is singular near the angle point, is
known. Different algorithms of splitting airfoil into panels are used, and it is analyzed how it
influences on the accuracy of the numerical schemes.
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In case of the uniform split of the airfoil with angle point into panels both schemes NVEM
and TVEM allow us to obtain correct solution with sufficiently high accuracy. If the split is
non-uniform and panels, which are close to the angle point, have significantly different lengths,
the NVEM scheme, in contrast to TVEM, doesn't allow us to obtain qualitatively correct solution.
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