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Ðàññìàòðèâàåòñÿ çàäà÷à òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ àôôèííûõ ñèñòåì, êîòîðûå íå ëèíåàðèçó-
þòñÿ îáðàòíîé ñâÿçüþ. Ïðåäïîëàãàåòñÿ, ÷òî çàäàíû íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèÿ, åñòü îãðà-
íè÷åíèÿ íà óïðàâëåíèå è ñîñòîÿíèå. Äëÿ äàííîé çàäà÷è ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ. êîòîðûé
èçëîæåí äëÿ àôôèííîé ñèñòåìû òðåòüåãî ïîðÿäêà ñ îäíèì óïðàâëåíèåì. Ýòà ñèñòåìà îïèñûâàåò
ïðîöåññû, ïðîòåêàþùèå â õèìè÷åñêîì ðåàêòîðå ïåðèîäè÷åñêîãî äåéñòâèÿ ñ òðåõêîìïîíåíòíîé
ñìåñüþ.

Êëþ÷åâûå ñëîâà: ôàçîâàÿ ïëîñêîñòü; êâàçèêàíîíè÷åñêèé âèä; îðáèòàëüíàÿ ëèíåàðèçàöèÿ; òåð-
ìèíàëüíîå óïðàâëåíèå

Ââåäåíèå

Óïðàâëåíèå ïðîöåññàìè, ïðîòåêàþùèìè â õèìè÷åñêèõ ðåàêòîðàõ ïåðèîäè÷åñîêîãî äåé-
ñòâèÿ, ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé â õèìè÷åñêîé èíäóñòðèè. Â [1] ñ ïîìîùüþ ñèíòåçà
ãëîáàëüíîé îáðàòíîé ñâÿçè ðåøåíà çàäà÷à ïðîêëàäûâàíèÿ òðàåêòîðèè òåìïåðàòóðû â ðåçåð-
âóàðå õèìè÷åñêîãî ðåàêòîðà èç çàäàííîãî íà÷àëüíîãî ïîëîæåíèÿ â êîíå÷íîå. Ðàññìîòðåí
õèìè÷åñêèé ðåàêòîð ïåðèîäè÷åñêîãî äåéñòâèÿ ñ òðåõêîìïîíåíòíîé ñìåñüþ. Â ðàáîòå [2]
ïðåäëîæåí ìåòîä ðåøåíèÿ ýòîé çàäà÷è ñ ïîìîùüþ óïðàâëåíèÿ íà îñíîâå ñêîëüçÿùèõ ðåæè-
ìîâ. Íåäîñòàòêàìè äàííûõ ïîäõîäîâ ÿâëÿåòñÿ òî, ÷òî îíè íå ïîçâîëÿþò ó÷èòûâàòü îãðà-
íè÷åíèÿ, íàëîæåííûå íà óïðàâëåíèå è ñîñòîÿíèå, à òàêæå óïðàâëÿòü âñåìè ïåðåìåííûìè
ñîñòîÿíèÿ ñèñòåìû.
Ðàçðàáîòàíû ìåòîäû ó÷åòà îãðàíè÷åíèé ïðè ïîñòðîåíèè óïðàâëåíèÿ íà îñíîâå ñêîëüçÿ-

ùèõ ðåæèìîâ [3, 4, 5]. Íî íè îäèí èç íèõ íåëüçÿ íàçâàòü óíèâåðñàëüíûì.
Àëüòåðíàòèâíûì ïîäõîäîì ê ðåøåíèþ çàäà÷è ïðîêëàäûâàíèÿ òðàåêòîðèè ÿâëÿåòñÿ ïî-

ñòðîåíèå îïòèìàëüíîãî óïðàâëåíèÿ [6, 7]. Òàêîå ïîñòðîåíèå îñíîâûâàåòñÿ íà ïðèíöèïå
ìàêñèìóìà Ïîíòðÿãèíà. Â ðàçëè÷íûõ èñòî÷íèêàõ ïðåäñòàâëåíû ìåòîäû ó÷åòà îãðàíè÷åíèé
íà ñîñòîÿíèå [8], à òàêæå îãðàíè÷åíèÿ ñìåøàííîãî òèïà [9]. Îäíàêî ýòî òðåáóåò âûïîëíåíèÿ
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äîïîëíèòåëüíûõ óñëîâèé íà ïîñòàíîâêó çàäà÷ó [10, 11, 12], ÷òî ñóæàåò îáëàñòü ïðèìåíèìî-
ñòè òàêîãî ïîäõîäà.
Îäíèì èç ïîäõîäîâ ê ðåøåíèþ çàäà÷è óïðàâëåíèÿ ïðîöåññàìè â õèìè÷åñêèõ ðåàêòî-

ðàõ ÿâëÿåòñÿ ïîñòðîåíèå òåðìèíàëüíîãî óïðàâëåíèÿ, ïåðåâîäÿùåãî ñèñòåìó èç çàäàííîãî
íà÷àëüíîãî ïîëîæåíèÿ â êîíå÷íîå ñ ó÷åòîì îãðàíè÷åíèé íà ïåðåìåííûå ñîñòîÿíèÿ è óïðà-
âëåíèÿ. Â ðàáîòå [13] ïðåäñòàâëåí ìåòîä ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ ìåòîäîì íàêðûòèé.
Èçëîæåííûé ìåòîä ïðåäñòàâëÿåò ñîáîé îáîáùåíèå ìåòîäà ðåøåíèÿ çàäà÷ òåðìèíàëüíîãî
óïðàâëåíèÿ äëÿ ïëîñêèõ ñèñòåì. Îäíàêî òàêîé ïîäõîä âëå÷åò çà ñîáîé óâåëè÷åíèå ðàçìåðíî-
ñòè ñèñòåìû. Â ðàáîòå [14] ïðåäëîæåíî ðåøåíèå ýòîé çàäà÷è ïðè äîïîëíèòåëüíîì çàäàíèè
èíòåðâàëà âðåìåíè äëÿ äîñòèæåíèÿ òðåáóåìîãî êîíå÷íîãî ñîñòîÿíèÿ èç çàäàííîãî íà÷àëü-
íîãî ñîñòîÿíèÿ. Â ðàìêàõ äàííîãî ïîäõîäà íå óäàåòñÿ ó÷åñòü îãðàíè÷åíèÿ íà òåìïåðàòóðó
âíóòðè ðåçåðâóàðà õèìè÷åñêîãî ðåàêòîðà è óïðàâëåíèå.
Â äàííîé ðàáîòå ðàçâèòà êîíöåïöèÿ, ïðåäñòàâëåííàÿ â [14]. Ïîêàçàíî, ÷òî àôôèííàÿ

ñèñòåìà, îïèñûâàþùàÿ ïðîòåêàíèå ïðîöåññîâ â õèìè÷åñêèõ ðåàêòîðàõ ïåðèîäè÷åñêîãî äåé-
ñòâèÿ, äîïóñêàåò îðáèòàëüíóþ ëèíåàðèçàöèþ. Ñ ïîìîùüþ çàìåíû íåçàâèñèìîé ïåðåìåííîé
èñõîäíàÿ àôôèííàÿ ñèñòåìà ïðåîáðàçóåòñÿ ê âèäó, ýêâèâàëåíòíîìó ëèíåéíîé ñòàöèîíàðíîé
óïðàâëÿåìîé ñèñòåìå òîé æå ðàçìåðíîñòè. Ïîñòðîåíî ìíîæåñòâî óïðàâëåíèé, ðåøàþùèõ
çàäà÷ó òåðìèíàëüíîãî óïðàâëåíèÿ, â îòëè÷èå îò ìåòîäà, ïðåäëîæåííîãî â [14], â ðàìêàõ êîòî-
ðîãî ñòðîèòñÿ òîëüêî îäíî ðåøåíèå òåðìèíàëüíîé çàäà÷è. Êàæäîå ðåøåíèå èç ïîñòðîåííîãî
ìíîæåñòâà óäîâëåòâîðÿåò îãðàíè÷åíèÿì íà ñîñòîÿíèå è óïðàâëåíèå. Èç ýòîãî ìíîæåñòâà
ìîãóò áûòü âûáðàíû ðåøåíèÿ, óäîâëåòâîðÿþùèå äîïîëíèòåëüíûì óñëîâèÿì.
Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçä. 1 ñôîðìóëèðîâàíà ïîñòàíîâêà çàäà÷è.

Â ðàçä. 2 ñ ïîìîùüþ çàìåíû íåçàâèñèìîé ïåðåìåííîé è äèôôåîìîðôèçìà ïðîñòðàíñòâà
ñîñòîÿíèé ñèñòåìà ïðåîáðàçóåòñÿ ê êàíîíè÷åñêîìó âèäó. Â ðàçä. 3, 4 ñòðîèòñÿ ïàðàìå-
òðè÷åñêîå ìíîæåñòâî ôàçîâûõ êðèâûõ, êîòîðûì ñîîòâåòñòâóþò óïðàâëåíèÿ, ÿâëÿþùèåñÿ
ðåøåíèÿìè ïîñòàâëåííîé çàäà÷è. Ïðåäëîæåíû ðàçëè÷íûå îïòèìèçàöèîííûå êðèòåðèè, îáó-
ñëîâëèâàþùèå âûáîð â ïàðàìåòðè÷åñêîì ìíîæåñòâå óïðàâëåíèé îïòèìàëüíîãî ðåøåíèÿ.
Óêàçàííîå ïàðàìåòðè÷åñêîå ìíîæåñòâî óïðàâëåíèé ïîñòðîåíî â ðàçä. 5. Â ðàçä. 6 ïðèâåäåí
ïðèìåð, äëÿ êîòîðîãî ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ ñîñòîÿíèé ñèñòåìû ïðè íàé-
äåííîì ðåøåíèè ïîñòàâëåííîé çàäà÷è òåðìèíàëüíîãî óïðàâëåíèÿ. Â çàêëþ÷åíèè ïðèâåäåíî
êðàòêîå îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ.

1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêàÿ ìîäåëü ïîðöèîííîãî õèìè÷åñêîãî ðåàêòîðà, èñïîëüçóåìîãî äëÿ ïîëó÷å-
íèÿ âåùåñòâà B èç âåùåñòâà A èìååò âèä [1, 2, 15, 16]:

ĊA = −k1(T )C2
A,

ĊB = k1(T )C2
A − k2(T )CB,

Ṫ = γ1k1(T )C2
A + γ2k2(T )CB + a0 + a1T + (b0 + b1T )v,

(1)
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ãäå CA, CB | îòíîñèòåëüíàÿ êîíöåíòðàöèÿ âåùåñòâ A è B â ñìåñè â ïîðöèîííîì ðåàêòîðå;
T | àáñîëþòíàÿ òåìïåðàòóðà; γ1, γ2, a0, a1, b0, b1 | ïîñòîÿííûå êîýôôèöèåíòû; v |
óïðàâëåíèå (áåçðàçìåðíîå). Â ñèñòåìå (1) òî÷êà îçíà÷àåò äèôôåðåíöèðîâàíèå ïî âðåìåíè
t ∈ [0, ∞), ò.å. ˙(.) =

d(.)
dt
.

Êîýôôèöèåíòû k1(T ) è k2(T ), õàðàêòåðèçóþùèå ñêîðîñòè ïðîòåêàíèÿ õèìè÷åñêèõ ðåàê-
öèé, âû÷èñëÿþòñÿ ïî ôîðìóëàì

k1(T ) = A10e
−E1/(RT ), k2(T ) = A20e

−E2/(RT ).

ãäå A10, A20 | ïîëîæèòåëüíûå ïîñòîÿííûå; E1, E2 | ýíåðãèè àêòèâàöèè (íåêîòîðûå ïî-
ñòîÿííûå); R | óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; òåìïåðàòóðà T ïðè ýòîì èçìåðÿåòñÿ â
êåëüâèíàõ.
Äàëåå áóäåì ñ÷èòàòü, ÷òî E1 < E2. Èç ôèçè÷åñêîãî ñìûñëà ïåðåìåííûõ ñîñòîÿíèÿ

ñëåäóåò, ÷òî äîïóñòèìûå ñîñòîÿíèÿ ñèñòåìû (1) óäîâëåòâîðÿþò óñëîâèÿì

0 < CA < 1, 0 < CB < 1, CA + CB ≤ 1, T > 0. (2)

Â ðàññìàòðèâàåìîìïîðöèîííîì ðåàêòîðå òåõíè÷åñêè ðåàëèçóåìûìè óïðàâëåíèÿìè ÿâëÿ-
þòñÿ òåìïåðàòóðà ïîäàâàåìîãî ãàçà è êîýôôèöèåíò ïåðåäà÷è òåïëà îêðóæàþùåé îáìîòêè.
Ó÷åò îáëàñòè äîïóñòèìûõ çíà÷åíèé ýòèõ óïðàâëåíèé ïðèâîäèò ê îãðàíè÷åíèþ v ∈ [0; 1] íà
óïðàâëåíèå â ñèñòåìå (1).
Äàëåå äëÿ ñèñòåìû (1) ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ òàêîãî óïðàâëåíèÿ v, óäîâëå-

òâîðÿþùåãî îãðàíè÷åíèþ
0 ≤ v ≤ 1, (3)

êîòîðîå çà íåêîòîðûé èíòåðâàë âðåìåíè [0, t∗] ïåðåâîäèò ñèñòåìó èç çàäàííîãî íà÷àëüíîãî
ñîñòîÿíèÿ

(CA, CB, T )
∣∣∣
t=0

= (CA0, CB0, T0) (4)

â çàäàííîå êîíå÷íîå ñîñòîÿíèå

(CA, CB, T )
∣∣∣
t=t∗

= (CA∗, CB∗, T∗), (5)

ïðè âûïîëíåíèè îãðàíè÷åíèé íà ñîñòîÿíèÿ (2).
Äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî, ÷òîáû ãðàíè÷íûå óñëîâèÿ (4){(5) óäî-

âëåòâîðÿëè äîïîëíèòåëüíûì òðåáîâàíèÿì CA∗ + CB∗ < CA0 + CB0,

CA∗ < CA0,

êîòîðûå ñëåäóþò èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû (1).

2. Îðáèòàëüíàÿ ëèíåàðèçàöèÿ

Îáîçíà÷èì ÷åðåç x âåêòîð ïåðåìåííûõ ñîñòîÿíèÿ ñèñòåìû (1), x = (x1, x2, x3)
ò

=

(CA, CB, T )
ò, è âûïîëíèì çàìåíó óïðàâëåíèÿ

u = γ1k1(T )C2
A + γ2k2(T )CB + a0 + a1T + (b0 + b1T )v =
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= γ1k1(x3)x
2
1 + γ2k2(x3)x2 + a0 + a1x3 + (b0 + b1x3)v.

Â íîâûõ ïåðåìåííûõ ñèñòåìà (1) èìååò âèä

ẋ = A(x) + Bu, (6)

ãäå

A(x) =


−k1(x3)x

2
1

k1(x3)x
2
1 − k2(x3)x2

0

, B =


0

0

1

.
Ñèñòåìà (6) ÿâëÿåòñÿ àôôèííîé ñòàöèîíàðíîé ñèñòåìîé ñî ñêàëÿðíûì óïðàâëåíèåì.

Îäèí èç ìåòîäîâ ðåøåíèÿ çàäà÷ óïðàâëåíèÿ äëÿ àôôèííûõ ñèñòåì îñíîâàí íà èõ ëèíåàðè-
çàöèè îáðàòíîé ñâÿçüþ [17]. Ìîæíî ïîêàçàòü, ÷òî ñèñòåìà (6) íå ëèíåàðèçóåòñÿ îáðàòíîé
ñâÿçüþ, íî îêàçûâàåòñÿ, ÷òî îíà äîïóñêàåò îðáèòàëüíóþ ëèíåàðèçàöèþ [18, 19, 20]. Ïîñëåä-
íåå îçíà÷àåò, ÷òî äëÿ ñèñòåìû (6) ñóùåñòâóåò òàêàÿ çàìåíà íåçàâèñèìîé ïåðåìåííîé, ïîñëå
âûïîëíåíèÿ êîòîðîé ïîëó÷åííàÿ ñèñòåìà ëèíåàðèçóåòñÿ îáðàòíîé ñâÿçüþ. Â êà÷åñòâå íîâîé
íåçàâèñèìîé ïåðåìåííîé â ñèñòåìå (6) âûáåðåì âåëè÷èíó τ , êîòîðàÿ ñâÿçàíà ñ èñõîäíûì
âðåìåíåì t äèôôåðåíöèàëüíûì óðàâíåíèåì [15]

dτ

dt
=
k1(x3)x

2
1

x2

, τ
∣∣∣
t=0

= 0.

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó 
x′1 = −x2,

x′2 = x2 −
k2(x3)x2

2

k1(x3)x2
1

,

x′3 = ũ,

(7)

ãäå ó÷òåíà åùå îäíà çàìåíà óïðàâëåíèÿ

ũ =
x2

k1(x3)x2
1

u.

Âñèñòåìå (7) è äàëååøòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî íîâîé íåçàâèñèìîéïåðåìåííîé
τ ∈ [0, ∞), ò.å. (.)′ =

d(.)
dτ
.

Ìíîæåñòâî äîïóñòèìûõ ñîñòîÿíèé (2) äëÿ èñõîäíîé ñèñòåìû (1) â ïåðåìåííûõ x èìååò
âèä

Ωx =
{
x ∈ R3: 0 < x1 < 1, 0 < x2 < 1, x1 + x2 ≤ 1, x3 > 0

}
, (8)

à ãðàíè÷íûì óñëîâèÿì òåðìèíàëüíîé çàäà÷è ñîîòâåòñòâóþò ñîñòîÿíèÿ

x0 = (CA0, CB0, T0), x∗ = (CA∗, CB∗, T∗).

Ïîêàæåì, ÷òî ñèñòåìà (7) íà ìíîæåñòâå (8) ýêâèâàëåíòíà ñèñòåìå êàíîíè÷åñêîãî âèäà

y′′′ = f(ȳ) + g(ȳ)ũ, ȳ = (y, y′, y′′). (9)
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Âûáåðåì ôóíêöèþ y = x1 è, äèôôåðåíöèðóÿ åå â ñèëó ñèñòåìû (7), ïîëó÷àåì îòîáðàæåíèå
[5] Φ: Ωx → R3, çàäàâàåìîå ðàâåíñòâàìè

y = x1,

y′ = −x2,

y′′ = −x2 +
k2(x3)x2

2

k1(x3)x2
1

.

(10)

Îáðàòíîå îòîáðàæåíèå Φ−1 

x1 = y,

x2 = −y′,

x3 =
E1 − E2

R ln
(y′′ − y′)y2A10

y′2A20

îïðåäåëåíî â ìíîæåñòâå Ωy = Φ(Ωx) ⊂ R3, êîòîðîå çàäàíî ñèñòåìîé íåðàâåíñòâ

0 < y < 1, −1 < y′ < 0, y − y′ ≤ 1, 0 < y′′ − y′ <
A20y

′2

A10y2
. (11)

Îòîáðàæåíèå Φ: Ωx → Ωy ÿâëÿåòñÿ äèôôåîìîðôèçìîì è ïîýòîìó ñèñòåìà (7) ýêâèâàëåíòíà
òðåõìåðíîé ñòàöèîíàðíîé ñèñòåìå êàíîíè÷åñêîãî âèäà (9).
Äëÿ íàõîæäåíèÿ ôóíêöèé f è g, âõîäÿùèõ â êàíîíè÷åñêèé âèä (9), ïðîäèôôåðåíöèðóåì

ïîñëåäíåå ñîîòíîøåíèå â (10) â ñèëó ñèñòåìû (7) è â ïîëó÷åííîì âûðàæåíèè ïåðåéäåì ê
ïåðåìåííûì ñèñòåìû êàíîíè÷åñêîãî âèäà. Â ðåçóëüòàòå ïîëó÷èì, ÷òî

f(ȳ) = y′′ +
2(y′′ − y′)(yy′′ − y′2)

yy′
, g(ȳ) = (y′′ − y′)

R

E2 − E1

ln2 A10(y
′′ − y′)y2

A20y′2
(12)

è ôóíêöèÿ g(ȳ) ïîëîæèòåëüíà íà ìíîæåñòâå (11), ò.å. ñèñòåìà êàíîíè÷åñêîãî âèäà (9), (12)
ðåãóëÿðíà íà ýòîì ìíîæåñòâå.
Äèôôåîìîðôèçì Φ ïîçâîëÿåò ñôîðìóëèðîâàòü äëÿ ñèñòåìû (9), (12) ýêâèâàëåíòíóþ òåð-

ìèíàëüíóþ çàäà÷ó: íàéòè óïðàâëåíèå ũ = ũ(τ) êîòîðîå ïåðåâîäèò ýòó ñèñòåìó â ìíîæåñòâå
Ωy çà íåêîòîðûé èíòåðâàë âðåìåíè [0, τ∗] (11) èç íà÷àëüíîãî ñîñòîÿíèÿ

ȳ
∣∣∣
τ=0

= ȳ0 = (y0, y
′
0, y

′′
0) = Φ(x0) (13)

â êîíå÷íîå ñîñòîÿíèå
ȳ
∣∣∣
τ=τ∗

= ȳ∗ = (y∗, y
′
∗, y

′′
∗) = Φ(x∗), (14)

ïðè âûïîëíåíèè îãðàíè÷åíèé íà óïðàâëåíèå

0 ≤ ũk1(x3)x
2
1 − x2(γ1k1(x3)x

2
1 + γ2k2(x3)x2 + a0 + a1x3)

x2(b0 + b1x3)

∣∣∣∣
x=Φ−1(ȳ)

≤ 1, (15)

êîòîðûå ñëåäóþò èç (3).
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3. Ïðîåêöèÿ ðåøåíèÿ íà ôàçîâóþ ïëîñêîñòü

Ïóñòü äëÿ ñèñòåìû êàíîíè÷åñêîãî âèäà (9), (12) íàéäåíî íåïðåðûâíîå óïðàâëåíèå ũ =

ũ(τ), ÿâëÿþùååñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è (13){(14) ïðè îãðàíè÷åíèÿõ (11), (15)
íà ñîñòîÿíèÿ è óïðàâëåíèÿ, è ȳ(τ) = (y(τ), y′(τ), y′′(τ)), τ ∈ [0, τ∗] | ñîîòâåòñòâóþùàÿ
òðàåêòîðèÿ ñèñòåìû (9), (12). Ïðîåêöèÿ ýòîé òðàåêòîðèè íà ôàçîâóþ ïëîñêîñòü ñîäåðæèòñÿ â
ìíîæåñòâå y′ < 0. Ïîýòîìó â êîîðäèíàòàõ y, y′ åå ìîæíî çàäàòü óðàâíåíèåì y′ = ψ(y), y ∈
[y∗, y0], ãäå ôóíêöèÿ ψ(y) ∈ C2[y∗, y0] [6] è èìååò ñëåäóþùèå ñâîéñòâà.

1. Ôóíêöèÿ y(τ), τ ∈ [0, τ∗], âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþùàÿ ðåøåíèþ òåðìèíàëü-
íîé çàäà÷è, ñîâïàäàåò ñ ðåøåíèåì çàäà÷è Êîøè

dy

dτ
= ψ(y), y(τ)|τ=0 = y0. (16)

2. Ñïðàâåäëèâû ðàâåíñòâà

y′ = y′(τ) = ψ(y),

y′′ = y′′(τ) =
dψ(y)

dy

dy

dτ
=
dψ(y)

dy
y′ =

dψ(y)

dy
ψ(y),

y′′′ = y′′′(τ) =
d2ψ(y)

dy2
ψ2(y) +

(
dψ(y)

dy

)2

ψ(y),

(17)

ãäå y = y(τ).
3. Ôóíêöèÿ ψ(y) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì

ψ(y)
∣∣∣
y=y0

= y′0, ψ(y)
∣∣∣
y=y∗

= y′∗,

dψ(y)

dy

∣∣∣∣
y=y0

=
y′′0
y′0
,

dψ(y)

dy

∣∣∣∣
y=y∗

=
y′′∗
y′∗
,

(18)

à íà îòðåçêå [y∗, y0] íåðàâåíñòâàì

y − 1 < ψ(y) < 0, (19)

1 +
A20ψ(y)

A10y2
<
dψ(y)

dy
< 1. (20)

4. Óïðàâëåíèå ũ(τ), ÿâëÿþùååñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è, âîññòàíàâëèâàåòñÿ ïî
ôóíêöèè ψ(y), ïîñêîëüêó

ũ(τ) = (y′′′(τ)− f(y(τ))/g(y(τ)) (21)

è ñ ó÷åòîì ðàâåíñòâ (12), (17) óïðàâëåíèå ũ(τ) ìîæíî ðàññìàòðèâàòü êàê ôóíêöèþ îò ψ(y),
dψ(y)
dy

, d
2ψ(y)
dy2

, ãäå y = y(τ)| ðåøåíèå çàäà÷è Êîøè (16).

Èç íåðàâåíñòâà (20) ñëåäóåò, ÷òî êðèâûå

y = ψ1(y), y = ψ2(y),
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ãäå ôóíêöèè ψ1(y) è ψ2(y) ÿâëÿþòñÿ ðåøåíèåì çàäà÷è Êîøè

dψ1

dy
= 1 +

A20ψ1

A10y2
, ψ1|y=y0 = y′0,

dψ2

dy
= 1, ψ2|y=y0 = y′0,

(ψ2(y) = y + y′0 − y0) îãðàíè÷èâàþò â ìíîæåñòâå

0 < y < 1, y − 1 < y′ < 0

ïîäìíîæåñòâî, ñîäåðæàùåå ïðîåêöèþ íà ôàçîâóþ ïëîñêîñòü îáëàñòè äîñòèæèìîñòè íà÷àëü-
íîãî ñîñòîÿíèÿ (13).
Ëþáàÿ ôóíêöèÿ èç C2[y∗, y0], óäîâëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì (18) è íåðàâåí-

ñòâàì (19){(20), ñîãëàñíî ÷åòâåðòîìó ñâîéñòâó îïðåäåëÿåò óïðàâëåíèå (21). Åñëè äëÿ ýòîãî
óïðàâëåíèÿ âûïîëíåíî îãðàíè÷åíèå (15), òî îíî ÿâëÿåòñÿ ðåøåíèåì ðàññìàòðèâàåìîé òåð-
ìèíàëüíîé çàäà÷è.

4. Ïîèñê ôóíêöèè ψ(y)

Áóäåì èñêàòü ψ(y) â îäíîïàðàìåòðè÷åñêîì ìíîæåñòâå ôóíêöèé

ψd(y) = ψ0(y) + d(y − y∗)
2(y − y0)

2, y ∈ [y∗, y0], (22)

ãäå ôóíêöèÿ

ψ0(y) = y′0 +
y′′0
y′0

(y − y0) + k1(y − y0)
2 + k2(y − y0)

3

ñî çíà÷åíèÿìè ïàðàìåòðîâ

k1 =
3a1− a2∆

∆2
, k2 =

−2a1 + a2∆)

∆3
, ∆ = y∗− y0 < 0, a1 = y′∗− y′0−

y′′0
y′0

∆, a2 =
y′′∗
y′∗
− y′′0
y′0

îáåñïå÷èâàåò âûïîëíåíèå ãðàíè÷íûõ óñëîâèé (18).
Äëÿ âûïîëíåíèÿ íà îòðåçêå [y0, y∗] îãðàíè÷åíèé, çàäàííûõ íåðàâåíñòâàìè (15), (19){(20),

èñïîëüçóåì ïàðàìåòð d. Ñîîòâåòñòâóþùàÿ ÷èñëåííàÿ ïðîöåäóðà ñîñòîèò èç äâóõ øàãîâ. Íà
ïåðâîì øàãå íàõîäèòñÿ ìíîæåñòâî âñåõ çíà÷åíèé ýòîãî ïàðàìåòðà ïðè êîòîðûõ âûïîëíåíî
íåðàâåíñòâî (19). Ïîñêîëüêó ψd(y) ïðè ôèêñèðîâàííîì y ∈ [y0, y∗] ÿâëÿåòñÿ ìîíîòîííîé
ôóíêöèåé ïàðàìåòðà d, òî ýòî ìíîæåñòâî ñîâïàäàåò ñ íåêîòîðûì èíòåðâàëîì (d−, d+). Ïîñëå
åãî íàõîæäåíèÿ íà âòîðîì øàãå íàõîäÿòñÿ ìíîæåñòâî D òåõ çíà÷åíèé d ∈ (d−, d+), ïðè
êîòîðûõ âûïîëíÿþòñÿ îãðàíè÷åíèÿ (15) è (20). Êàæäîå òàêîå çíà÷åíèå îïðåäåëÿåò èñêîìóþ
ôóíêöèþ ψd(y).
Äëÿ íàèëó÷øåãî âûáîðà çíà÷åíèÿ ïàðàìåòðà d â ìíîæåñòâå D ìîãóò áûòü èñïîëüçîâàíû

ðàçíûå êðèòåðèè, íàïðèìåð:

à) íàèìåíüøåå âðåìÿ äâèæåíèÿ ïî òðàåêòîðèè

min
d∈[d−, d+]

t∗;
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á) íàèìåíüøåå èçìåíåíèå òåìïåðàòóðû

min
d∈[d−, d+]

∣∣∣∣ max
t∈[0, t∗]

T − min
t∈[0, t∗]

T

∣∣∣∣
(ýòî õàðàêòåðèçóåò íàèáîëåå ïëàâíûé ïðîöåññ ïðîòåêàíèÿ õèìè÷åñêîé ðåàêöèè â ðåçåðâó-
àðå);
â) íàèìåíüøåå èçìåíåíèå óïðàâëåíèÿ

min
d∈[d−, d+]

∣∣∣∣ max
t∈[0, t∗]

u− min
t∈[0, t∗]

u

∣∣∣∣
(ýòî îáåñïå÷èâàåò íàèáîëåå ïëàâíîå èçìåíåíèå óïðàâëÿþùåãî âîçäåéñòâèÿ).

Âûáîð êðèòåðèÿ îïðåäåëÿåòñÿ îñîáåííîñòÿìè êîíêðåòíîãî òåõíîëîãè÷åñêîãî ïðîöåññà.

5. Ïîñòðîåíèå óïðàâëåíèÿ è òðàåêòîðèè ñèñòåìû

Ïðåäïîëîæèì, ÷òî èñêîìàÿ ôóíêöèÿ ψd(y) íàéäåíà. Òîãäà îíà çàäàåò òðàåêòîðèè ñèñòåì
(1), (6) è (9){(12), à òàêæå ðåàëèçóþùèå èõ óïðàâëåíèÿ, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè óêà-
çàííûõ âûøå òåðìèíàëüíûõ çàäà÷ äëÿ ýòèõ ñèñòåì. Ñîîòâåòñòâóþùèå çàâèñèìîñòè ìîæíî
ïðåäñòàâèòü êàê â âèäå ôóíêöèé îò ïåðåìåííîé y òàê è â âèäå ôóíêöèé îò íåçàâèñèìûõ
ïåðåìåííûõ ýòèõ ñèñòåì (t èëè τ ).
Äåéñòâèòåëüíî, äëÿ ñèñòåìû (9){(12) òðàåêòîðèÿ èìååò âèä

y′ = y′d = ψd(y), y′′ = y′′d =
dψd(y)

dy
ψd(y). (23)

Îíà ðåàëèçóåòñÿ óïðàâëåíèåì

ũ = ũd =
y′′′d − f(ȳd)

g(ȳd)
, (24)

ãäå 

y′′′d =
d2ψd(y)

dy2
ψ2

d(y) +
(
dψd(y)

dy

)2

ψd(y),

f(ȳd) = y′′d +
2(y′′d − y′d)(yy

′′
d − y

′2
d )

yy′d
,

g(ȳd) = (y′′d − y′d)
R

E2 − E1

ln2 A10(y
′′
d − y′d)y

2

A20y
′2
d

.

×òîáû ïîëó÷èòü òðàåêòîðèþ (23) è óïðàâëåíèå (24) â âèäå ôóíêöèé îò τ äîñòàòî÷íî âîñ-
ïîëüçîâàòüñÿ òåì, ÷òî y = yd(τ), τ ∈ [0, τ∗], ãäå ôóíêöèÿ yd(τ) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
Êîøè

dy

dτ
= ψd(y), y(τ)|τ=0 = y0,

à

τ∗ =

y∗∫
y0

dy

ψd(y)
.
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Äëÿ ñèñòåìû (6) òðàåêòîðèÿ èìååò âèä

x1 = x1d = y, x2 = x2d = −y′d, x3 = x3d =
E1 − E2

R ln
(y′′d − y′d)y

2A10

y
′2
d A20

, (25)

à ðåàëèçóþùåå åå óïðàâëåíèå |

u = ud =
ũdk1(x3d)x

2
1d

x2d

. (26)

×òîáû ïîëó÷èòü òðàåêòîðèþ (25) è óïðàâëåíèå (26) â âèäå ôóíêöèé îò t, äîñòàòî÷íî
âîñïîëüçîâàòüñÿ òåì, ÷òî y = ŷd(t), t ∈ [0, t∗], ãäå ôóíêöèÿ ŷd(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
Êîøè

dy

dt
= ψd(y)

k1(x3d)x
2
1d

x2d

, y(t)|t=0 = y0,

à

t∗ =

y∗∫
y0

x2ddy

ψd(y)k1(x3d)x2
1d

.

Íàêîíåö, â ñèñòåìå (1) òðàåêòîðèÿ (CA, CB, T ) = (x1d, x2d, x3d) ðåàëèçóåòñÿ óïðàâëå-
íèåì

v = vd =
ud − γ1k1(x3d)x

2
1d − γ2k2(x3d)x2d − a0 − a1x3d

b0 + b1x3d

. (27)

Èõ çàâèñèìîñòü îò âðåìåíè íàõîäèòñÿ ïîñëå ïîäñòàíîâêè y = ŷd(t).
×òîáû ó÷åñòü îøèáêè, âîçíèêàþùèå â ðåçóëüòàòå ÷èñëåííîãî èíòåãðèðîâàíèÿ, âìåñòî

ïðîãðàììíîãî óïðàâëåíèÿ (24) èñïîëüçóåòñÿ ñòàáèëèçèðóþùåå óïðàâëåíèå

ust =
y′′′d − f(ȳ)− c2(y

′′ − y′′d)− c1(y
′ − y′d)− c0(y − yd)

g(ȳ)
, (28)

ãäå ȳ = (y, y′, y′′) | òåêóùåå ñîñòîÿíèå ñèñòåìû â ìîìåíò âðåìåíè τ . Ýòî óïðàâëåíèå
îáåñïå÷èâàåò äèíàìèêó ïåðåõîäíûõ ïðîöåññîâ â îòêëîíåíèÿõ îò ïðîãðàììíîé òðàåêòîðèè â
ñîîòâåòñòâèè ñ óðàâíåíèåì

y′′′ − y′′′d + c2(y
′′ − y′′d) + c1(y

′ − y′d) + c0(y − yd) = 0. (29)

Åñëè êîýôôèöèåíòû c0, c1, c2 âûáðàíû òàêèì îáðàçîì, ÷òî êîðíè ìíîãî÷ëåíà

p(λ) = λ3 + c2λ
2 + c1λ+ c0λ

èìåþò îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷àñòè, òî ïðîãðàììíàÿ òðàåêòîðèÿ ÿâëÿåòñÿ àñèì-
ïòîòè÷åñêè óñòîé÷èâûì ðåøåíèåì óðàâíåíèÿ (29). Óïðàâëåíèå (28) ïåðåñ÷èòûâàåòñÿ â
óïðàâëåíèÿ (26) è (27) ïðè èíòåãðèðîâàíèè çàìêíóòûõ ñèñòåì ïî âðåìåíè t.

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 789

http://technomag.bmstu.ru


6. Ïðèìåð

×èñëåííîå ìîäåëèðîâàíèå ïåðåõîäíûõ ïðîöåññîâ â ñèñòåìå (1) ïðîâîäèëîñü ïðè ñëåäó-
þùèõ çíà÷åíèÿõ ïàðàìåòðîâ [1, 2, 5]:

A10 = 1,1 ñ−1; E1 = 20900
êÄæ
êã ·Ê

; a0 = 34,3337
Ê
ñ
; b0 =−12,571

Ê
ñ
; γ0 = 41,8

Ê
ñ
;

A20 = 172,2 ñ−1; E2 = 41800
êÄæ
êã ·Ê

; a1 =−0,1099 ñ−1; b1 = 0,0515 ñ−1; γ1 = 83,6
Ê
ñ
.

è ãðàíè÷íûõ äîïóñòèìûõ ñîñòîÿíèÿõ x0 = (0,993, 0,007, 298)
ò, x∗ = (0,693, 0,3, 333)

ò.
Îêàçàëîñü, ÷òî ïðè d = 0ôóíêöèÿ (22) è ñîîòâåòñòâóþùåå åé óïðàâëåíèå (27) óäîâëåòâîðÿþò
âñåì îãðàíè÷åíèÿì â âèäå íåðàâåíñòâ è, áîëåå òîãî, ýòî âåðíî äëÿ âñåõ d ∈ [−0,12, 0,09]. Äëÿ
çíà÷åíèé ïàðàìåòðà d â óêàçàííîì äèàïàçîíå ÷èñëåííî îïðåäåëåíû çíà÷åíèÿ ïàðàìåòðà d,
óäîâëåòâîðÿþùèå ñëåäóþùèì êâàçèîïòèìèçàöèîííûì êðèòåðèÿì:

à) íàèìåíüøåå çíà÷åíèå âðåìåíè t∗, ïðè êîòîðîì íàéäåíî ðåøåíèå òåðìèíàëüíîé çàäà÷è,
ñîñòàâëÿåò 649 ñ è ñîîòâåòñòâóåò çíà÷åíèþ ïàðàìåòðà d = 0,09. (íà ðèñ. 1 ïðèâåäåíû
ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ïåðåõîäíûõ ïðîöåññîâ â çàìêíóòîé ñèñòåìå è ãðàôèê
ôóíêöèè óïðàâëåíèÿ);

à á

â ã
Ðèñ. 1. Ìîäåëèðîâàíèå ïåðåõîäíûõ ïðîöåññîâ äëÿ êðèòåðèÿ íàèìåíüøåãî âðåìåíè: à| êîíöåíòðà-
öèÿ CA; á| êîíöåíòðàöèÿ CB; â| òåìïåðàòóðà; ã| óïðàâëåíèå
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á) íàèìåíüøåå çíà÷åíèå ðàçíèöû ìàêñèìàëüíîé è ìèíèìàëüíîé òåìïåðàòóðû ñîñòàâëÿåò
45,59Ê ïðè d = −0,12 (íà ðèñ. 2 ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ïåðåõîä-
íûõ ïðîöåññîâ â çàìêíóòîé ñèñòåìå è ãðàôèê ôóíêöèè óïðàâëåíèÿ);

à á

â ã
Ðèñ. 2. Ìîäåëèðîâàíèå ïåðåõîäíûõ ïðîöåññîâ äëÿ êðèòåðèÿ íàèìåíüøåãî ïåðåïàäà òåìïåðàòóðû:
à| êîíöåíòðàöèÿ CA; á| êîíöåíòðàöèÿ CB; â| òåìïåðàòóðà; ã| óïðàâëåíèå

â) íàèìåíüøåå çíà÷åíèå ðàçíèöû ìàêñèìàëüíîãî è ìèíèìàëüíîãî çíà÷åíèÿ óïðàâëåíèÿ
ñîñòàâëÿåò 0,2046 ïðè d = −0,01 (íà ðèñ. 3 ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãîìîäåëèðîâàíèÿ
ïåðåõîäíûõ ïðîöåññîâ â çàìêíóòîé ñèñòåìå è ãðàôèê ôóíêöèè óïðàâëåíèÿ).

Çàêëþ÷åíèå

Â ðàáîòå ïðåäñòàâëåí ìåòîä ðåøåíèÿ çàäà÷è òåðìèíàëüíîãî óïðàâëåíèÿ äëÿ àôôèííûõ
ñèñòåì 3-ãî ïîðÿäêà ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèå è óïðàâëåíèå. Äàííûé ìåòîä
èçëîæåí íà ïðèìåðå ðåøåíèÿ òåðìèíàëüíîé çàäà÷è ñ îãðàíè÷åíèÿìè äëÿ ñèñòåìû, îïèñû-
âàþùåé ïðîöåññû, êîòîðûå ïðîòåêàþò â õèìè÷åñêèõ ðåàêòîðàõ ïåðèîäè÷åñêîãî äåéñòâèÿ
ñ òðåõêîìïîíåíòíîé ñìåñüþ. Ïîêàçàíî, ÷òî àôôèííàÿ ñèñòåìà, îïèñûâàþùàÿ ïðîòåêàíèå
ýòèõ ïðîöåññîâ, äîïóñêàåò îðáèòàëüíóþ ëèíåàðèçàöèþ ñ ïîìîùüþ çàìåíû íåçàâèñèìîé
ïåðåìåííîé è äèôôåîìîðôèçìà ïðîñòðàíñòâà ñîñòîÿíèé.
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à á

â ã
Ðèñ. 3. Ìîäåëèðîâàíèå ïåðåõîäíûõ ïðîöåññîâ äëÿ êðèòåðèÿ íàèìåíüøåãî äèàïàçîíà èçìåíåíèÿ
óïðàâëåíèÿ: à| êîíöåíòðàöèÿ CA; á| êîíöåíòðàöèÿ CB; â| òåìïåðàòóðà; ã| óïðàâëåíèå

Íàéäåíî ïàðàìåòðè÷åñêîå ìíîæåñòâî óïðàâëåíèé, ïåðåâîäÿùèõ ñèñòåìó èç çàäàííîãî
íà÷àëüíîãî ïîëîæåíèÿ â êîíå÷íîå.

Ïðåèìóùåñòâî äàííîãî ïîäõîäà çàêëþ÷àåòñÿ â òîì, ÷òî ïðè óñëîâèè ðåøåíèÿ çàäà÷è
òåðìèíàëüíîãî óïðàâëåíèÿ ïî âñåì ïåðåìåííûì ñîñòîÿíèÿ íàéäåíî ïàðàìåòðè÷åñêîå ìíî-
æåñòâî ðåøåíèé. Âàðèàöèÿ ïàðàìåòðà ïîçâîëÿåò ñòðîèòü ðåøåíèÿ òåðìèíàëüíîé çàäà÷è,
êîòîðûå óäîâëåòâîðÿþò ðàçëè÷íûì êðèòåðèÿì, îïðåäåëÿåìûì òåõíîëîãè÷åñêèì ïðîöåññîì,
÷òî ïðîäåìîíñòðèðîâàíî ïðè àíàëèçå ðåçóëüòàòîâ ÷èñëåííîãî ìîäåëèðîâàíèÿ â ðàññìîòðåí-
íîì ïðèìåðå.

Ðàáîòà âûïîëíåíà â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîé ðàáîòû <Îáåñïå÷åíèå ïðîâå-
äåíèÿ íàó÷íûõ èññëåäîâàíèé> è ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû 14-01-00424, 13-07-00736).
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Solving the Terminal Problem
for the Third Order Systems
Using the Orbital Linearization

Kasatkina T. S.1,*, Krishchenko A. P.1 *

1Bauman Moscow State Technical University, Moscow, Russia

Keywords: phase plane, quasicanonical form, orbital linearization, terminal control

The paper considers a terminal problem for affine systems, which are not feedback linearizable.
It is assumed that in the problem, besides the endpoint states, there are restrictions for state and
control. The solution method for this problem is proposed which is based on the change of the
independent variable. The using method is demonstrated on the 3rd order affine system with one
control, which describes processes in a batch chemical reactor with a three-component mixture.
Temperature tracking problem is discussed in different articles. In these papers global lin-

earization [1] and sliding mode control [2] approach are described. But that approaches don't
let solve the terminal control problem for all state variables. Scheme of solution of the terminal
control problem for all state variables is suggested in [3], but the solution, which is obtained using
this approach, is single. Moreover, the algorithm doesn't consider the restrictions on the state and
control. Advantage of an approach, described in this paper, is a synthesis of a set of the terminal
problem solutions taking into consideration existing restrictions. Thus, solutions, which satisfy
some extra conditions, can be chosen.
The system was proved to allow an orbital linearization by a feedback. Time-scaling technique

was used to solve the terminal problem so that system had new time scale. For the scaled system
transformation of state, which transforms the system to the equivalent the same order system of the
regular canonical form, was presented. An equivalent terminal control problem was formulated
for the system of the canonical form.
Phase trajectory, which is a projection of the solution on the phase plane, was obtained. The

trajectory includes parameter. Solution set, which assigns the movement along the phase trajectory,
was obtained. Solution set of the original terminal problem was reconstructed. Parameter variation
gives an additional freedom degree of the terminal problem solution.
Obtained results were illustrated by numerical modeling.
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