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Â ñòàòüå ðàññìîòðåí ñïîñîá ðåøåíèÿ ñâÿçàííûõ óðàâíåíèé Ðèêêàòè, óðàâíåíèÿ ñïåöèàëüíîãî
âèäà è óðàâíåíèÿ Ëÿïóíîâà, âîçíèêàþùèå â àíèçîòðîïèéíîé òåîðèè óïðàâëåíèÿ ïðè ñèíòåçå ðå-
ãóëÿòîðîâ, îáåñïå÷èâàþùèõ ðîáàñòíîå êà÷åñòâî, íàçâàííûé ìåòîäîì ãîìîòîïèè. Äàííûé ìåòîä
ïîçâîëÿåò èç ñòàíäàðòíîãî ãàóññîâñêîãî ðåãóëÿòîðà ïóòåì ñïåöèàëüíî îðãàíèçîâàííîãî èòåðàöè-
îííîãî ïðîöåññà ïîëó÷èòü àíèçîòðîïèéíûé ðåãóëÿòîð. Ïðèâåäåíû îñíîâíûå ñâåäåíèÿ îòíîñè-
òåëüíî ïðèìåíåíèÿ ìåòîäà ãîìîòîïèè ê çàäà÷àì àíèçîòðîïèéíîé òåîðèè óïðàâëåíèÿ. Ïîëó÷åíû
âñå ïðîèçâîäíûå ìàòðè÷íîçíà÷íûõ âûðàæåíèé, íåîáõîäèìûõ äëÿ ðåàëèçàöèè ÷èñëåííîãî àëãî-
ðèòìà. Äëÿ óïðîùåíèÿ âûðàæåíèé ìàòðè÷íûõ ïðîèçâîäíûõ ïðèâåäåíû ñâîéñòâà êðîíåêåðîâà
ïðîèçâåäåíèÿ è äèôôåðåíöèðîâàíèÿ ìàòðèöû ïî ìàòðèöå.

Êëþ÷åâûå ñëîâà: àíèçîòðîïèéíàÿ òåîðèÿ óïðàâëåíèÿ; ìåòîä ãîìîòîïèé; ìàòðè÷íûå ïðîèçâîä-
íûå

Ââåäåíèå

Â ñîâðåìåííîé òåîðèè óïðàâëåíèÿ áîëüøîå ÷èñëî ðàáîò ïîñâÿùåíîH2- èH∞-êðèòåðèÿì
êà÷åñòâà ñèñòåì óïðàâëåíèÿ è îáåñïå÷åíèþ óñòîé÷èâîñòè èëè ðîáàñòíîé óñòîé÷èâîñòè çà-
ìêíóòûõ îáúåêòîâ óïðàâëåíèÿ. Îäíàêî óïîìÿíóòûå òåîðèè íàêëàäûâàþò ðÿä îãðàíè÷åíèé
íà âîçìóùåíèÿ, âîçäåéñòâóþùèå íà îáúåêò óïðàâëåíèÿ.
Ïîäõîäû H2-òåîðèè óïðàâëåíèÿ ïðèìåíÿþòñÿ òîëüêî äëÿ îáúåêòîâ, íà âõîä êîòîðûõ ïî-

ñòóïàåò ñèãíàë ñ íóëåâûì ñðåäíèì è åäèíè÷íîé êîâàðèàöèîííîé ìàòðèöåé. Ïðè íàðóøåíèè
ýòîãî òðåáîâàíèÿ ñèíòåçèðîâàííûé çàêîí óïðàâëåíèÿ íå áóäåò ñòàáèëèçèðîâàòü çàìêíóòóþ
ñèñòåìó. Òàêæå è äëÿ ñèíòåçà H∞-óïðàâëåíèÿ çàòðàòû ýíåðãèè áóäóò ÷ðåçìåðíûìè, åñëè
âîçìóùåíèå áëèçêî ïî ñòîõàñòè÷åñêèì õàðàêòåðèñòèêàì ê <áåëîìó øóìó>, ïîñêîëüêó óïðà-
âëåíèå ñòðîèòñÿ äëÿ ñëó÷àÿ íàèõóäøåãî âõîäíîãî ñèãíàëà èç l2. Ñîâðåìåííûå ïðèìåðû
çàäà÷ H2- è H∞-îïòèìèçàöèè ìîæíî íàéòè â ðàáîòàõ J.C. Doyle, K. Glover, P.P. Khargonekar
è B.A. Francis [1], G. Zames [2], J. Doyle [3], B.A. Francis [4], K. Glover [1], D. Gu [4],
N. Berman, U. Shaked [5, 6], C. Scherer [7, 8], T. Iwasaki, R.E. Skelton [9, 10], P. Gahinet [11, 12],
P. Apkarian [13, 14] è äð.
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Óñòðàíèòü íåäîñòàòêèH2- èH∞-òåîðèé äëÿ ëèíåéíûõ äèñêðåòíûõ ñòàöèîíàðíûõ ñèñòåì
ìîæåò ïîìî÷ü òàê íàçûâàåìàÿ àíèçîòðîïèéíàÿ òåîðèÿ óïðàâëåíèÿ, ïîëó÷èâøàÿ ðàçâèòèå â
ïîñëåäíèå äâàäöàòü ëåò [9, 15, 17]. Ýòà òåîðèÿ èñïîëüçóåò ïîíÿòèå îòíîñèòåëüíîé ýíòðîïèè,
ò.å. ìåðû îòëè÷èÿ ðàñøèðåííîãî âåêòîðà ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè îò ãàóññîâñêîãî
<áåëîãî øóìà>, çàèìñòâîâàííîå èç òåîðèè èíôîðìàöèè. Â àíèçîòðîïèéíîé òåîðèè ââîäÿò
êîýôôèöèåíò óñèëåíèÿ îò çàäàþùåãî âîçäåéñòâèÿ ê óïðàâëÿåìîìó âûõîäó, êîòîðûé íàçûâà-
åòñÿ àíèçîòðîïèéíîé íîðìîé.
Ïðè ðåøåíèè çàäà÷è îáåñïå÷åíèÿ ðîáàñòíîãî êà÷åñòâà äëÿ ëèíåéíîé äèñêðåòíîé ñèñòåìû

ââîäÿò a-àíèçîòðîïèéíóþ íîðìó ñèñòåìû |||F |||, êîòîðàÿ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñòîõàñòè-
÷åñêîé íîðìû. Ýòî íàïðàâëåíèå ðàçâèâàåòñÿ â ðÿäå ðàáîò À.Â. Ñåìåíîâà, È.Ã. Âëàäèìèðîâà,
À.Ï. Êóðäþêîâà [9, 15], M. Karny [16], I.R. Petersen, M.R. James, P. Diamond [17, 18]. Ïî-
ñêîëüêó çíà÷åíèå a-àíèçîòðîïèéíîé íîðìû ïðèíàäëåæèò èíòåðâàëó, ëåâûì êîíöîì êîòîðîãî
ÿâëÿåòñÿ ìàñøòàáèðîâàííàÿH2-íîðìà ñèñòåìû

1√
m
‖F‖2, à ïðàâûì |H∞-íîðìà ‖F‖∞, òî

ïðè ïðåäåëüíûõ çíà÷åíèÿõ óðîâíÿ ñðåäíåé àíèçîòðîïèè âõîäíîãî ñèãíàëà a, ðàâíûì íóëþ
èëè áåñêîíå÷íîñòè, âåëè÷èíà a-àíèçîòðîïèéíîé íîðìû |||F ||| áóäåò ñîâïàäàòü ñ îäíèì èç
çíà÷åíèé 1√

m
‖F‖2 èëè ‖F‖∞ ñîîòâåòñòâåííî.

Ê èçâåñòíûì ðåçóëüòàòàì àíèçîòðîïèéíîé òåîðèè îòíîñÿòñÿ ðåøåííûå çàäà÷è ñòîõà-
ñòè÷åñêîéH∞-îïòèìèçàöèè ñèñòåì ñ ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ [19], ìíîãîêðè-
òåðèàëüíîé îïòèìèçàöèÿ [20], àíàëèçà óñòîé÷èâîñòè äåñêðèïòîðíûõ ñèñòåì [21], ñèíòåçà
ñóáîïòèìàëüíûõ ðåãóëÿòîðîâ ìåòîäàìè âûïóêëîé îïòèìèçàöèè [22].
Â ðàáîòå [19] ïðèâåäåíî ðåøåíèå ñòîõàñòè÷åñêîé çàäà÷èH∞-îïòèìèçàöèè äëÿ ñèñòåìû ñ

ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ. Ïðåäëîæåíìåòîä, ñ ïîìîùüþ êîòîðîãî ìîæíî ñâåñòè
çàäà÷ó ê áîëåå îáùåé, êîòîðàÿ, â ñâîþ î÷åðåäü, óæå ðåøàåòñÿ ìåòîäàìè àíèçîòðîïèéíîé
òåîðèè.
Ïðè ðåøåíèè çàäà÷ àíèçîòðîïèéíîé òåîðèè óïðàâëåíèÿ, â ÷àñòíîñòè çàäà÷è èç [19],

âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ ñâÿçàííûõ óðàâíåíèé Ðèêêàòè, óðàâíåíèÿ Ëÿïóíîâà è
óðàâíåíèÿ ñïåöèàëüíîãî âèäà, êîòîðûå íåâîçìîæíî ðàçðåøèòü ñòàíäàðòíûìè ìåòîäàìè.
Îäíèì èç âîçìîæíûõ ñïîñîáîâ ðåøåíèÿ òàêèõ ñèñòåì ÿâëÿåòñÿ ìåòîä ãîìîòîïèè. Îñîáåí-
íîñòü ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî íåîáõîäèìî çíàòü íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ,
ñ ïîìîùüþ êîòîðîãî ïóòåì ñïåöèàëüíî îðãàíèçîâàííîãî èòåðàöèîííîãî ïðîöåññà ìîæíî
ïîëó÷èòü îïòèìàëüíîå ðåøåíèå. Â äàííîé ðàáîòå íà îñíîâå ìåòîäà ãîìîòîïèè ðàçðàáàòû-
âàåòñÿ àëãîðèòì ðåøåíèÿ ñâÿçàííûõ óðàâíåíèé Ðèêêàòè, óðàâíåíèÿ Ëÿïóíîâà è óðàâíåíèÿ
ñïåöèàëüíîãî âèäà. Ðåçóëüòàòû ìîãóò ïðèìåíÿòüñÿ äëÿ çàäà÷ àíèçîòðîïèéíîé îïòèìèçàöèè.
Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ïåðâîé ÷àñòè ñòàâèòñÿ çàäà÷à àíèçîòðî-

ïèéíîé îïòèìèçàöèè, âî âòîðîé îïèñàíû îñíîâíûå ïîíÿòèÿ ìåòîäà ãîìîòîïèè, â òðåòüåé
ïðèâåäåí âû÷èñëèòåëüíûé àëãîðèòì ïîèñêà ðåøåíèÿ ñèñòåìû ñâÿçàííûõ óðàâíåíèé, â ÷å-
òâåðòîé èçëîæåíû îñíîâíûå ïîíÿòèÿ äèôôåðåíöèðîâàíèÿ ìàòðè÷íîçíà÷íûõ îòîáðàæåíèé, â
ïÿòîé ïðèâåäåíû òî÷íûå âûðàæåíèÿ äëÿ ìàòðè÷íûõ ïðîèçâîäíûõ ðåøåíèé óðàâíåíèé Ðèê-
êàòè, óðàâíåíèÿ ñïåöèàëüíîãî âèäà è óðàâíåíèÿ Ëÿïóíîâà. Â ïðèëîæåíèè ïðèâåäåíû ïîëåç-
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íûå ñâîéñòâà êðîíåêåðîâà ïðîèçâåäåíèÿ äëÿ óïðîùåííîãî äèôôåðåíöèðîâàíèÿ ìàòðè÷íûõ
âûðàæåíèé.

1. Ïîñòàíîâêà çàäà÷è àíèçîòðîïèéíîé H∞-îïòèìèçàöèè

Ðàññìîòðèì ëèíåéíóþ äèñêðåòíóþ ñòàöèîíàðíóþ ñèñòåìó F , îïèñûâàåìóþ óðàâíåíè-
ÿìè 

xk+1 = Axk +B0qk +B1wk +B2uk,

zk = C1xk +D12uk,

pk = C2xk +D22uk,

yk = C3xk +D33wk,

qk = ∆pk,

(1)

ãäå k ∈ Z, xk ∈ Rn|ñîñòîÿíèå ñèñòåìû; zk ∈ Rr1|óïðàâëÿåìûé âûõîä; pk ∈ Rm0|âûõîä
íåîïðåäåëåííîñòè; yk ∈ Rr2 | íàáëþäàåìûé âûõîä; qk ∈ Rm0 | âõîä íåîïðåäåëåííîñòè;
uk ∈ Rm2 | óïðàâëåíèå; wk ∈ Rm1 | âîçìóùåíèå. Ìàòðèöû ñèñòåìû (1) áóäåì ñ÷èòàòü
èçâåñòíûìè, çà èñêëþ÷åíèåììàòðèöûîïåðàòîðà íåîïðåäåëåííîñòè∆, êîòîðàÿ ïðèíàäëåæèò
ìíîæåñòâó

D =
{
∆ = block diag (∆1,∆2) : ∆i ∈ Rli×li , ‖∆i‖∞ ≤ 1

}
.

Ïîñëåäíåå ðàâåíñòâî â ñèñòåìå (1) ïðåäñòàâëÿåò ñîáîé ñâÿçü ìåæäó âõîäîì p è âûõîäîì q
ïîñðåäñòâîì ëèíåéíîãî îïåðàòîðà íåîïðåäåëåííîñòè ∆. Ñòðóêòóðíàÿ ñõåìà ðàññìàòðèâàå-
ìîãî îáúåêòà ïðåäñòàâëåíà íà ðèñ. 1, â íåé M | îáúåêò óïðàâëåíèÿ (1); K | ðåãóëÿòîð,
ñèíòåçèðóþùèé çàêîí óïðàâëåíèÿ uk; ∆| ñòðóêòóðèðîâàííàÿ íåîïðåäåëåííîñòü.

Ðèñ. 1. Ñèñòåìà ñ íåîïðåäåëåííîñòüþ è
ðåãóëÿòîðîì â êîíòóðå îáðàòíîé ñâÿçè

Çàäà÷à àíèçîòðîïèéíîé îïòèìèçàöèè ñîñòîèò â ñëåäóþùåì: äëÿ ñèñòåìû âèäà (1), íà
êîòîðóþ äåéñòâóåò âîçìóùåíèå ñ óðîâíåì ñðåäíåé àíèçîòðîïèè íå áîëåå a > 0, íàéòè
ñòàáèëèçèðóþùèé ðåãóëÿòîð K, êîòîðûé ìèíèìèçèðóåò ìàêñèìàëüíîå çíà÷åíèå a-àíèçî-
òðîïèéíîé íîðìû ñèñòåìû Fl (Fu (M,∆) , K) ïî âñåì äîïóñòèìûì çíà÷åíèÿì íåîïðåäåëåí-
íîñòè ∆ ∈ D, ò.å. äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó

J0 (K) = sup
∆∈D

|||Fl (Fu (M,∆) , K) |||. (2)
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Îáîçíà÷åíèÿ Fu è Fl çàêðåïëåíû çà âåðõíèì è íèæíèì äðîáíî-ëèíåéíûìè ïðåîáðàçî-
âàíèÿìè ñîîòâåòñòâåííî [23]. Ïîä ïîèñêîì ðåãóëÿòîðà K áóäåì ïîäðàçóìåâàòü ïîñòðîåíèå
òàêèõ ìàòðèö Â, B̂, Ĉ, äëÿ êîòîðûõ ðåàëèçàöèÿ ξk+1 = Âξk + B̂yk,

uk = Ĉξk,
(3)

â ïðîñòðàíñòâå ñîñòîÿíèé ðåãóëÿòîðà K äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó (2). Â ðàìêàõ
ðàññìàòðèâàåìîé ñèñòåìû (1) ïîòðåáóåì âûïîëíåíèå îñíîâíûõ ïðåäïîëîæåíèé:

à) Dò12C1 = 0, Dò12D12 = I;
á) íîìèíàëüíàÿ ñèñòåìà (ïðè ∆ ≡ 0) íàáëþäàåìà è óïðàâëÿåìà;
â) r1 < m1;
ã) ìàòðèöà D33 â (1) èìååò ïîëíûé ñòðî÷íûé ðàíã (òî åñòü åå ðàíã ðàâåí êîëè÷åñòâó

ñòðîê): rankD33 = r2 6 m1;
ä) ìàòðèöà D12 â (1) èìååò ïîëíûé ñòîëáöîâûé ðàíã: rankD12 = m2 6 r1.

Ïðåäïîëîæåíèå à) íå îãðàíè÷èâàåò îáùíîñòè, òàê êàê åñëè îíî íå âûïîëíåíî, òî ê ñè-
ñòåìå ñëåäóåò ïðèìåíèòü ïðåîáðàçîâàíèå, óêàçàííîå â [23], êîòîðîå ïðèâîäèò ñèñòåìó ê
âèäó, äëÿ êîòîðîãî ïðåäïîëîæåíèå à) âûïîëíåíî. Ïðåäïîëîæåíèå á) ÿâëÿåòñÿ ñòàíäàðòíûì
äëÿ çàäà÷ óïðàâëåíèÿ. Ïðåäïîëîæåíèå â) ãàðàíòèðóåò [25], ÷òî äëÿ ëþáîãî ðåãóëÿòîðà K
ñèñòåìà Fl(Fu(M,∆), K) óäîâëåòâîðÿåò íåðàâåíñòâó 1√

m
‖Fl(∗)‖2 < ‖Fl(∗)‖∞. Ïðåäïîëî-

æåíèÿ ã) è ä) ãàðàíòèðóþò íåâûðîæäåííîñòü óðàâíåíèé Ðèêêàòè, êîòîðûå áóäóò ïðèâåäåíû
â äàëüíåéøåì.
Êàê èçâåñòíî, äëÿ ñèíòåçà ðåãóëÿòîðà, äîñòàâëÿþùåãî ìèíèìóì àíèçîòðîïèéíîé íîðìû

çàìêíóòîé ñèñòåìû, íåîáõîäèìî ðåøèòü ñèñòåìó èç ÷åòûðåõ ñâÿçàííûõ óðàâíåíèé Ðèêêàòè,
óðàâíåíèÿ ñïåöèàëüíîãî âèäà è óðàâíåíèÿËÿïóíîâà [25]. Ðàññìîòðèìïåðâîå äèñêðåòíîå àë-
ãåáðàè÷åñêîå óðàâíåíèå Ðèêêàòè èç óïîìÿíóòîé ñèñòåìû îòíîñèòåëüíî ìàòðèöû Ỹ ∈ R2n×2n

Ỹ = Ā
ò
Ỹ Ā+ L

ò
Σ−1L+ Ξ, (4)

ãäå
L = ΣB̄

ò
1Ỹ Ā; Σ =

(
Γ2 − B̄

ò
1Ỹ B̄1

)−1
;

ìàòðèöû Ā, B̄1, C̄ è Ξ â áëî÷íîì âèäå ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

Ā =

 A B2Ĉ

B̂C3 Â

 , B̄1 = B3, C̄ =



C1 D12Ĉ

γ1C12 0

γ2C22 0

0 γ1D1,22Ĉ

0 γ2D2,22Ĉ


;

Ξ =

 Cò1C1 + γ2
1C
ò
12C12 + γ2

2C
ò
22C22 0

0 Ĉ
ò(
D
ò
12D12 + γ2

1D
ò
1,22D1,22 + γ2

2D
ò
1,22D2,22

)
Ĉ

 ;
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Γ = diag (γ1, γ2, γ1, γ2) | áëî÷íàÿ ìàòðèöà, ñîñòàâëåííàÿ ñ ïîìîùüþ íåêîòîðûõ ïîëîæè-
òåëüíûõ ïàðàìåòðîâ γ1 è γ2. Ìàòðèöà B3 èìååò áëî÷íûé âèä B3 = (B01, B02, B01, B02)

ò,
â êîòîðîì îòäåëüíûå áëîêè ïîëó÷åíû èç ìàòðèöû B0 ñëåäóþùèì îáðàçîì: B0 = [B01, B02],
B0i ∈ Rn×li . Â óðàâíåíèè (4) ìàòðèöà L ∈ Rl×2n ðàçäåëåíà íà äâà áëîêà L1 è L2. Ðåøåíèå
Ỹ óðàâíåíèÿ (4) íàçûâàåòñÿ ñòàáèëèçèðóþùèì, åñëè ìàòðèöà Ỹ ñèììåòðè÷åñêàÿ, ìàòðèöà
Σ ïîëîæèòåëüíî îïðåäåëåíà è ìàòðèöà Ā+ B̄1L ãóðâèöåâà.
Ïðèâåäåì âòîðîå óðàâíåíèå Ðèêêàòè îòíîñèòåëüíî ìàòðèöû R ∈ R2n×2n:

R = A
ò
wRAw + qC

ò
wCw + L

ò
wΣ−1

w Lw, (5)

ãäå
Lw = Σw(B

ò
wRAw + qD

ò
wCw); Σw = (Im1 −B

ò
wRBw)−1;

ìàòðèöû Aw, Bw, Cw â áëî÷íîì âèäå ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

Aw =

 A+B3L1 B2Ĉ +B3L2

B̂C3 Â

 ; Bw =

B1 +B3Σ
1/2

B̂D33

;

Cw =



C1 D12Ĉ

γ1C12 0

γ2C22 0

0 γ1D1,22Ĉ

0 γ2D2,22Ĉ


.

Ðåøåíèå óðàâíåíèÿ (5) íàçûâàåòñÿ ñòàáèëèçèðóþùèì, åñëè ìàòðèöà R ñèììåòðè÷åñêàÿ,
ìàòðèöà Σw ïîëîæèòåëüíî îïðåäåëåíà, à ìàòðèöà Aw +BwLw óñòîé÷èâà.
Çàïèøåì òðåòüå óðàâíåíèå Ðèêêàòè îòíîñèòåëüíî ìàòðèöû S ∈ Rn×n:

S = Ã11SÃ
ò
11 + B̃B̃

ò − ΛΘΛ
ò
, (6)

ãäå

Θ = C̃21SC̃
ò
21 + D̃D̃

ò
, Λ = (Ã11SC̃

ò
21 + B̃D̃

ò
)Θ−1,

Ã11 = A+B3L1 + (B1 +B3Σ
1/2)Lw1, Ã12 = B2Ĉ +B3L2 + (B1 +B3Σ

1/2)Lw2,

B̃ = (B1 +B3Σ
1/2)Σ1/2

w , C̃21 = C3 +D33Lw1, C̃22 = D33Lw2, D̃ = D33Σ
1/2
w .

Ðåøåíèå S = S
ò ∈ Rn×n óðàâíåíèÿ (6) íàçûâàåòñÿ ñòàáèëèçèðóþùèì, åñëè ìàòðèöà S

ÿâëÿåòñÿ ïîëîæèòåëüíî ïîëóîïðåäåëåííîé è ìàòðèöà Ã11 − ΛC̃21 ãóðâèöåâà.
È ïîñëåäíåå, ÷åòâåðòîå, óðàâíåíèå Ðèêêàòè îòíîñèòåëüíî ìàòðèöû T ∈ R2n×2n âûãëÿäèò

ñëåäóþùèì îáðàçîì:
T = A

ò
uTAu + C

ò
uCu −N

ò
ΥN, (7)

ãäå
Υ = B

ò
uTBu +D

ò
12D12; N = −Υ−1(B

ò
uTAu +D

ò
12Cu);
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ìàòðèöû Au ∈ R2n×2n, Bu ∈ R2n×m2 è Cu ∈ Rr1×2n â áëî÷íîì âèäå ìîæíî çàïèñàòü ñëåäóþ-
ùèì îáðàçîì:

Au =

 A (B1 +B3Σ
1/2)Lw +B3L

0 A+ (B1 +B3Σ
1/2)Lw +B3L+B2Ĉ

, Bu =

B2

0

, Cu =
(
C1 0

)
. (8)

Ðåøåíèå T = T
ò ∈ R2n×2n óðàâíåíèÿ (7) áóäåì íàçûâàòü ñòàáèëèçèðóþùèì, åñëè ìàòðèöà T

ïîëîæèòåëüíî îïðåäåëåíà, à ìàòðèöàAu+BuN óñòîé÷èâà. Ðàññìîòðèì åùå äâà óðàâíåíèÿ:

P = (Aw +BwLw)P (Aw +BwLw)
ò
+BwΣwB

ò
w, (9)

a = −1

2
ln det

 m1Σw

trace
(
LwPL

ò
w + Σw

)
. (10)

Óðàâíåíèå (9) ÿâëÿåòñÿ óðàâíåíèåì Ëÿïóíîâà, à óðàâíåíèå (10)| óðàâíåíèåì ñïåöèàëüíîãî
âèäà.
Ðåøåíèå ïîëó÷åííîé ñèñòåìû èç ÷åòûðåõ óðàâíåíèé Ðèêêàòè (4){(7), óðàâíåíèÿ Ëÿïó-

íîâà (9) è óðàâíåíèÿ ñïåöèàëüíîãî âèäà (10) ïîçâîëÿåò ïðåäúÿâèòü [25] ñëåäóþùóþ ðåàëè-
çàöèþ ðåãóëÿòîðà K â ïðîñòðàíñòâå ñîñòîÿíèé (3):

Â = Ã11 + Ã12 − Λ(C̃21 + C̃22),

B̂ = Λ,

Ĉ = N1 +N2.

Ìåòîäû îïòèìèçàöèè íå ïîçâîëÿþò íàéòè ðåøåíèå ñèñòåìû (4){(7), (9), (10), ïîñêîëüêó
óðàâíåíèÿ â óêàçàííîé ñèñòåìå íå çàäàþòñÿ âûïóêëûìè ôóíêöèÿìè. Ïîýòîìó â ñòàòüå
ðàññìàòðèâàåòñÿ ìåòîä ãîìîòîïèè, ñ ïîìîùüþ êîòîðîãî ñòðîèòñÿ àëãîðèòì, ïîçâîëÿþùèé
ïîëó÷èòü ìàòðèöû ñòàáèëèçèðóþùåãî ðåãóëÿòîðà (3).

2. Ìåòîä ãîìîòîïèè ñ íüþòîíîâñêèìè èòåðàöèÿìè

Ñëåäóÿ [24], êðàòêî ðàññìîòðèì îñíîâû ìåòîäà ãîìîòîïèè (ìåòîäà Äàâûäåíêî) ðåøåíèÿ
íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ïóñòü X | îòêðûòîå ïîäìíîæåñòâî ïðîñòðàíñòâà
Rn, íà êîòîðîì çàäàíî äîñòàòî÷íî ãëàäêîå îòîáðàæåíèå F : X → Rn. Òðåáóåòñÿ îòûñêàòü
ðåøåíèå óðàâíåíèÿ

F(x) = 0 (11)

îòíîñèòåëüíî íåèçâåñòíîãî âåêòîðà x ∈ X .
Äàæå åñëè äëÿ îòîáðàæåíèÿ F ïðåäïîëîæèòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü íóëÿ âX ,

âîçìîæíû ñèòóàöèè, êîãäà ÷èñëåííîå íàõîæäåíèå òàêîãî ðåøåíèÿ ïëîõî ïîääàåòñÿ ëîêàëü-
íûì ìåòîäàì, óñïåøíîñòü êîòîðûõ çàâèñèò îò êà÷åñòâà íà÷àëüíîãî ïðèáëèæåíèÿ.
Îñíîâíàÿ èäåÿ ìåòîäà ãîìîòîïèè, ïðèçâàííîãî ïðåîäîëåòü óêàçàííóþ òðóäíîñòü, ñîñòîèò

â çàìåíå (11) ñîâîêóïíîñòüþ óðàâíåíèé, êîòîðûå íà÷èíàþòñÿ ëåãêî ðàçðåøèìûì óðàâíå-
íèåì è ïëàâíî ïåðåõîäÿò â óðàâíåíèå (11). Ðåøåíèå î÷åðåäíîãî óðàâíåíèÿ â ýòîé öåïî÷êå
îïèðàåòñÿ íà äîëæíûì îáðàçîì îòêîððåêòèðîâàííîå ïðåäûäóùåå óðàâíåíèå.
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ÏóñòüH : X × [0, 1] → Rn| ãëàäêîå îòîáðàæåíèå, êîòîðîå óäîâëåòâîðÿåò óñëîâèþ

H(x, 1) = F(x), x ∈ X, (12)

à óðàâíåíèå
H(x, 0) = 0 (13)

èìååò ðåøåíèå x0 ∈ X , êîòîðîå ëåãêî íàõîäèòñÿ. ÏðåîáðàçîâàíèåH îñóùåñòâëÿåò ãîìîòî-
ïèþ (äåôîðìàöèþ) îòîáðàæåíèÿ H(·, 0) â îòîáðàæåíèå H(·, 1) ≡ F, ò.å. ãëàäêèé ïåðåõîä îò
ëåãêî ðåøàåìîãî óðàâíåíèÿ (13) ê óðàâíåíèþ (12), êîòîðîå òðåáóåòñÿ ðåøèòü.
Ôàêòè÷åñêè ôóíêöèÿ ãîìîòîïèè ïðåäñòàâëÿåò ñîáîé íåïðåðûâíî äèôôåðåíöèðóåìóþ

ôóíêöèþ
H(x(q), q) = 0, q ∈ [0, 1].

Òàêèì îáðàçîì, èòåðàöèîííûé âû÷èñëèòåëüíûé ïðîöåññ íà÷èíàåòñÿ ñ ïðîñòîé çàäà÷è ñ
èçâåñòíûì ðåøåíèåì, êîòîðîå äåôîðìèðóåòñÿ ïîñðåäñòâîì íåïðåðûâíîãî èçìåíåíèÿ ïàðà-
ìåòðà q, ïîêà íå áóäåò ïîëó÷åíî ðåøåíèå ïåðâîíà÷àëüíîé çàäà÷è.
Ïðåäïîëîæèì òåïåðü, ÷òî îòîáðàæåíèåH(·, q) : X → Rn èìååò åäèíñòâåííûé íóëü ξ(q)

äëÿ ëþáîãî q ∈ [0, 1], ò.å.
H(ξ(q), q) = 0. (14)

Â ÷àñòíîñòè, â ñèëó (12), ξ(1) åñòü èñêîìîå ðåøåíèå óðàâíåíèÿ (11). Åñëè îïðåäåëåííîå
òàêèì îáðàçîì îòîáðàæåíèå ξ : [0, 1] → X ÿâëÿåòñÿ ãëàäêèì, òî, äèôôåðåíöèðóÿ ëåâóþ
÷àñòü óðàâíåíèÿ (14) êàê ñëîæíóþ ôóíêöèþ îò q, ïîëó÷àåì

∂H

∂xò

∣∣∣∣∣
x=ξ(q)

ξ′(q) +
∂H

∂q

∣∣∣∣∣
x=ξ(q)

= 0. (15)

Çäåñü
∂H

∂xò
=

(
∂Hi(x, q)

∂xj

)
16i,j6n

| ÿêîáèàí îòîáðàæåíèÿH(x, q) îòíîñèòåëüíî âåêòîðà x, âû÷èñëÿåìûé â (15) ïðè x = ξ(q).
Â ïðåäïîëîæåíèè î íåâûðîæäåííîñòè ÿêîáèàíà, óðàâíåíèå (15) ðàçðåøèìî îòíîñèòåëüíî
ïðîèçâîäíîé ξ′(q) = dξ(q)/dq, ïðèíèìàÿ âèä

ξ′(q) = −
(
∂H

∂xò

∣∣∣∣∣
x=ξ(q)

)−1
∂H

∂q

∣∣∣∣∣
x=ξ(q)

.

Ñîáñòâåííî ìåòîä Äàâûäåíêî çàêëþ÷àåòñÿ â çàìåíå óðàâíåíèÿ (11) çàäà÷åé Êîøè äëÿ ñè-
ñòåìû n îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

x′(q) = −
(
∂H

∂xò

)−1
∂H

∂q
, x(0) = x0. (16)

ãäå q ∈ [0, 1] èãðàåò ðîëü ôèêòèâíîãî âðåìåíè, à íà÷àëüíîå óñëîâèå x0 ∈ X åñòü íóëü
îòîáðàæåíèÿH(·, 0), êîòîðîå ãîìîòîïíî èñõîäíîìó îòîáðàæåíèþ F.
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Äèñêðåòíûé âàðèàíò ìåòîäà ãîìîòîïèè, ðàññìàòðèâàåìûé â äàííîé ðàáîòå, ïðåäïîëàãàåò
ðàçáèåíèå èíòåðâàëà [0, 1] äëÿ ïîëó÷åíèÿ êîíå÷íîé ïîñëåäîâàòåëüíîñòè çàäà÷

H(x, qk) = 0, 0 = q0 < q1 < . . . < qN = 1.

Íà÷èíàÿ ñ èçâåñòíîãî ðåøåíèÿ ïðè q0, ðåøåíèå äëÿH(x, qk+1) âû÷èñëÿåòñÿ ñ èñïîëüçîâàíèåì
ëîêàëüíîé èòåðàöèîííîé ñõåìû | íüþòîíîâñêèõ èòåðàöèé.

3. Âû÷èñëèòåëüíûé àëãîðèòì

Ñîãëàñíî îïèñàííîìó ìåòîäó ãîìîòîïèè, ñèñòåìà (4){(7), (9), (10) çàïèñûâàåòñÿ â âèäå
(11), ãäå x ∈ Rn| ðåøåíèå. Â ñëó÷àå, êîãäà íåîáõîäèìî íàéòè ðåàëèçàöèþ ìàòðèö ðåãóëÿ-
òîðà Â, B̂, Ĉ â ïðîñòðàíñòâå ñîñòîÿíèé (3), ñòîëáöû ýòèõ ìàòðèö ñëåäóåò ïîñëåäîâàòåëüíî
ñîåäèíèòü â îäèí ñòîëáåö, êîòîðûé è ñëåäóåò îïðåäåëèòü ïî âû÷èñëèòåëüíîìó àëãîðèòìó.
Äëÿ ýòîé öåëè ââîäèòñÿ îïåðàòîð âåêòîðèçàöèè

col : Rn×m → Rnm,

ñîïîñòàâëÿþùèé ìàòðèöå X ∈ Rn×m âåêòîð col(X), ñôîðìèðîâàííûé ïîñëåäîâàòåëüíî
îáúåäèíåííûìè ñòîëáöàìè ìàòðèöû X:

col(X) =


x1

...
xm

.

Î÷åâèäíî, ÷òî îòîáðàæåíèå col ÿâëÿåòñÿ ëèíåéíîé áèåêöèåé ïðîñòðàíñòâ Rn×m è Rnm.
Àññîöèèðóåì ðåãóëÿòîð K â âèäå (3) ñ âåêòîðîì

Q =


col(Â)

col(B̂)

col(Ĉ)

 ∈ Rs, s = n(n+m2 + r2),

è îáîçíà÷èì γ(Q) =
∥∥∥Fl(M,K)

∥∥∥−2

∞
. Ñèñòåìó óðàâíåíèé (4){(10) äëÿ îïòèìàëüíîãî ðåãóëÿ-

òîðà â çàâèñèìîñòè îò ïàðàìåòðà q ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

F(q,Q)−Q = 0, (17)

A(q,Q) = α. (18)

Ïåðâîå óðàâíåíèå îáúåäèíÿåò àëãåáðàè÷åñêèå óðàâíåíèÿ Ðèêêàòè (4){(7) è óðàâíåíèå Ëÿïó-
íîâà (9), â òî âðåìÿ êàê âòîðîå óðàâíåíèå åñòü íåëèíåéíîå àëãåáðàè÷åñêîå óðàâíåíèå (10).
Îòìåòèì, ÷òî ïðè q = 0 ðåøåíèå óðàâíåíèÿ (17) ñîîòâåòñòâóåò óðîâíþ ñðåäíåé àíèçîòðîïèè
α = 0 è ÿâëÿåòñÿ ðåøåíèåì çàäà÷è ñèíòåçà H2{îïòèìàëüíîãî ðåãóëÿòîðà, êîòîðûé ìîæíî
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ëåãêî ïîëó÷èòü ñ èñïîëüçîâàíèåì ñòàíäàðòíûõ ìåòîäîâ. Òàêèì îáðàçîì, H2-îïòèìàëüíûé
ðåãóëÿòîð ÿâëÿåòñÿ èñõîäíîé òî÷êîé äëÿ ìåòîäà ãîìîòîïèè.
Äàëåå, åäèíñòâåííàÿ ãëàäêàÿ âåòâü ðåøåíèé Q : [0, q∗) → Rs óðàâíåíèÿ (17), ãäå

q∗ =
(
inf
K
‖Fl(M,K)‖∞

)−2
,

óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

∂Q

∂q
= G ∂F

∂q
,

ãäå G =
(
Is −

∂F
∂q

)−1

, ïðè íà÷àëüíîì óñëîâèè Q(0), ñîîòâåòñòâóþùåì H2-îïòèìàëüíîìó
ðåãóëÿòîðó. Âû÷èñëèòåëüíûé àëãîðèòì ìåòîäà ãîìîòîïèè ðåøåíèÿ ñèñòåìû óðàâíåíèé (17),
(18) ñâîäèòñÿ ê ïîñòðîåíèþ ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòè (qk, Qk), k > 0, ñ íà÷àëü-
íîé òî÷êîé (0, Q(0)). Ïðè ôèêñèðîâàííîì çíà÷åíèè qk ïðîèçâîäèòñÿ ñåðèÿ íüþòîíîâñêèõ
èòåðàöèé

Qk,l+1 = Qk,l + G(qk, Qk,l)(F(qk, Qk,l)−Qk,l), 1 6 l < lk

ñ íà÷àëüíûì óñëîâèåì Qk,0 = Qk è óñëîâèåì îñòàíîâêè∣∣∣∣Qk,lk −Qk,lk−1

Qk,lk

∣∣∣∣ < ε,

ãäå ε > 0 | çàäàííîå ÷èñëî. Ïîñëå ýòîãî ñëåäóþùèé ýëåìåíò ïîñëåäîâàòåëüíîñòè âû÷è-
ñëÿåòñÿ ñïîñîáîì, óêàçàííûì íèæå:

qk+1 = qk + ∆qk, Qk+1 = Qk,lk + ∆Qk,

ãäå

∆qk =



γ(Qk,lk)− qk
2

, max
06j6k

A(qj, Qj,lj) < α;

α−A(qk, Qk,lk)(
∂A
∂Q

+
∂A
∂Q

G ∂F
∂q

)
(qk, Qk,lk)

,
(19)

∆Qk = G(qk, Qk,lk)
∂F
∂q

(qk, Qk,lk)∆qk. (20)

Äëÿ ðåàëèçàöèè äàííîãî âû÷èñëèòåëüíîãî àëãîðèòìà íåîáõîäèìî ïîëó÷èòü ÿâíûå àíàëè-

òè÷åñêèå âûðàæåíèÿ äëÿ ïðîèçâîäíûõ ìàòðè÷íîçíà÷íûõ îòîáðàæåíèé ∂F
∂q
, ∂A

∂q
, ∂A

∂Q
. Ýòè

ïðîèçâîäíûå îïèñûâàþòñÿ â [27, 28, 29], è äëÿ êîíêðåòíîé ñèñòåìû (4){(7), (9), (10) áóäóò
âûâåäåíû â ïîñëåäóþùèõ ïàðàãðàôàõ ðàáîòû.
Óñëîâèå

max

{
|A(qk, Qk)− α|

α
,
|∆Qk|
|Qk|

}
< ε

èñïîëüçóåòñÿ äëÿ îñòàíîâêè ïðîöåññà âû÷èñëåíèÿ ïîñëåäîâàòåëüíîñòè (qk, Qk). Ñõîäèìîñòü
àëãîðèòìà çàâèñèò îò âûáîðà çíà÷åíèé ïàðàìåòðîâ γi, i = 1, 2.
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4. Äèôôåðåíöèðîâàíèå ìàòðè÷íîçíà÷íûõ îòîáðàæåíèé

Êàê âèäíî, â óðàâíåíèè (16) ïðèñóòñòâóþò ïðîèçâîäíûå ìàòðè÷íîçíà÷íûõ âûðàæåíèé. Â
ýòîì ðàçäåëå ïîäðîáíî ðàññìîòðåíî ìàòðè÷íîå äèôôåðåíöèðîâàíèå íà ïðèìåðå óðàâíåíèÿ
Ðèêêàòè. Âñå ïîëó÷åííûå íèæå âûðàæåíèÿ ïîòðåáóþòñÿ äëÿ âû÷èñëèòåëüíîãî àëãîðèòìà.
Äëÿ ëþáûõ ìàòðèö A ∈ Rr×p, B ∈ Rp×q è C ∈ Rs×q [26]

col(ABCò) = (C ⊗ A) col(B),

ãäå C ⊗ A| êðîíåêåðîâî ïðîèçâåäåíèå ìàòðèö C è A. Äëÿ ëþáîé ìàòðèöû A ∈ Rp×q [26]

col(Aò) = Υp,q col(A), (21)

ãäå
Υp,q =

{
δ(j−1)p−b j−1

q c(pq−1)+1,k

}
, (22)

è âíóòðåííèé öèêë áåðåòñÿ ïî k = 1, pq, à âíåøíèé | ïî j = 1, pq. Ïðîèçâîäíàÿ ∂Y
∂X

ãëàäêîãî ìàòðè÷íîçíà÷íîãî îòîáðàæåíèÿ Y : Rp×q → Rr×s ïðåäñòàâëÿåò ñîáîé ìàòðèöó
ßêîáè ∂ col(Y )

∂ col(X)ò
ðàçìåðíîñòè (rs)× (pq).

Äëÿ óïîðÿäî÷åííîãî íàáîðà ìàòðè÷íîçíà÷íûõ îòîáðàæåíèé Y1, . . . , Yb, çàâèñÿùèõ îò ìà-
òðèö X1, . . . , Xa ïîëàãàåì

∂(Y1, . . . , Yb)

∂(X1, . . . , Xa)
=


∂Y1

∂X1
. . . ∂Y1

∂Xa

. . . . . . .
∂Yb

∂X1
. . . ∂Yb

∂Xa

 . (23)

Äëÿ ëþáûõ ãëàäêèõ îòîáðàæåíèé X : Rs×t → Rp×q è Y : Rs×t → Rq×r, çàâèñÿùèõ îò ìà-
òðèöû Z,

∂(XY )

∂Z
= (Y

ò ⊗ Ip)
∂X

∂Z
+ (Ir ⊗X)

∂Y

∂Z
(24)

è
∂(X ⊗ Y )

∂Z
= (It ⊗Υn,s ⊗ Iq)

{
(Ist ⊗ col(Y ))

∂X

∂Z
+ (col(X)⊗ Iqr)

∂Y

∂Z
)

}
.

Äëÿ ëþáîé áëî÷íîé ìàòðèöû A ñ áëîêàìè Aij(X) ∈ Rni×mj , i, j = 1, 2,

∂A

∂X
=

∂

∂X

A11(X) A12(X)

A21(X) A22(X)

=
∂

∂X

{ 1 0

0 0

⊗A11(X)+

 0 1

0 0

⊗A12(X)+

+

 0 0

1 0

⊗ A21(X) +

 0 0

0 1

⊗ A22(X)

}
=



(I2 ⊗Υm1,2 ⊗ In1)
∂A11

∂X

(I2 ⊗Υm1,2 ⊗ In2)
∂A21

∂X

(I2 ⊗Υm2,2 ⊗ In1)
∂A12

∂X

(I2 ⊗Υm2,2 ⊗ In2)
∂A22

∂X


. (25)
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Â ÷àñòíîñòè, åñëè ni = mj = n ïðè i, j = 1, 2, ïîëó÷àåì

∂A

∂X
=

∂

∂X

 A11(X) A12(X)

A21(X) A22(X)

 = (I2 ⊗Υn,2 ⊗ In)



∂A11

∂X
∂A21

∂X
∂A12

∂X
∂A22

∂X


.

Äëÿ ëþáîé áëî÷íî-ñòîëáöîâîé ìàòðèöû B ñ áëîêàìè Bi(X) ∈ Rni×m, i = 1, 2,

∂B

∂X
=

∂

∂X

B1(X)

B2(X)

 =
∂

∂X


 1

0

⊗B1(X) +

 0

1

⊗B2(X)

 =

=

 (I1 ⊗Υm1,2 ⊗ In1)
∂B1

∂X

(I2 ⊗Υm1,2 ⊗ In2)
∂B2

∂X

.
Äëÿ ëþáîé áëî÷íî-ñòðî÷íîé ìàòðèöû C ñ áëîêàìè Ci(X) ∈ Rn×mi , i = 1, 2

∂C

∂X
=

∂

∂X

(
C1(X) C2(X)

)
=

∂

∂X

{(
1 0

)
⊗ C1(X) +

(
0 1

)
⊗ C2(X)

}
=

=
(

(I2 ⊗Υm1,1 ⊗ In)
∂C1

∂X
(I2 ⊗Υm2,1 ⊗ In)

∂C2

∂X

)
. (26)

Âåêòîðèçîâàííîå ðåøåíèå X ∈ Rn×n óðàâíåíèÿ Ëÿïóíîâà

AXA
ò −X + Y + Y

ò
= 0,

ãäå A, Y ∈ Rn×n | íåêîòîðûå çàäàííûå ìàòðèöû, à ìàòðèöà A óñòîé÷èâà ïî Øóðó, èìååò
âèä [26]

col(X) = (In2 − A× A)−1(In2 + Υn,n) col(Y ). (27)

Ñòàáèëèçèðóþùåå ðåøåíèå S ∈ Rn×n àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè

S = ASA
ò
+BB

ò − ΛΘΛ
ò
,

ãäå
Θ = CSC

ò
+DD

ò
, Λ = (ASC

ò
+BD

ò
)Θ−1,

A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, D ∈ Rp×m | çàäàííûå ìàòðèöû, åäèíñòâåííî è ãëàäêèì
îáðàçîì çàâèñèò îò ìàòðèö A, B, C, D â îêðåñòíîñòè òåõ èõ çíà÷åíèé, ãäå îíî ñóùåñòâóåò.
Ïðîèçâîäíûå ñòàáèëèçèðóþùåãî ðåøåíèÿ S àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè è ñîïóò-
ñòâóþùèõ ìàòðèö Θ, Λ èìåþò âèä [26]:

∂S

∂(A,B,C,D)
= (In2 − (F ⊗ A) + Υn,n((ΛC)⊗ F ))−1(In2 + Υn,n)×

×
(

([FS,B − ΛD]⊗ In) −([FS,B − ΛD]⊗ Λ)
)
, (28)
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∂Θ

∂(A,B,C,D)
= (C ⊗ C)

∂S

∂(A,B,C,D)
+ [0p2×n(n+m), (Ip2 + Υp,p)([CS,D]⊗ Ip)],

∂Λ

∂(A,B,C,D)
= (Θ−1 ⊗ In)

{
(C ⊗ A)

∂S

∂(A,B,C,D)
+

+([CS,D]⊗ In),Υp,n([AS,B]⊗ Ip)]− (Ip ⊗ Λ)
∂Θ

∂(A,B,C,D)

}
(29)

ãäå F = A− ΛC.

5. Âûðàæåíèÿ äëÿ ìàòðè÷íûõ ïðîèçâîäíûõ

Ïîëó÷èì ÿâíûå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ïðîèçâîäíûõ ∂(F ,A)
∂(q, Q)

, èñïîëüçóÿ ïðàâèëà
äèôôåðåíöèðîâàíèÿ ìàòðè÷íîçíà÷íûõ îòîáðàæåíèé, óñòàíîâëåííûå â ïðåäûäóùåì ïàðà-
ãðàôå.
Îáîçíà÷èì

Ω̃n = I2 ⊗Υn,2 ⊗ In.

Ïóñòü l = s1 + s2 + s3 è s = 1 + n2 + np2 + nm2.
Â ñîîòâåòñòâèè ñ ôîðìóëàìè (23){(26), ïðîèçâîäíûå ìàòðèö çàìêíóòîé ñèñòåìû ïî ïà-

ðàìåòðó q è ìàòðèöàì ðåãóëÿòîðà Â, B̂, Ĉ ìîæíî âûðàçèòü ñëåäóþùèì îáðàçîì:

∂Ā

∂Â
= Ω̃n


0n2×n2

0n2×n2

0n2×n2

In2

,
∂Ā

∂B̂
= Ω̃n


0n2×np

C2 ⊗ In

0n2×np

0n2×np

,
∂Ā

∂Ĉ
= Ω̃n


0n2×m2n

0n2×m2n

In ⊗B2

0n2×m2n

,

∂C̄1

∂Ĉ
= (I2 ⊗Υn,1Ip1)

 0np1×np2

In ⊗D12

,
∂B̄1

∂(Â, B̂, Ĉ)
=

(
∂B̄1

∂Â

∂B̄1

∂B̂

∂B̄1

∂Ĉ

)
=
(

02nl×n2 02nl×np2 02nl×nm2

)
= 02nl×(s−1),

∂Ā

∂(q,Â,B̂,Ĉ)
=

(
04n2×1

∂Ā

∂Â

∂Ā

∂B̂

∂C̄

∂Ĉ

)
,

∂B̄1

∂(q,Â,B̂,Ĉ)
=

02nl×1
∂B̄1

∂(Â,B̂,Ĉ)

, (30)
∂C̄

∂(q, Â, B̂, Ĉ)
=

(
02np1×1 02np1×n2 02np1×np2

∂C̄

∂Ĉ

)
,

∂(Ā, B̄1, C̄, D̄)

∂(Â, B̂, Ĉ)
=



∂Ā

∂Â

∂Ā

∂B̂

∂Ā

∂Ĉ
02nl×n2 02nl×np2 02nl×nm2

02np1×n2 02np1×np2
∂C̄

∂Ĉ
0p1l×n2 0p1l×np2 0p1l×nm2


,

∂(Ā, B̄1, C̄, D̄)

∂(q, Â, B̂, Ĉ)
=

 0(4n2+2nl+2np1+p1l)×1

∂(Ā, B̄1, C̄, D̄)

∂(Â, B̂, Ĉ)

. (31)
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Ïîëó÷èì ïðîèçâîäíûå ðåøåíèÿ óðàâíåíèÿ Ðèêêàòè (4) è ñîïóòñòâóþùèõ ìàòðèö. Äèô-
ôåðåíöèðîâàíèå ïåðâîãî óðàâíåíèÿ èç (4) äàåò

∂Ỹ

∂(Ā, B̄1, C̄, D̄)
= (Ā

ò ⊗ Ā
ò
)

∂Ỹ

∂(Ā, B̄1, C̄, D̄)
+

+
(
(I2n⊗ (Ỹ Ā)

ò
)+((Ỹ Ā)

ò⊗ I2n)
)
Υ2n,2n

∂Ā

∂(Ā,B̄1, C̄,D̄)
+(L

ò⊗Lò) ∂Π−1

∂(Ā,B̄1, C̄,D̄)
+

+
∂Ξ

∂(Ā, B̄1, C̄, D̄)
+
(
(I2n ⊗ (Π−1L)

ò
) + ((Π−1L)

ò ⊗ I2n)
)
Υ2n,l

∂L

∂(Ā, B̄1, C̄, D̄)
. (32)

Ìîæíî âèäåòü, ÷òî

∂Ā

∂(Ā, B̄1, C̄, D̄)
=
(
I4n2 04n2×2nl 04n2×2np1 04n2×p1l

)
, (33)

∂B̄1

∂(Ā, B̄1, C̄, D̄)
=
(

02nl×4n2 I2nl 02nl×2np1 02nl×p1l

)
. (34)

Òàêæå

∂(B̄
ò
1Ỹ Ā)

∂(Ā, B̄1, C̄, D̄)
=
(
I2n ⊗ (B̄

ò
1Ỹ ) ((Ỹ Ā)

ò ⊗ Il)Υ2n,l 02nl×np1 02nl×p1l

)
,

∂(B̄
ò
1Ỹ B̄0)

∂(Ā, B̄1, C̄, D̄)
=
(

0m1l×4n2 ((Ỹ B̄0)
ò ⊗ Il)Υ2n,l 0m1l×2np1 0m1l×m1p1

)
.

Äèôôåðåíöèðóÿ î÷åâèäíîå ðàâåíñòâî ΠΠ−1 = Il, ïîëó÷àåì

(Il ⊗ Π)
∂Π−1

∂(Ā, B̄1, C̄, D̄)
+ (Π−1 ⊗ Il)

∂Π

∂(Ā, B̄1, C̄, D̄)
= 0l2×ψ,

ãäå ψ = 4n2 + 2nl + 2np1 + p1l. Îòñþäà ñëåäóåò, ÷òî

∂Π

∂(Ā, B̄1, C̄, D̄)
= −(Π−1 ⊗ Il)

−1(Il ⊗ Π)
∂Π−1

∂(Ā, B̄1, C̄, D̄)
. (35)

Ñ äðóãîé ñòîðîíû, ñ ó÷åòîì (34) è (21), èìååì

∂Π−1

∂(Ā, B̄1, C̄, D̄)
= −(B̄1 ⊗ B̄1)

ò ∂Ỹ

∂(Ā, B̄1, C̄, D̄)
−

−
(
((B̄

ò
1Ỹ )⊗ Il)Υ2n,l + (Il ⊗ (B̄

ò
1Ỹ ))

) ∂B̄1

∂(Ā, B̄1, C̄, D̄)
. (36)
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Äàëåå,

∂L

∂(Ā, B̄1, C̄, D̄)
= ((ĀỸ B̄1)⊗ Il)

∂Π

∂(Ā, B̄1, C̄, D̄)
+ (I2n ⊗ Π)

∂(B̄
ò
1Ỹ Ā)

∂(Ā, B̄1, C̄, D̄)
(37)

è
∂Ξ

∂(Ā, B̄1, C̄, D̄)
= 04n2×ψ. (38)

Ñ ó÷åòîì ïðèâåäåííûõ âûðàæåíèé (33){(38), ìîæíî çàïèñàòü âèä ïðîèçâîäíîé äëÿ
∂Ỹ

∂(Ā, B̄1, C̄, D̄)
èç (32)

∂Ỹ

∂(Ā, B̄1, C̄, D̄)
=

{
I4n2 − (Ā

ò ⊗ Ā
ò
) + Υ2n,2n(L

ò ⊗ L
ò
)(B̄

ò
1 ⊗ B̄

ò
1)−

− (I4n2 + Υ2n,2n)(Ā
ò ⊗ (B̄1L)

ò
)

}−1

(I4n2 + Υ2n,2n)

{(
((I2n ⊗ (Ỹ Ā)

ò
) +

(I2n ⊗ (L
ò
B̄1)

ò
Ỹ ))

) ∂Ā

∂(Ā, B̄1, C̄, D̄)
+
(
((Ỹ Ā)

ò ⊗ L
ò
)Υ2n,l −

− (L
ò ⊗ (L

ò
B̄
ò
1Ỹ ))

) ∂B̄1

∂(Ā, B̄1, C̄, D̄)

}
. (39)

Ïîäñòàâëÿÿ âûðàæåíèå (39) äëÿ ïðîèçâîäíîé ∂Ỹ

∂(Ā, B̄1, C̄, D̄)
â ôîðìóëó (36), ìîæíî

ïîëó÷èòü ïðîèçâîäíóþ ∂Π−1

∂(Ā, B̄1, C̄, D̄)
, è çàòåì ïî ôîðìóëàì (35) è (37) | ïðîèçâîäíûå

∂Π
∂(Ā, B̄1, C̄, D̄)

è ∂L

∂(Ā, B̄1, C̄, D̄)
ñîîòâåòñòâåííî. Áîëåå òîãî,

∂Σ

∂(Ā, B̄1, C̄, D̄)
= (B̄

ò
0 ⊗ (ΠB̄

ò
1))

∂Ỹ

∂(Ā, B̄1, C̄, D̄)
+

+ ((B̄
ò
1Ỹ B̄0)

ò ⊗ Il)
∂Π

∂(Ā, B̄1, C̄, D̄)
+ ((Ỹ B̄0)

ò ⊗ Π)Υ2n,l
∂B̄1

∂(Ā, B̄1, C̄, D̄)
. (40)

Çàòåì, èñïîëüçóÿ âûðàæåíèÿ (37) è (40), ïîëó÷èì ïðîèçâîäíûå

∂L

∂(q, Â, B̂, Ĉ)
=

∂L

∂(Ā, B̄, C̄, D̄)

∂(Ā, B̄1, C̄, D̄)

∂(q, Â, B̂1, Ĉ)
, (41)

∂Σ

∂(q, Â, B̂1, Ĉ)
=

∂Σ

∂(Ā, B̄, C̄, D̄)

∂(Ā, B̄1, C̄, D̄)

∂(q, Â, B̂, Ĉ)
, (42)

ãäå ïðîèçâîäíàÿ ∂(Ā, B̄1, C̄, D̄)

∂(q, Â, B̂, Ĉ)
îïðåäåëÿåòñÿ ôîðìóëîé (31).
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Ïîñêîëüêó

∂L

∂(q, Â, B̂, Ĉ)
=


∂L1

∂(q, Â, B̂, Ĉ)
∂L2

∂(q, Â, B̂, Ĉ)

 (43)

èM = L1 + L2, èìååì

∂M

∂(q, Â, B̂, Ĉ)
=
(
Inl Inl

) ∂L

∂(q, Â, B̂, Ĉ)
. (44)

Îïðåäåëèì ïðîèçâîäíûå ìàòðèö Aw, Bw è Cw èç óðàâíåíèÿ Ðèêêàòè (5) ðåàëèçàöèè
âñïîìîãàòåëüíîé çàìêíóòîé ïî ìàòðèöàì ðåãóëÿòîðà Â, B̂, Ĉ:

∂Aw

∂(q, Â, B̂, Ĉ)
=

∂Ā

∂(q, Â, B̂, Ĉ)
+ Ω̃n



(In ⊗B1)
∂L1

∂(q, Â, B̂, Ĉ)
0n2×s

(In ⊗B1)
∂L2

∂(q, Â, B̂, Ĉ)
0n2×s


,

∂Bw

∂(q, Â, B̂, Ĉ)
= (Υm1,2 ⊗ In)

 (Im1 ⊗B1)
∂Σ

∂(q, Â, B̂, Ĉ)
0nm1×s

+

+ (Υm1,2 ⊗ In)


0nm1×s

(D
ò
21 ⊗ In)

∂B̂

∂(q, Â, B̂, Ĉ)

,
∂Cw

∂(q, Â, B̂, Ĉ)
=

∂C̄

∂(q, Â, B̂, Ĉ)
,

ãäå

∂B̂

∂(q, Â, B̂, Ĉ)
=
(

0np2×1 0np2×n2 Inp2 0np2×m2n

)
,

ïðîèçâîäíûå ∂L1

∂(q, Â, B̂, Ĉ)
è ∂L2

∂(q, Â, B̂, Ĉ)
îïðåäåëÿþòñÿ áëî÷íûì ðàçáèåíèåì (43) è âûðàæå-

íèåì (41), à ïðîèçâîäíûå ∂Ā

∂(q, Â, B̂, Ĉ)
, ∂C̄

∂(q, Â, B̂, Ĉ)
è ∂Σ

∂(q, Â, B̂, Ĉ)
îïðåäåëÿþòñÿ ôîðìóëàìè

(30) è (42) ñîîòâåòñòâåííî. Òîãäà

∂(Aw, Bw, Cw)

∂(q, Â, B̂, Ĉ)
=



∂Aw

∂(q, Â, B̂, Ĉ)
∂Bw

∂(q, Â, B̂, Ĉ)
∂Cw

∂(q, Â, B̂, Ĉ)
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è
∂(Aw, Bw, Cw)

∂(q, Â, B̂, Ĉ)
=

(
∂Aw, Bw, Cw

∂q

∂(Aw, Bw, Cw)

∂(Â, B̂, Ĉ)

)
. (45)

Ïðîèçâîäíûå ñòàáèëèçèðóþùåãî ðåøåíèÿ R óðàâíåíèÿ Ðèêêàòè (5) è ñîïóòñòâóþùèõ
ìàòðèö Lw, Σw ïî ïàðàìåòðó q è ìàòðèöàì ðåàëèçàöèè âñïîìîãàòåëüíîé ñèñòåìû Fw èìåþò
âèä

∂R

∂(q, Aw, Bw, Cw)
=
{
I4n2 − (A

ò
w ⊗ A

ò
w)−Υ2n,2n(L

ò
wB

ò
w ⊗ L

ò
wB

ò
w)
}−1

×

×
{
col(CòwCw) + (I4n2 + Υ2n,2n) col(L

ò
wD

ò
wCw), (I4n2 + Υ2n,2n)

[
(I2n ⊗ (A

ò
w + L

ò
wB

ò
w)R),

(L
ò
w ⊗ (L

ò
wB

ò
wR)) + ((A

ò
wR)⊗ L

ò
w)Υ2n,m1 , (I2n ⊗ q(C

ò
w + L

ò
wD

ò
w))

]}
,

∂Σw

∂(q, Aw, Bw, Cw)
= ((ΣwB

ò
w)⊗ (ΣwB

ò
w))

∂R

∂(q, Aw, Bw, Cw)
+

(
0m2

1×1 0m2
1×4n2 (Im2

1
+ Υm1,m1)(Σw ⊗ (ΣwB

ò
wR)) 0m2

1×2np1

)
,

∂Lw
∂(q,Aw,Bw,Cw)

=((L
ò
wΣ−1

w )⊗Im1)
∂Σw

∂(q,Aw,Bw,Cw)
+(A

ò
w⊗(ΣwB

ò
w))

∂R

∂(q,Aw,Bw,Cw)
+

+
(

((D
ò
wCw)

ò ⊗ Σw) (I2n ⊗ (ΣwB
ò
wR)) Υm1,2n(Σw ⊗ (RAw)

ò
) (I2n ⊗ (qΣwD

ò
w))

)
.

Î÷åâèäíî, ÷òî

∂Lw
∂(q, Aw, Bw, Cw)

=
(

∂Lw
∂q

∂Lw
∂(Aw, Bw, Cw)

)
, (46)

∂Σw

∂(q, Aw, Bw, Cw)
=
(

∂Σw

∂q

∂Σw

∂(Aw, Bw, Cw)

)
. (47)

Ñ ó÷åòîì áëî÷íûõ ðàçáèåíèé (45), (46) è (47) ìîæåì çàïèñàòü

∂Lw

∂(q, Â, B̂, Ĉ)
=

(
∂Lw
∂q

∂Lw
∂(Aw, Bw, Cw)

∂(Aw, Bw, Cw)

∂(Â, B̂, Ĉ)

)
, (48)

∂Σw

∂(q, Â, B̂, Ĉ)
=

(
∂Σw

∂q

∂Σw

∂(Aw, Bw, Cw)
∂(Aw, Bw, Cw)

∂(Â, B̂, Ĉ)

)
. (49)

Ïîñêîëüêó

∂Lw

∂(q, Â, B̂, Ĉ)
=


∂L1w

∂(q, Â, B̂, Ĉ)
∂L2w

∂(q, Â, B̂, Ĉ)

 (50)

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 650

http://technomag.bmstu.ru


èMw = L1w + L2w, òî

∂Mw

∂(q, Â, B̂, Ĉ)
=
(
Inm1 Inm1

) ∂Lw

∂(q, Â, B̂, Ĉ)
. (51)

×òîáû îïðåäåëèòü ìàòðè÷íóþ ïðîèçâîäíóþ ∂P

∂(q, Â, B̂, Ĉ)
, ðàññìîòðèì óðàâíåíèå Ëÿïó-

íîâà (9). Ïî ôîðìóëàì (24), (27)

∂P

∂Σw

= {I4n2 − (Aw +BwLw)⊗ (Aw +BwLw)}−1 (Bw ⊗Bw),

∂P

∂Lw
= {I4n2 − (Aw +BwLw)⊗ (Aw +BwLw)}−1 ×

× (I4n2 + Υ2n,2n)(((Aw +BwLw)P )⊗Bw),

∂P

∂(Aw, Bw)
= {I4n2 − (Aw +BwLw)⊗ (Aw +BwLw)}−1 ×

× (I4n2 + Υ2n,2n)
((

(Aw +BwLw)P (Aw +BwLw)PL
ò
w +BwΣw

)
⊗ I2n

)
,

è òîãäà

∂P

∂q, Â, B̂, Ĉ)
=

(
04n2×1

∂P

∂(Aw, Bw)
∂(Aw, Bw)

∂(Â, B̂, Ĉ)

)
+

+
∂P

∂Lw

∂Lw

∂(q, Â, B̂, Ĉ)
+

∂P

∂Σw

∂Σw

∂(q, Â, B̂, Ĉ)
.

Íàéäåì ïðîèçâîäíóþ ∂A
∂(q, Â, B̂, Ĉ)

. Ïîñêîëüêó

A = −1

2
ln det

{
m1Σw

Φ

}
,

ãäå Φ = trace(LwPL
ò
w + Σw), èìååì

∂A
∂(q, Â, B̂, Ĉ)

=
∂A
∂Φ

∂Φ

∂(q, Â, B̂, Ĉ)
+

∂A
∂Σw

∂Σw

∂(q, Â, B̂, Ĉ)
, (52)

ãäå

∂Φ

∂(q, Â, B̂, Ĉ)
=
∂Φ

∂P

∂P

∂(q, Â, B̂, Ĉ)
+

∂Φ

∂Lw

∂Lw

∂(q, Â, B̂, Ĉ)
+

∂Φ

∂Σw

∂Σw

∂(q, Â, B̂, Ĉ)
,

∂Φ

∂P
= coltrace(m1)(Lw⊗Lw),

∂Φ

∂Lw
=2coltrace(m1)((LwP )⊗Im1),

∂Φ

∂Σw

= coltrace(m1),

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 651

http://technomag.bmstu.ru


ìàòðèöà col trace(m1) ∈ R1×m2
1 îáðàçîâàíà ïîñëåäîâàòåëüíûì îáúåäèíåíèåì òðàíñïîíèðî-

âàííûõ ñòîëáöîâ åäèíè÷íîé ìàòðèöû Im1 è ïðîèçâîäíûå
∂A
∂Φ
, ∂A
∂Σw

îïðåäåëÿþòñÿ êàê

∂A
∂Φ

=
m1

2Φ
,

∂A
∂Σw

= −1

2
col trace(m1)(Im1 ⊗ Σw).

Íàéäåì ïðîèçâîäíûå ìàòðèö ðåàëèçàöèè çàìêíóòîé ñèñòåìû èç óðàâíåíèÿ Ðèêêàòè (6) â
ïðîñòðàíñòâå ñîñòîÿíèé Ã11, B̃1, C̃21 è D̃21 ïî ïàðàìåòðó q è ìàòðèöàì ðåãóëÿòîðà Â, B̂, Ĉ:

∂Ã11

∂(q, Â, B̂, Ĉ)
=
∂(A+B3L1 + (B1 +B3Σ

1/2)Lw1)

∂(q, Â, B̂, Ĉ)
= (In ⊗B3)

∂L1w

∂(q, Â, B̂, Ĉ)
+

+ (In ⊗B1)
∂L1

∂(q, Â, B̂, Ĉ)
+ (L

ò
1w ⊗B1)

∂Σ

∂(q, Â, B̂, Ĉ)
+ (In ⊗ (B1Σ))

∂L1w

∂(q, Â, B̂, Ĉ)
,

∂B̃

∂(q, Â, B̂, Ĉ)
=
∂(B1 +B3Σ

1/2)Σ1/2
w

∂(q, Â, B̂, Ĉ)
=

= (Im1 ⊗ (B3 +B1Σ))
∂Σ1/2

w

∂(q, Â, B̂, Ĉ)
+ (Σ1/2

w ⊗B1)
∂Σ

∂(q, Â, B̂, Ĉ)
,

∂C̃21

∂(q, Â, B̂, Ĉ)
=
∂(C3 +D33L1w)

∂(q, Â, B̂, Ĉ)
= (In ⊗D33)

∂L1w

∂(q, Â, B̂, Ĉ)
,

∂D̃

∂(q, Â, B̂, Ĉ)
= (Im1 ⊗D33)

∂Σ1/2
w

∂(q, Â, B̂, Ĉ)
,

∂(Ã11, B̃, C̃21, D̃)

∂(q, Â, B̂, Ĉ)
= (Im1 ⊗D33)

∂Σ1/2
w

∂(q, Â, B̂, Ĉ)
=



∂Ã11

∂(q, Â, B̂, Ĉ)
∂B̃

∂(q, Â, B̂, Ĉ)
∂C̃21

∂(q, Â, B̂, Ĉ)
∂D̃

∂(q, Â, B̂, Ĉ)


,

ãäå ìàòðè÷íûå ïðîèçâîäíûå ∂L1w

∂(q, Â, B̂, Ĉ)
, ∂L1

∂(q, Â, B̂, Ĉ)
è ∂Σ

∂(q, Â, B̂, Ĉ)
îïðåäåëÿþòñÿ ôîð-

ìóëàìè (50), (43) è (42) ñîîòâåòñòâåííî, à ìàòðè÷íóþ ïðîèçâîäíóþ ∂Σ1/2
w

∂(q, Â, B̂, Ĉ)
ìîæíî

îïðåäåëèòü, ïðîäèôôåðåíöèðîâàâ î÷åâèäíîå ðàâåíñòâî Σ1/2
w Σ1/2

w = Σw:

∂Σ1/2
w

∂(q, Â, B̂, Ĉ)
=
{
(Im1 ⊗ Σ1/2

w ) + (Σ1/2
w ⊗ Im1)

}−1 ∂Σw

∂(q, Â, B̂, Ĉ)
.

Ïðîèçâîäíûå ñòàáèëèçèðóþùåãî ðåøåíèÿ S àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè (6) è
ñîïóòñòâóþùèõìàòðèöΘ,Λ ïîìàòðèöàì ðåàëèçàöèè ñèñòåìû Ã11, B̃, C̃21, D̃, â ñîîòâåòñòâèè
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ñ âûðàæåíèÿìè (28){(29), èìåþò âèä

∂S

∂(Ã11,B̃,C̃21,D̃)
=
(
In2−((Ã11−ΛC̃21)⊗Ã11)+Υn,n((ΛC̃21)⊗(Ã11−ΛC̃21))

)−1
×

×(In2 +Υn,n)
(
([(Ã11−ΛC̃21)S,B̃−ΛD̃]⊗In) −([(Ã11−ΛC̃21)S,B̃−ΛD̃]⊗Λ)

)
,

∂Θ

∂(Ã11, B̃, C̃21, D̃)
= (C̃21 ⊗ C̃21)

∂S

∂(Ã11, B̃, C̃21, D̃)
+

+
(

0p22×n(n+m1) (Ip22 + Υp2,p2)([C̃21S, D̃]⊗ Ip2)
)
,

∂Λ

∂(Ã11, B̃, C̃21, D̃)
= (Θ−1 ⊗ In)

{
(C̃21 ⊗ Ã11)

∂S

∂(Ã11, B̃, C̃21, D̃)
+

+ ([C̃21S, D̃]⊗ In),Υp2,n([Ã11S, B̃]⊗ Ip2)]− (Ip2 ⊗ Λ)
∂Θ

∂(Ã11, B̃, C̃21, D̃)

}
. (53)

Òåïåðü ìîæíî âûðàçèòü ìàòðè÷íóþ ïðîèçâîäíóþ ∂Λ

∂(q, Â, B̂, Ĉ)
ñëåäóþùèì îáðàçîì:

∂Λ

∂(q, Â, B̂, Ĉ)
=

∂Λ

∂(Ã11, B̃, C̃21, D̃)

∂(Ã11, B̃, C̃21, D̃)

∂(q, Â, B̂, Ĉ)
, (54)

ãäå ìàòðè÷íàÿ ïðîèçâîäíàÿ ∂(Ã11, B̃, C̃21, D̃)

∂(q, Â, B̂, Ĉ)
îïðåäåëÿåòñÿ âûðàæåíèåì (53).

Äàëåå, íàéäåì ïðîèçâîäíûå ìàòðèö Au è Cu ðåàëèçàöèè ñèñòåìû èç óðàâíåíèÿ Ðèêêàòè
(7) â ïðîñòðàíñòâå ñîñòîÿíèé ïî ïàðàìåòðó q è ìàòðèöàì ðåãóëÿòîðà Â, B̂, Ĉ:

∂Au

∂(q, Â, B̂, Ĉ)
= Ω̃n


0n2×s

0n2×s

D1

D2

,
∂Cu

∂(q, Â, B̂, Ĉ)
= 02np1×s,

ãäå

D1 = (In⊗ (B3 +B1Σ))
∂Mw

∂(q,Â,B̂,Ĉ)
+(In⊗B1)

∂M

∂(q,Â,B̂,Ĉ)
+(M

ò
w⊗B1)

∂Σ

∂(q,Â,B̂,Ĉ)
,

D2 = (In ⊗B2)
∂Ĉ

∂(q, Â, B̂, Ĉ)
+ (In ⊗ (B3 +B1Σ))

∂Mw

∂(q, Â, B̂, Ĉ)
+

+ (In ⊗B1)
∂M

∂(q, Â, B̂, Ĉ)
+ (M

ò
w ⊗B1)

∂Σ

∂(q, Â, B̂, Ĉ)
.

Äàëåå

∂(Au, Cu)

∂(q, Â, B̂, Ĉ)
=


∂Au

∂(q, Â, B̂, Ĉ)
∂Cu

∂(q, Â, B̂, Ĉ)

, (55)

∂Ĉ

∂(q, Â, B̂, Ĉ)
=
(

0nm2×1 0nm2×n2 0nm2×np2 Inm2

)
,
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è ìàòðè÷íûå ïðîèçâîäíûå ∂Mw

∂(q, Â, B̂, Ĉ)
, ∂M

∂(q, Â, B̂, Ĉ)
è ∂Σ

∂(q, Â, B̂, Ĉ)
îïðåäåëÿþòñÿ âûðàæå-

íèÿìè (51), (44) è (42) ñîîòâåòñòâåííî.
Ïðîèçâîäíûå ñòàáèëèçèðóþùåãî ðåøåíèÿ T àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè (7) è

ñîïóòñòâóþùèõ ìàòðèö Υ,M ïî ìàòðèöàì ðåàëèçàöèè ñèñòåìû (8), â ñîîòâåòñòâèè ñ ôîð-
ìóëàìè (28){(29), èìåþò âèä

∂T

∂(Au, Bu, Cu, Du)
=
{
I4n2 − (A

ò
u ⊗ (A

ò
u +N

ò
B
ò
u))−

−Υ2n,2n((A
ò
u +N

ò
B
ò
u)⊗ (N

ò
B
ò
u))
}−1

(I4n2 + Υ2n,2n)×

×
(

[I2n, N
ò
]⊗ (A

ò
u +N

ò
B
ò
u)T

(
I2n N

ò )⊗ (N
ò
D
ò
u + C

ò
u)
)
,

∂Υ

∂(Au, Bu, Cu, Du)
= (B

ò
u ⊗B

ò
u)

∂T

∂(Au, Bu, Cu, Du)
+×

× (Im2
2
+ Υm2,m2)

(
0m2

2×4n2 (Im2 ⊗ (B
ò
uT )) 0m2

2×2np1 (Im2 ⊗D
ò
u)
)
,

∂N

∂(Au, Bu, Cu, Du)
= −(I2n ⊗Υ−1)

{
(A
ò
u ⊗B

ò
u)

∂T

∂(Au, Bu, Cu, Du)
+

+
(

(I2n ⊗ (B
ò
uT )) Υ2n,m2(Im2 ⊗ (A

ò
uT )) (I2n ⊗D

ò
u) Υ2n,m2(Im2 ⊗ C

ò
u)
)

+

+ (N
ò ⊗ Im2)

∂Υ

∂(Au, Bu, Cu, Du)

}
.

Îòìåòèì, ÷òî

∂N

∂(Au, Bu, Cu, Du)
=
(

∂N

∂Au

∂N

∂Bu

∂N

∂Cu

∂N

∂Du

)
Ïðîèçâîäíûå ìàòðèö ðåãóëÿòîðà èìåþò âèä

∂Â

∂(q, Â, B̂, Ĉ)
=

∂Â

∂Mw

∂Mw

∂(q, Â, B̂, Ĉ)
+
∂Â

∂Λ

∂Λ

∂(q, Â, B̂, Ĉ)
+

+
∂Â

∂M

∂M

∂(q, Â, B̂, Ĉ)
+
∂Â

∂Σ

∂Σ

∂(q, Â, B̂, Ĉ)
+
∂Â

∂Ĉ

∂Ĉ

∂(q, Â, B̂, Ĉ)
, (56)

∂B̂

∂(q, Â, B̂, Ĉ)
=

∂Λ

∂(q, Â, B̂, Ĉ)
,

∂Ĉ

∂(q, Â, B̂, Ĉ)
=
(
Inm2 Inm2

) ∂N

∂(q, Â, B̂, Ĉ)
, (57)

ãäå

∂Â

∂Λ
= −(C2 +D21Mw)

ò ⊗ In,
∂Â

∂Mw

= In ⊗ (B3 +B1Σw − ΛD21),

∂Â

∂Ĉ
= In ⊗B2,

∂Â

∂M
= In ⊗B1,

∂Â

∂Σ
= M

ò
w ⊗B1,

∂N

∂(q, Â, B̂, Ĉ)
=

∂N

∂(Au, Cu)

∂(Au, Cu)

∂(q, Â, B̂, Ĉ)
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è ìàòðè÷íûå ïðîèçâîäíûå

∂Mw

∂(q, Â, B̂, Ĉ)
,

∂Λ

∂(q, Â, B̂, Ĉ)
,

∂M

∂(q, Â, B̂, Ĉ)
,

∂Σ

∂(q, Â, B̂, Ĉ)
,

∂(Au, Cu)

∂(q, Â, B̂, Ĉ)

îïðåäåëÿþòñÿ âûðàæåíèÿìè (50), (54), (44), (42) è (55) ñîîòâåòñòâåííî.
Òåïåðü ìîæíî ñôîðìèðîâàòü ìàòðè÷íóþ ïðîèçâîäíóþ ∂F(q, Q)

∂(q, Q)
ñëåäóþùèì îáðàçîì:

∂F(q,Q)

∂(q,Q)
=



∂Â

∂(q, Â, B̂, Ĉ)

∂B̂

∂(q, Â, B̂, Ĉ)

∂Ĉ

∂(q, Â, B̂, Ĉ)


,

ãäå ìàòðè÷íûå ïðîèçâîäíûå ∂Â

∂(q, Â, B̂, Ĉ)
, ∂B̂

∂(q, Â, B̂, Ĉ)
è ∂Ĉ

∂(q, Â, B̂, Ĉ)
îïðåäåëÿþòñÿ âûðà-

æåíèÿìè (56){(57).
Ïîñêîëüêó

∂F(q,Q)

∂(q,Q)
=
(

∂F(q, Q)
∂q

∂F(q, Q)
∂Q

)
,

ìîæíî ëåãêî ïîëó÷èòü ìàòðè÷íûå ïðîèçâîäíûå ∂F
∂q
è ∂F

∂Q
.

Íàïîìíèì, ÷òî ïðîèçâîäíàÿ ∂A(q,Q)
∂q

îïðåäåëÿåòñÿ âûðàæåíèåì (52) è

∂A(q,Q)

∂(q,Q)
=
(

∂A(q, Q)
∂q

∂A(q, Q)
∂Q

)
,

îòêóäà íåòðóäíî ïîëó÷èòü ïðîèçâîäíûå ∂A(q, Q)
∂q

è ∂A(q, Q)
∂Q

.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðåäëîæåí ìåòîä ðåøåíèÿ çàäà÷è àíèçîòðîïèéíîé H∞-îïòèìèçàöèè
íà áàçå ìåòîäà ãîìîòîïèè. Ïðèìåíåíèå ðàçðàáîòàííîãî àëãîðèòìà äëÿ ðåøåíèÿ ñïåöè-
ôè÷åñêîé ñèñòåìû ìàòðè÷íûõ óðàâíåíèé, ïîëó÷àåìîé â çàäà÷àõ àíèçîòðîïèéíîé òåîðèè,
ïîçâîëÿåò óñïåøíî íàõîäèòü êîðíè ýòîé ñèñòåìû, â òî âðåìÿ êàê ñòàíäàðòíûå ìåòîäû âû-
ïóêëîé îïòèìèçàöèè îêàçûâàþòñÿ íå ïðèãîäíû äëÿ èñïîëüçîâàíèÿ. Ïîäõîä íà áàçå ìåòîäà
ãîìîòîïèè ÿâëÿåòñÿ ïðåäïî÷òèòåëüíûì èç{çà òîãî, ÷òî îí îñíîâûâàåòñÿ íà çàðàíåå ïîäî-
áðàííîì ïåðâîì ïðèáëèæåíèè ðåøåíèÿ çàäà÷è îïòèìèçàöèè, â êà÷åñòâå êîòîðîãî âûáðàí
H2{ðåãóëÿòîð, êîòîðîå ïîòîì ïðåîáðàçóåòñÿ â òðåáóåìûé àíèçîòðîïèéíûé ðåãóëÿòîð ñ ïî-
ìîùüþ ñïåöèàëüíûì îáðàçîì îðãàíèçîâàííîãî èòåðàöèîííîãî àëãîðèòìà. Òàêæå â ðàáîòå
èçëîæåíû îñíîâíûå ïîíÿòèÿ äèôôåðåíöèðîâàíèÿ ìàòðè÷íûõ âûðàæåíèé è ïðèâåäåíû ïðè-
ìåðû, êîòîðûå ìîãóò áûòü ïîëåçíû ïðè ðåàëèçàöèè ëþáûõ ÷èñëåííûõ èëè àíàëèòè÷åñêèõ
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âû÷èñëåíèé. Â ïðèëîæåíèè ïðèâåäåíû ñâîéñòâà êðîíåêåðîâà ïðîèçâåäåíèÿ ìàòðèö è äèô-
ôåðåíöèðîâàíèÿ ìàòðèöû ïî ìàòðèöå, êîòîðûå ïîçâîëÿþò óïðîùàòü ãðîìîçäêèå ôîðìóëû
ïðîèçâîäíûõ îò ìàòðè÷íûõ âûðàæåíèé.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò ¹12-07-00267.

Ïðèëîæåíèå

Â ýòîì ðàçäåëå ïðèâåäåì ñâîéñòâà, êîòîðûå èñïîëüçîâàíû äëÿ óïðîùåíèÿ ãðîìîçäêèõ âû-
ðàæåíèé ìàòðè÷íûõ ïðîèçâîäíûõ, ïîëó÷åííûõ â ïðåäûäóùèõ ðàçäåëàõ. Âñåãäà äîñòàòî÷íî
èñïîëüçîâàòü òîëüêî ôîðìóëû (24){(25) äëÿ äèôôåðåíöèðîâàíèÿ ëþáîãî ìàòðè÷íîãî âû-
ðàæåíèÿ, îäíàêî, áîëåå êîìïàêòíàÿ çàïèñü ìàòðè÷íûõ ïðîèçâîäíûõ óïðîùàåò äàëüíåéøèå
âûêëàäêè è îòëàäêó ÷èñëåííûõ àëãîðèòìîâ ïðè ìîäåëèðîâàíèè. Âñå íèæå ïðèâåäåííûå
ñâîéñòâà ñïðàâåäëèâû äëÿ ëþáûõ ìàòðèö A, B, X è Y ñîîòâåòñòâóþùèõ ðàçìåðíîñòåé.
Ñèìâîëîì Υp,q îáîçíà÷åí ñïåöèàëüíûé îïåðàòîð (22).

(A⊗ In)(B ⊗ In) = ((AB)⊗ In);
(In ⊗ A)(In ⊗B) = (In ⊗ (AB));
(As×t ⊗ Ip)(It ⊗Bp×q) = (Is ⊗Bp×q)(As×t ⊗ Iq) = (As×t ⊗Bp×q);
Υr,p(Ap×q ⊗ Ir)Υq,r = (Ir ⊗ Ap×q);

Υ−1
2n,2nΥ2n,2n = I4n2 ;

Υp,qΥq,p = Ipq;

(A
ò ⊗ A

ò
) = (A⊗ A)

ò;

(A−1
n ⊗ In)

−1(In ⊗ An) = (An ⊗ An), (In ⊗ An)
−1(A−1

n ⊗ In) = (A−1
n ⊗ A−1

n );
(Ap×q ⊗ Ap×q)Υq,q = Υp,p(Ap×q ⊗ Ap×q), (Ap×p ⊗ Iq)Υp,q = Υp,q(Iq ⊗ Ap×p);
(Ip ⊗ Ap×q)Υp,q = Υp,p(Ap×q ⊗ Ip), (Ap×q ⊗ Ip)Υq,p = Υp,p(Ip ⊗ Ap×q);
(Ip ⊗Bn×q)Υp,q = Υp,n(Bn×q ⊗ Ip), (Ap×q ⊗ Ir)Υq,r = Υp,r(Ir ⊗ Ap×q);
∂Xp×q

∂Xp×q
= Ipq;

∂X
ò
p×q

∂Yp×q
= Υp,q

∂Xp×q

∂Yp×q
.
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The work describes a numerical method of solving the specific systems of matrix equations
emerging in the tasks of the modern theory of control. Since the standard tasks of the control theory
demand making a number of assumptions about input effect, at the slightest non-compliance the
synthesized laws of control become either extremely inefficient or too much power consumable.
As opposed to these assumptions, while setting the problem of anisotropic theory of control, it
is necessary to know only the average anisotropy level of the input sequence. Consequently,
anisotropic regulators are always found to be no worse than standard ones. In synthesis of
anisotropic regulator a rather complex algorithm of its construction is the only difficulty. When
considering a problem of ensuring robust quality of the control object in case of the structured
uncertainty there is a need to solve a system of four connected Riccati equations, equation of a
special form, and Lyapunov equation. To solve it by standard methods of convex optimization
is impossible. The work shows how the standard mean square Gaussian regulator allows us to
obtain as anisotropic regulator to meet requirements of robust quality when there is an imperfect
knowledge of mathematical model of object of control, a lack of exact stochastic characteristics
of the input control, parametrical uncertainty, etc. The article offers an algorithm based on the
homotopy method with the Newtonian iterations to solve a problem of anisotropic optimization. It
presents a computing procedure to reach the objective. Using a task of searching the anisotropic
regulator to minimize the maximum value of anisotropic norm of transfer function of the control
object, the article describes required matrix derivatives of stabilizing solutions of Riccati equations,
equation of a special form, and Lyapunov equation. Properties of Kronecker product and matrix
differentiation with respect to matrix are given.
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