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AHau3 CIICHApPpHUEB Pa3BUTUSA KJIETOYHOH HOHyJIHHHOHHOﬁ CUCTEMBI

Bpmorpasza M. C. L,* *msvinogradova@rambler.ru

IMI'TY um. H.D. baymana, Mocksa, Poccus

PaccmarpuBaeTcs u30nMpoBaHHAs MOMYNSALUOHHAS CHCTEMA, COCTOAMIAs M3 IBYX BHUAOB CTBOJOBBIX
KJIETOK YeJI0OBEeKa: HOPMAJIbHBIX KJIETOK M KJIETOK C XpPOMOCOMHBIMH aHOMAIMSIMU (aHOMAaJIbHBIX), pas-
BUBAOLINXCS B JIAOOpAaTOpHBIX ycioBHsAX (in vitro). IlpoBoanTcs aHanmm3 u KiaccHUKALUS TOYEK
IoKos MaTeMaTuyeckoil Mopenu. C HCIONBb30BaHUEM YHCICHHOTO MOJCIUPOBAHUS PacCMaTpUBAIOTCS
BO3MOJKHBIE CLEHAPUU Pa3BUTHs MOIYJSLUOHHON CHCTEMBI, PEAIU3YIOUIUECS [IPU Pa3IUYHbIX 3Haue-
HUSIX IIapaMeTPOB MAaTeMAaTU4eCKOM Mojenud. Mojenb pa3BUTUS KJIETOYHOM MOMYJIILIUOHHON CUCTEMBI
YUUTBIBAET OIPAaHUYEHHOCTh PECYPCOB M MPEJICTABIEHA B BUJIE CUCTEMBI U3 JIBYX HEJIMHEWHBIX Audde-
pPEHLUHANIBHBIX YPaBHEHUH C HEIIPEPhIBHOM MpaBoi yacThio. [Ipu uncieHHOM MOAEIUPOBAHUH BbISIBJICHBI
Ha0OPBI MapaMEeTPOB MATEMATHUECKON MOZIENH, TIPH KOTOPBIX PEATU3yeTCsl JOCTATOYHO OarONpHsITHBIH
cUeHapHid. B 5ToM crieHapuu TpaeKTOpHs NOMYIIAIUOHHON CHCTEMBI, HAYMHAIOIIAACS B TOUKE, COOTBET-
CTBYIOIIEH CTaHAAPTHBIM Ha4aJIbHBIM yCIOBUSM KyJIBTHBUPOBAHHMS, IPUXOAUT B yCTOWYMBBIH y3€ll, U B
Hel Ipeo0nafaoT HOpMaIbHbIE KIIETKH.

KaroueBble cjioBa: MaremMaTHdecKas MO/JICJIb, CTBOJIOBBIC KJICTKH; TOUKA IMOKOSA; MONYJIAINOHHAsA JUHA-

MUKa; CLIEHApUI Pa3BUTHL

BBenenne

Maremarnueckoe MOACIMPOBAHUE SABIISIETCA OJJHUM W3 BAXKHBIX HHCTPYMEHTOB, IMO3BOJISIFOLLIAX
aHAJIM3UPOBATH MIPOLIECCHI, IPOUCXOIAIINE B KJICTOYHBIX MOMYJSLUOHHBIX CUCTEMAX, B TOM YHCIIE
B MOMYJISILMSIX, pa3BUBAIOILEHCS B 1abopaTopHbIX ycioBusx [1, 2, 3]. OcHOBHOH uHTEpec npea-
CTaBJISIFOT BO3MOXKHOCTH MOJIEJIMPOBAHUS U MPOTHO3UPOBAHUSI OCHOBHBIX CLEHAPUEB Pa3BUTHUS
KJIETOYHBIX MOMYJISALMI C UCIIOJIB30BAHUEM METOJIOB MATEMATHYECKOTO MOJIETUPOBAHUS.

[Ipu nnuTenbHOM KyJIBTUBHPOBAHUHU CTBOJIOBBIX KIIETOK B JJAOOPATOPHBIX YCJIOBHUSIX YBEIH-
YUBAETCSl KOJMYECTBO KJIETOK C XPOMOCOMHBIMU aHOMaNUsMHU [4, 5], U TpaHCIUTAHTAIUsI TAKOTO
KJIETOYHOTO MaTepuaia He 6e3omacHa.

B pabote [6] mpennoxkeHa yTOYHEHHAs! IO CpaBHEHUIO C [7] HENMMHEWHas MOIEIh Pa3BUTH
KJIETOYHOM MOIYJIALIMOHHOM CHCTEMBI, COCTOSILEH U3 MOMYJSALMNA HOPMAJbHBIX U aHOMAJbHBIX
KJIETOK, YYUTBHIBAIOIIASI OTPAHUYEHHOCTh pecypcoB. Ilog aHOMalbHBIMH KJIE€TKAMU B JAHHOM

cllydae OHUMAIOTCS KJICTKH, MMEIOIe HEeIPaBUIIbHbIN Habop XpoMocoM. B ykazannoii pabote
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TaKKe MPOBEACH AHAJIW3 IIOBEACHUS TPACKTOPUM IOJYyYECHHON HEIMHEHMHOW MOAEIH, KOTOPBII
MOKa3aJ, 4YTO Y CUCTEMBI CYIIECTBYET HHBAPUAHTHBIN KOMIIAKT, JIEXKAIIUN B IEPBOM KBaJpPaHTE.

Llenbto HacTosiel pabOTHI ABISETCS aHAIW3 BO3MOXKHBIX CIICHAPUEB MOIMYJISIIMOHHON CH-
CTEMBI, PEAM3YIOLUXCS IPU Pa3INYHbIX 3HAYEHUSAX NTapaMeTpoB cucTeMbl. OCOOEHHOCTD UCCIIe-
JIOBaHUS 3aKJIIOYAETCSl B TOM, YTO cienyst paboram [6, 8] mpu aHaimu3e MareMaTH4eCKOU MOJEITH
UCIIOJIB3YIOTCSI TAKUE XaPAKTEPUCTHKU PA3BUTHS KIETOYHBIX MOMYJSIUM, KaK CPelHss MPOAOI-
JKUTENBHOCTH KJIETOYHOTO LUK ', O KIETOK, «IOTHOAI0NIUX» U Pa3IeIUBIINXCS 32 BpeMs,
paBHOE CpelHEH AIUTENBHOCTH KJIETOYHOIO IIUKJIA, a TAKXKE J10J11 HOPMaJIbHbBIX KJIETOK, CTaBIINX
aHOMAaJIbHBIMU B IIPOLIECCE JICJICHUSI.

3HaHUe BO3MOXHBIX CIIEHApUEB MO3BOJIUT B JAJbHEHIIEM MEPEUTH K MPOTHO3UPOBAHUIO TI0-
BEJICHUS IOMYJIALIMOHHON CHUCTEMBI Ha OCHOBE 3KCIIEPUMEHTAIBHBIX JAaHHBIX O UYUCIEHHOCTSX

COCTaBIAOIINX €€ HOHyanIII/Iﬁ HOPMAJIBHBIX 1 aHOMAJIbHBIX KJICTOK.

1. Toukn NMOKOsA HeIMHEHHOH IOMYJISALUOHHON CHCTEMBI

Paccmotpum mozens, npeioxkennyto B [6]. Bece mapameTpbl Mojienn, OTHOCSIIMECS K MOy~
JSIUUY HOPMAJIBHBIX KJIETOK UMEIOT uHAekc (), a anomanpHbelx — 1. IlepemenHble x U y 3a7a10T
HOPMHUPOBaHHbBIE YACICHHOCTH MOMYJISIIMA HOPMaJIbHBIX U aHOMAJIbHBIX KJIETOK.

MaremaTudeckas MOJCJIb Pa3BUTHUA KJICTOIHOM HOHYHHHHOHHOﬁ CHUCTEMBI UMECT BU

szf = (1= A1+ MO, y) = 2M°(x,y)7°) = 1), (1)

W (A M (29) — A )y + 2D ) (L~ AP

3nech AJ — 10N KIETOK B j-H TOMYJISALAH, «ITOTMOAIOIINX» HAa BDEMEHHOM HHTEPBAJIE JUTHTEb-
noctu 17,0 < A7 < 1; M (x, y) — 10ns KJIETOK B j-i MOMyJISIMH, Pa3AeIUBIINXCS HA BPEMEHHOM
MHTEpBaNE JIUTENBHOCTH 17, 3a1aeTca B BUE JIMHEHHON 3aBUCHMOCTH OT IIEPEMEHHBIX T H ¥;
’}/0 — J0JI1 HOPMAJIBHBIX KJICTOK, KIICPCXOAAIINX» HAa BPCMCHHOM MHTCPBAJIC JJIUTCIBbHOCTU TO B
npolecce JeJIeHns B HOMYIISANII0 aHOMAIbHBIX K1IeTok, 0 < 70 < 1.

3aBHCUMOCTH Jonen KIICTOK, pasACIUMBHIUXCA 3a CPpEAHCC BpPpEMs KIICTOYHOI'O HHKJIIA UMCIOT

BUI:
0, filz,y) <0;
M(zy)=q 1 filey) 21 2)
fi(x,y), wunaue,
e
fo(x,y) = a0 — Boor — Bory,  fi(w,y) = a1 — B — Buy. (3)

Bce koadpdummentsr B (3) Heorpumarenbupie. llpumem oy < 1 a3 < 1. 3aBucumoctu (2)
COIIACYIOTCA C €CTeCTBeHHBIMU orpannuenusamu 0 < M0 < 1,0 < M* < 1.
dopmansHO HeNWHEHHas cucTeMa OOBIKHOBEHHBIX AU depeHIanbHbIX YpaBHEHUH TIEPBOTO

nopsinka (1) onpeneneHa Ha Bcel m10ckocTH £y, OMHAKO OTPUIIATENIbHBIC 3HAUYCHUS IEPEMEHHBIX
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2 ¥ Y HEe UMEIOT OMOJIOTHYECKOTO CMBICIIA, TIOCKOJIBKY TH MEPEMEHHBIE 3a/1al0T HOPMUPOBAHHBIE
YHUCICHHOCTH TOMYJISALUI HOpMaIbHBIX U aHOMAaJbHBIX KJIE€TOK. B pabore [6] ompeneneH nHBa-
PHAHTHBIN KOMIAKT CHCTEMbl — Takoe MHOXecTBO (5, Jiexallee B MepBOM KBaJIpaHTEe, YTO BCE
TPACKTOPHUH CUCTEMbI, HAYMHAIOIINECS B HEM, HE TTOKH/IAIOT €r0 B TaJIbHEeHIIIEM.

Ipsimbie fi(z,y) = 0u fo(z,y) = 0 pasduBator MHOXKecTBe (G HA YETHIPE TOIMHOXKECTBA,
Ha KaXIOM U3 KOTOphIX cuctema (1) mmeeT cBoil coOcTBeHHBIN BUA [6]. OAuH U3 BapuaHTOB

B3aMMHOT'O PACIIOJIOKCHUA 3THUX ITOAMHOKCCTB ITPUBCACH HA pHUC. 1.

Yy
Yu,
G\
)
Gy

Puc. 1. Bapuanr pazouenus MmuoxectBa GG

HanOonee nHTEpeCHBIM ¢ OMOIOTMYECKOM TOUKU 3peHHs sBIIseTCS MHOXKecTBO (71, IJie mapa-
metpel M? u M Gonbie Hyss, T.e. 00€ TOMYJIALMK aKTMBHO pa3sMHOXaroTcs. Ha MHOXECTBE
(G BBIMHUPAIOT 00€ MOIYJISIIUK, JOTH HOPMAJIBHBIX M aHOMAJIbHBIX KJIETOK, Pa3/eIHMBIIMXCS Ha
COOTBETCTBYIONIMX BPEMEHHBIX MHTepBanax 17, pasubl 0. Ha mMHoxkecTBe ('3 MOMy/suus aHo-
MaJIBHBIX KJIETOK aKTUBHO Pa3MHOXAETCs, a HOPMAJIbHbBIE KIETKU TEPECTAIOT JIEIUTHCS, TO €CTh
M°%z,y) = 0. Ha muoxectse (G4 MONMyISUUs HOPMAJIBHBIX KJIETOK aKTHBHO Pa3MHOXKAETCH,
aHOMaJIbHBIE KJIETKH JIEJUThCA TIepecTarot, T.e. M (x,y) = 0.

[TpoBenem aHaM3 BO3MOXKHOTO KOJIMYECTBA TOYEK MOKOSI CHCTEMBI, JIKAIINX B MHOXKECTBAX
Gi, i = 1,...,4. Hamomuum, uto B [7] TouKy mokosi O (xy, y) Ha3bIBAIOT BBIPOXKIACHHOM, €CIH
XOTs1 ObI OJJHA M3 KOOPIHMHAT ') WU Y, SBISIETCS HYNIEBOH, a TOUKY 1MOKOst Oy (T, Yi) HA3BIBAIOT
BHYTpEHHEH, eci 00e ee KOOPAWHATHI SBJISIIOTCS TOJIOKUTETBbHBIMHI YHCIaMH.

[Tony4eHHbIC HIDKE PE3YIIbTAThI, KACAFOIIUECS TOYEK ITOKOSI, YACTUIHO 0000MIIAIOT 1 TOTIOTHSFOT

pe3ynbTaThl, IPUBEACHHBIE B [7].

Touxku mokost B MHokecTBe G1. Ha MHOXecTBe (51 cuctema (1), umeeer BU

d

a% = ho1Z + hear® + hozzy,

0 4)
E = huyx + hpy + hlgIQ + hiazy + h15y27
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rac

hor = (1= A%)(1 = 29")ag — A%, hoy = —foo(1 — A°)(1 — 277), (5)
hos = =B (1 — A%) (1 —29°),  hir = 200(1 — A%)7", (6)
hiz = p((1 — Al)al - A1)> hiz = —2000(1 — A0)70> (7)
his = —(uBio(1 — AY) + 2801 (1 — A°)Y%),  his = —pPu (1 — A'). (8)

HeotpunarenbHble penieHusi CUCTEMBI alredpandyeckiux ypaBHEHUN

horz + hoaa?® + hogzy = 0, ©)
hi1@ + haoy 4 hise® + huzy + hisy® = 0.
OMPEICISIOT TOUKH MOKOS MOMY/ISALHOHHOM CHCTEMBI HAa MHOXeCTBe (7.

MOXHO MOKa3aTh, 4TO KIETOYHAS MOIMYJISALMOHHAS CHCTEMa, ONPEICIeMON COOTHOIICHHU-
sMu (9), He MOXET MMeTh 0oJiee ABYX BBIPOXKICHHBIX TOYCK MOKOs B MHOecTBe (p. Iloi-
HOMY BBIMHPAHHIO HOMYISIIIMOHHON CHCTEMbI COOTBETCTBYeT TouKa mokost 01 (0, 0), a Touka moKost
O2(0, —h12/h15) COOTBETCTBYET €€ BBIPOXKACHHUIO B MOMYJISALIMIO aHOMAIBHBIX KJIETOK MPEIETBHO
BO3MOKHOW YUCJICHHOCTH.

JLyist CyecTBOBaHMUSI BBIPOXKIACHHOM TOUKH MOKOst O TOIDKHO BBITIONHSTHCS YCIOBUE TTOIOKH-
TEJBHOCTHU €€ BTOPOi KoopauHatsl —(hia/hys) > 0, KOTOpOE UMEET BUJL

Al
1—AY

o >

(10)

[Mockombky o; € (0,1) u A' € (0,1), T0 HepasercTBo (10) BBIIONHSETCS JIUIIb IPH YCIOBHH
Al € (0,1/2).

MoskHO BUACTD, YTO IPHU BBINIOJIHCHHUH YCIIOBUA

hor  hoo

oL 0= 11
hin has (10

MMeeTCsl TPEeThsl BBIPOXKJIeHHAs Touka 1Mokost Os(—ho1/ho2, 0). Omnako paBenctso (11) nmeer
mecto Tonmbko npu A = (. Tlocnennee 03Ha4aeT, YTO HOPMAILHBIE KJIETKH HE YMHUPAIOT M C
COZIEPKATEIbHOM TOYKHU 3PEHUS PACCMOTPEHHAS CUTYallls HEPEeaIu3yeMa.

Jlnst onpesneneHns BHyTpEeHHUX Touek mokost nosaraeM 0 € (0,1/2) U (1/2,1), mockonbKy
pu 7° = 1/2 cucrema (9) onpenenster KOOPAMHATHI JIUIIb BEIPOXKIECHHBIX TOYEK MOKOS.

[TockonbKy 111 BHYTPEHHHX TOYKEK MOKosl x # (), mepBoe ypaBHEHHE cHCTeMEI (9) mpumer
BUJI

hot + hoax + hogy = 0. (12)

[pu Bo; # 0 +° # 1/2 ypasuenue (12) MOKHO peoOpa3oBaTh K CTAHIAPTHOMY BUIY

y=—kx+0b, (13)
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rue
hoo  Boo ho 1 < A° >

= — = -, b = —— = — | p — . 14
hos3 Bo hos Bo ‘ (1- AO)(l - 2’70) (19)

IToncrasus (13) Bo Bropoe ypaBHeHHE cUCTEMBI (9), MoTydnM

k

Az* 4+ Bx 4+ C =0, (15)
raec
A = his — hiak + hisk®, B = hiy — hisk + hiab — 2hisbk, C = hisb+ hisb®.  (16)

YautsiBas Gopmyisl (5)—(5), koapdummentsr A u C' MOXKHO 3anucarh B BUIC

1— AYKA
A= PEZADRRS AN (Bub? — dib),
Bor
e Ag = det(f;5), a
Al
hEem T .

MOXHO BHJETH, UTO U3ydyaeMmas MOMYJIALMOHHAsI CUCTEMA HE MOXKET UMETh OoJiee IByX BHY-
TPEHHUX TOYEK IIOKOf, IepBasi KOOpAMHATA KaXJIOM U3 HUX — IIOJIOKUTEIIBHBIM KOPEHb KBa-
npatHoro ypaBHeHwus (15), BTopas oqHO3Ha4uHO ompenensercs u3 cootnomenus (13). Hamuume
YCTOMYMBOM BHYTPEHHEHN TOUKH IOKOSl 03HAUYAET, YTO HAPSAAY C HOPMAJIbHBIMH KJIETKAaMHU B MOITY-
JSILIMOHHOM CUCTEMe UMEIOTCSl U aHOMAaJIbHbIE KJIETKH, KOTOpbIe 00pa3yloTcs B MPOLECCe JSIICHUs
HOpPMaJIbHBIX KJIeTOK. OHHM pa3MHOXKAIOTCSI U MOTH0Al0T, HO HE MOTYT IOJIHOCTBIO ITO/IaBUTh MOITY-
TSI HOPMAJIBHBIX KJIETOK.

[IpencraBnsercs 3aTpyIHUTENIBHBIM YKa3aTh HEOOXOAUMbIE WIIM JOCTATOYHbIE YCIIOBHS CYyIlle-
CTBOBAHUS XOTsl Obl OZHOT'O IOJIOKUTEIBHOIO KOPHS YKa3aHHOTO YpaBHEHHUS U COOTBETCTBEHHO,
YCJIOBUS CYILIECTBOBAHUS XOTS ObI OJJHOTO MOJIOKUTEIBLHOIO PELICHUs CUCTEMBI (9) B 3aBUCUMOCTH
OT MapaMeTPOB MOJIETH, BBULy TPOMO3IKOCTH BbIpaxkeHH (16), XOTS MPU KOHKPETHBIX 3HAYCHUSIX
[IapaMeTPOB COOTBETCTBYIOIIMMA YUCIOBOM PACUET HE MPEACTABIAET HUKAKUX TPYIHOCTEH.

MOXHO OTMETUTh, UTO OJTHUM U3 HEOOXOJUMBIX YCIOBUN CYIIECTBOBAHMS BHYTPEHHEH TOUKU
MIOKOSI M3y4aeMOH TMOMYJSILIMOHHON CUCTEMBI SIBIISICTCS BBIIIOJHEHUE HepaBeHcTBa b > (), rae ma-
pametp b onpenenen B (14), HOCKOIbKY B IPOTUBHOM ClIy4ae KOOpAMHATA Y TOUEK IOKOs, Onpesie-
nsieMbIx cootHomeHussMU (13) u (15), He OyIeT MoNOKUTENBHOM.

HccnenoBanne ycTOWYNBOCTH BEIPOK/ICHHBIX TOUEK ITOKOSI B MHOXKECTBE ('] MOYKHO BBITIOJTHUTH
Ha OCHOBE aHaJIM3a CBOWCTB CUCTEM IEPBOTO MPUOIMKEHUS (CM. [7]), 3aITMCaHHBIX B COOTBETCTBY-
rolmx Toukax. COBMECTHBIN aHAIN3 yCIOBUH, ONPEIEISIOIINUX YCTOMUYMBOCTD (HEYCTOMYUBOCTD)
BBIPOJKAECHHBIX To4uek Mokost O 1 Og, a TaKXkKe MX XapakTep ObLI MPOBECH JUIS CITydaeB, KOrjaa HU
OJTHO M3 COOCTBEHHBIX YHMCEJI COOTBETCTBYIOIIMX MaTpull SIKoOU CUCTEM MEPBOro MPUOIMKEHUS

He oOparaercs B HyJlb.
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[Tony4yeHHble pe3ynbTaThl CBEJCHBI B Ta0MUILy (Tabm. 1), B KOTOPOH XapakTep BBIPOKICHHBIX
TOYEK ITOKOsI JJaH B 3aBUCUMOCTH OT 3HAUEHUI mapameTposB dy U dy, r1e
A0

(= A0 —27) (49

dOIOéO—

a d, onpexenen hopmynoi (17).

Tabnuma 1
Xapakrep BbIPOKACHHBIX TOYEK IMOKOA
Hazanue Touxa mokost 7 € (0,1/2) 70 e (1/2,1)
01 do <0, di <0 do >0, di <0
YcToitunBeii y3en
02 d0<&d1, d1 >0 d0>@d1, d1>0
P11 b1
. . O1 do >0, di >0 —
YCTONUMBBIN y3€eI
O3 - -
do>0und; <0
01 WIN do>0und; >0
Ceﬂno d0<OI/Id1>O
02 do>@d1, di >0 d0<@d1, di >0
P11 P11

Touxku nmokosi B MHOkKecTBAX G2, G'3, G 4. 3aMeTHM, YTO BBIPOXKACHHBIE TOUKU TTOKOS (€CITH
OHM CYIIIECTBYIOT) B MHOXKeCTBaX (55, G'3 1 (G4 TOJDKHBI UMETh OHY MOJIOXKHUTEIBHYIO KOOPIHHATY.
[TockonbKy MHOXeCTBO (37 mpefmonaraercs HemycTbiM, To Touka O (0,0) He NPHHAICKUT HU
OJTHOMY W3 YKa3aHHBIX MHOYKECTB.

Ha mHoxectBe (G5 cuctema (1) umeer Buj

Zf = —A,

; (19)
&Y _ —uAly.

dt

AHanu3 mpaBbIX dacTeil cucteMsl (19) moka3eiBaet, yTo B MHOXKECTBE (Go HE MOXKET OBITh KaK
BHYTPEHHUX, TaK U BBIPOXKIECHHBIX TOYEK MOKOSI.

Ha muOXecTBe (G5 cucTeMa ypaBHEHU, 3a/1aro1asi MOJI0KESHUSI pABHOBECHS, IMEET BH]T
horz =0,  higy + huzy + hisy® = 0, (20)
rae Kod(hPHUITMEHTHI CHCTEMBI
hoy = — A, ho2 = 0, hos =0,
hig = pu((1 = Aoy — AY), hiy = —pBio(1 = AY),  his = —pfBu (1 — AY).

TpusuansHoe pemenue x = 0, y = 0 B cUJTy YKa3aHHBIX BbIIIE COOOpaKeHUN HE TPUHAICKUT

MHOXecTBY (3. BTopoe pemenue cucrems (20) nMeeT BUJ
h12 . (05} A1
his  Bu Pu(l— A
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Vka3aHHas TOUKa MOXKET NPUHAIEKATE MHOKECTBY (3 TOJIBKO B CIydae, €CJIM OJHA U3 MPAHUII
MHOY€ECTBa JIEKHUT Ha ocl Oy, U BBINOIHAETCS HEPABEHCTBO

(05] Al > (67))

Bii Bu(l—AY = Bu
Hanpumep, Ha puc. 1 n3o0pakeH BapuaHT pacIookeHHs MHOkecTBa (G3, IPU KOTOPOM Ha OCH

OY nexuT 0Tpe3ok [?JM(), yMl)], e Yn, = 040/501, Yrv, = C¥1/ﬁ11-

Ha mHOXecTBe G4 CHUCTEMaA ypaBHCHI/Iﬁ, 3aJiaronasd MmoJIOKCHUA PaBHOBCCHA, HMCCT BU/JL

h(n.T + h02$2 + hogl'y = O,

21)
hi1x + hioy + hisa® + hygay = 0,
rae Kod()PHUIMEHTHI CHCTEMBI
hor = (1 — A% (1 — 29%)ap — A%, hoy = —Boo(1 — A% (1 — 27), (22)
hos = —Bo1(1 — AY)(1 —27°),  hyi1 = 2a0(1 — A%)H°, (23)
hig = —pA',  his = —2800(1 — ADY°,  hiy = =260 (1 — A", (24)

BBIpoX/I€eHHBIX TOYEK IMOKOsI, pacrloyiokeHHbIX Ha ocu Oy, B MHOXecTBe (74 HET, MOCKOJBbKY
npu © = () BTOpoe ypaBHEHHE CHCTEMbI UMEET TOJbKO OnHO perreHue y = 0, a Touka (0,0) He
IPUHAATIEKUT MHOXKECTBY 4. BBIpOXK/IeHHBIE TOUKH [TOKOSI, pPacHoNoKeHHbIe Ha ocu Oz, TO eCTh
npu y = 0, MOTYT CyIIECTBOBaTh IIPU BBIIIOJIHEHUU PABEHCTBA

hor _

hoy  his’

C yuetom dopmyi (22)—(23) mony4eHHOE COOTHOIIIEHUE MOXKHO TIpeoOpa3oBaTh K BUILY

% A _ 9
Boo  Boo(l — A%)(1—299)  Byo’

HaiifileHHOE pellleHre He Pealu3yeTcs MPH BHIOPaHHbIX TPaHMIaX n3MeHeHus napamerpa A°, Tak

KaK TOCIIeHEE PABEHCTBO MMeeT MecTo Tobko mpu A° = 0, 4To 03HayaeT «6eCCMEPTHOCTHY
HOPMAaJIbHBIX KJIETOK.
ITpu = # 0 cucrema ypaBHeHui (21) npumer BuJ
hor + ho2x + hozy = 0,
(25)
hi1x + higy + hizz® + hygzy = 0.
OTtnudne OT paHee paCCMOTPEHHOTO ClTydasi HaXOXKICHHUS BHYTPEHHUX TOUEK MOKOS B MHOKECTBE
(G COCTOHT B TOM, YTO Ha MHOXeCTBE (54 KOA((MUIIMESHTH CUCTEMBI OTIIMYAFOTCS OT aHAJIOTUYHBIX
K03 UIMEHTOB, onpeAesomux cucremy (1) Ha MHOXecTBe (7.
31ech MOTYT CYIIECTBOBATh JIBa MOJIOKUTENbHBIX PELICHHUS MOJIYYEHHOTO YpaBHEHUS H, CO-
OTBETCTBEHHO, J[Ba PEIICHUS CUCTEMBI (25), 3aato1ine HEBBIPOXKICHHBIE TOUKH MOKOst. OmgHaKo
oTpe/iesIeHIe UX TIPUHAUIEKHOCTH MHOKECTBY (74, TO-BUMMOMY, BO3MOKHO JIMIITb YACIEHHO MTPH

KOHKPCTHBIX 3HAUCHUAX MMApaMCTPOB CUCTCMBI.
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2. Anaau3 CHCHAPpUEB Pa3sBUTUH KJICTOYHBIX HOl'[yJIﬂIII/Iﬁ

OTmeTHM, YTO MOYYUTh aHATUTUYECKHE YCIIOBUS 3HAKOOIIPEIETICHHOCTH COOCTBEHHBIX YHCET
JUIS. COOTBETCTBYIOLIMX CUCTEM MEPBOro MPHOIMKEHUS, 3alIMCAHHBIX OKPECTHOCTAX BHYTPEHHUX
TOYEK MOKOsA (€CJIU MOCIEIHUE CYIIECTBYIOT), HE MIPEICTABIAETCS BO3MOXKHBIM B CUILy TPOMO3/-
KOCTH BBIPQKEHUH, ONPEICIAIOMUX KOOPAMHATBI 3TUX TOYEK, M BO3MOXKHBI JIMIIb YUCIICHHBIC
HCCJIEI0BAaHNUs ITPU KOHKPETHBIX 3a1aHHBIX 3HAYCHUAX NTapaMETPOB CHCTEMBI.

Bo3MokHBIE ClIECHApUU Pa3BUTUSA MOIMYJISIIMOHHOW CUCTEMBI TPOUJUIIOCTPUPYEM HECKOIBKUMU
IIpUMepaMHu.

IIpumep 1. PaccmoTpuM GraronpusiTHEINA CLieHAPUH PA3BUTHUS MOMYJSLMOHHON CUCTEMBI, ITPH
KOTOpPOM Ha MHO)KeCTBE (1 UMEIOTCS YeThIpe TOUKM MOKOs. JIaHHBIN CIIeHApHUil peaau3yeTcs Mpu
CcleIyIoNUX 3HaYeHusx mapamerpos mogean: A = 0.40, A' = 0.30, 4° = 0.01, oy = 0.95,
a1 = 095, ﬂoo = 005, 501 = 010, 510 = 015, 511 = 010, H = 1.

Ha puc. 2 npuBeznieH Bua BekTopHOro noss cuctems! (1). Ilpu yka3aHHBIX 3HaYEHUSAX Napame-

TPOB B CUCTEMC UMCIOTCA UCTBIPC TOUYKHU ITOKOA.

Puc. 2. braronpusTHBIN BapHaHT pa3BUTHA

3nech mapamerp 7° € (0,1/2), koabduimentsr b = 2.697 u d; = 0.521. Umeem dy = bBy; >
> 0,d; > 0udy < (Bo1/P11)d1, 1 ClienoBaTenbHO, B COOTBETCTBHHU C TaOnuieil 1 BRIpOKICHHAS
touka rmokost O1 (0, 0) — HeyCTOHUIMBBIi y3ei1, a BRIpoXkaeHHast Touka mokost 0o (0, 5.21) — ycroii-
YUBBIN y3€ll.

BryTpeHHsst Touka mokost ¢ koopaunaramu (4.917,0.239) siBnsietcss ycToiunBeIM y370M. B

3TOM TOUKE COOCTBEHHBIE YHCIIa UMEIOT clieAytomue 3HadeHus: \; ~ —0.088, Ay =~ —0.247. Bro-
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past BHy TPEHHSIS TOUKA ITOKOs ¢ KoopanuHaTami (2.762, 1.316) — cemno. B 3T0ii ToUKe COOCTBEHHBIC
YHUCIIa UMEIOT clieayromue 3HaueHus: A\; =~ 0.050, Ay ~ —0.244.

Ha puc. 2 n300pakeHbl cernaparpuchl U IPHUBEeHa TPACKTOPHs, BbIxoasmas u3 To4ku (1,0).
C TedyeHHeM BpeMEHH CHCTeMa MPUXOJHUT B TOYKY MOKOsi ¢ koopauHaramu (4.917,0.239), urto
COOTBETCTBYET YCTOWYMBOMY COCTOSIHUIO CUCTEMBI C MpeolIaJjaHueM B MOMYJISUN HOPMaJIbHBIX
KJIETOK.

IIpumep 2. PaccMOTpuM AMHAMUKY pa3BUTHS MOMYISILMOHHOW CHCTEMBI IPU CIEAYIOLIMX
3HaueHusax napamerpo mogemn: A° = 0.200, A = 0.275, v° = 0.150, ag = 0.900, o, = 0.900,
Boo = 0.050, By = 0.250, B19 = 0.250, B1; = 0.150, p = 1.

Ha puc. 3 npuseznen ¢asosblii moprpet cuctemsl (1). Ilpu yka3aHHBIX 3HaYEHHUSAX TapaMETPOB

B cucteMe (1) MMEroTCs YeThIpe TOUKU MOKOs, OTMEUEHHBIE Ha PUCYHKE.

4_,

Puc. 3. braronpusTHBIN BapHaHT Pa3BUTHA

Touka ¢ koopauraramu (0, 0) SIBISETCS HEYCTOWYMBBIM Y37I0M, & BTOpast BRIPOYKIACHHAS TOYKA
MIOKOSI — YCTOWYMBBIM Y3JI0M. VIMeIoTCs 1B€ BHYTPEHHHUE TOUKH TIOKOSI — CEIJI0, PACIIONIOKEHHOE
B MHO)KecTBe (51, U YCTOWUMBBIN y3ell, pacrnoyiokeHHbI B MHOXkecTBe (4. Ha pucyHke mpose-
neHsl cenaparpucbl. OHM OrpaHHYMBAIOT O00JIACTh, U3 TOYEK KOTOPOM TPAEKTOPUU CTPEMSATCS K
YCTOMYMBOMY Y3I1y, PaclojioXKEHHOMY B MHOXecTBe (74, M MPHUBEICHA TPACKTOPHUS, BBIXOAAIIAS
u3 Touku (1,0). JlaHHBIM BapHaHT Pa3BUTHS KJIETOYHON MOIMYISAIIMOHHON CHCTEMBI TAKKe SIBIISI-
eTCsl ONaronpUsATHBIM JJISl Pa3BUTHS HOIMYJISIMY HOPMAJIBHBIX KJIETOK NPU Hayaje TPACKTOPUU B
okpectHOCTH ToUKH (1,0).

OtmeTumM, uTO NpU HEOOIBIIOM yBenuueHnuu napamerpa o (0T 0.90 1o 0.95) MOKHO NOTYUHUTh

BapUaHT PACHOJIOKEHHSI TOUEK ITOKOsI, TPU KOTOPOM Touka rmokost O, mepemeniaercs B 00nacts Gs.
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IIpu 3TOM Ka4eCTBEHHOE PACIIONIOKEHUE OCTAJIBHBIX TOYEK IIOKOS COBIALACT C MPUBEICHHBIM B
npumMepe 2. BapuaHT sBisieTcs 61aronpusTHBIM, TOCKOJIBbKY TPACKTOPUS CUCTEMbI, HAUMHAIOIIAsCS
u3 Toukd (1,0), IPUXOMUT B yCTOWYMBBINA y3€J, YTO COOTBETCTBYET YCTOHYMBOMY COCTOSIHHIO
CHCTEMBI C NpeodIajaHieM B MOMYJISUN HOPMAJIbHBIX KIETOK.

IIpumep 3. PaccmoTpum HeONIaronpusATHBIN CLIEHAPUU PAa3BUTHS MOMYISIUOHHON CUCTEMBI,
IIpY KOTOPOM Ha MHO)KeCTBE (1 MMEIOTCS TOIBKO BBIPOKICHHBIE TOUKHU MTOKOsI. JIaHHBIN ClIeHApHiA
peanusyercs npH cieAyIoIuX 3HaueHusIx napamerpos moaenu: A = 0.45, A = 0.4, 4° = 0.10,
ap = 0.70, ay = 0.90, Boo = 0.05, Bo1 = 0.10, By = 0.15, B11 = 0.10, p = 1.

Ha puc. 4 npusenen dazoBsbiii moptpet cuctemsl (1). Ha pucyHke oTMedeHbI 1Be BEIPOKICHHBIE

TOYKHU ITIOKOSI.

Puc. 4. HeGnaronpusTHbIA clieHapuii — BBIMUPAaHUE MOMY/ISILIMN HOPMAJIBHBIX KJIETOK

B nannom npumepe napamerp 7 € (0, 1/2), koopduumentsl b = —3.23 u d; = 0.23, BbImON-
Hs1toTCs yenoBust dg = by, < 0,d; > 0, 1 cenoBareabHO, B COOTBETCTBHH € Ta0J. | BRIpOXKICHHAS
touka mokost O1 (0, 0) sIBISIETCS CeIOM, a BBIPOXKICHHAs TouKa oKost Oy (0, 2.33) — yCTOWYHBBIM
Y3JI0M.

BHYyTpeHHUX TOYEK IOKOS HE CYLIECTBYET.

Ha puc. 4 Takxe npuBeneHa Tpaektopus, Bbixozsias u3 Toukd (1,0). C TeueHunem Bpe-
MEHH CHCTeMa IPUXOAUT B TOUKY MOKost Oy (0, 2.33), 9TO COOTBETCTBYET BBIMUPAHHUIO TOMYIISIIUH
HOPMAaJIbHBIX KJIETOK U ()OPMHUPOBAHHUIO YCTOHUMBOTO KIIOHA @aHOMAJIBHBIX KJICTOK.

IIpumep 4. PaccmoTpum cirydaii, korna Ha MHOKeCTBE (G 1 IMEIOTCSI O/THA BBIPOKICHHASI TOYKA

IIOKOSI ¥ OJ{THA BHYTPEHHAS TOUKA NTOKOsA. J[aHHBIN CLICHApUI pa3BUTHUS KJIIETOUHOH MONYISAIUOHHON
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CHCTEMBI PeaIu3yeTcs IpH CIEAYIOIHUX 3HadeHusaX napamerpos mogem: A = (0.3, A = 0.6,
0= 010, Qo = 090, ) = 090, ﬁoo = 005, 501 = 010, 610 = 010, 611 = 005, on = 1.

Ha puc. 5 npuBenen azoBsiii moprper cuctemsi (1).

y
6 [ VRS PR At I A AU VY R A A S A S S S Y A S S A A Y S A
5 .
4 .
3
2
1 /
_1 /
-1
'
Puc. 5. BiraronpusaTHbIN crieHapHii — Mpeo0IajaHue HOPMATBHBIX KIIETOK
3neck mapamerp 70 < 1/2, koapdurmentsr b = 3.643 u d; = —0.600. CnemosarensHo,

BBINONTHsIFOCS yenoBust dy = by > 0, d10 u dy < (0Bo1/P11)d1. B coorBercTBum ¢ Tabnurei 1
BBIpOXKIeHHAst Touka 1Tokost O1 (0, 0) ABIsIETCs CeUTOM, a BRIPOXKICHHAs To4uKa moKost Oo He CyTile-
CTBYET.

CylecTByeT TOIbKO OJJHa BHYTPCHHsISI TOUKA MOKOs ¢ KoopanHatamu (5.549,0.868), kotopas
SIBJISIETCSI YCTOMYMBBIM y3710M. B 3TOi TOUuKe COOCTBEHHBIE YHCIIa UMEIOT CIEAYIOIINE 3HAYCHHUS:
A1~ —0.156, Ag = —0.573.

Ha puc. 5 Takxke npuBeieHa TpaeKTopus, Bbixofsimas u3 Touku (1,0). C TeuyeHHEeM BpeMeHH
CHUCTEMA IIPUXOIUT B YCTOMYUBBIN Y3€JI, YTO COOTBETCTBYET YCTOMYMBOMY COCTOSIHUIO CUCTEMBI €
npeoOagaHueM MOMyJsUMA HOPMaJIbHbIX KIETOK.

IIpumep 5. PaccmoTpuM HeOGIaronpusATHBIA CLHEHAPUU PA3BUTHS MPU KOTOPOM MPOUCXOAUT
MIOJTHOE BBIMHpAHHE IMOMYJSIMOHHON cUCTeMbl, Ha MHOkecTBe (G1 371eCh MMEeTCsl TOJIBKO OHA
BBIpOXKIeHHAst Touka mokost 01 (0, 0). TMHAMEKY MOMYISIIIAK [P CIAESAYIOIINX 3HAYCHHUSIX TTapame-
tpos mozenu: A = 0.3, A' = 0.6, 4 = 0.20, op = 0.90, a7 = 0.90, By = 0.05, By; = 0.10,
ﬁlO = 015, 511 = 010, o= 1.

Ha puc. 6 npusenen ¢asosbrii noprpet cuctemsl (1). Ilpu yka3aHHBIX 3HaYEHHUSAX TapaMETPOB

B CUCTCMC UMCCTCA OJHA BBIPOXKJACHHAS TOYKA IMOKOA.
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Puc. 6. HeGnaronpustHelii crieHapuii — MOJHOE BEIMUPAHHE MOMYJISIIMOHHON CHCTEMBI

B nannom npumepe mapamerp 70 € (0,1/2), koappuuuentsr b = —16.00 u d; = —0.6,
BBITIOJTHAIOTCS ycioBus dy = bfFy; < 0, dy < 0, U ceaoBareabHO, B COOTBETCTBUU ¢ TaOnuien 1
BIpOXkIeHHAs Touka OKost Oy (0, 0) siBIIsieTCsl yCTOWYMBBIM y37I0M, a BHIPOKICHHAS TOYKA MOKOSI
Oy — He cymiecTByeT. BHyTpeHHHX TOUYEK IMOKOS TAKXKE HET.

Ha pucyHke npuBeneHa Tpaekropusi, Beixoasmias u3 Touku (1,0). C TeueHneM BpEeMEHHU CH-
cTeMa MPUXOAUT B yCTONUHBYO ToUKy 11okosi O1 (0, 0), 4T0 COOTBETCTBYET BHIMHUPAHHIO ITOITYIISILIHIA

HOPMAJIBHBIX KJICTOK U aHOMAJIbHBIX KJICTOK.

3ak/IoueHue

[IpuBeneHHbIE TPUMEPHI MWILUTFOCTPUPYIOT BO3MOXKHBIE CLIEHAPUU PA3BUTHSI KIETOUYHOM MOIy-
JSIUMOHHOM CUCTEMBI COCTOSIIIEH M3 MOMYJISUNA HOPMaJbHBIX U aHOMAJbHBIX KJIETOK. AHalu3
MOKAa3aJl, YTO MOMYJISIHUOHHAS CUCTEMA MOYKET OCTATHCS CUCTEMOM, COCTOSILIEN U3 NOMYJISIUUKA HOP-
MaJIbHBIX U AHOMAJIBHBIX KJIETOK, BRIPOAUTCS B MOMYJISIIIMIO aHOMAJIBHBIX KJIETOK WU TTOTUOHYTh.
Cuenapuii, Ipu KOTOPOM OCTAETCS TOIBKO MOMYJISAINS HOPMAJIBHBIX KJIETOK, HE PEaJIU3yeTCsl.

B o0miem ciyuae MOKHO BBIJICIUTD YETHIPE BapUaHTa PA3BUTHS MOMYIISIINH.

1. BepkuBaroT u Pa3MHOXAKTCA 00e nomyJisinuu, HO YHCJICHHOCTD IOITYJIIIUU HOPMAJIbHBIX
KJICTOK pacCTeT 6I>ICTpCe N HOPMAJIbHBIC KIICTKH npeo6naz[anT B HOHyJ'ISII.IHOHHOfI CHUCTEMC.
2. BepkuBaror u Pa3MHOXAKOTCA o0e MOy, HO YUCJIICHHOCTD IMOIYJIAIUHU aHOMAJIbHBIX

KIIETOK pacTeT ObICTpee, B MOMYISIIMOHHON CUCTEME MPEOOIaaroT aHOMAbHBIC KIIETKH.
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3. HpOI/ICXOI[I/IT BBIMHUPAHUC HOPMAJIbHBIX KJICTOK W MONYJIAIIMOHHASA CUCTEMA BBIPOKAACTCA B
MOIMYJINHUKO aHOMAJIBHBIX KJICTOK.
4. Bce kneTku HOHyJ'IHI.IHOHHOﬁ CUCTEMBI HOFI/I63.IOT, IPpOUCXOOUT BBIMHUPAHUC BCeM TOoIyJIs-

IIMOHHOM CHUCTEMEIL.

W3 npuBeneHHBIX BapHAHTOB Pa3BUTHS MOIMYISIUOHHON CUCTEMBI ONarONpHUsTHBIM SBIISETCS
TOJIBKO MEPBBIi.

[Tpy YncieHHOM MOJENMPOBAHUN HE YIAIOCh OOHAPYKUTHh HAbOpa MmapaMeTpoB, YAOBIETBO-
PAIOIIMX €CTECTBEHHBIM OIpPAaHUUYEHHSIM, IIPH KOTOPOM B MHOXKecTBe (G ObIIIO Obl OoJiee ueThIpex
TOYEK IOKOS.

boutn BEISBIEHBI cly4yau, MPU KOTOPBIX 00€ BBIPOXKICHHBIE M 00€ BHYTPEHHUE TOUKH MOKOS
NpUHAAJIeKAT MHOXKECTBY (51, TaK e CITydau, IPH KOTOPBIX 00€ BRIPOXKICHHBIX M OJTHA U3 BHYTPEH-
HUX TOYEK IMOKOS MPUHAAISKAT MHOXKECTBY (51, M OJJHA BHYTPEHHSS TOUKA MOKOSI IPUHAIJIEKAT
MHOXeCTBY (7.

Taxoke HaliIeHbI 3HAUEHUS TAPaMETPOB CUCTEMBI, IIPH KOTOPBIX B MHOXeCTBe (71 JIexkaT OHA
BBIPOXKJICHHASI TOUKA TIOKOSI M OJJHA BHYTPEHHSS, IPH ATOM BTOpasi BHIPOXKJICHHAsI TOUKA JIEKUT B
MHOXecTBe (71, a BTOpast BHyTPEHHSS TOUKA - B MHOXKeCTBE (73.

[Ipu yrcieHHOM MOZETMPOBAaHUY ObLIN BBIABIECHBI HAOOPHI MApaMETPOB MATEMATUYECKON MO-
JIeN, TpU KOTOPBIX peaju3yeTcs JOCTAaTOYHO OJarompusTHBINA cueHapuil. B sToMm crenapuu
TPAeKTOPHsI NOMYIISIIUIOHHON CUCTEMbI, HAUMHAOIIASCSA B TOYKE, COOTBETCTBYIOIEH CTaHAAPTHBIM
HayaJIbHBIM YCJIOBUSAM KYJIBTUBUPOBAHUS, IPUXOAUT B YCTOWUYMBBIN y3€l, U B HEW IpeobianaroT
HOpPMaJIbHBIE KJIETKH.

Haiinennsle cuieHapuu pa3BUTHUS MO3BOJIAIOT MEPEHTH K PEILICHUIO 33Ja4H 00 OI[EHKE BEPOSIT-
HOCTEH pa3BUTHA KJIIETOUHOM MOMYJISALIMA Ha OCHOBE JAHHBIX, OJTYYaEMBbIX U3 SKCIIEPUMEHTA.

Taxxe mpocmarpuBaeTcs BOBMOXKHOCTb YNPABIEHUS IMPOLECCOM Pa3BUTHUS MOMYJISLUOHHOM
CUCTEMBI ITyTEM U3bITHS aHOMAaJIbHBIX KJIETOK.

Pa6ota Beimonnena npu purancoBoi nojaepxkke PODU (rpantsr Ne 12-07-00267 u Ne 13-07-
00720).
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The article considers an isolated population system consisting of two types of human stem
cells, namely normal cells and cells with chromosomal abnormalities (abnormal ones). The system
develops in the laboratory (in vitro). The article analyses possible scenarios of the population system
development, which are implemented for different values of its parameters. An investigated model
of the cell population system takes into account the limited resources. It is represented as a system
of two nonlinear differential equations with continuous right-hand part. The model is considered
with non-negative values of the variables; the domain is divided into four sets. The model feature
is that in each set the right part of the system of differential equations has a different form.

The article analyses a quality of the rest points of the system in each of four sets. The analytical
conditions for determination of the number of rest points and the quality of rest points, with, at
least, one zero coordinate, are obtained.

It is shown that the population system under study cannot have more than two points of rest,
both coordinates of which are positive (non-zero). It is difficult to determine quality of such
rest points depending on the model parameters due to the complexity of the expressions, which
define the systems of the first approximation, recorded in a neighborhood of these points of rest.
Numerical research results of the stability of these points of rest are obtained, and phase portraits
with the specified specific values of the system parameters are demonstrated. The main scenarios
for the cell population development are adduced. Analysis of mathematical model shows that a cell
population system may remain the system consisting of populations of normal and abnormal cells;
it can degenerate into a population of abnormal cells or perish. The scenario, in which there is only
the population of normal cells, is not implemented. The numerical simulation allowed us to identify
the sets of parameters of the mathematical model, which provide a fairly favorable scenario. In this
scenario, the trajectory of the population system starting at the point corresponding to the standard

initial cultivating conditions comes in a stable node, with the normal cells to be dominated.
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