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Àíàëèç ñöåíàðèåâ ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèîííîé ñèñòåìû

Âèíîãðàäîâà Ì.Ñ.1,* *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Ðàññìàòðèâàåòñÿ èçîëèðîâàííàÿ ïîïóëÿöèîííàÿ ñèñòåìà, ñîñòîÿùàÿ èç äâóõ âèäîâ ñòâîëîâûõ
êëåòîê ÷åëîâåêà: íîðìàëüíûõ êëåòîê è êëåòîê ñ õðîìîñîìíûìè àíîìàëèÿìè (àíîìàëüíûõ), ðàç-
âèâàþùèõñÿ â ëàáîðàòîðíûõ óñëîâèÿõ (in vitro). Ïðîâîäèòñÿ àíàëèç è êëàññèôèêàöèÿ òî÷åê
ïîêîÿ ìàòåìàòè÷åñêîé ìîäåëè. Ñ èñïîëüçîâàíèåì ÷èñëåííîãî ìîäåëèðîâàíèÿ ðàññìàòðèâàþòñÿ
âîçìîæíûå ñöåíàðèè ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû, ðåàëèçóþùèåñÿ ïðè ðàçëè÷íûõ çíà÷å-
íèÿõ ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè. Ìîäåëü ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèîííîé ñèñòåìû
ó÷èòûâàåò îãðàíè÷åííîñòü ðåñóðñîâ è ïðåäñòàâëåíà â âèäå ñèñòåìû èç äâóõ íåëèíåéíûõ äèôôå-
ðåíöèàëüíûõóðàâíåíèé ñ íåïðåðûâíîéïðàâîé ÷àñòüþ. Ïðè÷èñëåííîììîäåëèðîâàíèè âûÿâëåíû
íàáîðû ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè, ïðè êîòîðûõ ðåàëèçóåòñÿ äîñòàòî÷íî áëàãîïðèÿòíûé
ñöåíàðèé. Â ýòîì ñöåíàðèè òðàåêòîðèÿ ïîïóëÿöèîííîé ñèñòåìû, íà÷èíàþùàÿñÿ â òî÷êå, ñîîòâåò-
ñòâóþùåé ñòàíäàðòíûì íà÷àëüíûì óñëîâèÿì êóëüòèâèðîâàíèÿ, ïðèõîäèò â óñòîé÷èâûé óçåë, è â
íåé ïðåîáëàäàþò íîðìàëüíûå êëåòêè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; ñòâîëîâûå êëåòêè; òî÷êà ïîêîÿ; ïîïóëÿöèîííàÿ äèíà-
ìèêà; ñöåíàðèé ðàçâèòèÿ

Ââåäåíèå

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ÿâëÿåòñÿ îäíèì èç âàæíûõ èíñòðóìåíòîâ, ïîçâîëÿþùèõ
àíàëèçèðîâàòü ïðîöåññû, ïðîèñõîäÿùèe â êëåòî÷íûõ ïîïóëÿöèîííûõ ñèñòåìàõ, â òîì ÷èñëå
â ïîïóëÿöèÿõ, ðàçâèâàþùåéñÿ â ëàáîðàòîðíûõ óñëîâèÿõ [1, 2, 3]. Îñíîâíîé èíòåðåñ ïðåä-
ñòàâëÿþò âîçìîæíîñòè ìîäåëèðîâàíèÿ è ïðîãíîçèðîâàíèÿ îñíîâíûõ ñöåíàðèåâ ðàçâèòèÿ
êëåòî÷íûõ ïîïóëÿöèé ñ èñïîëüçîâàíèåì ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.
Ïðè äëèòåëüíîì êóëüòèâèðîâàíèè ñòâîëîâûõ êëåòîê â ëàáîðàòîðíûõ óñëîâèÿõ óâåëè-

÷èâàåòñÿ êîëè÷åñòâî êëåòîê ñ õðîìîñîìíûìè àíîìàëèÿìè [4, 5], è òðàíñïëàíòàöèÿ òàêîãî
êëåòî÷íîãî ìàòåðèàëà íå áåçîïàñíà.
Â ðàáîòå [6] ïðåäëîæåíà óòî÷íåííàÿ ïî ñðàâíåíèþ ñ [7] íåëèíåéíàÿ ìîäåëü ðàçâèòèÿ

êëåòî÷íîé ïîïóëÿöèîííîé ñèñòåìû, ñîñòîÿùåé èç ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ
êëåòîê, ó÷èòûâàþùàÿ îãðàíè÷åííîñòü ðåñóðñîâ. Ïîä àíîìàëüíûìè êëåòêàìè â äàííîì
ñëó÷àå ïîíèìàþòñÿ êëåòêè, èìåþùèå íåïðàâèëüíûé íàáîð õðîìîñîì. Â óêàçàííîé ðàáîòå
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òàêæå ïðîâåäåí àíàëèç ïîâåäåíèÿ òðàåêòîðèé ïîëó÷åííîé íåëèíåéíîé ìîäåëè, êîòîðûé
ïîêàçàë, ÷òî ó ñèñòåìû ñóùåñòâóåò èíâàðèàíòíûé êîìïàêò, ëåæàùèé â ïåðâîì êâàäðàíòå.
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ àíàëèç âîçìîæíûõ ñöåíàðèåâ ïîïóëÿöèîííîé ñè-

ñòåìû, ðåàëèçóþùèõñÿ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ ñèñòåìû. Îñîáåííîñòü èññëå-
äîâàíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî ñëåäóÿ ðàáîòàì [6, 8] ïðè àíàëèçå ìàòåìàòè÷åñêîé ìîäåëè
èñïîëüçóþòñÿ òàêèå õàðàêòåðèñòèêè ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé, êàê ñðåäíÿÿ ïðîäîë-
æèòåëüíîñòü êëåòî÷íîãî öèêëà T , äîëè êëåòîê, <ïîãèáàþùèõ> è ðàçäåëèâøèõñÿ çà âðåìÿ,
ðàâíîå ñðåäíåé äëèòåëüíîñòè êëåòî÷íîãî öèêëà, à òàêæå äîëÿ íîðìàëüíûõ êëåòîê, ñòàâøèõ
àíîìàëüíûìè â ïðîöåññå äåëåíèÿ.
Çíàíèå âîçìîæíûõ ñöåíàðèåâ ïîçâîëèò â äàëüíåéøåì ïåðåéòè ê ïðîãíîçèðîâàíèþ ïî-

âåäåíèÿ ïîïóëÿöèîííîé ñèñòåìû íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ î ÷èñëåííîñòÿõ
ñîñòàâëÿþùèõ åå ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ êëåòîê.

1. Òî÷êè ïîêîÿ íåëèíåéíîé ïîïóëÿöèîííîé ñèñòåìû

Ðàññìîòðèì ìîäåëü, ïðåäëîæåííóþ â [6]. Âñå ïàðàìåòðû ìîäåëè, îòíîñÿùèåñÿ ê ïîïó-
ëÿöèè íîðìàëüíûõ êëåòîê èìåþò èíäåêñ 0, à àíîìàëüíûõ | 1. Ïåðåìåííûå x è y çàäàþò
íîðìèðîâàííûå ÷èñëåííîñòè ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ êëåòîê.
Ìàòåìàòè÷åñêàÿ ìîäåëü ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèîííîé ñèñòåìû èìååò âèä

dx

dt
=

(
(1− A0)(1 + M0(x, y)− 2M0(x, y)γ0)− 1

)
х ,

dy

dt
= µ

(
−A1 + M1(x, y)− A1M1(x, y)

)
y + 2M0(x, y)(1− A0)γ0x.

(1)

Çäåñü Aj | äîëÿ êëåòîê â j-é ïîïóëÿöèè, <ïîãèáàþùèõ> íà âðåìåííîì èíòåðâàëå äëèòåëü-
íîñòèT j , 0 < Aj < 1;M j(x, y)|äîëÿ êëåòîê â j-é ïîïóëÿöèè, ðàçäåëèâøèõñÿ íà âðåìåííîì
èíòåðâàëå äëèòåëüíîñòè T j , çàäàåòñÿ â âèäå ëèíåéíîé çàâèñèìîñòè îò ïåðåìåííûõ x è y;
γ0 | äîëÿ íîðìàëüíûõ êëåòîê, <ïåðåõîäÿùèõ> íà âðåìåííîì èíòåðâàëå äëèòåëüíîñòè T 0 â
ïðîöåññå äåëåíèÿ â ïîïóëÿöèþ àíîìàëüíûõ êëåòîê, 0 < γ0 < 1.
Çàâèñèìîñòè äîëåé êëåòîê, ðàçäåëèâøèõñÿ çà ñðåäíåå âðåìÿ êëåòî÷íîãî öèêëà èìåþò

âèä:

M j(x, y) =


0, fj(x, y) ≤ 0;

1, fj(x, y) ≥ 1;

fj(x, y), èíà÷å,
(2)

ãäå
f0(x, y) = α0 − β00x− β01y, f1(x, y) = α1 − β10x− β11y. (3)

Âñå êîýôôèöèåíòû â (3) íåîòðèöàòåëüíûå. Ïðèìåì α0 ≤ 1 α1 ≤ 1. Çàâèñèìîñòè (2)
ñîãëàñóþòñÿ ñ åñòåñòâåííûìè îãðàíè÷åíèÿìè 0 ≤M0 ≤ 1, 0 ≤M1 ≤ 1.
Ôîðìàëüíî íåëèíåéíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî

ïîðÿäêà (1) îïðåäåëåíà íà âñåé ïëîñêîñòè xOy, îäíàêî îòðèöàòåëüíûå çíà÷åíèÿ ïåðåìåííûõ
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x è y íå èìåþò áèîëîãè÷åñêîãî ñìûñëà, ïîñêîëüêó ýòè ïåðåìåííûå çàäàþò íîðìèðîâàííûå
÷èñëåííîñòè ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ êëåòîê. Â ðàáîòå [6] îïðåäåëåí èíâà-
ðèàíòíûé êîìïàêò ñèñòåìû | òàêîå ìíîæåñòâî G, ëåæàùåå â ïåðâîì êâàäðàíòå, ÷òî âñå
òðàåêòîðèè ñèñòåìû, íà÷èíàþùèåñÿ â íåì, íå ïîêèäàþò åãî â äàëüíåéøåì.
Ïðÿìûå f1(x, y) = 0 è f2(x, y) = 0 ðàçáèâàþò ìíîæåñòâå G íà ÷åòûðå ïîäìíîæåñòâà,

íà êàæäîì èç êîòîðûõ ñèñòåìà (1) èìååò ñâîé ñîáñòâåííûé âèä [6]. Îäèí èç âàðèàíòîâ
âçàèìíîãî ðàñïîëîæåíèÿ ýòèõ ïîäìíîæåñòâ ïðèâåäåí íà ðèñ. 1.

Ðèñ. 1. Âàðèàíò ðàçáèåíèÿ ìíîæåñòâà G

Íàèáîëåå èíòåðåñíûì ñ áèîëîãè÷åñêîé òî÷êè çðåíèÿ ÿâëÿåòñÿ ìíîæåñòâî G1, ãäå ïàðà-
ìåòðû M0 è M1 áîëüøå íóëÿ, ò.å. îáå ïîïóëÿöèè àêòèâíî ðàçìíîæàþòñÿ. Íà ìíîæåñòâå
G2 âûìèðàþò îáå ïîïóëÿöèè, äîëè íîðìàëüíûõ è àíîìàëüíûõ êëåòîê, ðàçäåëèâøèõñÿ íà
ñîîòâåòñòâóþùèõ âðåìåííûõ èíòåðâàëàõ T j , ðàâíû 0. Íà ìíîæåñòâå G3 ïîïóëÿöèÿ àíî-
ìàëüíûõ êëåòîê àêòèâíî ðàçìíîæàåòñÿ, à íîðìàëüíûå êëåòêè ïåðåñòàþò äåëèòüñÿ, òî åñòü
M0(x, y) ≡ 0. Íà ìíîæåñòâå G4 ïîïóëÿöèÿ íîðìàëüíûõ êëåòîê àêòèâíî ðàçìíîæàåòñÿ,
àíîìàëüíûå êëåòêè äåëèòüñÿ ïåðåñòàþò, ò.å.M1(x, y) ≡ 0.
Ïðîâåäåì àíàëèç âîçìîæíîãî êîëè÷åñòâà òî÷åê ïîêîÿ ñèñòåìû, ëåæàùèõ â ìíîæåñòâàõ

Gi, i = 1, . . . , 4. Íàïîìíèì, ÷òî â [7] òî÷êó ïîêîÿ Ok(xk, yk) íàçûâàþò âûðîæäåííîé, åñëè
õîòÿ áû îäíà èç êîîðäèíàò xk èëè yk ÿâëÿåòñÿ íóëåâîé, à òî÷êó ïîêîÿ Ok(xk, yk) íàçûâàþò
âíóòðåííåé, åñëè îáå åå êîîðäèíàòû ÿâëÿþòñÿ ïîëîæèòåëüíûìè ÷èñëàìè.
Ïîëó÷åííûåíèæå ðåçóëüòàòû, êàñàþùèåñÿ òî÷åê ïîêîÿ, ÷àñòè÷íî îáîáùàþòè äîïîëíÿþò

ðåçóëüòàòû, ïðèâåäåííûå â [7].

Òî÷êè ïîêîÿ â ìíîæåñòâåG1. Íà ìíîæåñòâå G1 ñèñòåìà (1), èìåååò âèä
dx

dt
= h01х + h02x

2 + h03xy,

dy

dt
= h11x + h12y + h13x

2 + h14xy + h15y
2,

(4)
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ãäå

h01 = (1− A0)(1− 2γ0)α0 − A0, h02 = −β00(1− A0)(1− 2γ0), (5)

h03 = −β01(1− A0)(1− 2γ0), h11 = 2α0(1− A0)γ0, (6)

h12 = µ((1− A1)α1 − A1), h13 = −2β00(1− A0)γ0, (7)

h14 = −(µβ10(1− A1) + 2β01(1− A0)γ0), h15 = −µβ11(1− A1). (8)

Íåîòðèöàòåëüíûå ðåøåíèÿ ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé
h01х + h02x

2 + h03xy = 0,

h11x + h12y + h13x
2 + h14xy + h15y

2 = 0.
(9)

îïðåäåëÿþò òî÷êè ïîêîÿ ïîïóëÿöèîííîé ñèñòåìû íà ìíîæåñòâå G1.
Ìîæíî ïîêàçàòü, ÷òî êëåòî÷íàÿ ïîïóëÿöèîííàÿ ñèñòåìà, îïðåäåëÿåìîé ñîîòíîøåíè-

ÿìè (9), íå ìîæåò èìåòü áîëåå äâóõ âûðîæäåííûõ òî÷åê ïîêîÿ â ìíîæåñòâå G1. Ïîë-
íîìó âûìèðàíèþ ïîïóëÿöèîííîé ñèñòåìû ñîîòâåòñòâóåò òî÷êà ïîêîÿ O1(0, 0), à òî÷êà ïîêîÿ
O2(0,−h12/h15) ñîîòâåòñòâóåò åå âûðîæäåíèþ â ïîïóëÿöèþ àíîìàëüíûõ êëåòîê ïðåäåëüíî
âîçìîæíîé ÷èñëåííîñòè.
Äëÿ ñóùåñòâîâàíèÿ âûðîæäåííîé òî÷êè ïîêîÿ O2 äîëæíî âûïîëíÿòüñÿ óñëîâèå ïîëîæè-

òåëüíîñòè åå âòîðîé êîîðäèíàòû −(h12/h15) > 0, êîòîðîå èìååò âèä

α1 >
A1

1− A1
. (10)

Ïîñêîëüêó α1 ∈ (0, 1) è A1 ∈ (0, 1), òî íåðàâåíñòâî (10) âûïîëíÿåòñÿ ëèøü ïðè óñëîâèè
A1 ∈ (0, 1/2).
Ìîæíî âèäåòü, ÷òî ïðè âûïîëíåíèè óñëîâèÿ

h01

h11

=
h02

h13

(11)

èìååòñÿ òðåòüÿ âûðîæäåííàÿ òî÷êà ïîêîÿ O3(−h01/h02, 0). Îäíàêî ðàâåíñòâî (11) èìååò
ìåñòî òîëüêî ïðè A0 = 0. Ïîñëåäíåå îçíà÷àåò, ÷òî íîðìàëüíûå êëåòêè íå óìèðàþò è ñ
ñîäåðæàòåëüíîé òî÷êè çðåíèÿ ðàññìîòðåííàÿ ñèòóàöèÿ íåðåàëèçóåìà.
Äëÿ îïðåäåëåíèÿ âíóòðåííèõ òî÷åê ïîêîÿ ïîëàãàåì γ0 ∈ (0, 1/2) ∪ (1/2, 1), ïîñêîëüêó

ïðè γ0 = 1/2 ñèñòåìà (9) îïðåäåëÿåò êîîðäèíàòû ëèøü âûðîæäåííûõ òî÷åê ïîêîÿ.
Ïîñêîëüêó äëÿ âíóòðåííèõ òî÷êåê ïîêîÿ x 6= 0, ïåðâîå óðàâíåíèå ñèñòåìû (9) ïðèìåò

âèä
h01 + h02x + h03y = 0. (12)

Ïðè β01 6= 0 è γ0 6= 1/2 óðàâíåíèå (12) ìîæíî ïðåîáðàçîâàòü ê ñòàíäàðòíîìó âèäó

y = −kx + b, (13)
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ãäå

k =
h02

h03

=
β00

β01

, b = −h01

h03

=
1

β01

(
α0 −

A0

(1− A0)(1− 2γ0)

)
. (14)

Ïîäñòàâèâ (13) âî âòîðîå óðàâíåíèå ñèñòåìû (9), ïîëó÷èì

Ax2 + Bx + C = 0, (15)

ãäå

A = h13 − h14k + h15k
2, B = h11 − h12k + h14b− 2h15bk, C = h12b + h15b

2. (16)

Ó÷èòûâàÿ ôîðìóëû (5){(5), êîýôôèöèåíòû A è C ìîæíî çàïèñàòü â âèäå

A = −µ(1− A1)k∆β

β01

, C = −µ(1− A1)(β11b
2 − d1b),

ãäå ∆β = det(βij), à

d1 = α1 −
A1

1− A1
. (17)

Ìîæíî âèäåòü, ÷òî èçó÷àåìàÿ ïîïóëÿöèîííàÿ ñèñòåìà íå ìîæåò èìåòü áîëåå äâóõ âíó-
òðåííèõ òî÷åê ïîêîÿ, ïåðâàÿ êîîðäèíàòà êàæäîé èç íèõ | ïîëîæèòåëüíûé êîðåíü êâà-
äðàòíîãî óðàâíåíèÿ (15), âòîðàÿ îäíîçíà÷íî îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ (13). Íàëè÷èå
óñòîé÷èâîé âíóòðåííåé òî÷êè ïîêîÿ îçíà÷àåò, ÷òî íàðÿäó ñ íîðìàëüíûìè êëåòêàìè â ïîïó-
ëÿöèîííîé ñèñòåìå èìåþòñÿ è àíîìàëüíûå êëåòêè, êîòîðûå îáðàçóþòñÿ â ïðîöåññå äåëåíèÿ
íîðìàëüíûõ êëåòîê. Îíè ðàçìíîæàþòñÿ è ïîãèáàþò, íî íå ìîãóò ïîëíîñòüþ ïîäàâèòü ïîïó-
ëÿöèþ íîðìàëüíûõ êëåòîê.
Ïðåäñòàâëÿåòñÿ çàòðóäíèòåëüíûì óêàçàòü íåîáõîäèìûå èëè äîñòàòî÷íûå óñëîâèÿ ñóùå-

ñòâîâàíèÿ õîòÿ áû îäíîãî ïîëîæèòåëüíîãî êîðíÿ óêàçàííîãî óðàâíåíèÿ è ñîîòâåòñòâåííî,
óñëîâèÿ ñóùåñòâîâàíèÿ õîòÿ áû îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ ñèñòåìû (9) â çàâèñèìîñòè
îò ïàðàìåòðîâ ìîäåëè, ââèäó ãðîìîçäêîñòè âûðàæåíèé (16), õîòÿ ïðè êîíêðåòíûõ çíà÷åíèÿõ
ïàðàìåòðîâ ñîîòâåòñòâóþùèé ÷èñëîâîé ðàñ÷åò íå ïðåäñòàâëÿåò íèêàêèõ òðóäíîñòåé.
Ìîæíî îòìåòèòü, ÷òî îäíèì èç íåîáõîäèìûõ óñëîâèé ñóùåñòâîâàíèÿ âíóòðåííåé òî÷êè

ïîêîÿ èçó÷àåìîé ïîïóëÿöèîííîé ñèñòåìû ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâà b > 0, ãäå ïà-
ðàìåòð b îïðåäåëåí â (14), ïîñêîëüêó â ïðîòèâíîì ñëó÷àå êîîðäèíàòà y òî÷åê ïîêîÿ, îïðåäå-
ëÿåìûõ ñîîòíîøåíèÿìè (13) è (15), íå áóäåò ïîëîæèòåëüíîé.
Èññëåäîâàíèå óñòîé÷èâîñòè âûðîæäåííûõ òî÷åê ïîêîÿ âìíîæåñòâåG1 ìîæíî âûïîëíèòü

íà îñíîâå àíàëèçà ñâîéñòâ ñèñòåì ïåðâîãî ïðèáëèæåíèÿ (ñì. [7]), çàïèñàííûõ â ñîîòâåòñòâó-
þùèõ òî÷êàõ. Ñîâìåñòíûé àíàëèç óñëîâèé, îïðåäåëÿþùèõ óñòîé÷èâîñòü (íåóñòîé÷èâîñòü)
âûðîæäåííûõ òî÷åê ïîêîÿ O1 è O2, à òàêæå èõ õàðàêòåð áûë ïðîâåäåí äëÿ ñëó÷àåâ, êîãäà íè
îäíî èç ñîáñòâåííûõ ÷èñåë ñîîòâåòñòâóþùèõ ìàòðèö ßêîáè ñèñòåì ïåðâîãî ïðèáëèæåíèÿ
íå îáðàùàåòñÿ â íóëü.
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Ïîëó÷åííûå ðåçóëüòàòû ñâåäåíû â òàáëèöó (òàáë. 1), â êîòîðîé õàðàêòåð âûðîæäåííûõ
òî÷åê ïîêîÿ äàí â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ d0 è d1, ãäå

d0 = α0 −
A0

(1− A0)(1− 2γ0)
, (18)

à d1 îïðåäåëåí ôîðìóëîé (17).

Ò à á ë è ö à 1

Õàðàêòåð âûðîæäåííûõ òî÷åê ïîêîÿ

Íàçâàíèå Òî÷êà ïîêîÿ γ0 ∈ (0, 1/2) γ0 ∈ (1/2, 1)

Óñòîé÷èâûé óçåë
O1 d0 < 0, d1 < 0 d0 > 0, d1 < 0

O2 d0 <
β01

β11
d1, d1 > 0 d0 >

β01

β11
d1, d1 > 0

Óñòîé÷èâûé óçåë
O1 d0 > 0, d1 > 0 {
O2 { {

Ñåäëî
O1

d0 > 0 è d1 < 0
èëè

d0 < 0 è d1 > 0
d0 > 0 è d1 > 0

O2 d0 >
β01

β11
d1, d1 > 0 d0 <

β01

β11
d1, d1 > 0

Òî÷êè ïîêîÿ â ìíîæåñòâàõG2,G3,G4. Çàìåòèì, ÷òî âûðîæäåííûå òî÷êè ïîêîÿ (åñëè
îíè ñóùåñòâóþò) â ìíîæåñòâàõG2,G3 èG4 äîëæíû èìåòü îäíó ïîëîæèòåëüíóþ êîîðäèíàòó.
Ïîñêîëüêó ìíîæåñòâî G1 ïðåäïîëàãàåòñÿ íåïóñòûì, òî òî÷êà O1(0, 0) íå ïðèíàäëåæèò íè
îäíîìó èç óêàçàííûõ ìíîæåñòâ.
Íà ìíîæåñòâå G2 ñèñòåìà (1) èìååò âèä

dx

dt
= −A0х ,

dy

dt
= −µA1y.

(19)

Àíàëèç ïðàâûõ ÷àñòåé ñèñòåìû (19) ïîêàçûâàåò, ÷òî â ìíîæåñòâå G2 íå ìîæåò áûòü êàê
âíóòðåííèõ, òàê è âûðîæäåííûõ òî÷åê ïîêîÿ.
Íà ìíîæåñòâå G3 ñèñòåìà óðàâíåíèé, çàäàþùàÿ ïîëîæåíèÿ ðàâíîâåñèÿ, èìååò âèä

h01х = 0, h12y + h14xy + h15y
2 = 0, (20)

ãäå êîýôôèöèåíòû ñèñòåìû

h01 = −A0, h02 = 0, h03 = 0,

h12 = µ((1− A1)α1 − A1), h14 = −µβ10(1− A1), h15 = −µβ11(1− A1).

Òðèâèàëüíîå ðåøåíèå x = 0, y = 0 â ñèëó óêàçàííûõ âûøå ñîîáðàæåíèé íå ïðèíàäëåæèò
ìíîæåñòâó G3. Âòîðîå ðåøåíèå ñèñòåìû (20) èìååò âèä

x = 0, y = −h12

h15

=
α1

β11

− A1

β11(1− A1)
.
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Óêàçàííàÿ òî÷êà ìîæåò ïðèíàäëåæàòü ìíîæåñòâó G3 òîëüêî â ñëó÷àå, åñëè îäíà èç ãðàíèö
ìíîæåñòâà ëåæèò íà îñè Oy, è âûïîëíÿåòñÿ íåðàâåíñòâî

α1

β11

− A1

β11(1− A1)
≥ α0

β01

.

Íàïðèìåð, íà ðèñ. 1 èçîáðàæåí âàðèàíò ðàñïîëîæåíèÿ ìíîæåñòâà G3, ïðè êîòîðîì íà îñè
OY ëåæèò îòðåçîê [yM0 , yM1)], ãäå yM0 = α0/β01, yM1 = α1/β11.
Íà ìíîæåñòâå G4 ñèñòåìà óðàâíåíèé, çàäàþùàÿ ïîëîæåíèÿ ðàâíîâåñèÿ, èìååò âèä

h01х + h02x
2 + h03xy = 0,

h11x + h12y + h13x
2 + h14xy = 0,

(21)

ãäå êîýôôèöèåíòû ñèñòåìû

h01 = (1− A0)(1− 2γ0)α0 − A0, h02 = −β00(1− A0)(1− 2γ0), (22)

h03 = −β01(1− A0)(1− 2γ0), h11 = 2α0(1− A0)γ0, (23)

h12 = −µA1, h13 = −2β00(1− A0)γ0, h14 = −2β01(1− A0)γ0. (24)

Âûðîæäåííûõ òî÷åê ïîêîÿ, ðàñïîëîæåííûõ íà îñè Oy, â ìíîæåñòâå G4 íåò, ïîñêîëüêó
ïðè x = 0 âòîðîå óðàâíåíèå ñèñòåìû èìååò òîëüêî îäíî ðåøåíèå y = 0, à òî÷êà (0, 0) íå
ïðèíàäëåæèò ìíîæåñòâó G4. Âûðîæäåííûå òî÷êè ïîêîÿ, ðàñïîëîæåííûå íà îñè Ox, òî åñòü
ïðè y = 0, ìîãóò ñóùåñòâîâàòü ïðè âûïîëíåíèè ðàâåíñòâà

h01

h02

=
h11

h13

.

Ñ ó÷åòîì ôîðìóë (22){(23) ïîëó÷åííîå ñîîòíîøåíèå ìîæíî ïðåîáðàçîâàòü ê âèäó

α0

β00

− A0

β00(1− A0)(1− 2γ0)
=

α0

β00

.

Íàéäåííîå ðåøåíèå íå ðåàëèçóåòñÿ ïðè âûáðàííûõ ãðàíèöàõ èçìåíåíèÿ ïàðàìåòðà A0, òàê
êàê ïîñëåäíåå ðàâåíñòâî èìååò ìåñòî òîëüêî ïðè A0 = 0, ÷òî îçíà÷àåò <áåññìåðòíîñòü>
íîðìàëüíûõ êëåòîê.
Ïðè x 6= 0 ñèñòåìà óðàâíåíèé (21) ïðèìåò âèä

h01 + h02x + h03y = 0,

h11x + h12y + h13x
2 + h14xy = 0.

(25)

Îòëè÷èå îò ðàíåå ðàññìîòðåííîãî ñëó÷àÿ íàõîæäåíèÿ âíóòðåííèõ òî÷åê ïîêîÿ â ìíîæåñòâå
G1 ñîñòîèò â òîì, ÷òî íà ìíîæåñòâå G4 êîýôôèöèåíòû ñèñòåìû îòëè÷àþòñÿ îò àíàëîãè÷íûõ
êîýôôèöèåíòîâ, îïðåäåëÿþùèõ ñèñòåìó (1) íà ìíîæåñòâå G1.
Çäåñü ìîãóò ñóùåñòâîâàòü äâà ïîëîæèòåëüíûõ ðåøåíèÿ ïîëó÷åííîãî óðàâíåíèÿ è, ñî-

îòâåòñòâåííî, äâà ðåøåíèÿ ñèñòåìû (25), çàäàþùèå íåâûðîæäåííûå òî÷êè ïîêîÿ. Îäíàêî
îïðåäåëåíèå èõ ïðèíàäëåæíîñòè ìíîæåñòâóG4, ïî-âèäèìîìó, âîçìîæíî ëèøü ÷èñëåííî ïðè
êîíêðåòíûõ çíà÷åíèÿõ ïàðàìåòðîâ ñèñòåìû.
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2. Àíàëèç ñöåíàðèåâ ðàçâèòèÿ êëåòî÷íûõ ïîïóëÿöèé

Îòìåòèì, ÷òî ïîëó÷èòü àíàëèòè÷åñêèå óñëîâèÿ çíàêîîïðåäåëåííîñòè ñîáñòâåííûõ ÷èñåë
äëÿ ñîîòâåòñòâóþùèõ ñèñòåì ïåðâîãî ïðèáëèæåíèÿ, çàïèñàííûõ îêðåñòíîñòÿõ âíóòðåííèõ
òî÷åê ïîêîÿ (åñëè ïîñëåäíèå ñóùåñòâóþò), íå ïðåäñòàâëÿåòñÿ âîçìîæíûì â ñèëó ãðîìîçä-
êîñòè âûðàæåíèé, îïðåäåëÿþùèõ êîîðäèíàòû ýòèõ òî÷åê, è âîçìîæíû ëèøü ÷èñëåííûå
èññëåäîâàíèÿ ïðè êîíêðåòíûõ çàäàííûõ çíà÷åíèÿõ ïàðàìåòðîâ ñèñòåìû.
Âîçìîæíûå ñöåíàðèè ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû ïðîèëëþñòðèðóåì íåñêîëüêèìè

ïðèìåðàìè.
Ïðèìåð 1. Ðàññìîòðèì áëàãîïðèÿòíûé ñöåíàðèè ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû, ïðè

êîòîðîì íà ìíîæåñòâå G1 èìåþòñÿ ÷åòûðå òî÷êè ïîêîÿ. Äàííûé ñöåíàðèé ðåàëèçóåòñÿ ïðè
ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ ìîäåëè: A0 = 0.40, A1 = 0.30, γ0 = 0.01, α0 = 0.95,
α1 = 0.95, β00 = 0.05, β01 = 0.10, β10 = 0.15, β11 = 0.10, µ = 1.
Íà ðèñ. 2 ïðèâåäåí âèä âåêòîðíîãî ïîëÿ ñèñòåìû (1). Ïðè óêàçàííûõ çíà÷åíèÿõ ïàðàìå-

òðîâ â ñèñòåìå èìåþòñÿ ÷åòûðå òî÷êè ïîêîÿ.

Ðèñ. 2. Áëàãîïðèÿòíûé âàðèàíò ðàçâèòèÿ

Çäåñü ïàðàìåòð γ0 ∈ (0, 1/2), êîýôôèöèåíòû b = 2.697 è d1 = 0.521. Èìååì d0 = bβ01 >

> 0, d1 > 0 è d0 < (β01/β11)d1, è ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ òàáëèöåé 1 âûðîæäåííàÿ
òî÷êà ïîêîÿ O1(0, 0)|íåóñòîé÷èâûé óçåë, à âûðîæäåííàÿ òî÷êà ïîêîÿ O2(0, 5.21)|óñòîé-
÷èâûé óçåë.
Âíóòðåííÿÿ òî÷êà ïîêîÿ ñ êîîðäèíàòàìè (4.917, 0.239) ÿâëÿåòñÿ óñòîé÷èâûì óçëîì. Â

ýòîé òî÷êå ñîáñòâåííûå ÷èñëà èìåþò ñëåäóþùèå çíà÷åíèÿ: λ1 ≈ −0.088, λ2 ≈ −0.247. Âòî-
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ðàÿ âíóòðåííÿÿ òî÷êà ïîêîÿ ñ êîîðäèíàòàìè (2.762, 1.316)|ñåäëî. Â ýòîé òî÷êå ñîáñòâåííûå
÷èñëà èìåþò ñëåäóþùèå çíà÷åíèÿ: λ1 ≈ 0.050, λ2 ≈ −0.244.
Íà ðèñ. 2 èçîáðàæåíû ñåïàðàòðèñû è ïðèâåäåíà òðàåêòîðèÿ, âûõîäÿùàÿ èç òî÷êè (1, 0).

Ñ òå÷åíèåì âðåìåíè ñèñòåìà ïðèõîäèò â òî÷êó ïîêîÿ ñ êîîðäèíàòàìè (4.917, 0.239), ÷òî
ñîîòâåòñòâóåò óñòîé÷èâîìó ñîñòîÿíèþ ñèñòåìû ñ ïðåîáëàäàíèåì â ïîïóëÿöèè íîðìàëüíûõ
êëåòîê.
Ïðèìåð 2. Ðàññìîòðèì äèíàìèêó ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû ïðè ñëåäóþùèõ

çíà÷åíèÿõ ïàðàìåòðîâ ìîäåëè: A0 = 0.200, A1 = 0.275, γ0 = 0.150, α0 = 0.900, α1 = 0.900,
β00 = 0.050, β01 = 0.250, β10 = 0.250, β11 = 0.150, µ = 1.
Íà ðèñ. 3 ïðèâåäåí ôàçîâûé ïîðòðåò ñèñòåìû (1). Ïðè óêàçàííûõ çíà÷åíèÿõ ïàðàìåòðîâ

â ñèñòåìå (1) èìåþòñÿ ÷åòûðå òî÷êè ïîêîÿ, îòìå÷åííûå íà ðèñóíêå.

Ðèñ. 3. Áëàãîïðèÿòíûé âàðèàíò ðàçâèòèÿ

Òî÷êà ñ êîîðäèíàòàìè (0, 0) ÿâëÿåòñÿ íåóñòîé÷èâûì óçëîì, à âòîðàÿ âûðîæäåííàÿ òî÷êà
ïîêîÿ| óñòîé÷èâûì óçëîì. Èìåþòñÿ äâå âíóòðåííèå òî÷êè ïîêîÿ| ñåäëî, ðàñïîëîæåííîå
â ìíîæåñòâå G1, è óñòîé÷èâûé óçåë, ðàñïîëîæåííûé â ìíîæåñòâå G4. Íà ðèñóíêå ïðîâå-
äåíû ñåïàðàòðèñû. Îíè îãðàíè÷èâàþò îáëàñòü, èç òî÷åê êîòîðîé òðàåêòîðèè ñòðåìÿòñÿ ê
óñòîé÷èâîìó óçëó, ðàñïîëîæåííîìó â ìíîæåñòâå G4, è ïðèâåäåíà òðàåêòîðèÿ, âûõîäÿùàÿ
èç òî÷êè (1, 0). Äàííûé âàðèàíò ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèîííîé ñèñòåìû òàêæå ÿâëÿ-
åòñÿ áëàãîïðèÿòíûì äëÿ ðàçâèòèÿ ïîïóëÿöèè íîðìàëüíûõ êëåòîê ïðè íà÷àëå òðàåêòîðèè â
îêðåñòíîñòè òî÷êè (1,0).
Îòìåòèì, ÷òî ïðè íåáîëüøîì óâåëè÷åíèè ïàðàìåòðà α1 (îò 0.90 äî 0.95) ìîæíî ïîëó÷èòü

âàðèàíò ðàñïîëîæåíèÿ òî÷åê ïîêîÿ, ïðè êîòîðîì òî÷êà ïîêîÿO2 ïåðåìåùàåòñÿ â îáëàñòüG3.

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 615

http://technomag.bmstu.ru


Ïðè ýòîì êà÷åñòâåííîå ðàñïîëîæåíèå îñòàëüíûõ òî÷åê ïîêîÿ ñîâïàäàåò ñ ïðèâåäåííûì â
ïðèìåðå 2. Âàðèàíò ÿâëÿåòñÿ áëàãîïðèÿòíûì, ïîñêîëüêó òðàåêòîðèÿ ñèñòåìû, íà÷èíàþùàÿñÿ
èç òî÷êè (1, 0), ïðèõîäèò â óñòîé÷èâûé óçåë, ÷òî ñîîòâåòñòâóåò óñòîé÷èâîìó ñîñòîÿíèþ
ñèñòåìû ñ ïðåîáëàäàíèåì â ïîïóëÿöèè íîðìàëüíûõ êëåòîê.
Ïðèìåð 3. Ðàññìîòðèì íåáëàãîïðèÿòíûé ñöåíàðèè ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû,

ïðè êîòîðîì íà ìíîæåñòâåG1 èìåþòñÿ òîëüêî âûðîæäåííûå òî÷êè ïîêîÿ. Äàííûé ñöåíàðèé
ðåàëèçóåòñÿ ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ ìîäåëè: A0 = 0.45, A1 = 0.4, γ0 = 0.10,
α0 = 0.70, α1 = 0.90, β00 = 0.05, β01 = 0.10, β10 = 0.15, β11 = 0.10, µ = 1.
Íà ðèñ. 4 ïðèâåäåíôàçîâûé ïîðòðåò ñèñòåìû (1). Íà ðèñóíêå îòìå÷åíû äâå âûðîæäåííûå

òî÷êè ïîêîÿ.

Ðèñ. 4. Íåáëàãîïðèÿòíûé ñöåíàðèé | âûìèðàíèå ïîïóëÿöèè íîðìàëüíûõ êëåòîê

Â äàííîì ïðèìåðå ïàðàìåòð γ0 ∈ (0, 1/2), êîýôôèöèåíòû b = −3.23 è d1 = 0.23, âûïîë-
íÿþòñÿ óñëîâèÿ d0 = bβ01 < 0, d1 > 0, è ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ òàáë. 1 âûðîæäåííàÿ
òî÷êà ïîêîÿO1(0, 0) ÿâëÿåòñÿ ñåäëîì, à âûðîæäåííàÿ òî÷êà ïîêîÿO2(0, 2.33)|óñòîé÷èâûì
óçëîì.
Âíóòðåííèõ òî÷åê ïîêîÿ íå ñóùåñòâóåò.
Íà ðèñ. 4 òàêæå ïðèâåäåíà òðàåêòîðèÿ, âûõîäÿùàÿ èç òî÷êè (1, 0). Ñ òå÷åíèåì âðå-

ìåíè ñèñòåìà ïðèõîäèò â òî÷êó ïîêîÿ O2(0, 2.33), ÷òî ñîîòâåòñòâóåò âûìèðàíèþ ïîïóëÿöèè
íîðìàëüíûõ êëåòîê è ôîðìèðîâàíèþ óñòîé÷èâîãî êëîíà àíîìàëüíûõ êëåòîê.
Ïðèìåð 4. Ðàññìîòðèì ñëó÷àé, êîãäà íà ìíîæåñòâåG1 èìåþòñÿ îäíà âûðîæäåííàÿ òî÷êà

ïîêîÿ è îäíà âíóòðåííÿÿ òî÷êà ïîêîÿ. Äàííûé ñöåíàðèé ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèîííîé
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ñèñòåìû ðåàëèçóåòñÿ ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ ìîäåëè: A0 = 0.3, A1 = 0.6,
γ0 = 0.10, α0 = 0.90, α1 = 0.90, β00 = 0.05, β01 = 0.10, β10 = 0.10, β11 = 0.05, µ = 1.
Íà ðèñ. 5 ïðèâåäåí ôàçîâûé ïîðòðåò ñèñòåìû (1).

Ðèñ. 5. Áëàãîïðèÿòíûé ñöåíàðèé | ïðåîáëàäàíèå íîðìàëüíûõ êëåòîê

Çäåñü ïàðàìåòð γ0 < 1/2, êîýôôèöèåíòû b = 3.643 è d1 = −0.600. Cëåäîâàòåëüíî,
âûïîëíÿþñÿ óñëîâèÿ d0 = bβ01 > 0, d10 è d0 < (β01/β11)d1. Â ñîîòâåòñòâèè ñ òàáëèöåé 1
âûðîæäåííàÿ òî÷êà ïîêîÿ O1(0, 0) ÿâëÿåòñÿ ñåäëîì, à âûðîæäåííàÿ òî÷êà ïîêîÿ O2 íå ñóùå-
ñòâóåò.
Ñóùåñòâóåò òîëüêî îäíà âíóòðåííÿÿ òî÷êà ïîêîÿ ñ êîîðäèíàòàìè (5.549, 0.868), êîòîðàÿ

ÿâëÿåòñÿ óñòîé÷èâûì óçëîì. Â ýòîé òî÷êå ñîáñòâåííûå ÷èñëà èìåþò ñëåäóþùèå çíà÷åíèÿ:
λ1 ≈ −0.156, λ2 ≈ −0.573.
Íà ðèñ. 5 òàêæå ïðèâåäåíà òðàåêòîðèÿ, âûõîäÿùàÿ èç òî÷êè (1, 0). Ñ òå÷åíèåì âðåìåíè

ñèñòåìà ïðèõîäèò â óñòîé÷èâûé óçåë, ÷òî ñîîòâåòñòâóåò óñòîé÷èâîìó ñîñòîÿíèþ ñèñòåìû ñ
ïðåîáëàäàíèåì ïîïóëÿöèè íîðìàëüíûõ êëåòîê.
Ïðèìåð 5. Ðàññìîòðèì íåáëàãîïðèÿòíûé ñöåíàðèè ðàçâèòèÿ ïðè êîòîðîì ïðîèñõîäèò

ïîëíîå âûìèðàíèå ïîïóëÿöèîííîé ñèñòåìû, íà ìíîæåñòâå G1 çäåñü èìååòñÿ òîëüêî îäíà
âûðîæäåííàÿ òî÷êà ïîêîÿ O1(0, 0). äèíàìèêó ïîïóëÿöèè ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìå-
òðîâ ìîäåëè: A0 = 0.3, A1 = 0.6, γ0 = 0.20, α0 = 0.90, α1 = 0.90, β00 = 0.05, β01 = 0.10,
β10 = 0.15, β11 = 0.10, µ = 1.
Íà ðèñ. 6 ïðèâåäåí ôàçîâûé ïîðòðåò ñèñòåìû (1). Ïðè óêàçàííûõ çíà÷åíèÿõ ïàðàìåòðîâ

â ñèñòåìå èìååòñÿ îäíà âûðîæäåííàÿ òî÷êà ïîêîÿ.
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Ðèñ. 6. Íåáëàãîïðèÿòíûé ñöåíàðèé | ïîëíîå âûìèðàíèå ïîïóëÿöèîííîé ñèñòåìû

Â äàííîì ïðèìåðå ïàðàìåòð γ0 ∈ (0, 1/2), êîýôôèöèåíòû b = −16.00 è d1 = −0.6,
âûïîëíÿþòñÿ óñëîâèÿ d0 = bβ01 < 0, d1 < 0, è ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ òàáëèöåé 1
âûðîæäåííàÿ òî÷êà ïîêîÿ O1(0, 0) ÿâëÿåòñÿ óñòîé÷èâûì óçëîì, à âûðîæäåííàÿ òî÷êà ïîêîÿ
O2 | íå ñóùåñòâóåò. Âíóòðåííèõ òî÷åê ïîêîÿ òàêæå íåò.
Íà ðèñóíêå ïðèâåäåíà òðàåêòîðèÿ, âûõîäÿùàÿ èç òî÷êè (1, 0). Ñ òå÷åíèåì âðåìåíè ñè-

ñòåìà ïðèõîäèò â óñòîé÷èâóþ òî÷êó ïîêîÿO1(0, 0), ÷òî ñîîòâåòñòâóåò âûìèðàíèþ ïîïóëÿöèé
íîðìàëüíûõ êëåòîê è àíîìàëüíûõ êëåòîê.

Çàêëþ÷åíèå

Ïðèâåäåííûå ïðèìåðû èëëþñòðèðóþò âîçìîæíûå ñöåíàðèè ðàçâèòèÿ êëåòî÷íîé ïîïó-
ëÿöèîííîé ñèñòåìû ñîñòîÿùåé èç ïîïóëÿöèé íîðìàëüíûõ è àíîìàëüíûõ êëåòîê. Àíàëèç
ïîêàçàë, ÷òî ïîïóëÿöèîííàÿ ñèñòåìà ìîæåò îñòàòüñÿ ñèñòåìîé, ñîñòîÿùåé èç ïîïóëÿöèé íîð-
ìàëüíûõ è àíîìàëüíûõ êëåòîê, âûðîäèòñÿ â ïîïóëÿöèþ àíîìàëüíûõ êëåòîê èëè ïîãèáíóòü.
Ñöåíàðèé, ïðè êîòîðîì îñòàåòñÿ òîëüêî ïîïóëÿöèÿ íîðìàëüíûõ êëåòîê, íå ðåàëèçóåòñÿ.
Â îáùåì ñëó÷àå ìîæíî âûäåëèòü ÷åòûðå âàðèàíòà ðàçâèòèÿ ïîïóëÿöèè.

1. Âûæèâàþò è ðàçìíîæàþòñÿ îáå ïîïóëÿöèè, íî ÷èñëåííîñòü ïîïóëÿöèè íîðìàëüíûõ
êëåòîê ðàñòåò áûñòðåå è íîðìàëüíûå êëåòêè ïðåîáëàäàþò â ïîïóëÿöèîííîé ñèñòåìå.
2. Âûæèâàþò è ðàçìíîæàþòñÿ îáå ïîïóëÿöèè, íî ÷èñëåííîñòü ïîïóëÿöèè àíîìàëüíûõ

êëåòîê ðàñòåò áûñòðåå, â ïîïóëÿöèîííîé ñèñòåìå ïðåîáëàäàþò àíîìàëüíûå êëåòêè.
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3. Ïðîèñõîäèò âûìèðàíèå íîðìàëüíûõ êëåòîê è ïîïóëÿöèîííàÿ ñèñòåìà âûðîæäàåòñÿ â
ïîïóëÿöèþ àíîìàëüíûõ êëåòîê.
4. Âñå êëåòêè ïîïóëÿöèîííîé ñèñòåìû ïîãèáàþò, ïðîèñõîäèò âûìèðàíèå âñåé ïîïóëÿ-

öèîííîé ñèñòåìû.

Èç ïðèâåäåííûõ âàðèàíòîâ ðàçâèòèÿ ïîïóëÿöèîííîé ñèñòåìû áëàãîïðèÿòíûì ÿâëÿåòñÿ
òîëüêî ïåðâûé.
Ïðè ÷èñëåííîì ìîäåëèðîâàíèè íå óäàëîñü îáíàðóæèòü íàáîðà ïàðàìåòðîâ, óäîâëåòâî-

ðÿþùèõ åñòåñòâåííûì îãðàíè÷åíèÿì, ïðè êîòîðîì â ìíîæåñòâå G áûëî áû áîëåå ÷åòûðåõ
òî÷åê ïîêîÿ.
Áûëè âûÿâëåíû ñëó÷àè, ïðè êîòîðûõ îáå âûðîæäåííûå è îáå âíóòðåííèå òî÷êè ïîêîÿ

ïðèíàäëåæàòìíîæåñòâóG1, òàêæå ñëó÷àè, ïðè êîòîðûõ îáå âûðîæäåííûõ è îäíà èç âíóòðåí-
íèõ òî÷åê ïîêîÿ ïðèíàäëåæàò ìíîæåñòâó G1, è îäíà âíóòðåííÿÿ òî÷êà ïîêîÿ ïðèíàäëåæàò
ìíîæåñòâó G4.
Òàêæå íàéäåíû çíà÷åíèÿ ïàðàìåòðîâ ñèñòåìû, ïðè êîòîðûõ â ìíîæåñòâå G1 ëåæàò îäíà

âûðîæäåííàÿ òî÷êà ïîêîÿ è îäíà âíóòðåííÿÿ, ïðè ýòîì âòîðàÿ âûðîæäåííàÿ òî÷êà ëåæèò â
ìíîæåñòâå G1, à âòîðàÿ âíóòðåííÿÿ òî÷êà - â ìíîæåñòâå G3.
Ïðè ÷èñëåííîì ìîäåëèðîâàíèè áûëè âûÿâëåíû íàáîðû ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìî-

äåëè, ïðè êîòîðûõ ðåàëèçóåòñÿ äîñòàòî÷íî áëàãîïðèÿòíûé ñöåíàðèé. Â ýòîì ñöåíàðèè
òðàåêòîðèÿ ïîïóëÿöèîííîé ñèñòåìû, íà÷èíàþùàÿñÿ â òî÷êå, ñîîòâåòñòâóþùåé ñòàíäàðòíûì
íà÷àëüíûì óñëîâèÿì êóëüòèâèðîâàíèÿ, ïðèõîäèò â óñòîé÷èâûé óçåë, è â íåé ïðåîáëàäàþò
íîðìàëüíûå êëåòêè.
Íàéäåííûå ñöåíàðèè ðàçâèòèÿ ïîçâîëÿþò ïåðåéòè ê ðåøåíèþ çàäà÷è îá îöåíêå âåðîÿò-

íîñòåé ðàçâèòèÿ êëåòî÷íîé ïîïóëÿöèè íà îñíîâå äàííûõ, ïîëó÷àåìûõ èç ýêñïåðèìåíòà.
Òàêæå ïðîñìàòðèâàåòñÿ âîçìîæíîñòü óïðàâëåíèÿ ïðîöåññîì ðàçâèòèÿ ïîïóëÿöèîííîé

ñèñòåìû ïóòåì èçúÿòèÿ àíîìàëüíûõ êëåòîê.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû¹12-07-00267 è ¹ 13-07-

00720).
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The article considers an isolated population system consisting of two types of human stem
cells, namely normal cells and cells with chromosomal abnormalities (abnormal ones). The system
develops in the laboratory (in vitro). The article analyses possible scenarios of the population system
development, which are implemented for different values of its parameters. An investigated model
of the cell population system takes into account the limited resources. It is represented as a system
of two nonlinear differential equations with continuous right-hand part. The model is considered
with non-negative values of the variables; the domain is divided into four sets. The model feature
is that in each set the right part of the system of differential equations has a different form.
The article analyses a quality of the rest points of the system in each of four sets. The analytical

conditions for determination of the number of rest points and the quality of rest points, with, at
least, one zero coordinate, are obtained.
It is shown that the population system under study cannot have more than two points of rest,

both coordinates of which are positive (non-zero). It is difficult to determine quality of such
rest points depending on the model parameters due to the complexity of the expressions, which
define the systems of the first approximation, recorded in a neighborhood of these points of rest.
Numerical research results of the stability of these points of rest are obtained, and phase portraits
with the specified specific values of the system parameters are demonstrated. The main scenarios
for the cell population development are adduced. Analysis of mathematical model shows that a cell
population system may remain the system consisting of populations of normal and abnormal cells;
it can degenerate into a population of abnormal cells or perish. The scenario, in which there is only
the population of normal cells, is not implemented. The numerical simulation allowed us to identify
the sets of parameters of the mathematical model, which provide a fairly favorable scenario. In this
scenario, the trajectory of the population system starting at the point corresponding to the standard
initial cultivating conditions comes in a stable node, with the normal cells to be dominated.
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