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Äîñòàòî÷íîå óñëîâèå óïðàâëÿåìîñòè
ìíîãîìåðíûõ àôôèííûõ ñèñòåì

Ôåòèñîâ Ä.À.1,* *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Ðàññìîòðåíà ïðîáëåìà èññëåäîâàíèÿ óïðàâëÿåìîñòè ìíîãîìåðíûõ àôôèííûõ ñèñòåì, íå ëèíåà-
ðèçóåìûõ îáðàòíîé ñâÿçüþ è ïðåîáðàçóþùèõñÿ ê ðåãóëÿðíîìó êâàçèêàíîíè÷åñêîìó âèäó, îïðåäå-
ëåííîìó íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé. Äëÿ ðåãóëÿðíûõ ñèñòåì êâàçèêàíîíè÷åñêîãî âèäà ïî-
ëó÷åíî äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèé òåðìèíàëüíûõ çàäà÷ äëÿ ëþáûõ íà÷àëüíîãî
è êîíå÷íîãî ñîñòîÿíèé ñèñòåìû è äëÿ ëþáîãî êîíå÷íîãî èíòåðâàëà âðåìåíè. Òåì ñàìûì äîêà-
çàíî äîñòàòî÷íîå óñëîâèå óïðàâëÿåìîñòè òàêèõ ñèñòåì íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé çà ëþáîé
êîíå÷íûé èíòåðâàë âðåìåíè. Ïðèìåíåíèå ïðåäëîæåííîãî óñëîâèÿ óïðàâëÿåìîñòè ïðîèëëþñòðè-
ðîâàíî íà ïðèìåðå àôôèííîé ñèñòåìû ïÿòîãî ïîðÿäêà ñ äâóìåðíûì óïðàâëåíèåì. Ïîëó÷åííûå
ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû äëÿ ðåøåíèÿ ðàçëè÷íûõ çàäà÷ óïðàâëåíèÿ òåõíè÷åñêèìè
ñèñòåìàìè.

Êëþ÷åâûå ñëîâà: óïðàâëÿåìîñòü; àôôèííàÿ ñèñòåìà; òåðìèíàëüíàÿ çàäà÷à; êâàçèêàíîíè÷åñêèé
âèä

Ââåäåíèå

Ïðîáëåìà èññëåäîâàíèÿ óïðàâëÿåìîñòè íåëèíåéíûõ ñèñòåì ÿâëÿåòñÿ îäíîé èç îñíîâ-
íûõ òåîðèè óïðàâëåíèÿ. Ñèñòåìó ẋ = A(x, u) ñ ñîñòîÿíèåì x è óïðàâëåíèåì u íàçûâàþò
óïðàâëÿåìîé çà èíòåðâàë âðåìåíè [0, t∗] íà îòêðûòîì ïîäìíîæåñòâå O ïðîñòðàíñòâà ñî-
ñòîÿíèé, åñëè äëÿ ëþáûõ äâóõ ñîñòîÿíèé x0 ∈ O è x∗ ∈ O íàéäåòñÿ òàêîå äîïóñòèìîå
óïðàâëåíèå u = u(t), t ∈ [0, t∗], ÷òî ñîîòâåòñòâóþùàÿ òðàåêòîðèÿ x(t) çàìêíóòîé ñèñòåìû
ẋ = A(x, u(t)) ïðè âñåõ t ∈ [0, t∗] íå âûõîäèò èç ìíîæåñòâà O è óäîâëåòâîðÿåò óñëîâèÿì
x(0) = x0, x(t∗) = x∗.
Â ìîíîãðàôèè [1] äîêàçàíû óñëîâèÿ óïðàâëÿåìîñòè äëÿ íåëèíåéíûõ ñèñòåì òðåóãîëüíîãî

âèäà. Â ðàáîòàõ [2, 3, 4] íà îñíîâå äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêîãî ïîäõîäà ïîëó÷åíû ðå-
çóëüòàòû, êàñàþùèåñÿ ñâîéñòâ óïðàâëÿåìîñòè àôôèííûõ ñèñòåì. Â ÷àñòíîñòè, ïîêàçàíî, ÷òî
åñëè àôôèííàÿ ñèñòåìà ëèíåàðèçóåìà îáðàòíîé ñâÿçüþ íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé, òî
ýòà ñèñòåìà óïðàâëÿåìà çà ëþáîé êîíå÷íûé èíòåðâàë âðåìåíè. Íåêîòîðûå ðåçóëüòàòû â îáëà-
ñòè èññëåäîâàíèÿ óïðàâëÿåìîñòè íåëèíåéíûõ ñèñòåì ïðèâåäåíû òàêæå â ðàáîòàõ [5, 6, 7, 8].
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Â íàñòîÿùåå âðåìÿ îñíîâíàÿ ïðîáëåìà, ñ êîòîðîé ñòàëêèâàþòñÿ èññëåäîâàòåëè, ñîñòîèò â ïî-
ëó÷åíèè óñëîâèé óïðàâëÿåìîñòè äëÿ àôôèííûõ ñèñòåì, íå ëèíåàðèçóåìûõ îáðàòíîé ñâÿçüþ.
Îäíî èç íàïðàâëåíèé ñâÿçàíî ñ ðàçðàáîòêîé óñëîâèé óïðàâëÿåìîñòè äëÿ àôôèííûõ ñèñòåì,
ýêâèâàëåíòíûõ ñèñòåìàì êâàçèêàíîíè÷åñêîãî âèäà [9]. Â ðàáîòàõ [10, 11] ïîëó÷åíû óñëîâèÿ
óïðàâëÿåìîñòè äëÿ àôôèííûõ ñèñòåì ñî ñêàëÿðíûì óïðàâëåíèåì, êîòîðûå ïðåîáðàçóþòñÿ
íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé ê ðåãóëÿðíîìó êâàçèêàíîíè÷åñêîìó âèäó ñ îäíîìåðíîé íó-
ëåâîé äèíàìèêîé. Â íàñòîÿùåé ðàáîòå äîêàçûâàþòñÿ óñëîâèÿ óïðàâëÿåìîñòè äëÿ àôôèííûõ
ñèñòåì ñ âåêòîðíûì óïðàâëåíèåì, êîòîðûå íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé ýêâèâàëåíòíû
ðåãóëÿðíûì ñèñòåìàì êâàçèêàíîíè÷åñêîãî âèäà ñ îäíîìåðíîé íóëåâîé äèíàìèêîé.

1. Ïðåîáðàçîâàíèå ìíîãîìåðíûõ àôôèííûõ ñèñòåì ê êâàçèêàíîíè÷åñêîìó âèäó

Ðàññìîòðèì ìíîãîìåðíóþ àôôèííóþ ñèñòåìó

ẋ = F (x) + G1(x)u1 + . . . + Gm(x)um, (1)

ãäå

x = (x1, . . . , xn)
ò ∈ Rn, u = (u1, . . . , um)

ò ∈ Rm,

F (x) = (F1(x), . . . , Fn(x))
ò
, Gj(x) = (G1j(x), . . . , Gnj(x))

ò
,

Fi(x), Gij(x) ∈ C∞(Rn), i = 1, n, j = 1, m.

Ñèñòåìå (1) íà ïðîñòðàíñòâå ñîñòîÿíèé Rn âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò âåêòîðíûå
ïîëÿ

F =
n∑

i=1

Fi(x)
∂

∂xi

, Gj =
n∑

i=1

Gji(x)
∂

∂xi

, j = 1, m.

Ñëåäóþùàÿ òåîðåìà [9] óñòàíàâëèâàåò íåîáõîäèìûåèäîñòàòî÷íûåóñëîâèÿ, ïðè âûïîëíåíèè
êîòîðûõ ñèñòåìà (1) ïðåîáðàçóåòñÿ ê êâàçèêàíîíè÷åñêîìó âèäó

żi
1 = zi

2, . . . , żi
ri−1 = zi

ri
,

żi
ri

= fi(z, η) + gi1(z, η)u1 + . . . + gim(z, η)um, i = 1, m;

η̇1 = q1(z, η), . . . , η̇ρ = qρ(z, η),

(2)

ãäå

r1 + . . . + rm = n− ρ, z = (z1
1 , . . . , z

1
r1

, . . . , zm
1 , . . . , zm

rm
)
ò
,

η = (η1, . . . , ηρ)
ò
, (z

ò
, η
ò
)
ò

= Φ(x).

Òåîðåìà 1. Äëÿ òîãî ÷òîáû àôôèííàÿ ñèñòåìà (1) íà ìíîæåñòâå Ω ⊆ Rn ïðèâîäèëàñü ê
êâàçèêàíîíè÷åñêîìó âèäó (2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:

1) ñóùåñòâîâàëè ôóíêöèè ϕi(x) ∈ C∞(Ω), i = 1, m, óäîâëåòâîðÿþùèå â Ω ñèñòåìå
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

adk
F Gjϕi(x) = 0, k = 0, ri − 2, i, j = 1, m, x ∈ Ω;
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2) ñóùåñòâîâàëè òàêèå ôóíêöèè ϕn−ρ+l(x) ∈ C∞(Ω), l = 1, ρ, ÷òî äëÿ âñåõ x ∈ Ω âû-
ïîëíåíû ðàâåíñòâà

Gjϕn−ρ+l(x) = 0, j = 1, m, l = 1, ρ,

è îòîáðàæåíèå Φ: Ω→ Φ(Ω), çàäàâàåìîå ñèñòåìîé ôóíêöèé

zi
k = Fk−1ϕi(x), k = 1, ri, i = 1, m,

ηl = ϕn−ρ+l(x), l = 1, ρ,

ÿâëÿåòñÿ äèôôåîìîðôèçìîì.

Â ïåðåìåííûõ z1
1 , . . . , z1

r1
, . . . , zm

1 , . . . , zm
rm
, η1, . . . , ηρ ñèñòåìà (1) èìååò êâàçèêàíîíè-

÷åñêèé âèä (2). Ïîäñèñòåìó

η̇1 = q1(z, η), . . . , η̇ρ = qρ(z, η),

ñèñòåìû (2), îáðàçîâàííóþ ïîñëåäíèìè ρ óðàâíåíèÿìè, ñëåäóÿ ðàáîòàì [12, 13], áóäåì
íàçûâàòü ñèñòåìîé íóëåâîé äèíàìèêè, à ÷èñëî ρ| ðàçìåðíîñòüþ íóëåâîé äèíàìèêè.
Áóäåì ãîâîðèòü, ÷òî ñèñòåìà êâàçèêàíîíè÷åñêîãî âèäà (2) ðåãóëÿðíà íà ìíîæåñòâå

X ⊆ Rn, åñëè ìàòðèöà

g(z, η) =


g11(z, η) . . . g1m(z, η)

. . . . . . . . . . . . .

gm1(z, η) . . . gmm(z, η)


íåâûðîæäåíà íà ýòîì ìíîæåñòâå.
Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ñèñòåìà (1) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1, ïðè÷åì

Ω = Rn, Φ(Ω) = Rn, ñèñòåìà êâàçèêàíîíè÷åñêîãî âèäà (2) ðåãóëÿðíà â Rn.

2. Òåðìèíàëüíàÿ çàäà÷à äëÿ ðåãóëÿðíûõ ñèñòåì êâàçèêàíîíè÷åñêîãî âèäà

Ñ ïðîáëåìîé óïðàâëÿåìîñòè àôôèííûõ ñèñòåì òåñíî ñâÿçàíà ïðîáëåìà ñóùåñòâîâàíèÿ
ðåøåíèé òåðìèíàëüíûõ çàäà÷. Äëÿ ñèñòåìû (1) òåðìèíàëüíàÿ çàäà÷à ñîñòîèò â íàõîæäåíèè
òàêèõ íåïðåðûâíûõ óïðàâëåíèé u1 = u1(t), . . . , um = um(t), t ∈ [0, t∗], êîòîðûå çà âðåìÿ t∗

ïåðåâîäÿò ýòó ñèñòåìó èç íà÷àëüíîãî ñîñòîÿíèÿ x(0) = x0 â êîíå÷íîå ñîñòîÿíèå x(t∗) = x∗.
Åñëè àôôèííàÿ ñèñòåìà (1) ýêâèâàëåíòíà â Rn ðåãóëÿðíîé ñèñòåìå êâàçèêàíîíè÷åñêîãî

âèäà (2), îïðåäåëåííîé â Rn, òî îòîáðàæåíèå ýêâèâàëåíòíîñòè Φ : Rn → Rn ïîçâîëÿåò
ñôîðìóëèðîâàòü äëÿ ñèñòåìû (2) ýêâèâàëåíòíóþ òåðìèíàëüíóþ çàäà÷ó: íàéòè íåïðåðûâíûå
óïðàâëåíèÿ u1 = u1(t), . . . , um = um(t), t ∈ [0, t∗], ïåðåâîäÿùèå ñèñòåìó (2) çà òîò æå
èíòåðâàë âðåìåíè èç íà÷àëüíîãî ñîñòîÿíèÿ

Φ(x0) = (z1
10, . . . , z

1
r10, . . . , z

m
10, . . . , z

m
rm0, η10, . . . , ηρ0)

ò (3)

â êîíå÷íîå ñîñòîÿíèå

Φ(x∗) = (z1
1∗, . . . , z

1
r1∗, . . . , z

m
1∗, . . . , z

m
rm∗, η1∗, . . . , ηρ∗)

ò
. (4)
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Ýêâèâàëåíòíîñòü òåðìèíàëüíûõ çàäà÷ ïîíèìàåòñÿ â òîì ñìûñëå, ÷òî óïðàâëåíèÿ u1 =

u1(t), . . . , um = um(t), t ∈ [0, t∗], ÿâëÿþùèåñÿ ðåøåíèåì îäíîé èç çàäà÷, ÿâëÿþòñÿ îäíîâðå-
ìåííî ðåøåíèåì è äðóãîé çàäà÷è. Ñëåäóþùàÿ òåîðåìà [14] óñòàíàâëèâàåò íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ òåðìèíàëüíîé çàäà÷è (3), (4) äëÿ ñèñòåìû (2).
Òåîðåìà 2. Äëÿ òîãî ÷òîáû ñóùåñòâîâàëè íåïðåðûâíûå óïðàâëåíèÿ u1 = u1(t), . . . ,

um = um(t), t ∈ [0, t∗], ÿâëÿþùèåñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è (3), (4) äëÿ ñèñòåìû (2),
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè ôóíêöèè Bi(t) ∈ Cri([0, t∗]), i = 1, m,
óäîâëåòâîðÿþùèå óñëîâèÿì

Bi(0) = zi
10, . . . , B

(ri−1)
i (0) = zi

ri0
, Bi(t∗) = zi

1∗, . . . , B
(ri−1)
i (t∗) = zi

ri∗ (5)

è òàêèå, ÷òî çàäà÷à Êîøè
η̇1 = q1(B(t), η), . . . , η̇ρ = qρ(B(t), η),

η1(0) = η10, . . . , ηρ(0) = ηρ0,
(6)

ãäå
B(t) = (B1(t), . . . , B

(r1−1)
1 (t), . . . , Bm(t), . . . , B(rm−1)

m (t))
ò
,

èìååò ðåøåíèå η1(t), . . . , ηρ(t), îïðåäåëåííîå ïðè t ∈ [0, t∗] è óäîâëåòâîðÿþùåå óñëîâèÿì

η1(t∗) = η1∗, . . . , ηρ(t∗) = ηρ∗. (7)

Èç äîêàçàòåëüñòâà òåîðåìû 2 ñëåäóåò, ÷òî ðåøåíèå òåðìèíàëüíîé çàäà÷è (3), (4) äëÿ
ñèñòåìû (2) ìîæåò áûòü íàéäåíî ïî ôîðìóëå

u1(t)

. . .

um(t)

 = g−1(B(t), η(t))


B

(r1)
1 (t)− f1(B(t), η(t))

. . .

B(rm)
m (t)− fm(B(t), η(t))

, (8)

ãäå η(t) = (η1(t), . . . , ηρ(t))
ò, à ñîîòíîøåíèÿ

z = B(t), η = η(t), t ∈ [0, t∗],

ÿâëÿþòñÿ t-ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè òðàåêòîðèè, ñîåäèíÿþùåé ñîñòîÿíèÿ (3) è (4) â
ïðîñòðàíñòâå ñîñòîÿíèé ñèñòåìû (2).

3. Ïîèñê ôóíêöèé B1(t), . . . , Bm(t) â ñëó÷àå ρ = 1

Ïóñòü â ñèñòåìå (2) ïîäñèñòåìà íóëåâîé äèíàìèêè îäíîìåðíà, ò.å. ρ = 1. Ââåäåì îáîçíà-
÷åíèÿ zi = (zi

1, . . . , z
i
ri
)
ò, i = 1, m, è çàïèøåì ñèñòåìó (2) â ñëåäóþùåì âèäå:
żi
1 = zi

2, . . . , żi
ri−1 = zi

ri
,

żi
ri

= fi(z, η) + gi1(z, η)u1 + . . . + gim(z, η)um,

η̇ = q(z1, . . . , zm, η),

(9)
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ãäå η ∈ R. Áóäåì èñêàòü ôóíêöèè B1(t), . . . , Bm(t) èç òåîðåìû 2 â âèäå

Bi(t) = bi(t) + ci di(t), i = 1, m, (10)

ãäå bi(t) ∈ Cri([0, t∗]) òàêîâû, ÷òî äëÿ âñåõ i = 1, m âûïîëíåíû ðàâåíñòâà

bi(0) = zi
10, b′i(0) = zi

20, . . . , b(ri−1)(0) = zi
ri0

, (11)

bi(t∗) = zi
1∗, b′i(t∗) = zi

2∗, . . . , b(ri−1)(t∗) = zi
ri∗, (12)

di(t) ∈ Cri([0, t∗]) è ïðè âñåõ i = 1, m óäîâëåòâîðÿþò óñëîâèÿì

di(0) = 0, d′i(0) = 0, . . . , d
(ri−1)
i (0) = 0, (13)

di(t∗) = 0, d′i(t∗) = 0, . . . , d
(ri−1)
i (t∗) = 0. (14)

Â ïðåäñòàâëåíèè (10) êîýôôèöèåíòû ci | ïîêà íå èçâåñòíûå êîíñòàíòû.
Â êà÷åñòâåôóíêöèé bi(t), i = 1, m, ìîæíî âçÿòü èíòåðïîëÿöèîííûåìíîãî÷ëåíû ñòåïåíåé

2ri − 1, óäîâëåòâîðÿþùèå óñëîâèÿì (11), (12), â êà÷åñòâå ôóíêöèé di(t), i = 1, m, | ëþáûå
ìíîãî÷ëåíû, äëÿ êîòîðûõ âûïîëíÿþòñÿ ñîîòíîøåíèÿ (13), (14), íàïðèìåð,

di(t) = tri(t∗ − t)ri , i = 1, m. (15)

Ïðè ëþáûõ çíà÷åíèÿõ ci ôóíêöèè Bi(t) óäîâëåòâîðÿþò óñëîâèÿì (5). Çàäà÷à Êîøè (6) ñ
ó÷åòîì óñëîâèÿ (7) ïðåîáðàçóåòñÿ ê ãðàíè÷íîé çàäà÷å η̇ = q(b1(t) + c1d1(t), . . . , bm(t) + cm dm(t), η),

η(0) = η0, η(t∗) = η∗,
(16)

ãäå

bi(t) = (bi(t), b
′
i(t), . . . , b

(ri−1)
i (t))

ò
, di(t) = (di(t), d

′
i(t), . . . , d

(ri−1)
i (t))

ò
, i = 1, m,

òàê ÷òî Bi(t) = bi(t) + cidi(t). Åñëè óäàñòñÿ íàéòè çíà÷åíèÿ c1 = c1∗, . . . , cm = cm∗, äëÿ
êîòîðûõ ñóùåñòâóåò ðåøåíèå η(t) ãðàíè÷íîé çàäà÷è (16), òî ôóíêöèèBi(t) = bi(t)+ ci∗ di(t),
i = 1, m, áóäóò óäîâëåòâîðÿòü âñåì óñëîâèÿì òåîðåìû 2 è, ñëåäîâàòåëüíî, òåðìèíàëüíàÿ
çàäà÷à (3), (4) äëÿ ñèñòåìû (9) áóäåò èìåòü ðåøåíèå.

4. Äîñòàòî÷íîå óñëîâèå óïðàâëÿåìîñòè

Ðàññìîòðèì ñëó÷àé, êîãäà ôóíêöèÿ q(z1, . . . , zm, η) èìååò âèä

q(z1, . . . , zm, η) = Q(z1, . . . , zm)R(η), (17)

ãäå ôóíêöèÿ Q(z1, . . . , zm) ÿâëÿåòñÿ ìíîãî÷ëåíîì íå÷åòíîé ñòåïåíè 2l + 1:

Q(z1, . . . , zm) =
∑

i1,...,ir1+...+rm :

i1+...+ir1+...+rm62l+1

ai1,...,ir1+...+rm
×

× (z1
1)

i1 . . . (z1
r1

)ir1 . . . (zm
1 )ir1+...+rm−1+1 . . . (zm

rm
)ir1+...+rm . (18)
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Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî α ∈ {1, . . . , m} â ñëàãàåìûõ ñòàðøåé ñòåïåíè âñå ÷ëåíû,
ñîäåðæàùèå òîëüêî ïåðåìåííûå ñ âåðõíèì èíäåêñîì α, îáðàçóþò âûðàæåíèå âèäà

(zα
1 )2l+1 +

∑
i1,...,irα :

i1+...+irα=2l+1

ãi1,...,irα
(zα

1 )i1 . . . (zα
rα

)irα , (19)

ïðè÷åì â ýòîé ñóììå, çà èñêëþ÷åíèåì (zα
1 )2l+1, ïðèñóòñòâóþò ëèøü ñëàãàåìûå, â êîòîðûõ

ñóììà ïîêàçàòåëåé ñòåïåíåé ïåðåìåííûõ ñ ÷åòíûìè íèæíèìè èíäåêñàìè íå÷åòíà:

ãi1,...,irα
6= 0 ⇒ i2 + i4 + i6 + . . . = 2k + 1. (20)

Òåîðåìà 3. Ïóñòü â ñèñòåìå (9) ôóíêöèÿ q(z1, . . . , zm, η) èìååò âèä (17), ïðè âñåõ η ∈ R
âûïîëíåíî íåðàâåíñòâî 0 < R(η) 6 M , ôóíêöèÿ Q(z1, . . . , zm) ÿâëÿåòñÿ ìíîãî÷ëåíîì (18)
íå÷åòíîé ñòåïåíè, ïðè÷åì ñóùåñòâóåò òàêîå ÷èñëî α ∈ {1, . . . , m}, ÷òî â ñëàãàåìûõ ñòàð-
øåé ñòåïåíè âñå ÷ëåíû, ñîäåðæàùèå òîëüêî ïåðåìåííûå ñ âåðõíèì èíäåêñîì α, îáðàçóþò
âûðàæåíèå âèäà (19) è óäîâëåòâîðÿþò óñëîâèþ (20). Òîãäà ñèñòåìà (9) óïðàâëÿåìà â Rn çà
ëþáîé èíòåðâàë âðåìåíè [0, t∗].

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî äëÿ ëþáûõ íà÷àëüíîãî (3) è êîíå÷íîãî (4) ñîñòîÿíèé
ñèñòåìû (9), à òàêæå äëÿ ëþáîãî èíòåðâàëà [0, t∗] ñîîòâåòñòâóþùàÿ òåðìèíàëüíàÿ çàäà÷à
èìååò ðåøåíèå. Áóäåì èñêàòü ôóíêöèè B1(t), . . . , Bm(t) èç òåîðåìû 2 â âèäå (10).
×òîáû äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ òåðìèíàëüíîé çàäà÷è (3), (4) äëÿ ñèñòåìû (9) ñ

ôóíêöèåé q(z1, . . . , zm, η) óêàçàííîãî âèäà, äîñòàòî÷íî ïîêàçàòü, ÷òî:

1) ñóùåñòâóåò ðåøåíèå c1 = c1∗, . . . , cm = cm∗ óðàâíåíèÿ
η∗∫

η0

dη

R(η)
=

t∗∫
0

Q(b1(t) + c1d1(t), . . . , bm(t) + cmdm(t)) dt; (21)

2) äëÿ ëþáîãî t ∈ [0, t∗] óðàâíåíèå
η∫

η0

dβ

R(β)
=

t∫
0

Q(b1(t) + c1∗d1(t), . . . , bm(t) + cm∗, dm(t)) dt, (22)

îòíîñèòåëüíî η èìååò åäèíñòâåííîå ðåøåíèå η = η(t), ïðè÷åì ôóíêöèÿ η(t) íåïðåðûâíî
äèôôåðåíöèðóåìà íà îòðåçêå [0, t∗].

Ïîêàæåì ñíà÷àëà, ÷òî óðàâíåíèå (21) ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìååò ðåøåíèå.
Ïîëîæèì ci = 0 ïðè i 6= α. Òîãäà ïðàâàÿ ÷àñòü óðàâíåíèÿ çàïèøåòñÿ â âèäå

t∗∫
0

Q(b1(t), . . . , bα + cαdα(t), . . . , bm(t))dt = c2l+1
α

t∗∫
0

dα(t)2l+1dt +

+ c2l+1
α

∑
i1,...,irα :

i1+...+irα=2l+1

ãi1,...,irα

t∗∫
0

(dα(t))i1 . . . (d(rα−1)
α (t))irα dt + γ̃(cα),

ãäå γ̃(cα) ñîäåðæèò ñëàãàåìûå ìëàäøèõ ñòåïåíåé ïî cα.
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Âû÷èñëèì èíòåãðàë

t∗∫
0

(dα(t))i1(d′α(t))i2 . . . (d(rα−1)
α (t))irα dt. (23)

Çàìåíîé ïåðåìåííîé τ = t− t∗/2 ýòîò èíòåãðàë ïðåîáðàçóåòñÿ ê âèäó

t∗/2∫
−t∗/2

d̃i1
α (τ)[d̃′α(τ)]i2 . . . [d̃(rα−1)

α (τ)]irα dτ, (24)

ãäå

d̃α(τ) =

(
t2∗
4
− τ 2

)rα

.

Ïîñêîëüêó ôóíêöèÿ d̃α(τ) ÷åòíàÿ, òî åå ïðîèçâîäíûå íå÷åòíûõ ïîðÿäêîâ íå÷åòíû, ïðîèç-
âîäíûå ÷åòíûõ ïîðÿäêîâ ÷åòíû. Ñëåäîâàòåëüíî, ïîäûíòåãðàëüíàÿ ôóíêöèÿ â èíòåãðàëå (24)
ïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå i1+i3+i5+. . . ÷åòíûõ ôóíêöèé è i2+i4+i6+. . . íå÷åòíûõ.
Ïî óñëîâèþ i2+i4+i6+ . . . = 2k+1, ïîýòîìó â ýòîì ïðîèçâåäåíèè íå÷åòíûõ ôóíêöèé íå÷åò-
íîå ÷èñëî, ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå÷åòíà è èíòåãðàë îò íåå â ñèììåòðè÷íûõ ïðåäåëàõ
îò −t∗/2 äî t∗/2 ðàâåí íóëþ.
Èç ðàâåíñòâà íóëþ èíòåãðàëà (23) ñëåäóåò, ÷òî êîýôôèöèåíò ïðè c2l+1

α â ìíîãî÷ëåíå â
ïðàâîé ÷àñòè óðàâíåíèÿ (21) ðàâåí

t∗∫
0

dα(t)2l+1dt.

Ýòîò èíòåãðàë ïîëîæèòåëåí, ïîýòîìó ðàññìàòðèâàåìîå óðàâíåíèå ÿâëÿåòñÿ àëãåáðàè÷åñêèì
óðàâíåíèåì íå÷åòíîé ñòåïåíè, è, ñëåäîâàòåëüíî, èìååò äåéñòâèòåëüíîå ðåøåíèå cα = cα∗.
Òàêèì îáðàçîì, íàáîð ÷èñåë c1 = 0, . . . , cα = cα∗, . . . , cm = 0 ÿâëÿåòñÿ ðåøåíèåì óðàâíå-
íèÿ (21).
Ïîêàæåì òåïåðü, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû äëÿ ëþáîãî t ∈ [0, t∗] óðàâ-

íåíèå (22) îòíîñèòåëüíî η èìååò åäèíñòâåííîå ðåøåíèå η = η(t), ïðè÷åì ôóíêöèÿ η(t)

íåïðåðûâíî äèôôåðåíöèðóåìà íà îòðåçêå [0, t∗]. Ðàññìîòðèì ëåâóþ ÷àñòü ýòîãî óðàâíåíèÿ.
Äëÿ âñåõ η ∈ R ñïðàâåäëèâî íåðàâåíñòâî

1

R(η)
>

1

M
,

íî òîãäà åñëè η > η0, òî
η∫

η0

dβ

R(β)
>

η − η0

M

è, ñëåäîâàòåëüíî,

lim
η→+∞

η∫
η0

dβ

R(β)
= +∞,
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à åñëè η < η0, òî
η∫

η0

dβ

R(β)
6

η − η0

M
,

ïîýòîìó

lim
η→−∞

η∫
η0

dβ

R(β)
= −∞.

Òàêèì îáðàçîì, èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì â ëåâîé ÷àñòè óðàâíåíèÿ (22),
ÿâëÿÿñü íåïðåðûâíîé ôóíêöèåé η, èìååò ïðè η → ±∞ áåñêîíå÷íûå ïðåäåëû ðàçíûõ çíàêîâ.
Ñëåäîâàòåëüíî, îáëàñòü çíà÷åíèé ýòîãî èíòåãðàëà { âñå ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë.
Ýòî îçíà÷àåò, ÷òî, êàêèì áû íè áûëî c∗, óðàâíåíèå (22) èìååò ðåøåíèå ïðè âñåõ t ∈ [0, t∗].
Ïîñêîëüêó

d

dη

η∫
η0

dβ

R(β)
=

1

R(η)
> 0

ïðè âñåõ η ∈ R, òî èíòåãðàë
η∫

η0

dβ

R(β)

ÿâëÿåòñÿ âîçðàñòàþùåé ôóíêöèåé η. Ýòî îçíà÷àåò, ÷òî äëÿ ëþáîãî t ∈ [0, t∗] ðåøåíèå
η = η(t) óðàâíåíèÿ (22) åäèíñòâåííî. ×òîáû äîêàçàòü íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü
ôóíêöèè η(t) íà îòðåçêå [0, t∗], çàïèøåì óðàâíåíèå (22) â âèäå

Ψ(η, t) = 0,

ãäå

Ψ(η, t) =

η∫
η0

dβ

R(β)
−

t∫
0

Q(b1(t) + c1∗d1(t), . . . , bm(t) + cm∗dm(t))dt.

Òàê êàê
∂Ψ

∂η
=

1

R(η)
> 0

ïðè âñåõ η ∈ R, t ∈ [0, t∗], òî ïî òåîðåìå î íåÿâíîé ôóíêöèè η(t) íåïðåðûâíî äèôôåðåíöè-
ðóåìà íà îòðåçêå [0, t∗].
Òàêèì îáðàçîì, äëÿ ëþáûõ íà÷àëüíîãî (3) è êîíå÷íîãî (4) ñîñòîÿíèé, äëÿ ëþáîãî èí-

òåðâàë âðåìåíè [0, t∗] òåðìèíàëüíàÿ çàäà÷à äëÿ ñèñòåìû (9) ñ ôóíêöèåé q(z1, . . . , zm, η)

óêàçàííîãî âèäà èìååò ðåøåíèå. Ýòî îçíà÷àåò, ÷òî ñèñòåìà (9) óïðàâëÿåìà â Rn çà ëþáîé
èíòåðâàë âðåìåíè [0, t∗]. Òåîðåìà äîêàçàíà.

Ïðèìåð. Ïîêàæåì, ÷òî ñèñòåìà

żi
1 = zi

2, żi
2 = fi(z, η) + gi1(z, η)u1 + gi2(z, η)u2, i = 1, 2,

η̇ = ((z1
1)

3 + (z2
2)

2z1
2 − (z1

2)
2)(2 + sin η),

ãäå ìàòðèöà g(z, η) íåâûðîæäåíà â R5, óïðàâëÿåìà â R5 çà ëþáîé èíòåðâàë [0, t∗].

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 288

http://technomag.bmstu.ru


Ôóíêöèÿ Q(z) = (z1
1)

3 + (z2
2)

2z1
2 − (z1

2)
2 ÿâëÿåòñÿ ìíîãî÷ëåíîì òðåòüåé ñòåïåíè. Â

ñëàãàåìûõ ñòàðøåé ñòåïåíè (z1
1)

3 + (z2
2)

2z1
2 âñå ÷ëåíû, ñîäåðæàùèå ëèøü ïåðåìåííûå ñ

âåðõíèì èíäåêñîì α = 1, èìåþò âèä (z1
1)

3. Îíè îáðàçóþò âûðàæåíèå (19), â êîòîðîì
âñå êîýôôèöèåíòû ãi1i2 ðàâíû íóëþ, ïîýòîìó óñëîâèå (20) çàâåäîìî âûïîëíåíî. Ôóíêöèÿ
R(η) = 2 + sin η ïîëîæèòåëüíà è îãðàíè÷åíà â R: ïðè âñåõ η ∈ R âûïîëíåíî íåðàâåíñòâî
0 < R(η) 6 3. Ñîãëàñíî òåîðåìå 3, ýòà ñèñòåìà óïðàâëÿåìà â R5 çà ëþáîé èíòåðâàë
âðåìåíè [0, t∗].

Çàêëþ÷åíèå

Ðàññìîòðåíà ïðîáëåìà óïðàâëÿåìîñòè ìíîãîìåðíûõ àôôèííûõ ñèñòåì, íå ëèíåàðèçóå-
ìûõ îáðàòíîé ñâÿçüþ è ïðåîáðàçóþùèõñÿ ê ðåãóëÿðíîìó êâàçèêàíîíè÷åñêîìó âèäó, îïðå-
äåëåííîìó íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé. Äëÿ ñèñòåì ðåãóëÿðíîãî êâàçèêàíîíè÷åñêîãî
âèäà ïîëó÷åíî äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèé òåðìèíàëüíûõ çàäà÷ äëÿ ëþ-
áûõ íà÷àëüíîãî è êîíå÷íîãî ñîñòîÿíèé ñèñòåìû íà ëþáîì êîíå÷íîì èíòåðâàëå âðåìåíè.
Òåì ñàìûì äîêàçàíî äîñòàòî÷íîå óñëîâèå óïðàâëÿåìîñòè òàêèõ ñèñòåì çà ëþáîé êîíå÷íûé
èíòåðâàë âðåìåíè. Ïðèìåíåíèå ïîëó÷åííîãî óñëîâèÿ óïðàâëÿåìîñòè ïðîèëëþñòðèðîâàíî
íà ïðèìåðå àôôèííîé ñèñòåìû ïÿòîãî ïîðÿäêà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 14-07-00813).
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The controllability problem is one of the most important problems of the control theory. This
problem is well studied for linear stationary systems. A linear stationary system is known to be
controllable if and only if the system is feedback linearizable. For affine systems, relations between
controllability and feedback linearizability are more difficult: if a system is feedback linearizable,
then it is controllable; the inverse statement is wrong.

In the present paper, multidimensional affine systems which cannot be feedback linearized are
considered. In order to prove controllability of such system we use a special approach based on
checking an existence of a terminal problem solution. If a terminal problem for the system in
question has a solution for all boundary conditions and for arbitrary finite time of control, then
the system is controllable. In the present paper it is supposed that the system in question by
a smooth nonsingular change of variables can be transformed into a special canonical form |
a regular quasicanonical form defined in the whole state space. It is also supposed that a zero
dynamics subsystem of the system of a quasicanonical form is one-dimensional. As a result,
the terminal problem for the original system is transformed into the equivalent terminal problem
for the system of a regular quasicanonical form. The necessary and sufficient condition of an
existence of a terminal problem solution is well-known for such systems. In the present paper, this
condition is used to prove an existence of a terminal problem solution for the system of a regular
quasicanonical form with one-dimensional zero dynamics subsystem for all boundary conditions
and for arbitrary finite time of control. Thereby, the sufficient condition of controllability is proven
for such systems. An example of the five-dimensional affine system with two-dimensional control
is given to illustrate the proposed condition.

Obtained results may be used to solve control problems for various technical systems.
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