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MHOTOMEPHbIX a(p(PUHHBIX CUCTEM

* %
®eTHCOB ,)_I A.l’ dfetisov@yandex.ru

'MI'TY um. H.D. baymana, Mocksa, Poccus

PaccmoTpena mpoOiemMa ucciaeaoBaHusl YIpaBIsieMOCTH MHOTOMEPHBIX a)(HHHBIX CHCTEM, HE JINHEa-
PH3yEMBIX 0OpPAaTHOM CBA3BIO M MPEOOPAZYIONINXCS K PETYSIPHOMY KBa3UKaHOHHYECKOMY BHLY, OTIpETIe-
JICHHOMY Ha BCEM IPOCTPAHCTBE COCTOSIHUU. [l PEerylIspHBIX CUCTEM KBa3HKaHOHMYECKOIO BHJA IO-
JIy4EHO JIOCTaTOYHOE YCIIOBHE CYIIECTBOBAHMS PEIICHUH TEPMUHAIBHBIX 3314 ISl JTIOOBIX Ha4aJIbHOTO
1 KOHEYHOTO COCTOSTHMH CHCTEMBI M ISl JII0OOTO KOHEYHOT'O MHTEpBaja BPEMEHH. 1eM caMbIM JIOKa-
3aHO JJOCTaTOYHOE YCJIOBHE YIPABIIEMOCTH TAKUX CHCTEM Ha BCEM ITPOCTPAHCTBE COCTOSHMUI 32 1000
KOHEUHBIN HHTEepBaJ BpeMeHU. [IpuMeHeHne npeanokeHHOTo yCI0BUS YIPaBIIeMOCTH IPOMLIIOCTPH-
poBaHo Ha npuMepe adGUHHON CHCTEMBI IISITOTO MOPSJKA C JByMEPHBIM ynpasieHueM. [lonyueHHbie
pe3yabTarsl MOTYT OBITh MCIIOJIB30BAHbI JUIsl PEIICHUS Pa3JIMYHbIX 3a]a4 yIpaBIeHUs TEXHUUECKUMHU
CHCTEMaMH.

KaroueBble cj1oBa: YIpaBJIsICMOCTb, aq)(bI/IHHaﬂ CHUCTEMa, TCpMUHAJIbHA 3aaa4a, KBa3MKaHOHUYECKUM

BUJ

BBeaenue

[IpobGiemMa HCCIeOBaHUs yIPABISIEMOCTH HEIMHEWHBIX CHCTEM SIBIISICTCS OHOW M3 OCHOB-
HBIX Teopuu ynpasieHus. CucreMy © = A(z,u) ¢ COCTOSHHEM & W yNpPaBICHUEM U Ha3bIBAIOT
ympasisieMoii 3a uHTepBai Bpemenu [0, t.| Ha OTKpeITOM mogMHOXecTBe () MPOCTPAHCTBA CO-
CTOSIHMI, eClIH IJIs JII00BIX IBYX cOCTOSIHUH 7o € O u x, € O Haiiiercs Takoe AOIyCTHMOE
ynpasnenue u = u(t), t € [0,1,], 4To cooTBeTCTBYIOIIAsI TPaeKTOpHs X (f) 3aMKHYTON CHCTEMBI
& = A(z,u(t)) npu Bcex t € [0,t,] He BbIxomuT U3 MHOXKecTBa O M YIOBIETBOPSIET YCIOBUSIM
x(0) = xo, x(ts) = T

B monorpaduu [ 1] oka3aHbl yCI0BUsI yIPABISIEMOCTH JUTS HEJIMHEHHBIX CHCTEM TPEYTOJIbHOTO
Buzaa. B paborax [2, 3, 4] Ha ocHOBe u(depeHIHaTbHO-TeOMETPUIECKOrO MOAX0/a MOy YeHbI pe-
3yJIBTATHI, KACAIOIIHECs] CBOMCTB yIpaBisieMocTH ah(pUHHBIX CHCTEM. B yacTHOCTH, TOKa3aHo, 4To
eciu addrHHAS cUCTeMa JTUMHeapu3yemMa 00paTHOM CBS3bIO0 HA BCEM MPOCTPAHCTBE COCTOSTHUHM, TO
9Ta CHCTeMa yIpaBiisieMa 3a JIF000ii KOHEUHBI HHTEepBaJ BpeMeHH. Hekotopble pe3ynisraTsl B 00i1a-

CTH UCCIIEIOBAHUS YIPABIIEMOCTH HEJIMHEHHBIX CHCTEM MTPUBECHBI TaKXke B padorax [5, 6, 7, 8].
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B Hacrosiee BpeMst OCHOBHas IpodiiemMa, ¢ KOTOPO CTaJIKUBAOTCS UCCIIE0BATENN, COCTOUT B I10-
JYy4EeHUH yCIOBUH yIIPaBIseMOCTH 1715 ap(UHHBIX CHCTEM, He IMHEapHU3yeMbIX 00paTHOM CBA3BIO.
OnHO 13 HanpaBlIeHHU CBA3aHO ¢ pa3pabOTKON YCIOBUH ynpaBisieMoCT! s apPUHHBIX CUCTEM,
HKBHUBAJICHTHBIX CHCTEMaM KBa3ukaHOHHUYecKoro Buaa [9]. B padorax [10, 11] momxy4yeHsl ycioBus
ynpaBisieMocTd s ahpUHHBIX CHCTEM CO CKaSIPHBIM YIPaBICHHUEM, KOTOPbIE MpeoOpa3yroTcs
Ha BCEM MPOCTPAHCTBE COCTOSHUH K PETYIIPHOMY KBa3MKaHOHUYECKOMY BUY C OTHOMEPHOU HY-
JIeBoii nuHaAMUKOU. B HacTosmiei paboTe 1oKa3pIBaOTCS YCIOBUS YIIPABIAEMOCTH A1 apPUHHBIX
CHCTEM C BEKTOPHBIM YIpPaBJICHHEM, KOTOpPbIe Ha BCEM MPOCTPAHCTBE COCTOSHUIN SKBHUBAJICHTHBI

PETYIAPHBIM CUCTEMaM KBa3UKaHOHUYECKOTO BHJIA C OJHOMEPHOM HYJIEBON IMHAMMKOM.
1. IIpeoOpa3oBaHne MHOrOMEpHbIX A(PPHUHHBIX CHCTEM K KBAa3MKAHOHMYECKOMY BHIY
Paccmorpum MHOroMepHy10 apPUHHYIO CUCTEMY
T =F(x)+ G (x)us + ... + Gp(T)t, (1)
rae
T n T m
r=(x1,...,2,) €R" wu=(uy,...,uy,) €R™,
T T
Fxz) = (Fi(z),..., Fo(x)), Gj(x) = (G(x), ..., Gn(2)),
Fl(l’),G”(ZE) S OOO(RTL), 1= 1, n, ] = 1, m.

Cucreme (1) Ha mpocTpaHcTBe cocTosHUN R™ B3aMMHO OIHO3HAYHO COOTBETCTBYIOT BEKTOPHBIE

T10JI51 n 5
) J Z:ZI G] (x) aml J m

Crnenyromas Teopema 9] ycTaHaBIMBaeT HEOOXOAMMBIC U JIOCTATOYHBIE YCIIOBHSI, IIPH BHITIOTHEHUN

" 0
F = izzlﬂ(x)%

]

KOTOpPBIX cucTema (1) mpeobpasyeTcst K KBa3BUKAaHOHUYECKOMY BHTY

=2 .., Zf,i_lzzf;i,
ﬁlZQ1(Zv77)> SRR 7'7,02%(2777),
e
rn+...+rm=n—np, z:(z%,...,zﬁl,...,zT,...,szn)T,

n= (7717 < 777P>T7 (ZT777T>T = @(l‘)

Teopema 1. J[nst Toro uyto0s! adpdunnas cucrema (1) Ha MmHOKecTBe (2 C R” mpuBogmiach K
KBAa3MKaHOHUYECKOMY BUY (2), HEOOXOAUMO U JOCTATOYHO, YTOOBL:
1) cymectBoBanu yukimu @;(x) € C*(Q2), i = 1, m, ynoBnerBopsroume B ) cucreme

ypaBHCHI/Iﬁ B YaCTHBIX IMPOU3BOJAHBIX IICPBOT'O IMOPAAKA

ad]f?jSpi(x):(), k=0,1r—2, i,7=1,m, x¢&;

Hayka u O6pazoBanue. MI'TY um. H.3. baymana 282


http://technomag.bmstu.ru

2) cymecTBOBaNH Takue QYHKIHU @, 4 (z) € C(Q), | = 1, p, uT0 014 Bcex x € (2 BBI-
HOJIHEHBI PaBEHCTBA

Gj¢n—p+l(x) = 07 j - 1a m, | = 17 Ps

u orobpaxenue ¢: ) — P((), 3amaBaemoe cuctemoit GyHKIHI

2 =Flo(x), k=1,r;, i=1m,
m = (:On—p-i-l(x)v [ = W7

apisieTcs nuddeomoppuzmMom.

1

B nepeMeHHBIX 21, ..., Z. , ..

21N s 20 M, .., 1), cucTeMa (1) nMeeT KBa3sMKaHOHH-

yeckuit Bua (2). [loacucremy

m=aq(zn), ..., 0 =40q/zn)),

cucteMbl (2), 00pa30BaHHYIO TOCICIHUMHU p YpaBHEHHMsIMH, ciemys padortam [12, 13], Oymem
Ha3bIBaTh CUCTEMOW HYJIEBOW JMHAMUKH, & YUCIIO ) — Pa3MEPHOCTHIO HYJICBON THMHAMHKH.
Bynem roBopuTh, YTO cHCTeMa KBa3MKAaHOHMYECKOTO BUAA (2) peryispHa HAa MHOXKECTBE

X C R", ecniu MaTpuiia

gu(z.n) .. gm(zn)
9(z,m) =
gm (2:1) - Gmm(2,1)
HEBBIPOXKJCHA HA 3TOM MHOXKECTBE.
Hanee Oynem mpennonararh, 4to cucrema (1) ynoBneTBOpsieT yCIOBHSIM TeOpeMbl 1, mpudem

Q =R", &(Q) = R", cucrema KBa3MKaHOHHYIECKOTO BHa (2) perymsipHa B R”.

2. TepMI/IHaJIbHaﬂ 3aavda AJisd PEryjasipHbIX CUCTEM KBa3UKAHOHHUYECKOIo BHAA

C npobnemoii ynpasisieMocTd ah(GUHHBIX CUCTEM TECHO CBsi3aHa IMpolieMa CyIieCTBOBAHUS
peleHnid TepMUHAIBHBIX 3a1a4. [iis cucremsl (1) TepMuHabHAS 3a/1a4a COCTOUT B HAXOXKICHUH
TaKUX HENPEPBIBHBIX YIPaBIeHuH uy = ui(t), ..., Uy = un(t), t € [0, t,.], KoTopbIe 3a Bpems ¢,
HIEPEBO/ISIT 3Ty CHCTEMY U3 HadallbHOTO cocTostHus (0) = x( B KOHEYHOE cOCTOsIHME X (,) = .

Ecmm adbdunnas cucrema (1) sxBuBasieHTHa B R"™ perynaspHOi cucTeMe KBa3UKAaHOHMYECKOTO
Buna (2), onpexnenennoit B R”, to otoOpakenune skuBasieHTHOCTH P : R — R™ mo3Bosser
c(hOopMyITUpPOBATH TSI CUCTEMBI (2) SKBUBAJICHTHYIO TEPMUHAIIBHYIO 33/1a4y: HaUTH HETIPEPHIBHBIC
ynpaBiaeHus u; = ui(t), ..., Uy = Un(t), t € [0,t,], nepeBomsume cucremy (2) 3a TOT ke

HHTEPBaJI BPpEMEHU U3 HAYAJIbHOI'O COCTOSAHHA
(I)( ) _ ( 1 1 m m )T (3)
{23'() — 210,...,Z,,,107...72:10,...,Z,’,,mo,n107...777p0
B KOHCYHOC COCTOAHUEC

1 1 T
D(24) = (Z14r - s Zppur o0 Zlar oo o5 Zp s Mt - -+ M) - 4)
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DKBUBAJICHTHOCTh TEPMUHAIBHBIX 33/1a4 TTOHUMAETCS B TOM CMBICJIC, YTO YNPABICHUS U =
Ur(t)y ooy U = U (t), t € [0, t.], sIBISAIONIMECS PEIICHHEM OIHO U3 331y, SBJISIOTCS OJHOBpE-
MEHHO pelieHueM u Apyroit 3aaaun. Crenyromas teopema [14] ycranaBiuBaeT HEOOXOUMBIE U
JIOCTATOYHBIE YCIIOBUS CYIIIECTBOBAHUS PEIICHUsS TEPMUHAIBHOM 3a1auu (3), (4) 11t cuctemsl (2).

Teopema 2. Jlis TOoro 4to0bI CyIIECTBOBAIM HENPEPBIBHBIC ympaBiaeHus u; = ui(t), ...,
U, = U (1), t € [0, t,], sBIsIONMECS penieHreM TepMUHAIBHON 3a1a4n (3), (4) ast cuctemsl (2),
HEOOXOMMO ¥ JJOCTAaTOYHO, 4TOOBI cymectBoBanmu GyHkuuu B;(t) € C"i([0,t.]), i = 1, m,

YIOBJIETBOPSIOLINE YCIOBUSAM

Bz(o) = ZiOa T B'(Ti_l)(o) = sz;iO’ Bz<t*) = Zi*a R B'(ri_l)(t*) = Zi (5)

()

U Takue, 4To 3amada Komn

m=aq(B),n), ... 1, = q(B({)n), ©)
m(0) = mo, - - 1p(0) = 10,
e
B(t) = (By(t),...,B" V@), Bu(t),..., BUm= D),
uMmeer peutenue 7 (), .. ., 1,(t), onpenenenHoe npu ¢ € [0, t.] ¥ yIOBICTBOPSIOLIEE YCIOBHIM
Mte) = M3 (t) = Nps )

N3 nmokasarenbcTBa TEOPEMBI 2 CIIEAYET, YTO PEIICHHE TepMHUHanIbHOU 3amaun (3), (4) mist

cucTeMbI (2) MOXKET OBITh HalIeHO TI0 (popmyrie

w (1) B (1) ~ A(B(®), (1))
o | =97 (B@),n(t) : (8)
U (t) Bim(t) = fu(B(t),n(t))

e 1(t) = (m(t),...,n,(t))", a cooTHOUTEHUS

z=DB(t), n=nt), tel0t],

SBJISIIOTCS t-TIapaMeTPUYECKUMU YPaBHEHUSIMU TPACKTOPUH, coeauHstomen coctosiuus (3) u (4) B

MIPOCTPAHCTBE COCTOSIHUM cucTeMBbI (2).

3. Mlouck yukumii By(t), ..., B,,(t) B ciyyae p = 1

ITycts B cucteme (2) moacucTeMa HyJIeBOM AMHAMHUKH OJJHOMEpHa, T.€. p = 1. BBenem 0603Ha-

uennst 2 = (2] 2 )", i =1, m, u 3anumem cucremy (2 :
=(21,--,2,) ,t=1,m, y (2) B cienytoiieM BUE:
2=z ..., Zﬁi_l :zii,
Zi = fi(z,n) + gir(z,n)ur + . .. + Gim (2, 1) Unm, )
n=q(z',....2"n),
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rie ) € R. Bynewm uckars Gpyukiwu By (t), . .., B,,(t) u3 Teopemsi 2 B Bujie

e b;(t) € C™i([0,t.]) TakoBBI, 4TO 1715t BCEX ¢ = 1, 7 BHIIOJHEHBI PAaBEHCTBA

bi(0) = zly, B(0) =zhy, ..., BUTV(0) =z, (11)

bi(t,) =20, Vit,) =2, ..., b"Y(t) =2 (12)

d;(t) € C"i(]0,t,]) u npu Bcex i = 1, m yIOBIETBOPSIOT yCIOBHAM
4:(0)=0, d0)=0, ..., d"Y0)=0, (13)
di(t,) =0, dt)=0, ..., d"V@w)=o0. (14)
B npencrasnennu (10) ko3 dUIIUEHTHI ¢; — MMOKa HE U3BECTHBIC KOHCTAHTHI.
B kauectse GpyHkuuii b;(t), i = 1, m, MOXKHO B3Th HHTEPIOJISIMOHHBIE MHOTOUYIEHBI CTEIIEHEH

2r; — 1, ynosaerBopsirorue yciosusim (11), (12), B kauecte dynkumii d;(t), i = 1, m, — aro0bie

MHOTOYJIEHBI, JUIsI KOTOPBIX BBITIOMHAIOTCS cooTHomeHus (13), (14), nanpumep,

di(t) =t (t, — )", i=T1, m. (15)

[Ipu m00bIX 3HaueHUsX ¢; GyHkuun B;(t) ynoBnerBopsitor ycioBusm (5). 3amada Komm (6) ¢

yuetoM ycnoBus (7) nmpeodpasyeTcst K rpaHUYHON 3aaue

{ i =ai(t) + adi(t), - Bu(t) + e dn(t), ), (16
77(0) = To, 77(75*) = T,

rue

bit) = (bi(1),04(1), ... .0 V()" dit) = (dit), di(t),....d" V)", i=Tm,

i i
Tak ut0 B;(t) = bi(t) + c;d;(t). Bcam ynactcs HaliTH 3HAYEHMS C; = Ciy, ..., Cy = Cro, JUIA
KOTODBIX CYIECTBYET petienue 7)(t) rpanuyanoi 3amauu (16), To dyuxuun B;(t) = b;(t) + ¢;. d;(1),
i = 1, m, GyayT yIOBJIETBOPATH BCEM YCIOBUSIM TEOPEMBI 2 H, CJIEIOBATENLHO, TEPMUHAIbHAS

3amada (3), (4) st cuctemsl (9) OyaeT UMETh peleHue.

4. JloctaTouHoe ycJI0BHE YNPAaBJISAEeMOCTH

Paccmorpum ciyuaii, korma Gyrkmus g(z1, . .., 2™, 1) umeer Bug
q(z', ... 2™ n) = Q> ..., 2™ R(n), (17)
e Gpynxiums Q(z2', ... 2™) ABISETCA MHOTOUIEHOM HEYETHOM cTenenu 2] + 1:
Q(Zl’ ce 7Zm> - Z aji1»~~~7ir1+...+rm X

D15eee i'r1+.4.+7“mz
i1+ oy S2UH

X (21) oo () (R et (g Yokt (18)

Tm
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HpCI[HOJIO)KI/IM, 9TO JJIsI HEKOTOPOT'O (¥ c {1, RN m} B CJIaracMbIX CTapmeﬁ CTCIICHU BCC YJICHHI,
coacCpKaMe TOJBKO IIEPEMECHHBIC C BEPXHUM HHIACKCOM (v, 06p213y1-0T BBIpa’XCHHUEC BUda
a\20+1 ~ )\ o \ir
(Zl ) + Z Qi y..irg, (Zl ) s (Zm) “, (19)
b e,

>2l+1

IpUYEM B ITOM CyMMe, 33 UCKIIOUYCHHEM (2 , IPUCYTCTBYIOT JIMIIb CJIAraeMble, B KOTOPBIX

CyMMa HOKaBaTeHeﬁ CTeHeHeﬁ HepeMeHHHX C YCTHBIMU HU)KHUMH MHACKCAMU HCUCTHA:
iy, 70 = dotistig+...=2k+ 1. (20)

Teopema 3. Ilycts B cucteme (9) dyrkums ¢(z1, ..., 2™, n) umeer Bux (17), mpu Beex n € R
BBINOJIHEHO HepaBeHcTBO 0 < R(n) < M, dynkuus Q(z!,. .., 2™) apnsercs maorounenom (18)
HEYETHO CTEIEHH, IIPUYEM CYIIECTBYeT Takoe uucio « € {1, ..., m}, 4To B ciaraembIx crap-
el CTENEeHN BCE WICHBI, COACPIKAIME TOIBKO IMEPEeMEHHBIE ¢ BEPXHUM HHAECKCOM (v, 00pa3yroT
BeIpaxxerue Buaa (19) u ynosneropstot ycnosuio (20). Torma cucrema (9) ynpasnsiema B R”™ 3a

m060ii nHTepBan Bpemeni [0, 1,].

JlokazaTenbcTBo. [Tokaxewm, 9To s THOOBIX HAYAJILHOTO (3) M KOHEYHOTO (4) COCTOSTHUM
cuctemsr (9), a Takxke s moboro uatepsana [0, t.| COOTBETCTBYyIOIIas TePMUHAIBHAS 331a4a
umMeer pemienue. byaem uckare pyukuun By (t), . . ., B,,(t) u3 reopemsi 2 B Buge (10).

Uro0bI JOKa3aTh CYIIECTBOBAHKE PEIICHUs TepMUHAIbHOU 3anaun (3), (4) ms cuctemsl (9) ¢

dyukumeit (21, ..., 2™, 1) yKazaHHOTO BHA, JOCTATOYHO TOKA3aTh, YTO:

1) cylIeCTBYET PELICHUE C] = Ciy, - - . » Cry = Crps YPABHEHUS
= [ Q) + ady(0), . Bn(t) + () e
0

2) s moboro t € [0, .| ypaBHeHne

/ ;(%) = O/Q(b1<t) +c1ady(t), o b (t) + Coes din (1)) dt, (22)

OTHOCHTEINIBHO 7) IMEET eqUHCTBeHHOE peuterue 7 = 7)(t), npudeM (yHKus 7)(t) HEMPEepHIBHO
b depentmpyema Ha otpeske [0, t.].
[Tokaxkem cHauana, 4To ypaBHeHHE (21) IpH BBHIITOJIHEHUH YCIIOBUMA TEOPEMBI UMEET pEIICHHUE.

[Tonoxum ¢; = 0 pu ¢ # «. Torga mpaBast 4acTh ypaBHEHHS 3aITUILIETCS B BUIC

t*
/Q(El(t), ot Cada(), o B (1))t = A /da(t)ﬂ“dt n
0

FE S e, [(da®) (@D @) A ),
I 0

r71e Y(Co) COMCPHKHT ClTaracMble MITIIINX CTEIICHEH 110 C,.
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Beruucnum uHTErpan

ty

Jda@®) @) (@G0 dt. (23)

0
3aMeHOl mepeMeHHol T = ¢ — t, /2 3TOT HHTEerpai npeodpasyercs K BHIY

ta)2

[ d@ELmE A (7)), (4)

—t.)2
- 12 e
do(T) = (i — 72> .

[Mockonbky (yHKUUS d,(7) YeTHas, TO €¢ MPOM3BOAHBIC HEUCTHBIX MOPSAKOB HEYCTHBI, MPOU3-

rac

BOJIHBIE YETHBIX MOPSAKOB YeTHBI. Crie10BaTeNbHO, MOIbIHTErpajibHas PyHKIUS B nHTErpane (24)
npeacTaBiseT co00i Mpou3BeACHUE 11 413415+ . . . YeTHBIX QYHKIUHI U i5+ 14+ 76+ . . . HEUSTHBIX.
ITo ycnoBuio ig+i4+i6+. . . = 2k+1, m03TOMY B 3TOM IPOU3BEICHIUH HEUETHBIX (PYHKIIMIA HEeueT-
HO€ YHCJIO, MOJBIHTErpaibHasi GYHKINS HEYETHA U MHTErpaj OT Hee B CUMMETPHUUHBIX IIpenenax

ot —t,/2 10 t, /2 paBeH HyIIO.

20+1

o B MHOT'O4JICHC B

N3 paBencTBa Hymro uHTerpana (23) ciemyer, 9ro Ko3QPHUIMEHT pH ¢

npaBoif yactu ypaBHeHus (21) paBeH

ty

/ dy (t)?H1dt.

0
DTOT HHTErPaJ HOJIOKHUTEIIEH, TIO9TOMY PaCCMATPHBAEMOE YPABHEHHE ABIISAETCS alreOpandyecKuM
ypaBHEHHEM HEYETHOM CTEIEHH, U, CIEI0BATEIBHO, HMEET JICHCTBUTEIBHOE PEIICHHUE Cp = Co-
Takum o6pazom, Habop uncen ¢; = 0, ..., Co = Caxs - -+, Cy = 0 SBJIAETCA PEIICHUEM YpaBHeE-
Hus (21).

[TokakeM Terepb, YTO MPH BBHIOIHEHHH YCIOBHI TeopeMsl st joboro ¢ € [0, t.] ypas-

HeHre (22) OTHOCHTENIBHO 7) IMEET €AMHCTBEHHOe peuteHue 1 = 7)(t), npudem dyHkuus 7)(t)
HenpepbiBHO nuddepenipyema ua orpeske [0, t,]. PaccMOTpHM JeBYIO 9acTh 3TOTO ypaBHEHHUSI.

g Bcex n € R cnpaBeyinBO HEPABEHCTBO

1 1
= > -
R(n) = M

HO TOTJA €CIU 1) = 1)g, TO

/ndﬁ >77—770
R(B)~ M

70
H, CJICA0BATCIBHO,

n
. B
1 / A
77—1>I-',I-100n R(B) +00,
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aeciu n < 1, TO

/n ag n—"o
JRE) S M
MOATOMY
n
lim dp = —0
n—— 0077 R(ﬁ)

Takum 00pa3oM, HHTErpaj ¢ NEPEMEHHbIM BEPXHHUM IIPEESIOM B JIEBOW 4acTH ypaBHeHUS (22),
SBJISISICH HETIPEPBIBHOM (DYHKIIUEH 1), IMEeT pU 1) — 00 OECKOHEUHBIE MPEJIENIbl Pa3HbIX 3HAKOB.
CnenoBarenbHO, 00JaCTh 3HAYEHUH 3TOTO MHTErpaja — BCE MHOXKECTBO JE€HCTBUTEIBHBIX YHCEIL.

D10 03HaYaeT, 4To, KakuM ObI HU OBUIO ¢, ypaBHeHHUE (22) nMmeeT pemieHue npu Beex ¢ € [0, t.].

d } da 1
d/R_)>0

n

ITockonbky

pu Becex 1) € R, To uHTErpan
4
| R(5)

SIBISIETCSL BO3pacTaroniedl GyHkimei 1. D10 o3Ha4aer, uTo s mwobdoro ¢ € [0, t,| pernenne
n = n(t) ypaBHeHus (22) enuHCTBeHHO. YTOOBI 0KA3aTh HEMPEPBIBHYIO AU(dEpeHIIPYEeMOCTD

¢yukmmu 7(t) Ha orpeske [0, t.|, 3anumem ypasHerue (22) B Bujie

U(n,t) =0,
rae
n t
:ZCZ O/@ B1(8) + crada(£), - . Bn(E) + e (£) )l
Tak kak
87\11 — L > (0
on  R(n)

npu Bcex 1) € R, ¢ € [0, ¢.], To o Teopeme o HesiBHON (yHKIMK 7)(t) HempepbIBHO AUddepeHn-
pyema Ha otpeske [0, t.].

Takum oOpazoM, IIst TFOOBIX HauadbHOTO (3) M KOHEYHOTO (4) COCTOSHUH, JUIsl JIFOOOTO WH-
TepBan Bpemenu [0, t,] TepMuHaNIbHas 3amada js cuctemsl (9) ¢ gynkumei g(z', ..., 2™, n)
yKa3aHHOTO BHJIa MMEET pelieHre. DTo 03Hadaet, 4yto cucrema (9) ympasisiema B R™ 3a mr060#

unTepBan Bpemenu [0, t,]. Teopema qoka3aHa.

IMpumep. Ilokaxem, 4To cucrtema

Ho=zh = filz,m) gz n)ur + gz, n)ug, i=1,2,
n=1((z1)"+ (23)*2 — (23)*)(2 + sinn),

rie Marpuna g(z,n) HeBbpoXkaeHa B R°, ynpasnsema B R® 3a mo6oit uarepsai [0, t,].
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Oynxius Q(2) = (21) + (23)%23 — (21)? sBseTcs MHOTOUWIEHOM TpeTheil crenmenn. B
claraeMbIX crapuieii crenenu (z1)® + (22)?z3 Bce uNeHBI, COEpYKAIUKME JIMIIb TIEPEMEHHBIE C
BEPXHUM MHIEKCOM o = 1, mmeror Bux (21)3. Onm oGpasytor Beipaxkenue (19), B koTopom
Bce KO3(h(HUIMEHTHI @;,;, PaBHBI HYIIO, T03TOMY ycioBue (20) 3aBe1oMo BbINOIHEHO. DyHKIMA
R(n) = 2 + sinn monoxurenbHa u orpanudeHa B R: mpu Bcex 77 € R BBINOJIHEHO HEPABEHCTBO
0 < R(n) < 3. CommacHo TeopeMme 3, 3Ta cucTeMa ynpaeisema B R® 3a mo00i MHTepBa

Bpemend [0, t.].

3akioueHue

PaccmoTtpena npoGiiema ynpaBisieMOCTH MHOTOMEPHBIX apQUHHBIX CUCTEM, HE JIMHEApHU3ye-
MBIX 00OpaTHOW CBS3bIO U MPEOOPAYIONIUXCS K PETYISIPHOMY KBa3UKAaHOHHUYECKOMY BHUJLY, OTIpe-
JIEICHHOMY Ha BCEM MPOCTPAHCTBE COCTOSHUMA. J[Is ccTeM perysisipHOro KBa3sMKaHOHHYECKOTO
BHU/Ia MTOJTYYEHO JOCTAaTOYHOE YCIIOBHE CYIIECTBOBAHMS PELICHUI TEPMUHAIBHBIX 3a]a4 JUIs JIFO-
OBbIX HAYaJILHOTO W KOHEYHOTO COCTOSIHUH CHUCTEMBI Ha JIOOOM KOHEYHOM HHTEpPBaje BPEMEHH.
Tem camMbIM JT0Ka3aHO JOCTATOYHOE YCJIIOBHE YIIPABISIEMOCTH TaKMX CHCTEM 32 JIF000I KOHEUHBIH
MHTEpBaJ BpeMeHH. [IprMeHeHHe MOIyYeHHOTO YCIOBHS YIPABISIEMOCTH POMLUTIOCTPHPOBAHO
Ha npuMepe adpPUHHOIN CUCTEMBI IIATOTO MOPsIKA.

Pabora BeimonHeHa npu ¢puHaHcoBoil nopnepxkke PODU (rpant 14-07-00813).
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The controllability problem is one of the most important problems of the control theory. This
problem is well studied for linear stationary systems. A linear stationary system is known to be
controllable if and only if the system is feedback linearizable. For affine systems, relations between
controllability and feedback linearizability are more difficult: if a system is feedback linearizable,

then it is controllable; the inverse statement is wrong.

In the present paper, multidimensional affine systems which cannot be feedback linearized are
considered. In order to prove controllability of such system we use a special approach based on
checking an existence of a terminal problem solution. If a terminal problem for the system in
question has a solution for all boundary conditions and for arbitrary finite time of control, then
the system is controllable. In the present paper it is supposed that the system in question by
a smooth nonsingular change of variables can be transformed into a special canonical form —
a regular quasicanonical form defined in the whole state space. It is also supposed that a zero
dynamics subsystem of the system of a quasicanonical form is one-dimensional. As a result,
the terminal problem for the original system is transformed into the equivalent terminal problem
for the system of a regular quasicanonical form. The necessary and sufficient condition of an
existence of a terminal problem solution is well-known for such systems. In the present paper, this
condition is used to prove an existence of a terminal problem solution for the system of a regular
quasicanonical form with one-dimensional zero dynamics subsystem for all boundary conditions
and for arbitrary finite time of control. Thereby, the sufficient condition of controllability is proven
for such systems. An example of the five-dimensional affine system with two-dimensional control

is given to illustrate the proposed condition.

Obtained results may be used to solve control problems for various technical systems.
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