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ÓÄÊ 536.2

Òåìïåðàòóðíîå ïîëå ïîëóïðîñòðàíñòâà, ïîäâèæíàÿ ãðàíèöà
êîòîðîãî ñ òåðìè÷åñêè òîíêèì ïîêðûòèåì íàõîäèòñÿ
ïîä âîçäåéñòâèåì âíåøíåãî òåïëîâîãî ïîòîêà

Âëàñîâ Ï.À.1,*, Âîëêîâ È.Ê.1 *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Àíàëèòè÷åñêèå ìåòîäû ìàòåìàòè÷åñêîé òåîðèè òåïëîïðîâîäíîñòè çàíèìàþò îñîáîå ìåñòî â èí-
æåíåðíîé ïðàêòèêå. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷, ïîëó÷åííûå â
àíàëèòè÷åñêè çàìêíóòîì âèäå, ìîãóò áûòü èñïîëüçîâàíû êàê äëÿ ïðîâåäåíèÿ ïàðàìåòðè÷åñêîãî
àíàëèçà ñ öåëüþ îïòèìèçàöèè òåïëîâîé çàùèòû êîíñòðóêöèé, òàê è äëÿ òåñòèðîâàíèÿ âû÷èñëè-
òåëüíûõ êîìïëåêñîâ, îðèåíòèðîâàííûõ íà ðåøåíèå ïðèêëàäíûõ çàäà÷. Îñíîâíàÿ öåëü ïðîâå-
äåííûõ èññëåäîâàíèé | ïîëó÷åíèå â àíàëèòè÷åñêè çàìêíóòîì âèäå ðåøåíèÿ çàäà÷è íàõîæäåíèÿ
òåìïåðàòóðíîãî ïîëÿ îðòîòðîïíîãî ïîëóïðîñòðàíñòâà, ãðàíèöà êîòîðîãî ñ òåðìè÷åñêè òîíêèì
ïîêðûòèåì ïëåíî÷íîãî òèïà íàõîäèòñÿ ïîä âîçäåéñòâèåì ïðåäåëüíî êîíöåíòðèðîâàííîãî ñòà-
öèîíàðíîãî âíåøíåãî òåïëîâîãî ïîòîêà è ïåðåìåùàåòñÿ ïàðàëëåëüíî ñàìîé ñåáå ïî ëèíåéíîìó
çàêîíó.

Êëþ÷åâûå ñëîâà: òåìïåðàòóðíîå ïîëå; ïîëóïðîñòðàíñòâî; ïîäâèæíàÿ ãðàíèöà

Ââåäåíèå

Â èíæåíåðíîé ïðàêòèêå àíàëèòè÷åñêèå ìåòîäû ìàòåìàòè÷åñêîé òåîðèè òåïëîïðîâîäíî-
ñòè [1, 2, 3] çàíèìàþò îñîáîå ìåñòî. Ýòî îáóñëîâëåíî ìíîãèìè ïðè÷èíàìè è, â ÷àñòíîñòè,
òåì, ÷òî ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷, ïîëó÷åííûå â àíàëèòè÷åñêè çàìêíóòîì âèäå, ïî-
çâîëÿþò íå òîëüêî ïðîâîäèòü ïàðàìåòðè÷åñêèé àíàëèç èçó÷àåìîãî òåìïåðàòóðíîãî ïîëÿ è
èññëåäîâàòü ñïåöèôè÷åñêèå îñîáåííîñòè åãî ôîðìèðîâàíèÿ, íî è òåñòèðîâàòü ðàçðàáàòûâàå-
ìûå âû÷èñëèòåëüíûå àëãîðèòìû, îðèåíòèðîâàííûå íà ðåøåíèå ðåàëüíûõ ïðèêëàäíûõ çàäà÷
òåïëîìàññîïåðåíîñà. Òðóäíîñòè, âîçíèêàþùèå ïðè ïðàêòè÷åñêîì èñïîëüçîâàíèè àíàëèòè-
÷åñêèõ ìåòîäîâ ìàòåìàòè÷åñêîé òåîðèè òåïëîïðîâîäíîñòè, õîðîøî èçâåñòíû [1, 2, 3, 4, 5, 6].
Ïðè ýòîì îíè ñóùåñòâåííî óñóãóáëÿþòñÿ ïðè íàëè÷èè ïîäâèæíûõ ãðàíèö ó èçó÷àåìîé ñè-
ñòåìû äàæå â ïðîñòåéøåì ñëó÷àå, êîãäà çàêîí äâèæåíèÿ èçâåñòåí [7, 8].
Îñíîâíàÿ öåëü ïðîâåäåííûõ èññëåäîâàíèé| ïîëó÷åíèå â àíàëèòè÷åñêè çàìêíóòîì âèäå

ðåøåíèÿ çàäà÷è íàõîæäåíèÿ òåìïåðàòóðíîãî ïîëÿ îðòîòðîïíîãî ïîëóïðîñòðàíñòâà, ãðàíèöà
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êîòîðîãî ñ òåðìè÷åñêè òîíêèì ïîêðûòèåì ïëåíî÷íîãî òèïà íàõîäèòñÿ ïîä âîçäåéñòâèåì
âíåøíåãî òåïëîâîãî ïîòîêà è ïåðåìåùàåòñÿ ïàðàëëåëüíî ñàìîé ñåáå ïî ëèíåéíîìó çàêîíó.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Îáúåêòîì íàñòîÿùèõ èññëåäîâàíèé ÿâëÿåòñÿ òåìïåðàòóðíîå ïîëå îáëàäàþùåãî îñåâîé
ñèììåòðèåé îðòîòðîïíîãî ïîëóïðîñòðàíñòâà

G =
{
(r, ϕ, z) ∈ R3: (r > 0) ∧ (0 6 ϕ < 2π) ∧ (z > vt)

}
ñ ïîäâèæíîé ãðàíèöåé

ΓG =
{
(r, ϕ, z) ∈ R3: (r > 0) ∧ (0 6 ϕ < 2π) ∧ (z = vt)

}
,

èìåþùåé òåðìè÷åñêè òîíêîå ïîêðûòèå ìàëîé òîëùèíû ε∗, âíåøíÿÿ ãðàíèöà êîòîðîãî íàõî-
äèòñÿ ïîä âîçäåéñòâèåì ïðåäåëüíî êîíöåíòðèðîâàííîãî òåïëîâîãî ïîòîêà

q(r, t, ϕ) ≡ 2πq0δ(r),

ãäå t > 0|òåêóùåå âðåìÿ; v|ñêîðîñòü äâèæåíèÿ ãðàíèöû; δ(r)|äåëüòà-ôóíêöèÿÄèðàêà.
Î÷åâèäíî, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå òåìïåðàòóðíîå ïîëåT (r, z, t) áóäåò îáëàäàòü îñåâîé
ñèììåòðèåé. Ýòî ñîîáðàæåíèå âìåñòå ñ ïðåäïîëîæåíèåì î òîì, ÷òî êîíòàêò â ñèñòåìå
<ïîëóïðîñòðàíñòâî | ïîêðûòèå ãðàíèöû> ÿâëÿåòñÿ èäåàëüíûì [2], ïðèâîäèò ê ñëåäóþùåé
ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà ôîðìèðîâàíèÿ èçó÷àåìîãî òåìïåðàòóðíîãî ïîëÿ:

∂θ

∂Fo
= Λ

1

ρ

∂

∂ρ
ρ
∂θ

∂ρ
+

∂2θ

∂Z2
, ρ > 0, Z > V Fo, Fo > 0; (1)

a2 ∂θ

∂Fo
= Λ0

1

ρ

∂

∂ρ
ρ
∂θ

∂ρ
+ Λ∗

∂2θ

∂Z2
, ρ > 0, V Fo− ε < Z < V Fo, Fo > 0; (2)

θ(ρ, Z, Fo)
∣∣∣∣
Fo=0

≡ 0; (3)

∂θ

∂Z

∣∣∣∣∣
Z=V Fo−ε

= −2πQ0δ(r); (4)

θ(ρ, V Fo− 0, Fo) = θ(ρ, V Fo + 0, Fo); (5)

Λ∗
∂θ

∂Z

∣∣∣∣∣
Z=V Fo−0

=
∂θ

∂Z

∣∣∣∣∣
Z=V Fo+0

, (6)

ïðè çàïèñè êîòîðîé èñïîëüçîâàíû åäèíèöà ìàñøòàáà l ïðîñòðàíñòâåííûõ ïåðåìåííûõ è
îáîçíà÷åíèÿ

θ =
T − T0

T0

, Fo =
λzt

cγl2
, ρ =

r

l
, Z =

z

l
, V =

cγlv

λz

,

Q0 =
q0l

T0λz

, a2 =
cïγï

cγ
, ε =

ε∗
l

, Λ =
λr

λz

, Λ0 =
λïr
λz

,

Λ∗ =
λïz
λz

,
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ãäå T0 | íà÷àëüíàÿ òåìïåðàòóðà ïîëóïðîñòðàíñòâà; λz, λr | çíà÷åíèÿ êîýôôèöèåíòîâ òå-
ïëîïðîâîäíîñòè Ôóðüå â íàïðàâëåíèè îñè z è ðàäèàëüíîì íàïðàâëåíèè ñîîòâåòñòâåííî; c|
óäåëüíàÿ òåïëîåìêîñòü; γ | ïëîòíîñòü ìàòåðèàëà (ïðàâûé âåðõíèé èíäåêñ <ï> îòíîñèòñÿ ê
òåïëîôèçè÷åñêèì õàðàêòåðèñòèêàì ïîêðûòèÿ).
Ïðè ðåøåíèè çàäà÷è (1){(6) áóäåì ïðåäïîëàãàòü, ÷òî ïî êàæäîìó èç ïðîñòðàíñòâåííûõ

ïåðåìåííûõ ρ, Z ôóíêöèîíàë θ(ρ, Z, Fo) èíòåãðèðóåì ñ êâàäðàòîì:

θ(·, Z, Fo) ∈ L2[0, +∞), Z > V Fo− ε, Fo > 0, (7)

θ(ρ, ·, Fo) ∈ L2[V Fo− ε, +∞), ρ > 0, Fo > 0, (8)

à, êàê ôóíêöèÿ àðãóìåíòà Fo, îí ïðèíàäëåæèò êëàññó L[0, +∞) ôóíêöèé-îðèãèíàëîâ ïðå-
îáðàçîâàíèÿ Ëàïëàñà [2], ò.å.

θ(ρ, Z, ·) ∈ L[0, +∞), ρ > 0, Z > V Fo− ε. (9)

Ñîãëàñíî èñõîäíûì äîïóùåíèÿì, ïîêðûòèå ïîäâèæíîé ãðàíèöû ÿâëÿåòñÿ òåðìè÷åñêè
òîíêèì ïîêðûòèåì ïëåíî÷îãî òèïà, ïîýòîìó äîïóñòèìà ðåàëèçàöèÿ èäåè <ñîñðåäîòî÷åííàÿ
åìêîñòü> [9]:

〈θ(ρ, Fo)〉 =
1

ε

V Fo−0∫
V Fo−ε+0

θ(ρ, Z, Fo) dZ; (10)

θ(ρ, V Fo− ε + 0, Fo) = 〈θ(ρ, Fo)〉 = θ(ρ, V Fo− 0, Fo), (11)

ò.å. äîïóñòèìî ïðèíÿòèå ãèïîòåçû î òîì, ÷òî ñðåäíåèíòåãðàëüíàÿ ïî òîëùèíå ïîêðûòèÿ
òåìïåðàòóðà ðàâíà òåìïåðàòóðå åãî ãðàíèö. Ïðîèíòåãðèðîâàâ óðàâíåíèå (2) ïî ïåðåìåííîìó
Z â ïðåäåëàõ îò V Fo − ε äî V Fo ñ ó÷åòîì êðàåâîãî óñëîâèÿ (4), óñëîâèé ñîïðÿæåíèÿ (5) è
(6), ðàâåíñòâ (10), (11) è ïðàâèëà Ëåéáíèöà äèôôåðåíöèðîâàíèÿ çàâèñÿùåãî îò ïàðàìåòðà
èíòåãðàëà [10], ïðèõîäèì ê óðàâíåíèþ

∂θ

∂Z
= −2πq0δ(ρ) + ε

{
a2 ∂θ

∂Fo
− Λ0

1

ρ

∂

∂ρ
ρ
∂θ

∂ρ

}
, ρ > 0, Z = V Fo, Fo > 0, (12)

êîòîðîå ìîæíî èíòåðïðåòèðîâàòü êàê íåñòàöèîíàðíîå îáîáùåíèå êðàåâîãî óñëîâèÿ âòîðîãî
ðîäà íà ïîäâèæíîé ãðàíèöå îðòîòðîïíîãî ïîëóïðîñòðàíñòâà â ïëîñêîñòè êîòîðîé ðåàëèçó-
åòñÿ êîíäóêòèâíûé òåïëîïåðåíîñ.
Òàêèì îáðàçîì, ó÷åò íàëè÷èÿ òåðìè÷åñêè òîíêîãî ïîêðûòèÿ ïîäâèæíîé ãðàíèöû ðàñ-

ñìàòðèâàåìîãî ïîëóïðîñòðàíñòâà ïðèâîäèò ê ìàòåìàòè÷åñêîé ìîäåëè (1), (3), (7){(9), (12)
ïðîöåññà ôîðìèðîâàíèÿ èñêîìîãî òåìïåðàòóðíîãî ïîëÿ, êîòîðàÿ ïîñëå ñòàíäàðòíîé çàìåíû
ïåðåìåííûõ

X = Z − V Fo, τ = Fo, (13)
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îçíà÷àþùåé ïåðåõîä â ïîäâèæíóþ ñèñòåìó êîîðäèíàò, ïðèìåò âèä:

∂θ

∂τ
= Λ

1

ρ

∂

∂ρ
ρ
∂θ

∂ρ
+

∂2θ

∂X2
+ V

∂θ

∂X
, ρ > 0, X > 0, τ > 0;

θ(ρ, X, τ)
∣∣∣∣
τ=0

≡ 0;

∂θ

∂X

∣∣∣∣∣
X=0

= −2πQ0δ(ρ) + ε
{
a2 ∂θ

∂τ
− Λ0

1

ρ

∂

∂ρ
ρ
∂θ

∂ρ
− a2V

∂θ

∂X

}∣∣∣∣∣
X=0

,

(14)

ãäå ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ

θ(·, X, τ) ∈ L2[0, +∞), X > 0, τ > 0; (15)

θ(ρ, ·, τ) ∈ L2[0, +∞), ρ > 0, τ > 0; (16)

θ(ρ, X, ·) ∈ L[0, +∞), ρ > 0, X > 0. (17)

2. Òåìïåðàòóðíîå ïîëå

Ìàòåìàòè÷åñêàÿìîäåëü (14) ïðåäñòàâëÿåò ñîáîé ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ â ÷àñò-
íûõ ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî òèïà ñî ñïåöèàëüíûì êðàåâûì óñëîâèåì ïðè X = 0. Åå
ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïóòåì ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ ñíà÷àëà èíòåãðàëüíîãî
ïðåîáðàçîâàíèÿ Ãàíêåëÿ íóëåâîãî ïîðÿäêà [1, 2]:

H0[θ] ≡
+∞∫
0

θ(ρ)ρJ0(pρ) dρ, H−1
0 [κ] ≡

+∞∫
0

κ(p)pJ0(pρ) dp, (18)

à çàòåì | èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà [1, 2]. Ïîëàãàÿ

A(p, X, τ) = H0[θ(ρ, X, τ)], B(p, X, s) = L[A(p, X, τ)], (19)

ãäå L | îïåðàòîð ïðÿìîãî ïðåîáðàçîâàíèÿ Ëàïëàñà, ïðèõîäèì ê çàäà÷å äëÿ îïðåäåëåíèÿ
èçîáðàæåíèÿ B(p, X, s):

d2B

dX2
+ V

dB

dX
− (s + Λp2)B = 0, X > 0;

dB

dX

∣∣∣∣∣
X=0

= −Q0

s
+ ε

{
(a2s + Λ0p

2)B − a2V
dB

dX

}∣∣∣∣∣
X=0

,

ãäå â ñîîòâåòñòâèè ñ ïðåäïîëîæåíèÿìè (15){(17) äîëæíî âûïîëíÿòüñÿ óñëîâèå

B(p, ·, s) ∈ L2[0, +∞), p ∈ R+, s ∈ C,

êîòîðîå òàêæå èãðàåò ðîëü ãðàíè÷íîãî óñëîâèÿ â áåñêîíå÷íîñòè. Ðåøåíèå ýòîé çàäà÷è ìîæåò
áûòü íàéäåíî ñòàíäàðòíûìè ìåòîäàìè è ïðåäñòàâëåíî â ñëåäóþùåì âèäå:

B(p, X, s) =
Q0

s

{
εa2

(
s + Λp2 +

V 2

4

)
+ (1 + εa2V )

√
s + Λp2 +

V 2

4
+

+ ε(Λ0 − a2Λ)p2 +
V

2

(
1 + εa2V

2

)}−1

exp
{
−X

(
V

2
+

√
s + Λp2 +

V 2

4

)}
. (20)
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Äëÿ ïåðåõîäà â ïðîñòðàíñòâî èçîáðàæåíèé èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ãàíêåëÿ (18) â
ñîîòâåòñòâèè ñ (19) ê ðàâåíñòâó (20) ïðèìåíÿåì îïåðàòîðL−1 îáðàùåíèÿ èíòåãðàëüíîãî ïðå-
îáðàçîâàíèÿ Ëàïëàñà è ñ èñïîëüçîâàíèåì òåîðåì îá èíòåãðèðîâàíèè îðèãèíàëà è ñìåùåíèè
ïîëó÷àåì

A(p, X, τ) = Q0 exp
(
−V

2
X

) τ∫
0

exp
[
−

(
Λp2 +

V 2

4

)
t
]
Ψ(p, X, t) dt, (21)

ãäå èçîáðàæåíèå èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ãàíêåëÿ íóëåâîãî ïîðÿäêà

Ψ(p, X, τ) = L−1

[{
εa2s + (1 + εa2V )

√
s + ε(Λ0 − a2Λ)p2 +

+ 0,5V
(
1 + εa2V

2

)}−1

exp
(
−X

√
s

)]
. (22)

Ñòðóêòóðà èçîáðàæåíèÿΨ(p, X, τ) îïðåäåëÿåòñÿ çíàêîì êîýôôèöèåíòà ïðè p2 â ïðàâîé ÷àñòè
ïîñëåäíåãî âûðàæåíèÿ. Òàê êàê ïî ñìûñëó ðåøàåìîé çàäà÷è ïàðàìåòð ε èìååò ïîëîæèòåëü-
íîå çíà÷åíèå, òî çíàê ýòîãî êîýôôèöèåíòà ïðîòèâîïîëîæåí çíàêó áåçðàçìåðíîãî êîìïëåêñà

∆ = Λ− Λ0

a2
=

λr

λz

−

λïr
cïγï

λr

cγ

. (23)

Çàìåòèì, ÷òî ïîñëåäíÿÿ äðîáü â ïðàâîé ÷àñòè (23) ïðåäñòàâëÿåò ñîáîé îòíîøåíèå êîýôôèöè-
åíòîâ òåìïåðàòóðîïðîâîäíîñòè ìàòåðèàëîâ ïîêðûòèÿ è ïîëóïðîñòðàíñòâà. Îãðàíè÷èâàÿñü
íàèáîëåå ðåàëüíîé ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ ñèòóàöèåé, êîãäà ∆ > 0, è ïîëàãàÿ

αk(p) =
1

2

(
1

εa2
+ V

)
+ (−1)k

√
1

4ε2a4
+ p2∆, k = 1, 2, (24)

ñ ó÷åòîì ðàâåíñòâà (22) è òàáëèöû <èçîáðàæåíèå | îðèãèíàë> [2] ïðèõîäèì ê ñëåäóþùåìó
ðåçóëüòàòó:

Ψ(p, X, τ)
∣∣∣∣
∆>0

≡ 1

εa2[α1(p)− α2(p)]
L−1

[
exp(−X

√
s )√

s + α2(p)
− exp(−X

√
s )√

s + α1(p)

]
=

=
1

εa2[α1(p)− α2(p)]

{
α1(p) exp[Xα1(p) + τα2

1(p)] erfc
(

X

2
√

τ
+ α1(p)

√
τ
)
−

− α2(p) exp[Xα2(p) + τα2
2(p)] erfc

(
X

2
√

τ
+ α2(p)

√
τ
)}

, (25)

ãäå

erfc(x) =
2√
π

+∞∫
x

e−t2dt |

äîïîëíèòåëüíàÿ ôóíêöèÿ îøèáîê Ãàóññà [11].
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3. Ðåçóëüòàòû è èõ îáñóæäåíèå

1. Èñêîìîå òåìïåðàòóðíîå ïîëå â ïîäâèæíîé ñèñòåìå êîîðäèíàò (13) â ðàññìàòðèâàåìîé
ñèòóàöèè, êîãäà ∆ > 0, ïîëíîñòüþ îïðåäåëåíî ðàâåíñòâàìè (19), (21), (23), (24), (25) è
ôîðìóëîé îáðàùåíèÿ (18) èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ãàíêåëÿ íóëåâîãî ïîðÿäêà.

2. Îòñóòñòâèå òåðìè÷åñêè òîíêîãî ïîêðûòèÿ ïëåíî÷íîãî òèïà íà ãðàíèöå ðàññìàòðèâà-
åìîãî ïîëóïðîñòðàíñòâà àññîöèèðóåòñÿ ñ ðàâåíñòâîì ε = 0. Â ýòîì ñëó÷àå ðàâåíñòâî (22)
çíà÷èòåëüíî óïðîùàåòñÿ è äëÿ îïðåäåëåíèÿ ôóíêöèîíàëà Ψ(p, X, τ) äîñòàòî÷íî âîñïîëüçî-
âàòüñÿ òàáëèöåé <èçîáðàæåíèå | îðèãèíàë> [2]. Â ýòîì ñëó÷àå

Ψ(p,X,τ)
∣∣∣∣
ε=0

=
2

V

{√
V 2

4πτ
exp

(
−X2

4τ

)
−

(
V

2

)2

exp
[
X

(
V

2

)
+

(
V

2

)2

τ
]
erfc

(
X

2
√

τ
+

V

2

√
τ
)}

è ñîãëàñíî (21)

A(p, X, τ)
∣∣∣∣
ε=0

= Q0

τ∫
0

exp(−Λp2t)

{
1√
πt

exp
[
−

(
X

2
√

t
+

V

2

√
t
)2]

−

− V

2
erfc

(
X

2
√

t
+

V

2

√
t
)}

dt. (26)

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ èñêîìîãî òåìïåðàòóðíîãî ïîëÿ â ïîäâèæíîé ñèñòåìå êî-
îðäèíàò (13) ïðè ε = 0 äîñòàòî÷íî âîñïîëüçîâàòüñÿ ðàâåíñòâàìè (19), (26), ôîðìóëîé (18)
îáðàùåíèÿ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ãàíêåëÿ íóëåâîãî ïîðÿäêà è òàáëèöàìè èíòåãðà-
ëîâ ñïåöèàëüíûõ ôóíêöèé [11]:

θ(ρ, X, τ)
∣∣∣∣
ε=0

=
Q0

2Λ

τ∫
0

1

t
exp

(
− ρ2

4Λt

){
1√
πt

exp
[
−

(
X

2
√

t
+

V

2

√
t
)2]

−

− V

2
erfc

(
X

2
√

t
+

V

2

√
t
)}

dt, ρ > 0, X > 0, τ > 0. (27)

3. Ðåøåíèå ñìåøàííîé çàäà÷è (14) ìîæåò áûòü íàéäåíî ìåòîäîì ìàëîãî ïàðàìåòðà [12].
Â ýòîì ñëó÷àå

θ(ρ, X, τ) =
∞∑

k=0

εkθk(ρ, X, τ), (28)

ãäå ôóíêöèîíàëû θk(ρ, X, τ), k = 0, 1, 2, . . . , | ðåøåíèÿ ñìåøàííîé çàäà÷è (14), â êîòîðîé
ãðàíè÷íîå óñëîâèå ïðè X = 0 çàìåíåíî ñîîòâåòñòâåííî óñëîâèÿìè

∂θk

∂X

∣∣∣∣∣
X=0

=


−2πQ0δ(ρ), k = 0;[

a2 ∂θk−1

∂τ
− Λ0

1
ρ

∂

∂ρ
ρ
∂θk−1

∂ρ
− a2V

∂θk−1

∂X

]∣∣∣∣∣
X=0

, k = 1, 2, 3, . . .

Ñëåäóåò çàìåòèòü, ÷òî ôóíêöèîíàë θ0(ρ, X, τ) îïðåäåëåí ðàâåíñòâîì (27), à âñå ïîñëåäóþ-
ùèå ñëàãàåìûå â ïðàâîé ÷àñòè ðàâåíñòâà (28) çàäàþò ïîãðåøíîñòü â îïðåäåëåíèè èñêîìîãî
òåìïåðàòóðíîãî ïîëÿ, îáóñëîâëåííóþ ïðåíåáðåæåíèåì òåðìè÷åñêè òîíêèì ïîêðûòèåì ïëå-
íî÷íîãî òèïà íà ïîäâèæíîé ãðàíèöå ïîëóïðîñòðàíñòâà.
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Çàêëþ÷åíèå

Â àíàëèòè÷åñêè çàìêíóòîì âèäå, ïðèãîäíîì äëÿ ïðîâåäåíèÿ äàëüíåéøåãî ïàðàìåòðè-
÷åñêîãî àíàëèçà èçó÷àåìîãî ïðîöåññà, äëÿ ïðàêòè÷åñêè ðåàëèçóåìîé ñèòóàöèè íàéäåíî ðå-
øåíèå çàäà÷è î íàõîæäåíèè òåìïåðàòóðíîãî ïîëÿ îðòîòðîïíîãî ïîëóïðîñòðàíñòâà, ãðàíèöà
êîòîðîãî, îáëàäàþùàÿ òåðìè÷åñêè òîíêèì ïîêðûòèåì ïëåíî÷íîãî òèïà, íàõîäèòñÿ ïîä âîç-
äåéñòâèåì âíåøíåãî ñòàöèîíàðíîãî ïðåäåëüíî êîíöåíòðèðîâàííîãî òåïëîâîãî ïîòîêà è ïå-
ðåìåùàåòñÿ ïàðàëëåëüíî ñàìîé ñåáå ïî ëèíåéíîìó çàêîíó.
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Half-Space Temperature Field
with a Movable Thermally Thin-Coated Boundary
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In engineering practice analytical methods of the mathematical theory of heat conduction hold
a special place. This is due to many reasons, in particular, because of the fact that the solutions of
the relevant problems represented in analytically closed form, can be used not only for a parametric
analysis of the studied temperature field and to explore the specific features of its formation, but also
to test the developed computational algorithms, which are aimed at solving real-world application
heat andmass transfer problems. Difficulties arising when using the analytical mathematical theory
methods of heat conduction in practice are well known. Also they are significantly exacerbated if
the boundaries of the system under study are movable, even in the simplest case, when the law of
motion is known.

Themain goal of the conducted research is to have an analytically closed-form problem solution
for finding the orthotropic half-space temperature field, a boundary of which has thermally thin
coating exposed to extremely concentrated stationary external heat flux and uniformly moves
parallel to itself.

The assumption that the covering of the boundary is thermally thin, allowed to realize the
idea of \concentrated capacity", that is to accept the hypothesis that the mean-thickness coating
temperature is equal to the temperature of its boundaries. This assumption allowed us to reduce the
problem under consideration to a mixed problem for a parabolic equation with a specific boundary
condition.

The Hankel integral transform of zero order with respect to the radial variable and the Laplace
transform with respect to the temporal variable were used to solve the reduced problem. These
techniques have allowed us to submit the required solution as an iterated integral.
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