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Î çíà÷åíèÿõ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé
ñ ðàçëè÷íûìè èððàöèîíàëüíûìè ïàðàìåòðàìè
â ìàëûõ òî÷êàõ

Èâàíêîâ Ï.Ë.1,* *

1ÌÃÒÓ èì. Í.Ý. Áàóìàíà, Ìîñêâà, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ëèíåéíîé íåçàâèñèìîñòè çíà÷åíèé îáîáùåííûõ ãèïåðãåîìå-
òðè÷åñêèõ ôóíêöèé ñ ðàçëè÷íûìè èððàöèîíàëüíûìè ïàðàìåòðàìè. Äëÿ ðåøåíèÿ òàêîé çàäà÷è
íåëüçÿ íåïîñðåäñòâåííî ïðèìåíèòü èçâåñòíûé â òåîðèè òðàíñöåíäåíòíûõ ÷èñåë ìåòîä Çèãåëÿ,
ïîñêîëüêó óïîìÿíóòûå ôóíêöèè íå ïðèíàäëåæàò ê âûäåëåííîìó Çèãåëåì ñïåöèàëüíîìó êëàññó
öåëûõ ôóíêöèé. Ïðèìåíåíèå ýôôåêòèâíîé êîíñòðóêöèè ëèíåéíûõ ïðèáëèæàþùèõ ôîðì ïî-
òðåáîâàëî íàëîæåíèÿ äîïîëíèòåëüíîãî óñëîâèÿ íà âàðüèðóåìûå ïàðàìåòðû: ðàçíîñòü ýòèõ ïà-
ðàìåòðîâ äîëæíà áûòü ðàöèîíàëüíûì ÷èñëîì. Â äàííîé ðàáîòå ïðèìåíÿåòñÿ ýôôåêòèâíàÿ êîí-
ñòðóêöèÿ ñîâìåñòíûõ ïðèáëèæåíèé, ÷òî ïîçâîëèëî îòêàçàòüñÿ îò ïîñëåäíåãî óñëîâèÿ, îäíàêî
ïðè ýòîì ïðèøëîñü îãðàíè÷èòüñÿ çíà÷åíèÿìè ðàññìàòðèâàåìûõ ôóíêöèé â äîñòàòî÷íî ìàëîé ïî
àáñîëþòíîé âåëè÷èíå òî÷êå.

Êëþ÷åâûå ñëîâà: îöåíêè ëèíåéíûõ ôîðì; ñîâìåñòíûå ïðèáëèæåíèÿ; îáîáùåííûå ãèïåðãåîìå-
òðè÷åñêèå ôóíêöèè; èððàöèîíàëüíûå ïàðàìåòðû.

Ââåäåíèå

Â äàííîé ðàáîòå èçó÷àþòñÿ àðèôìåòè÷åñêèå ñâîéñòâà çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ
ôóíêöèé ñ ðàçëè÷íûìè ïàðàìåòðàìè, ïðè÷¸ì âàðüèðóåìûå ïàðàìåòðû èððàöèîíàëüíû. Ðà-
íåå äëÿ ðåøåíèÿ òàêîé çàäà÷è áûëà èñïîëüçîâàíà ýôôåêòèâíàÿ êîíñòðóêöèÿ ëèíåéíûõ ïðè-
áëèæàþùèõ ôîðì; ïðè ýòîì ïðèøëîñü íàëîæèòü äîïîëíèòåëüíîå îãðàíè÷åíèå: ðàçíîñòü
âàðüèðóåìûõ ïàðàìåòðîâ äîëæíà áûòü ðàöèîíàëüíûì ÷èñëîì. Èñïîëüçîâàíèå ñîâìåñòíûõ
ïðèáëèæåíèé ïîçâîëÿåò èçáàâèòüñÿ îò ïîñëåäíåãî òðåáîâàíèÿ, îäíàêî ïðèâîäèò ê íåîáõî-
äèìîñòè îãðàíè÷èòüñÿ çíà÷åíèÿìè ðàññìàòðèâàåìûõ ôóíêöèé ëèøü â äîñòàòî÷íî ìàëîé ïî
ìîäóëþ òî÷êå.

1. Ðåçóëüòàòû

Ïóñòü I | ìíèìîå êâàäðàòè÷íîå ïîëå, λ1, λ2 ∈ I \ Q, λ1 − λ2 /∈ Z, b(x) ∈ I[x], m =

= deg b(x), u = m + 1, b(x) 6= 0 ïðè x = 1, 2, . . . Ðàññìîòðèì ïðè k = 1, 2, j = 1, . . . , u

Íàóêà è Îáðàçîâàíèå. ÌÃÒÓ èì. Í.Ý. Áàóìàíà 65

http://technomag.bmstu.ru/doc/726862.html
http://technomag.bmstu.ru/doc/726862.html
http://technomag.bmstu.ru/doc/726862.html
http://technomag.bmstu.ru


ôóíêöèè

Fkj(z) =
∞∑

ν=0

zννj−1

ν∏
x=1

1

b(x)(x + λk)
. (1)

Àðèôìåòè÷åñêàÿ ïðèðîäà çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ñ ðàçëè÷íûìè ïàðà-
ìåòðàìè èçó÷àëàñü â ðÿäå ðàáîò (ñì., íàïðèìåð, [1, 2]), ïðè÷åì îáû÷íî ïðåäïîëàãàëîñü, ÷òî
âàðüèðóåìûå ïàðàìåòðû (λ1 èλ2 â ñëó÷àåôóíêöèé (1)) ðàöèîíàëüíû. Ôóíêöèè ñ ðàçëè÷íûìè
èððàöèîíàëüíûìè ïàðàìåòðàìè áûëè ðàññìîòðåíû â [3].
Òåîðåìà 1. Ïóñòü âûïîëíåíû âñå óêàçàííûå âûøå óñëîâèÿ, è ïóñòü q | äîñòàòî÷íî

áîëüøîå ïî ìîäóëþ öåëîå ÷èñëî èç ïîëÿ I. Äîïîëíèòåëüíî ïðåäïîëîæèì, ÷òî

b(0) = 0. (2)

Òîãäà ÷èñëà
Fkj

(1

q

)
, k = 1, 2, j = 1, . . . , u, (3)

ëèíåéíî íåçàâèñèìû íàä I.
Â îòëè÷èå îò òåîðåìû ðàáîòû [3] çäåñü íå ïðåäïîëàãàåòñÿ, ÷òîλ1−λ2 ÿâëÿåòñÿ ðàöèîíàëü-

íûì ÷èñëîì; íèæíÿÿ ãðàíèöà äëÿ |q|, î êîòîðîé ðå÷ü â òåîðåìå 1, ìîæåò áûòü ýôôåêòèâíî
âû÷èñëåíà. Ïðèìåíÿåìûé ìåòîä ïîçâîëÿåò òàêæå îöåíèòü ñíèçó ìîäóëü îäíîðîäíîé ëèíåé-
íîé ôîðìû îò ÷èñåë (3).

2. Äîêàçàòåëüñòâà

Äëÿ äîêàçàòåëüñòâà òåîðåìû ðàáîòû [3] ïðèìåíÿëàñü ýôôåêòèâíàÿ êîíñòðóêöèÿ àïïðîê-
ñèìàöèé Ïàäå ïåðâîãî ðîäà. Â äàííîé ðàáîòå ìû ïðèìåíÿåì ñîâìåñòíûå ïðèáëèæåíèÿ,
÷òî, êàê îáû÷íî, äàåò ëó÷øèå ðåçóëüòàòû. Ïóñòü n | íàòóðàëüíîå ÷èñëî, N1 =

[ 2un

2u− 1

]
,

N2 =
[

un

2u− 1

]
. Îáîçíà÷èì

θµ =
1

2πi

∫
Γ

Φ(z) dz
N1∏

x=N1−µ

(z + x)

, µ = 0, 1, . . . , N1,

ãäå

Φ(z) =
2∏

k=1

N2−1∏
σ=0

(z − λk + σ), (4)

à Γ | ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòü, îõâàòûâàþùàÿ âñå ïîëþñû ïîäûíòå-
ãðàëüíîé ôóíêöèè. Ðàññìîòðèì âñïîìîãàòåëüíûé ìíîãî÷ëåí

P (z) =

N1∑
µ=0

zµ θµ

N1−µ∏
x=1

b(x), (5)

ñ ïîìîùüþ êîòîðîãî îïðåäåëèì áåñêîíå÷íûå ðÿäû

1

N2!
P (z)Fkj(z) =

∞∑
ν=0

pkjνz
ν (6)
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è ìíîãî÷ëåíû

Pkj(z) =
n∑

ν=0

pkjνz
ν , k = 1, 2, j = 1, . . . , u. (7)

Ëåììà 1. Äëÿ ëþáîãî ìíîãî÷ëåíà B(µ), ñòåïåíü êîòîðîãî íå ïðåâûøàåò N2 − 1, âûïîë-
íÿþòñÿ ðàâåíñòâà

N1∑
µ=0

θµB(µ)

N1−µ∏
x=1

1

x + λk

= 0, k = 1, 2.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðèè ðÿäîâ Íüþòîíà (ñì., íàïðèìåð, [4, ñ. 40{41]) è íåðà-
âåíñòâà 2N2 6 N1 ñëåäóåò, ÷òî òîæäåñòâåííî ïî z âûïîëíÿåòñÿ ðàâåíñòâî

N1∑
µ=0

θµ

N1∏
x=N1−µ+1

(z + x) = Φ(z).

Îòñþäà
N1∑
µ=0

θµ

N1−µ∏
x=1

1

z + x
=

Φ(z)
N1∏
x=1

(z + x)

.

Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî z = λk − σ, ïîëó÷àåì

N1∑
µ=0

θµBkσ(µ)

N1−µ∏
x=1

1

x + λk

=
Φ(λk − σ)

N1∏
x=1

(λk − σ + x)

, (8)

ãäå

Bkσ(µ) =
σ−1∏
x=0

λk + N1 − µ− x

λk − x
. (9)

Åñëè 0 6 σ 6 N2− 1, òî ïðàâàÿ ÷àñòü ðàâåíñòâà (8) ðàâíà íóëþ â ñèëó (4). Ïîñêîëüêó ëþáîé
ìíîãî÷ëåí îò µ ñòåïåíè íå âûøå N2 − 1 ìîæíî ïðåäñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè
ìíîãî÷ëåíîâ Bkσ(µ), σ = 0, 1, . . . , N2 − 1, òî îòñþäà âûòåêàåò òðåáóåìîå óòâåðæäåíèå.
Ëåììà äîêàçàíà.

Ëåììà2. Âïðàâîé ÷àñòè ðàâåíñòâà (6) pkjν = 0, k = 1, 2, j = 1, . . . , u, ν = n+1, . . . , N1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (1), (5) è (6) ïîëó÷àåì

N2!pkjν =
ν∑

µ=0

θµ

N1−µ∏
x=1

b(x) · (ν − µ)j−1

ν−µ∏
x=1

1

b(x)(x + λk)
=

N1∑
µ=0

θµQkjν(µ)

N1−µ∏
x=1

1

x + λk

, (10)

ãäå

Qkjν(µ) = (ν − µ)j−1

N1∏
x=ν+1

b(x− µ)(x + λk − µ); (11)

âåðõíèé èíäåêñ ñóììèðîâàíèÿ ν ìîæíî çàìåíèòü íà N1 â ñèëó óñëîâèÿ (2). Ñòåïåíü ìíî-
ãî÷ëåíà Qkjν(µ) ìåíüøå N2, ïîýòîìó òðåáóåìîå óòâåðæäåíèå ñëåäóåò èç ëåììû 1. Ëåììà
äîêàçàíà.
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Çàìåòèì, ÷òî ñðåäèìíîãî÷ëåíîâ (7) èìåþòñÿ îòëè÷íûå îò òîæäåñòâåííîãî íóëÿ (íà ñàìîì
äåëå íè îäèí èç íèõ íå ðàâåí íóëþ òîæäåñòâåííî), òàê êàê, íàïðèìåð,

p110 =
Φ(−N1)

N2!

N1∏
x=1

b(x) 6= 0.

Ëåììà 3. Ïîðÿäîê íóëÿ ïðè z = 0 ôóíêöèé

Rkjk′j′(z) = Pk′j′(z) Fkj(z)− Pkj(z) Fk′j′(z), k, k′ = 1, 2, j, j′ = 1, . . . , u, (12)

íå ìåíüøå N1 + 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Î÷åâèäíî, ÷òî ðàçíîñòü

(P (z) Fk′j′(z))Fkj(z)− (P (z) Fkj(z))Fk′j′(z)

ðàâíà íóëþòîæäåñòâåííî. Ñ äðóãîé ñòîðîíû, â ñèëó ëåììû2ìíîãî÷ëåíû (7) ìîæíî çàïèñàòü
â âèäå

Pkj(z) =

N1∑
ν=0

pkjνz
ν ,

è òîãäà óòâåðæäåíèå ëåììû ëåãêî ñëåäóåò èç (6). Ëåììà äîêàçàíà.

Ìû âèäèì, ÷òî ìíîãî÷ëåíû Pkj(z) ìîæíî èñïîëüçîâàòü äëÿ ïîëó÷åíèÿ ñîâìåñòíûõ ïðè-
áëèæåíèé ôóíêöèé (1). Â äàëüíåéøåì ÷åðåç γ1, γ2, . . . áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå
ïîñòîÿííûå, íå çàâèñÿùèå îò n è q (îíè ìîãóò çàâèñåòü îò ïîëÿ I è îò ïàðàìåòðîâ ôóíê-
öèé (1)).
Ëåììà 4. Ñïðàâåäëèâû îöåíêè

|pkjν | 6 eγ1n
(n!

ν!

)u

, |Pkj(1/q)| 6 eγ2n(n!)u, |Rkjk′j′(1/q)| 6 eγ3n(n!)
− u

2u−1 |q|γ4−
2un

2u−1 ,

k, k′ = 1, 2, j, j′ = 1, . . . , u, ν = 0, 1, . . . , n.

Ëåììà èìååò ÷èñòî òåõíè÷åñêèé õàðàêòåð; ïåðå÷èñëåííûå îöåíêè âûòåêàþò èç ôîðìóë
äëÿ êîýôôèöèåíòîâ ìíîãî÷ëåíîâ Pkj(z) è êîýôôèöèåíòîâ ðàçëîæåíèÿ ôóíêöèé Rkjk′j′(z) â
ðÿäû ïî ñòåïåíÿì z; ïðè îöåíêå ìîäóëåé ïîñëåäíèõ ôóíêöèé èñïîëüçóåòñÿ ëåììà 3.
Ëåììà 5. Äëÿ êîýôôèöèåíòîâ ìíîãî÷ëåíîâ (7) ñïðàâåäëèâû ðàâåíñòâà

pkjν =
1

N2!

N3∑
σ=N2

σ∏
x=1

(λk − σ + x)

N1∏
x=1

(λk − σ + x)

Φ(λk − σ)
−1

2πi

∫
Γ1

Qkjν(z)dz
σ∏

x=0

(λk + N1 − x− z)
,

k = 1, 2, j = 1, . . . , u, ν = 0, 1, . . . , n.

(13)

Â ïðàâîé ÷àñòè (13) ÷åðåç N3 îáîçíà÷åíà ìàêñèìàëüíàÿ èç ñòåïåíåé ìíîãî÷ëåíîâ Qkjν(z),
îïðåäåëåííûõ ðàâåíñòâîì (11); ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòü Γ1 îõâàòûâàåò
âñå ïîëþñû ïîäûíòåãðàëüíîé ôóíêöèè.
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Ä î ê à ç à ò å ë ü ñ ò â î. Âîñïîëüçóåìñÿ ðàâåíñòâàìè (10) è (11). Ðàçëîæèâ ìíîãî÷ëåíû îò
µ èç ëåâîé ÷àñòè (11) â ðÿäû Íüþòîíà, çàïèøåì èõ â âèäå

Qkjν(µ) =

N3∑
σ=0

CkjνσBkσ(µ), (14)

ãäå Bkσ(µ) îïðåäåëÿþòñÿ ðàâåíñòâîì (9),

Ckjνσ =
σ−1∏
x=0

(λk − x)
−1

2πi

∫
Γ1

Qkjν(z)dz
σ∏

x=0

(λk + N1 − x− z)
. (15)

Ïîäñòàâèì â (10) âìåñòî Qkjν(µ) ïðàâóþ ÷àñòü (14):

pkjν =
1

N2!

N3∑
σ=0

Ckjνσ

N1∑
µ=0

θµBkσ(µ)

N1−µ∏
x=1

1

x + λk

. (16)

Çàìåòèì, ÷òî ðàâåíñòâî (10) ñïðàâåäëèâî òàêæå è ïðè 0 6 ν 6 n. Èç (8) ñëåäóåò, ÷òî
âíóòðåííÿÿ ñóììà â ïðàâîé ÷àñòè (16) ðàâíà

Φ(λk − σ)
N1∏
x=1

(λk − σ + x)

.

Ïîñëåäíåå âûðàæåíèå â ñèëó (4) ðàâíî íóëþ ïðè 0 6 σ 6 N2 − 1, è, ïðèíÿâ âî âíèìàíèå
(15), ìû ïîëó÷àåì òðåáóåìîå. Ëåììà äîêàçàíà.

Íàì ïîíàäîáÿòñÿ îöåíêè îáùåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ ìíîãî÷ëåíîâ Pkj(z). Îá-
ùèì çíàìåíàòåëåì íåêîòîðîãî ìíîæåñòâàX ÷èñåë èç ïîëÿ I áóäåì íàçûâàòü ëþáîå íåíóëåâîå
öåëîå ÷èñëî èç ýòîãî ïîëÿ, ïîñëå óìíîæåíèÿ íà êîòîðîå êàæäîå ÷èñëî èç X ñòàíîâèòñÿ öå-
ëûì â I. Íàèìåíüøèé ïî ìîäóëþ çíàìåíàòåëü ìíîæåñòâà X áóäåì íàçûâàòü íàèìåíüøèì
îáùèì çíàìåíàòåëåì ýòîãî ìíîæåñòâà.
Ëåììà 6. Ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë (13) íå ïðåâûøàåò âåëè÷èíû

eγ4n(n!)
u

2u−1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (4) ñëåäóåò, ÷òî

Φ(λk − σ) =
2∏

k′=1

N2−1∏
σ′=0

(λk − σ − λk′ + σ′) = ± σ!

(σ −N2)!N2!
·N2! ·

N2−1∏
σ′=0

(λk − λk′ − σ + σ′),

ãäå â ïîñëåäíåì ïðîèçâåäåíèè k′ ∈ {1, 2}, k′ 6= k. Çàìåòèì òàêæå, ÷òî

σ∏
x=1

(λk − σ + x)

N1∏
x=1

(λk − σ + x)

=


σ−N1−1∏

x=0

(λk − x), σ > N1,

N1−σ∏
x=1

1

λk + x
, N2 6 σ < N1.
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Èíòåãðàë, âõîäÿùèé â (13), ìîæíî çàïèñàòü â âèäå âû÷åòà îòíîñèòåëüíî òî÷êè z = ∞. Òàêàÿ
çàïèñü ïîêàçûâàåò, ÷òî ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ýòèõ èíòåãðàëîâ (ïðè âñåõ
äîïóñòèìûõ çíà÷åíèÿõ èíäåêñîâ k, j, ν, σ) îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ5n. Ìû âèäèì,
÷òî òðåáóåìàÿ îöåíêà îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë (13) ôàêòè÷åñêè ñâîäèòñÿ ê
òàêîé îöåíêå äëÿ ÷èñåë

N2−1∏
σ′=0

(λk − λk′ − σ + σ′)

N1−σ∏
x=1

(λk + x)

,

ãäå k, k′ ∈ {1, 2}, k 6= k′, N2 6 σ < N1. Çäåñü ñëåäóåò îáðàòèòüñÿ ê òåîðèè äåëèìîñòè â
êâàäðàòè÷íûõ ïîëÿõ. Ñîîòâåòñòâóþùåå ðàññóæäåíèå ìîæíî ñêîïèðîâàòü ñ äîêàçàòåëüñòâà
ëåììû 4 ðàáîòû [3], âíåñÿ â ýòî äîêàçàòåëüñòâî ëèøü íåçíà÷èòåëüíûå èçìåíåíèÿ òåõíè÷å-
ñêîãî õàðàêòåðà. Â ðåçóëüòàòå ïîëó÷èì, ÷òî ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë
(13) îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé eγ6n(n!)

u
2u−1 . Ñóììèðóÿ âñå âûøåñêàçàííîå, ïîëó÷àåì

óòâåðæäåíèå ëåììû. Ëåììà äîêàçàíà.

Îáðàùàÿñü ê äîêàçàòåëüñòâó òåîðåìû 1, çàìåòèì ïðåæäå âñåãî, ÷òî ïðè âûïîëíåíèè
óñëîâèé ýòîé òåîðåìû ôóíêöèè (1) ëèíåéíî íåçàâèñèìû íàä ïîëåì ðàöèîíàëüíûõ äðîáåé|
ýòî ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [5]. Äàëüíåéøèå äåéñòâèÿ ñòàíäàðòíû: ìíîãî÷ëåíû
(7) îáðàçóþò ñîâìåñòíûå ïðèáëèæåíèÿ äëÿ ôóíêöèé (1), ïðè÷åì ñðåäè ýòèõ ìíîãî÷ëåíîâ
åñòü îòëè÷íûå îò íóëÿ (ñì. çàìå÷àíèå ïåðåä ôîðìóëèðîâêîé ëåììû 3), è ñîîòâåòñòâóþùèé
ïîðÿäîê íóëÿ ïðè z = 0 ðàçâå ëèøü íà êîíñòàíòó îòëè÷àåòñÿ îò ìàêñèìàëüíî âîçìîæíîãî.
Èçâåñòíî (ñì., íàïðèìåð, [6, ñ. 185]), ÷òî ôóíêöèè (1) óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé
Y ′ = AY , ãäå Y = (y11, . . . , y1u, y21, . . . , y2u)

ò, à (2u×2u)-ìàòðèöà êîýôôèöèåíòîâ A =

= A(z) ñîñòîèò èç ðàöèîíàëüíûõ ôóíêöèé. Îáîçíà÷èì ÷åðåç R1(z) ìàòðèöó(
R

(1)
kjk′j′(z)

)
, k, k′ = 1, 2, j, j′ = 1, . . . , u, (17)

ãäå R
(1)
kjk′j′(z) = Rkjk′j′(z); ñì. (12). Ñòðîêè ýòîé ìàòðèöû ðàñïîëàãàþòñÿ â ïîðÿäêå âîçðà-

ñòàíèÿ èíäåêñà k è â ïîðÿäêå âîçðàñòàíèÿ j ïðè ðàâíûõ k; àíàëîãè÷íîå ïðàâèëî äåéñòâóåò è
â îòíîøåíèè ñòîëáöîâ, êîòîðûå çàíóìåðîâàíû ïàðàìè èíäåêñîâ (k′, j′). Òîãäà î÷åâèäíî, ÷òî

R1(z) = F (z) P1(z)− (F (z)P1(z))
ò
,

ãäå

F (z) =
(
F11(z), . . . , F1u(z), F21(z), . . . , F2u(z)

)ò
,

P1(z) =
(
P

(1)
11 (z), . . . , P

(1)
1u (z), P

(1)
21 (z), . . . , P

(1)
2u (z)

)
,

P
(1)
kj (z) = Pkj(z), k = 1, 2, j = 1, . . . , u.

Îïðåäåëèì ïðè l = 2, 3, . . . ìàòðèöû

Rl(z) =
(
R

(l)
kjk′j′(z)

)
, k, k′ = 1, 2, j, j′ = 1, . . . , u
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ñ ïîìîùüþ ðàâåíñòâ

Rl(z) = a(z)
(
R′

l−1(z)− A(z) Rl−1(z) + (A(z)Rl−1(z))
ò)

, l = 2, 3, . . . ,

ñòðîêè è ñòîëáöû ýòèõ ìàòðèö óïîðÿäî÷åíû òàê æå, êàê è â ñëó÷àå ìàòðèöû (17); ÷åðåç a(z)

îáîçíà÷åí îáùèé íàèìåíüøèé çíàìåíàòåëü ýëåìåíòîâ ìàòðèöû A(z). Íåïîñðåäñòâåííî
ïðîâåðÿåòñÿ, ÷òî ïðè ýòîì Rl(z) = F (z) Pl(z)− (F (z) Pl(z))

ò, ãäå

Pl(z) =
(
P

(l)
11 (z), . . . , P

(l)
1u (z), P

(l)
21 (z), . . . , P

(l)
2u (z)

)
=

= a(z)(P ′
l−1(z)− Pl−1(z)A

ò
), l = 2, 3, . . .

Ëåììà 7. Ïðè âñåõ äîñòàòî÷íî áîëüøèõ n îïðåäåëèòåëü

∆(z) =
∣∣P (l)

kj (z)
∣∣, l = 1, . . . , 2u, k = 1, 2, j = 1, . . . , u

îòëè÷åí îò òîæäåñòâåííîãî íóëÿ.
Äîêàçàòåëüñòâî ìîæíî ñêîïèðîâàòü ñ äîêàçàòåëüñòâà ëåììû 4 ðàáîòû [7]; ñì. òàêæå [8].

Äàëåå îñóùåñòâèì ïåðåõîä îò ôóíêöèîíàëüíûõ ëèíåéíûõ ôîðì ê ÷èñëîâûì (ïîäðîáíîñòè
ñì. â ðàáîòå [8]). Ïîëó÷àþùååñÿ ïðè ýòîì óòâåðæäåíèå ïðèâîäèì áåç äîêàçàòåëüñòâà.
Ëåììà 8. Äëÿ ëþáîãî äîñòàòî÷íî áîëüøîãî íàòóðàëüíîãî ÷èñëà n íàéäåòñÿ íàáîð ÷èñåë

v
(l)
11 , . . . , v

(l)
1u , v

(l)
21 , . . . , v

(l)
2u , l = 1, . . . , 2u, (18)

îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè

1) det(v
(l)
kj ) l=1,...,2u;

k=1,2, j=1,...,u
6= 0;

2)
∣∣v(l)

kj

∣∣ 6 eγ7n|q|γ7+n(n!)u;

3)
∣∣∣v(l)

kl Fk′j′

(1
q

)
− v

(l)
k′j′Fkj

(1
q

)∣∣∣ 6 eγ7n(n!)
− u

2u−1 |q|γ7−
n

2u−1 ;

4) ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë (18) îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé

|q|γ7eγ7n(n!)
u

2u−1 .

Ïåðå÷èñëåííûå ñâîéñòâà âûïîëíÿþòñÿ ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ èíäåêñîâ.
Èç ïîñëåäíåé ëåììû íåòðóäíî âûâåñòè óòâåðæäåíèå òåîðåìû. Ïóñòü h11, . . . , h1u,

h21, . . . , h2u | ïðîèçâîëüíûé íåòðèâèàëüíûé íàáîð öåëûõ ÷èñåë èç ïîëÿ I. Ïðè íåêîòîðîì
çíà÷åíèè l, 1 6 l 6 2u, èìååì∣∣∣∣ 2∑

k=1

u∑
j=1

hkjv
(l)
kj

∣∣∣∣ > q−γ7e−γ7n(n!)
− u

2u−1 . (19)

Ñ äðóãîé ñòîðîíû, F11(0) = 1, è, ñëåäîâàòåëüíî, F11

(1
q

)
6= 0 ïðè äîñòàòî÷íî áîëüøîì (ïî

ìîäóëþ) çíà÷åíèè q. Ïîýòîìó ïðè òàêîì q ëåâóþ ÷àñòü (19) ìîæíî çàïèñàòü â âèäå

1∣∣∣F11

(1
q

)∣∣∣
∣∣∣∣∣v(l)

11

2∑
k=1

m∑
j=1

hkjFkj

(1

q

)
+

∑
(k,j) 6=(1,1)

hkj

(
v

(l)
kj F11

(1

q

)
− v

(l)
11Fkj

(1

q

))∣∣∣∣∣. (20)
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Ïîñëåäíÿÿ ñóììà ðàñïðîñòðàíåíà íà âñå äîïóñòèìûå çíà÷åíèÿ èíäåêñîâ k è j, óäîâëå-
òâîðÿþùèå óêàçàííîìó óñëîâèþ. Åñëè ïðåäïîëîæèòü, ÷òî äâîéíàÿ ñóììà â (20) ðàâíà íóëþ,
òî ìû ïîëó÷èì, ó÷èòûâàÿ íåðàâåíñòâî (19) è òðåòüå ñâîéñòâî ÷èñåë v

(l)
kj èç ëåììû 8, òàêîå

ñîîòíîøåíèå

1∣∣∣F11

(1
q

)∣∣∣
∑

(k,j) 6=(1,1)

|hkj|eγ7n(n!)
− u

2u−1 |q|γ7−
n

2u−1 > |q|−γ7e−γ7n(n!)
− u

2u−1 .

Ïîëó÷åííîå íåðàâåíñòâî ïðîòèâîðå÷èâî, åñëè |q| > q0 è ÷èñëî n äîñòàòî÷íî âåëèêî, ÷òî è
äîêàçûâàåò òåîðåìó.

Çàêëþ÷åíèå

Èñïîëüçîâàííàÿ â äàííîé ðàáîòå êîíñòðóêöèÿ ìîæåò áûòü ðàñïðîñòðàíåíà è íà ñëó÷àé,
êîãäà ðàññìàòðèâàþòñÿ òàêæå ïðîäèôôåðåíöèðîâàííûå ïî ïàðàìåòðó ãèïåðãåîìåòðè÷åñêèå
ôóíêöèè. Ýòî, ïî-âèäèìîìó, äàñò âîçìîæíîñòü îáîáùèòü íåêîòîðûå ðåçóëüòàòû ðàáîòû [9].
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In this paper we consider a problem concerning the linear independence of the values of
generalized hypergeometric functions with different irrational parameters. To solve this problem
it is impossible to apply directly Siegel's method known in the theory of transcendental numbers,
since abovementioned functions do not belong to a special class of entire functions Siegel has
introduced. The method of Siegel uses a Dirichlet principle to construct linear approximating
form. Such a construction cannot be realized if the coefficients of Taylor series of the functions
under consideration have \bad" denominators. We have exactly this circumstance in the case of
hypergeometric functions with irrational parameters. There exists a modification of the method of
Siegel, which allows us to apply the Dirichlet principle in this case also, but it is still unknown if
this modification can be used in a situation where the varied parameters are irrational.
Usually in the case of irrational parameters one applies effective methods for constructing

linear approximating form. If we apply such a construction in the case of different irrational
parameters we shall have to confine ourselves by only two parameters and introduce the additional
requirement: the difference of these parameters must be a rational number. The practice of
considering similar problems for hypergeometric functions with irrational parameters shows that
the use of simultaneous approximations leads as a rule to better results. In case of problems with
different irrational parameters it is possible, for example, to waive the condition of rationality of
the varied parameters difference.
In this paper, the effective construction of simultaneous approximations differs from previously

proposed, which made it possible owing to some additional considerations of a technical nature
to improve the arithmetic part of the method (which is, mainly, to attain an acceptable estimate of
the least common denominator of the coefficients of the approximating polynomials). As a result
the above mentioned unnecessary restriction on the varied parameters was dropped, but we have
to restrict ourselves to the values of the functions only at the point with a small absolute value.
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Remaining within the methods used in this paper one can obtain some other results which are
not discussed in the article, however, increasing the number of varied parameters (if only to three)
or rejecting the restriction on the values of the functions will require, probably, some new ideas.
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