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Äëÿ îäíîìåðíîé çàäà÷è îïðåäåëåíèÿ òåìïåðàòóðíîãî ïîëÿ ïîëóïðîñòðàíñòâà ñ äâèæóùåéñÿ ïî
çàäàííîìó çàêîíó ãðàíèöåé, ïîäâåðæåííîãî âîçäåéñòâèþ íåñòàöèîíàðíî-ãî òåïëîâîãî ïîòîêà,
ïîëó÷åíà àíàëèòè÷åñêàÿ çàâèñèìîñòü ðåøåíèÿ îò òåìïåðàòóðû ãðàíèöû îáëàñòè. Äëÿ îïðåäåëå-
íèÿ òåìïåðàòóðû ãðàíèöû ñîñòàâëåíî èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà, ðåøåíèå
êîòîðîãî ïðîâåäåíî ÷èñëåííî. Ñ èñïîëüçîâàíèåì ïîëó÷åííîãî ïðåäñòàâëåíèÿ ðåøåíèÿ èññëå-
äîâàíû õàðàêòåðíûå îñîáåííîñòè ïðîöåññà ôîðìèðîâàíèÿ èçó÷àåìîãî òåìïåðàòóðíîãî ïîëÿ ïðè
ðåàëèçàöèè ðàçëè÷íûõ çàêîíîâ äâèæåíèÿ ãðàíèöû è ðàçëè÷íûõ çàêîíîâ èçìåíåíèÿ âî âðåìåíè
âíåøíåãî òåïëîâîãî ïîòîêà.

Êëþ÷åâûå ñëîâà: òåìïåðàòóðíîå ïîëå; ïîëóïðîñòðàíñòâî; ïîäâèæíàÿ ãðàíèöà

Ââåäåíèå

Â òåîðèè òåïëîïðîâîäíîñòè îñîáîå ìåñòî çàíèìàþò çàäà÷è, ðåøåíèÿ êîòîðûõ ìîãóò áûòü
ïðåäñòàâëåíû â àíàëèòè÷åñêè çàìêíóòîì âèäå. Ýòè ïðåäñòàâëåíèÿ ìîãóò áûòü èñïîëüçîâàíû
íå òîëüêî äëÿ ïðîâåäåíèÿ ïàðàìåòðè÷åñêîãî àíàëèçà òåìïåðàòðíîãî ïîëÿ èçó÷àåìîé ñèñòåìû
ñ öåëüþ îïòèìèçàöèè åå òåïëîâîé çàùèòû, íî è äëÿ òåñòèðîâàíèÿ âíîâü ñîçäàâàåìûõ âû-
÷èñëèòåëüíûõ êîìïëåêñîâ. Ñëîæíîñòè, âîçíèêàþùèå ïðè ïîèñêå òàêèõ ðåøåíèé, õîðîøî
îïèñàíû â ëèòåðàòóðå [1].
Ñëåäóåò çàìåòèòü, ÷òî âî ìíîãèõ ïðàêòè÷åñêè âàæíûõ èíæåíåðíûõ çàäà÷àõ ïðîöåññ ôîð-

ìèðîâàíèÿ òåìïåðàòóðíîãî ïîëÿ â èçó÷àåìîé êîíñòðóêöèè ñîïðîâîæäàåòñÿ óíîñîì ÷àñòè
âåùåñòâà ñ ïîâåðõíîñòè, ÷òî ïðèâîäèò ê èçìåíåíèþ åå ãðàíèö âî âðåìåíè. Íåîáõîäèìîñòü
ó÷åòà ïîäâèæíîñòè ãðàíèö èçó÷àåìîé îáëàñòè ñóùåñòâåííî óñëîæíÿåò ïîëó÷åíèå àíàëèòè-
÷åñêèõ ðåøåíèé ñîîòâåòñòâóþùèõ çàäà÷ äàæå â ïðîñòåéøèõ ñëó÷àÿõ, êîãäà çàêîí äâèæåíèÿ
ãðàíèöû èçâåñòåí [1, 2, 3, 4, 5]. Òàê, â ðàáîòå [6] çàäà÷à íàõîæäåíèÿ òåìïåðàòóðû ïîäâèæ-
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íîé ãðàíèöû ïîëóïðîñòðàíñòâà â óñëîâèÿõ íåñòàöèîíàðíîãî òåïëîîáìåíà ñ âíåøíåé ñðåäîé
ñâåäåíà ê çàäà÷å ðåøåíèÿ óðàâíåíèÿ Âîëüòåððà.
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå âëèÿíèÿ ðàâíîìåðíîãî äâèæåíèÿ ãðàíèöû

òâåðäîãî òåëà, ìîäåëèðóåìîãî ïîëóïðîñòðàíñòâîì, íà ïðîöåññ ôîðìèðîâàíèÿ åãî òåìïåðà-
òóðíîãî ïîëÿ â óñëîâèÿõ âîçäåéñòâèÿ ñòàöèîíàðíîãî òåïëîâîãî ïîòîêà.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Áóäåì ïðåäïîëàãàòü, ÷òî ðàññìàòðèâàåìîå ïîëóïðîñòðàíñòâî ÿâëÿåòñÿ îäíîðîäíûì, à
èíòåíñèâíîñòü òåïëîâîãî ïîòîêà íå çàâèñèò îò ïðîñòðàíñòâåííûõ êîîðäèíàò. Ýòî ïîçâîëÿåò
âûáðàòü â êà÷åñòâå îáúåêòà èññëåäîâàíèé îäíîìåðíóþ ìàòåìàòè÷åñêóþ ìîäåëü èçó÷àåìîãî
ïðîöåññà

∂θ(ξ, Fo)

∂Fo
=

∂2θ(ξ, Fo)

∂ξ2
, ξ > V0Fo, Fo > 0, (1)

θ(ξ, 0) = 0, ξ > 0, (2)
∂θ(ξ, τ)

∂ξ

∣∣∣∣
ξ=V0Fo

= −Q, Fo > 0, (3)

ãäå θ(ξ, Fo) | òåìïåðàòóðíîå ïîëå ïîëóïðîñòðàíñòâà; ξ =
z

z∗
; Fo =

κt

z2
∗
; θ =

T − T0

T0
;

Q =
q0z∗
λ
; V0 =

v0z
2
∗

κ
; z | ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ; z∗ | åäèíèöà ìàñøòàáà ïåðåìåí-

íîé z; t | òåêóùåå âðåìÿ; κ | êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè; T | òåìïåðàòóðà
èçó÷àåìîé îáëàñòè; T0 = const | òåìïåðàòóðà èçó÷àåìîé îáëàñòè â íà÷àëüíûé ìîìåíò
âðåìåíè t = 0; q0 = const | ìîùíîñòü âíåøíåãî òåïëîâîãî ïîòîêà; v0 = const | ñêî-
ðîñòü äâèæåíèÿ ãðàíèöû ïîëóïðîñòðàíñòâà; λ { êîýôôèöèåíò òåïëîîòäà÷è íà ãðàíèöå z = 0

ïîëóïðîñòðàíñòâà.
Ïðè ðåøåíèè çàäà÷è (1){(3) áóäåì ïðåäïîëàãàòü, ÷òî

θ(ξ, Fo)
∣∣∣
Fo>0

∈ L2[V0Fo, +∞), (4)

ò.å. ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè Fo > 0 ôóíêöèÿ θ(ξ, Fo) èíòåãðèðóåìà ñ êâàäðàòîì
ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ξ ∈ [V0Fo, +∞). Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî äëÿ
êàæäîãî çíà÷åíèÿ ξ ôóíêöèÿ θ(ξ, ·) ÿâëÿåòñÿ îðèãèíàëîì ïðåîáðàçîâàíèÿ Ëàïëàñà [7].
Äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è óäîáíî ñäåëàòü çàìåíó ïåðåìåííûõ

x = ξ − V0Fo, τ = Fo,

ïåðåéäÿ â ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ äâèæóùåéñÿ ãðàíèöåé ïîëóïðîñòðàíñòâà. Â ýòîì
ñëó÷àå ìîäåëü (1){(3) ïðèìåò ñëåäóþùèé âèä:

∂θ(x, τ)

∂τ
=

∂2θ(x, τ)

∂x2
+ V0

∂θ(x, τ)

∂x
, x > 0, τ > 0, (5)

θ(x, 0) = 0, x > 0, (6)
∂θ(x, τ)

∂x

∣∣∣∣
x=0

= −Q, τ > 0, (7)
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à óñëîâèå (4) çàïèøåòñÿ â âèäå

θ(x, τ)
∣∣∣
τ>0

∈ L2[0, +∞). (8)

2. Ðåøåíèå ïîñòàâëåííîé çàäà÷è

Äëÿ ðåøåíèÿ çàäà÷è (5){(7) âîñïîëüçóåìñÿ èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ëàïëàñà ïî
âðåìåíí�îé ïåðåìåííîé τ . Ïðèìåíÿÿ ýòî ïðåîáðàçîâàíèå ê óðàâíåíèþ (5) è óñëîâèÿì (7), (8)
ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ (6), ïðèõîäèì ê çàäà÷å äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ:

d 2u(x, s)

dx2
+ V0

du(x, s)

dx
− su(x, s) = 0, x > 0, (9)

d u(x, s)

dx

∣∣∣∣
x=0

= −Q

s
, (10)

ãäå u(x, s)| èçîáðàæåíèå íåèçâåñòíîãî ðåøåíèÿ θ(x, τ); s { ïàðàìåòð ïðåîáðàçîâàíèÿ;

u(x, s)
∣∣∣
s∈C

∈ L2[0, +∞). (11)

Ñ ó÷åòîì óñëîâèÿ (11) ðåøåíèå çàäà÷è (9)|(10) ìîæíî ïðåäñòàâèòü â âèäå

u(x, s) = C(s)e−x(V1+
√

V 2
1 +s),

ãäå èñïîëüçîâàíî îáîçíà÷åíèå
V1 = V0/2, (12)

à ôóíêöèÿ C(s) ïîëíîñòüþ îïðåäåëÿåòñÿ ãðàíè÷íûì óñëîâèåì (10):

C(s) =
Q

s(V1 +
√

V 2
1 + s)

.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (9)|(11) ìîæíî ïðåäñòàâèòü â âèäå

u(x, s) =
Q

s(V1 +
√

V 2
1 + s)

e−x(V1+
√

V 2
1 +s). (13)

Íåïîñðåäñòâåííûé ïåðåõîä îò èçîáðàæåíèÿ u(x, s), îïðåäåëÿåìîãî ðàâåíñòâîì (13), ê
îðèãèíàëó θ(x, τ) ñ èñïîëüçîâàíèåì òàáëèö <èçîáðàæåíèå | îðèãèíàë> âîçìîæåí [8], íî íå
î÷åíü óäîáåí. Ïîýòîìó äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (5)|(8) âîñïîëüçóåìñÿ ôîðìóëîé
îáðàùåíèÿ [7]

θ(x, τ) =
1

2πi

σ+i∞∫
σ−i∞

esτu(x, s) ds. (14)

Ôóíêöèÿ u(x, s) èìååò äâå îñîáûå òî÷êè s = 0 è s = −V 2
1 = −V 2

0 /4, êîòîðûå ÿâëÿþòñÿ
ïðîñòûì ïîëþñîì è òî÷êîé âåòâëåíèÿ ñîîòâåòñòâåííî, ïîýòîìó ðàññìîòðèì ïðåäñòàâëåííûé
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íà ðèñ. 1 êîíòóð K, ãäå

x

A1A2,

x

A5A6 è

x

A3A4, | äóãè îêðóæíîñòåé ðàäèóñîâ R è ρ ñîîòâåò-
ñòâåííî ñ öåíòðàìè â òî÷êå −V 2

1 = −V 2
0 /4. Ïîñêîëüêó îáõîä êîíòóðà ñîâåðøàåòñÿ ïðîòèâ

÷àñîâîé ñòðåëêè, òî â ñîîòâåòñòâèè ñ òåîðåìîé Êîøè î âû÷åòàõ ñïðàâåäëèâû ðàâåíñòâà∮
K

esτu(x, s) ds = 2πi ress=0 esτu(x, s) = 2πi lim
s→0

sesτu(x, s) = 2πi
Qe−xV0

V0

. (15)

Ðèñ. 1. Êîíòóð K â êîìïëåêñíîé ïëîñêîñòè äëÿ âû÷èñëåíèÿ
îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà

Ïåðåéäåì ê ðàññìîòðåíèþ èíòåãðàëîâ âäîëü îòäåëüíûõ ÷àñòåé êîíòóðà K. Ìîæíî ïîêà-
çàòü, ÷òî ñóùåñòâóþò M0 > 0 è R0 > 0, òàêèå, ÷òî äëÿ âñåõ R > R0, x > 0 ôóíêöèÿ u(x, s)

ïðè s, ïðèíàäëåæàùåì îêðóæíîñòè {z ∈ C : |z + V 2
1 | = R}, óäîâëåòâîðÿåò íåðàâåíñòâó

|u(x, s)| 6 M0

R2
.

Â ñîîòâåòñòâèè ñ ëåììîé Æîðäàíà [11] èç ýòîãî ñëåäóåò, ÷òî

I1 =
1

2πi
lim

R→+∞

∫

x

A1A2 ∪

x

A5A6

esτu(x, s) ds = 0. (16)

Åñëè s ∈

x

A3A4, òî s = ρeiφ − V 2
1 , ds = ρieiφ dφ, è, ñîãëàñíî (13),

I2 =
1

2πi
lim

ρ→0+

∫

x

A3A4

esτu(x, s) ds =

=
Qe−xV1

2πi

∫
−ππ

(
lim

ρ→0+

eρτ exp iφe−x
√

ρ exp iφ/2

(ρeiφ − V 2
1 )
√

ρeiφ/2
ρieiφ

)
dφ = 0. (17)
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Äëÿ âû÷èñëåíèÿ èíòåãðàëà

I3 =
1

2πi
lim

R→+∞
ρ→0+

∫
→

A2A3 ∪
→

A4A5

esτu(x, s) ds (18)

âäîëü ðàçðåçà
→

A2A3 ∪
→

A4A5 ñäåëàåì ïðåäâàðèòåëüíóþ çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ
v2 = −s− V 2

0 /4, v > 0, ds = −2v dv. Ïîñêîëüêó
√

s + V 2
0 /4 = iv íà âåðõíåì áåðåãó ðàçðåçà

(ò.å. s ∈
→

A2A3) è
√

s + V 2
0 /4 = −iv íà åãî íèæíåì áåðåãó (ò.å. s ∈

→
A4A5), òî, ñîãëàñíî (13),

I3 =
Q

πi
e−τV 2

1 e−V1x

+∞∫
0

ve−τv2

v2 + V 2
1

(
cos(vx)− i sin(vx)

V1 + iv
− cos(vx) + i sin(vx)

V1 − iv

)
dv.

Ïîñêîëüêó â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà â êâàäðàòíûõ ñêîáêàõ ïîä èíòåãðàëîì ñòîèò
ðàçíîñòü êîìïëåêñíî ñîïðÿæåííûõ ÷èñåë, ïîëó÷àåì

I3 =
Q

πi
e−τV 2

1 e−V1x

+∞∫
0

ve−τv2

v2 + V 2
1

(
2i Im

cos(vx)− i sin(vx)

V1 + iv

)
dv =

=
2Qe−τV 2

1 e−xV1

π

+∞∫
0

ve−τv2

(v2 + V 2
1 )2

(
v cos(vx) + V1 sin(vx)

)
dv. (19)

Ñîãëàñíî (14) èç ðàâåíñòâ (15){(19) ôîðìàëüíî ñëåäóåò, ÷òî

L−1[u(x, s)] =
Qe−xV0

V0

− I1 − I2 − I3,

îòêóäà ñ ó÷åòîì (12) ïîëó÷àåì ïðåäñòàâëåíèå

θ(x, τ) =
Qe−xV0

V0

− 2Qe−τV 2
0 /4e−xV0/2

π

+∞∫
0

ve−τv2

(v2 + V 2
0 /4)2

(
v cos vx +

V0

2
sin(vx)

)
dv. (20)

3. Ðåçóëüòàòû è èõ îáñóæäåíèå

Íåïîñðåäñòâåííûé àíàëèç ïîëó÷åííîãî ðåøåíèÿ (20) ïîêàçûâàåò, ÷òî ïðè τ → +∞

θ(x, τ) → Qe−xV0

V0

,

ò.å. ïðè ëþáîé ñêîðîñòè V0 > 0 äâèæåíèÿ ãðàíèöû òåìïåðàòóðà â êàæäîé òî÷êå x ðàññìàòðè-
âàåìîãî ïîëóïðîñòðàíñòâà èìååò àñèìïîòè÷åñêîå çíà÷åíèå, êîòîðîå ïðÿìîïðîïîðöèîíàëüíî
âåëè÷èíåQ òåïëîâîãî ïîòîêà è îáðàòíî ïðîïîðöèîíàëüíî ñêîðîñòè V0. Ýòîò ðåçóëüòàò èìååò
íàãëÿäíîå ôèçè÷åñêîå îáúÿñíåíèå: ïîñêîëüêó ïî ìåðå óäàëåíèÿ îò ãðàíèöû x = 0 âãëóáü
ïîëóïðîñòðàíñòâà òåìïåðàòóðà ïàäàåò, òî ðîñò V0 ïðèâîäèò ê áîëåå áûñòðîìó ïðèáëèæå-
íèþ ê õîëîäíûì ñëîÿì è, êàê ñëåäñòâèå, ê ñíèæåíèþ òåìïåðàòóðû âáëèçè ãðàíèöû. Ñòîèò
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òàêæå çàìåòèòü, ÷òî ïðèíöèïèàëüíîå îòëè÷èå ðàññìàòðèâàåìîãî ñëó÷àÿ V0 > 0 îò ñëó÷àÿ
V0 = 0 çàêëþ÷àåòñÿ â òîì, ÷òî ïðè íåïîäâèæíîé ãðàíèöå çíà÷åíèå òåìïåðàòóðû â êàæäîé
òî÷êå x íåîãðàíè÷åííî âîçðàñòàåò ñ óâåëè÷åíèåì âðåìåíè τ (ïîñëåäíåå î÷åâèäíî ñëåäóåò èç
ôèçè÷åñêèõ ñîîáðàæåíèé).
Òàêæå èç ôèçè÷åñêèõ ñîîáðàæåíèé ñëåäóåò, ÷òî ìàêñèìàëüíîå ïî êîîðäèíàòå çíà÷åíèå

òåìïåðàòóðû äîñòèãàåòñÿ íà ãðàíèöå ïîëóïðîñòðàíñòâà, ïîýòîìó äëÿ èçó÷åíèÿ âëèÿíèÿ ñêî-
ðîñòè äâèæåíèÿ ïîêðûòèÿ íà òåìïåðàòóðíîå ñîñòîÿíèå îáëàñòè äîñòàòî÷íî ðàññìîòðåòü åå
çíà÷åíèå θ(0, τ) íà ãðàíèöå. Íà ðèñ. 2 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ, ïðîâåäåííûõ ñ
èñïîëüçîâàíèåìôîðìóëû (20). Ãðàôè÷åñêàÿ èíôîðìàöèÿ ïîçâîëÿåò ñäåëàòü âûâîä î òîì, ÷òî
ðîñò ñêîðîñòè V0 ïðèâîäèò íå òîëüêî ê ñíèæåíèþ àñèìïîòîè÷åñêîãî çíà÷åíèÿ òåìïåðàòóðû
ãðàíèöû, íî è ê óìåíüøåíèþ ïðîäîëæèòåëüíîñòè ïåðåõîäíîãî ïðîöåññà îò θ(0, 0) = 0 äî
θ(0, τ) ≈ Q/V0.

Ðèñ. 2. Çàâèñèìîñòü òåìïåðàòóðû θ(0, τ) ãðàíèöû ïîëóïðîñòðàíñòâà
îò ñêîðîñòè V0 ïðè Q = 2: 1 | V0 = 1; 2 | V0 = 1.5;

3 | V0 = 2; 4 | V0 = 4

Çàêëþ÷åíèå

Äëÿ çàäà÷è íàõîæäåíèÿ òåìïåðàòóðíîãî ïîëÿ ïîëóïðîñòðàíñòâà ñ ðàâíîìåðíî äâèæó-
ùåéñÿ ïî çàäàííîìó çàêîíó ãðàíèöåé, ïîäâåðæåííîãî âîçäåéñòâèþ ñòàöèîíàðíîãî òåïëî-
âîãî ïîòîêà, ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ â àíàëèòè÷åñêè çàìêíóòîì âèäå. Ñ èñïîëü-
çîâàíèåì ýòîãî ïðåäñòàâëåíèÿ èññëåäîâàíû íàèáîëåå õàðàêòåðíûå îñîáåííîñòè ïðîöåññà
ôîðìèðîâàíèÿ èçó÷àåìîãî òåìïåðàòóðíîãî ïîëÿ.
Óñòàíîâëåíî, ÷òî â ñëó÷àå íåíóëåâîé ñêîðîñòè äâèæåíèÿ òåìïåðàòóðà â êàæäîé òî÷êå èçó-

÷àåìîé îáëàñòè (îòíîñèòåëüíî ñâÿçàííîé ñ ïîëóïðîñòðàíñòâîì ïîäâèæíîé ñèñòåìû êîîðäè-
íàò) èìååò àñèìïòîòè÷åñêîå çíà÷åíèå, êîòîðîå ïðÿìî ïðîïîðöèîíàëüíî ìîùíîñòè âíåøíåãî
òåïëîâîãî ïîòîêà è îáðàòíî ïðîïîðöèîíàëüíî ñêîðîñòè äâèæåíèÿ ãðàíèöû.
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The tasks that can be solved analytically take a special place among the problems of nonstation-
arity heat conduction. This species can be used for parametric optimization of thermal protection
structures and for testing of computational algorithms.
In this paper we consider the problem of finding the temperature field of a solid, modeled

half-space, the outer boundary of which is uniformly moving, and which is under the constant heat
flux. The representation of the solution of this problem in the form of an improper integral of the
first kind was obtained using the Laplace transform in the time variable.
The obtained representation was used for the research of the most characteristic features of

the formation of the temperature field in the area. It was established that in the case of non-zero
boundary velocity the temperature at each point of the half-space (with respect to the moving
coordinate system associated with a moving boundary) has an asymptotic value as time tends to
infinity. This value is directly proportional to the power of the external heat flux and inversely
proportional to the velocity of the boundary. By conducting computational experiments using the
obtained analytical representation of the solution is established that the growth velocity of the
boundary leads not only to a decrease in the asymptotic values of the temperature, but also to
reduce the time of transition.
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