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Ââåäåíèå

Â ñîâðåìåííîé òåîðèè óïðàâëåíèÿ è ðÿäå åå ïðèëîæåíèé ïîëó÷èë ðàñïðîñòðàíåíèå è
øèðîêî èññëåäóåòñÿ êëàññ ñèñòåì, â êîòîðîì ïåðåìåííûå ñîñòîÿíèÿ ÿâëÿþòñÿ ôóíêöèÿìè
äâóõ íåçàâèñèìûõ ïåðåìåííûõ [22, 23]. Îíè ïîëó÷èëè íàçâàíèå äâóìåðíûõ èëè 2D ñè-
ñòåì; ïåðâîå íàçâàíèå, õîòÿ è ïîëó÷èëî ðàñïðîñòðàíåíèå, ÿâëÿåòñÿ íåóäà÷íûì, ïîñêîëüêó
òàê æå íàçûâàþòñÿ ñèñòåìû âòîðîãî ïîðÿäêà â ïðîñòðàíñòâå ñîñòîÿíèé. Äàëåå áóäåì èñ-
ïîëüçîâàòü âòîðîé òåðìèí | 2D ñèñòåìû; ïðè ýòîì â ñðàâíèòåëüíîì êîíòåêñòå îáû÷íûå
ñèñòåìû, â êîòîðûõ ïåðåìåííûå ñîñòîÿíèÿ ÿâëÿþòñÿ ôóíêöèÿìè îäíîé ïåðåìåííîé, îáû÷íî
íàçûâàþò 1D cèñòåìàìè [22]. Íàèáîëåå íàãëÿäíûì ïðèìåðîì ÿâëÿþòñÿ ñèñòåìû óïðà-
âëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì; çäåñü îäíîé èç íåçàâèñèìûõ ïåðåìåííûõ ñëóæèò âðåìÿ
íà òåêóùåì øàãå îáó÷åíèÿ, âòîðàÿ ïðåäñòàâëÿåò ñîáîé íîìåð øàãà îáó÷åíèÿ. Äðóãèìè
ïðèìåðàìè ìîãóò ñëóæèòü ïðîèçâîäñòâåííûå ïðîöåññû, ñâÿçàííûå ñ ïîâòîðåíèåì îäíî-
ðîäíûõ îïåðàöèé: êîíâåéåðíîå ïðîèçâîäñòâî, ìíîãîïðîõîäíîå ëàçåðíîå íàïûëåíèå ìå-
òàëëà è ò.ä.
Òåîðèþ 2D ñèñòåì íå óäàåòñÿ ïîñòðîèòü êàê ïðîñòîå îáîáùåíèå èçâåñòíûõ ðåçóëüòàòîâ

òåîðèè 1D ñèñòåì, â êîòîðûõ åäèíñòâåííîé íåçàâèñèìîé ïåðåìåííîé ÿâëÿåòñÿ âðåìÿ. Äàæå
â òåõ ÷àñòíûõ ñëó÷àÿõ, êîãäà óäàåòñÿ ïîñòðîèòü ýêâèâàëåíòíóþ 1D ìîäåëü, íàáëþäàåòñÿ
êàòàñòðîôè÷åñêîå âîçðàñòàíèå ðàçìåðíîñòè çàäà÷è, ÷òî ïðèâîäèò ê ñåðüåçíûì òåõíè÷åñêèì
òðóäíîñòÿì. Â îáùåì ñëó÷àå ïîñòðîåíèå òàêîé ýêâèâàëåíòíîé ìîäåëè íåâîçìîæíî, è äëÿ
èçó÷åíèÿ 2D ñèñòåì ðàçâèâàþòñÿ ñïåöèôè÷åñêèå ìåòîäû è ïîäõîäû.
Ñðåäè 2D ñèñòåì âûäåëèëñÿ ðÿä ìîäåëåé, êîòîðûå ìîæíî ñ÷èòàòü êëàññè÷åñêèìè â äàí-

íîé îáëàñòè. Ýòîìîäåëü Ðîåññåðà [21], ñâÿçàííàÿ ñ çàäà÷àìèîáðàáîòêèèçîáðàæåíèé, ìîäåëü
Ôîðíàçèíè | Ìàðêåçèíè [13, 12], ïîÿâèâøàÿñÿ â ñâÿçè ñ çàäà÷àìè ïîñòðîåíèÿ äâóìåðíûõ
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öèôðîâûõ ôèëüòðîâ è ìîäåëü â ôîðìå ïîâòîðÿþùåãîñÿ ïðîöåññà [22, 23] áëèçêàÿ ê ìîäåëè

Ðîåññåðà, ñâÿçàííàÿ ñ çàäà÷àìè èòåðàòèâíîãî îáó÷åíèÿ â ðîáîòîòåõíèêå.

Ïîäàâëÿþùåå áîëüøèíñòâî ðàáîò â ðàññìàòðèâàåìîé îáëàñòè ïîñâÿùåíî èññëåäîâàíèþ

ëèíåéíûõ 2D ñèñòåì ñ ïîñòîÿííûìè ïàðàìåòðàìè. Ýòè èññëåäîâàíèÿ ñèñòåìàòèçèðîâàíû â

ìîíîãðàôèè [22], â êîòîðîé òàêæå ïðåäñòàâëåí îáøèðíûé ñïèñîê ëèòåðàòóðû. Êàê è äëÿ äðó-

ãèõ äèíàìè÷åñêèõ ñèñòåì, çäåñü âàæíåéøåé õàðàêòåðèñòèêîé ÿâëÿåòñÿ óñòîé÷èâîñòü. Äëÿ

ñèñòåì Ðîåññåðà è Ôîðíàçèíè | Ìàðêåçèíè óñòîé÷èâîñòü îáû÷íî ïîíèìàåòñÿ êàê îãðà-

íè÷åííîñòü âûõîäíîãî ñèãíàëà ïðè îãðàíè÷åííîì âõîäíîì ñèãíàëå. Äëÿ ïîâòîðÿþùèõñÿ

ïðîöåññîâ, ïðèíöèïèàëüíîé îñîáåííîñòüþ êîòîðûõ ÿâëÿåòñÿ òî, ÷òî îäíà èç íåçàâèñèìûõ

ïåðåìåííûõ èçìåíÿåòñÿ íà êîíå÷íîì èíòåðâàëå, ââîäèòñÿ, ó÷èòûâàþùåå ýòîò ôàêò, ïîíÿ-

òèå óñòîé÷èâîñòè âäîëü ïîâòîðåíèé [22], ôîðìàëèçóåìîå â âèäå îãðàíè÷åííîñòè ëèíåéíîãî

îïåðàòîðà â áàíàõîâîì ïðîñòðàíñòâå.

Ðàáîòû, ñâÿçàííûå ñ èçó÷åíèåì óñòîé÷èâîñòè íåëèíåéíûõ 2D ñèñòåì, ñòàëè ïîÿâëÿòüñÿ

ëèøü ñîâñåì íåäàâíî. B [17, 18] ðàññìàòðèâàëèñü ñèñòåìû Ôîðíàçèíè | Ìàðêåçèíè, â

[24] | ñèñòåìû Ðîåññåðà è â [11] | ïîâòîðÿþùèåñÿ ïðîöåññû. Ïîíÿòèå óñòîé÷èâîñòè â

êëàññå ëèíåéíûõ ïîâòîðÿþùèõñÿ ïðîöåññîâ îñíîâàíî íà ñâîéñòâàõ ëèíåéíîãî îïåðàòîðà

â áàíàõîâîì ïðîñòðàíñòâå [22] è ïîýòîìó íå ìîæåò áûòü íåïîñðåäñòâåííî ïåðåíåñåíî íà

íåëèíåéíûå ñèñòåìû. Â ñâÿçè ñ ýòèì â äàííîé ðàáîòå ââîäèòñÿ íîâîå ïîíÿòèå óñòîé-

÷èâîñòè äëÿ êëàññà íåëèíåéíûõ ïîâòîðÿþùèõñÿ ïðîöåññîâ | ýêñïîíåíöèàëüíàÿ óñòîé-

÷èâîñòü ïî ïðîôèëþ ïîâòîðåíèÿ. Íà îñíîâå íåñòàíäàðòíîãî ðàçâèòèÿ ìåòîäà âåêòîðíûõ

ôóíêöèé Ëÿïóíîâà ïîëó÷åíû óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ïî ïðîôèëþ ïîâòî-

ðåíèÿ íåëèíåéíûõ ïîâòîðÿþùèõñÿ ïðîöåññîâ ñ âîçìîæíûìè íàðóøåíèÿìè â òåðìèíàõ ýòèõ

ôóíêöèé.

Ýôôåêòèâíîé îáëàñòüþ ïðèìåíåíèÿ 2D ìîäåëåé â ôîðìå ïîâòîðÿþùèõñÿ ïðîöåññîâ

ÿâëÿåòñÿ óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì. Â ðàáîòàõ [1, 19] ðàññìàòðèâàëèñü ëèíåé-

íûå äèñêðåòíûå ñèñòåìû ñ íåîïðåäåëåííûìè ïàðàìåòðàìè è âîçìîæíûìè íàðóøåíèÿìè è

ðåøàëàñü çàäà÷à ñèíòåçà óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì äëÿ ñëó÷àÿ îáðàòíîé ñâÿçè

ïî ñîñòîÿíèþ è ïî âûõîäó äëÿ îäíîãî îáúåêòà. Â ðàáîòàõ [2, 10] ðåçóëüòàòû îáîáùàëèñü íà

ñëó÷àé ñåòåâîãî óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì ìíîæåñòâîì ñèñòåì ñ âîçìîæíûìè

èíôîðìàöèîííûìè íàðóøåíèÿìè â êîììóíèêàöèîííîé ñòðóêòóðå ñåòè. Â îáîèõ ñëó÷àÿõ ïðè

âîçíèêíîâåíèè íàðóøåíèÿ íàáëþäàëñÿ íåìîíîòîííûé õàðàêòåð ñõîäèìîñòè ê íóëþ îøèáêè

îáó÷åíèÿ. Íåìîíîòîííûé õàðàêòåð ñõîäèìîñòè â çàäà÷àõ èòåðàòèâíîãî îáó÷åíèÿ íåæåëà-

òåëåí. Â äàííîé ðàáîòå íà îñíîâå ïîëó÷åííûõ óñëîâèé óñòîé÷èâîñòè ñòðîèòñÿ àëãîðèòì

óïðàâëåíèÿ, ñíèæàþùèé îòêëîíåíèå îò ìîíîòîííîé ñõîäèìîñòè îøèáêè ïðè âîçíèêíîâå-

íèè èíôîðìàöèîííûõ íàðóøåíèé.
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1. Ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü íåëèíåéíûõ
ïîâòîðÿþùèõñÿ ïðîöåññîâ ñ âîçìîæíûìè íàðóøåíèÿìè

Ðàññìîòðèì íåëèíåéíûé ïîâòîðÿþùèéñÿ ïðîöåññ ñ âîçìîæíûìè íàðóøåíèÿìè, îïèñû-
âàåìûé ñëåäóþùåé ìîäåëüþ â ïðîñòðàíñòâå ñîñòîÿíèé{

xk+1(t + 1) = ϕ1(xk+1(t), yk(t), r(t)),

yk+1(t) = ϕ2(xk+1(t), yk(t), r(t)),
(1)

ãäå k| íîìåð ïîâòîðåíèÿ; t| äèñêðåòíîå âðåìÿ íà k-ì ïîâòîðåíèè; xk(t) ∈ Rnx | âåêòîð
ñîñòîÿíèÿ òåêóùåãî ïîâòîðåíèÿ; yk(t) ∈ Rny | âåêòîð, êîòîðûé â ëèòåðàòóðå ïîëó÷èë
íàçâàíèå <ïðîôèëü ïîâòîðåíèÿ> [22, 23]; ϕ1 è ϕ2 | íåëèíåéíûå ôóíêöèè, òàêèå, ÷òî äëÿ
ëþáûõ r ∈ N ϕ1(0, 0, r) = 0, ϕ2(0, 0, r) = 0; r(t), t ≥ 0, | îäíîðîäíàÿ ìàðêîâñêàÿ öåïü ñ
êîíå÷íûì ÷èñëîì ñîñòîÿíèé N = {1, . . . , ν} è âåðîÿòíîñòÿìè ïåðåõîäà

P(r(t + 1) = j | r(t) = i) = πij, (2)

êîòîðàÿ ìîäåëèðóåò âîçìîæíûå íàðóøåíèÿ.
Áóäåì ïðåäïîëàãàòü, ÷òî ãðàíè÷íûå óñëîâèÿ çàäàíû â âèäå ïîñëåäîâàòåëüíîñòè íà÷àëü-

íûõ çíà÷åíèé âåêòîðà ñîñòîÿíèÿ òåêóùåãî ïîâòîðåíèÿ è íà÷àëüíîãî ïðîôèëÿ ïîâòîðåíèÿ:

xk+1(0) = dk+1, k ≥ 0, y0(t) =

{
f(t), 0 ≤ t ≤ T ;

0, t > T,
(3)

ãäå dk+1 ∈ Rnx è f(t) ∈ Rny | èçâåñòíûå âåêòîðû.
Ïðåäïîëîæèì, ÷òî ãðàíè÷íûå óñëîâèÿ dk+1 è f(t) óäîâëåòâîðÿþò íåðàâåíñòâàì

|f(t)|2 ≤ Mf , |dk+1|2 ≤ κdz
k+1
d , k = 0, 1, . . . , (4)

ãäå Mf > 0, κd | íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà è 0 < zd < 1. ×èñëî zd îïðåäåëÿåò
ñêîðîñòü ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè íà÷àëüíûõ çíà÷åíèé âåêòîðà ñîñòîÿíèÿ.
Â òåîðèè ëèíåéíûõ ïîâòîðÿþùèõñÿ ïðîöåññîâ ýôôåêòèâíî èñïîëüçóåòñÿ ïîíÿòèå óñòîé-

÷èâîñòè âäîëü ïîâòîðåíèé [22]. Êàê óæå îòìå÷àëîñü âî ââåäåíèè, îíî íå ìîæåò áûòü èñïîëü-
çîâàíî äëÿ íåëèíåéíûõ ñèñòåì, ïîýòîìó íåîáõîäèìî ââåñòè íîâîå ïîíÿòèå óñòîé÷èâîñòè.
Îïðåäåëèì íîðìó âåêòîðà ïðîôèëÿ ïîâòîðåíèÿ êàê

‖yk‖E =

√√√√E
T−1∑
t=0

|yk(t)|2, (5)

ãäå E | îïåðàòîð ìàòåìàòè÷åñêîãî îæèäàíèÿ (âûïîëíåíèå àêñèîì íîðìû äëÿ (5) ëåãêî
ïðîâåðÿåòñÿ íåïîñðåäñòâåííî).
Îïðåäåëåíèå 1. Ñèñòåìà (1), (2) íàçûâàåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâîé ïî ïðîôèëþ

ïîâòîðåíèÿ â ñðåäíåì êâàäðàòè÷åñêîì, åñëè äëÿ ëþáûõ ãðàíè÷íûõ óñëîâèé (3), óäîâëåòâî-
ðÿþùèõ (4) ñóùåñòâóþò ïîñòîÿííûå κ > 0 è 0 < z < 1, òàêèå, ÷òî

‖yk‖E ≤ κzk. (6)
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Äàëåå â ðàáîòå áóäåò ïîêàçàíî, ÷òî â ëèíåéíîì ñëó÷àå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé-
÷èâîñòè ïî ïðîôèëþ ïîâòîðåíèÿ ñîâïàäàþò ñ óñëîâèÿìè óñòîé÷èâîñòè âäîëü ïîâòîðåíèé,
ò.å. ââîäèìîå ïîíÿòèå ñîãëàñóåòñÿ ñ èçâåñòíûì è øèðîêî èñïîëüçóåìûì â ëèíåéíîé òåîðèè.
Êàê áûëî îòìå÷åíî â [11, 16], äëÿ èçó÷åíèÿ óñòîé÷èâîñòè 2D ñèñòåì, â ñèëó òîãî, ÷òî èõ

ìîäåëè ÿâíî çàäàþò ëèøü ÷àñòíûå ïðèðàùåíèÿ ïåðåìåííûõ, åñòåñòâåííûì ÿâëÿåòñÿ ìåòîä
âåêòîðíûõ ôóíêöèé Ëÿïóíîâà [5], â êîòîðîì âìåñòî ïðîèçâîäíîé ñêàëÿðíîé ôóíêöèè â ñèëó
ñèñòåìû èñïîëüçóåòñÿ äèâåðãåíöèÿ âåêòîðíîé ôóíêöèè èëè åå äèñêðåòíûé àíàëîã [3, 20].
Ñëåäóÿ ýòîé êîíöåïöèè äëÿ ïîëó÷åíèÿ óñëîâèé ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ïî ïðî-

ôèëþ ïîâòîðåíèÿ â ñðåäíåì êâàäðàòè÷åñêîì ïðîöåññà (1), (2), ðàññìîòðèì ñëåäóþùóþ âåê-
òîðíóþ ôóíêöèþ Ëÿïóíîâà

~V (xk+1(t), yk(t), r(t)) =

[
V1(xk+1(t), r(t))

V2(yk(t), r(t))

]
, (7)

ãäå V1(x, r) > 0, x 6= 0, V2(y, r) > 0, y 6= 0, V1(0, r) = 0, V2(0, r) = 0.
Ââåäåì ðàçíîñòíûå îïåðàòîðû Dt è Dk âäîëü òðàåêòîðèé ñèñòåìû (1):

Dt
~V (ξ,η,i)=E[V1(xk+1(t+1),r(t+1))−V1(xk+1(t),r(t)) |xk+1(t)= ξ, yk(t)=ηk, r(t)= i],

Dk
~V (ξ, η, i) = E[V2(yk+1(t), r(t))− V2(ηk, i) | xk+1(t) = ξk+1, yk(t) = ηk, r(t) = i]

è îïðåäåëèì îïåðàòîðD êàê ñòîõàñòè÷åñêèé àíàëîã îïåðàòîðà äèâåðãåíöèè âåêòîðíîé ôóíê-
öèè ~V :

D~V (ξ, η, i) = Dt
~V (ξ, η, i) +Dk

~V (ξ, η, i). (8)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ðàññìîòðèì íåëèíåéíûé ïîâòîðÿþùèéñÿ ïðîöåññ (1), (2) ñ ãðàíè÷íûìè

óñëîâèÿìè (3), óäîâëåòâîðÿþùèìè óñëîâèÿì (4). Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò òàêèå
ïîëîæèòåëüíûå ïîñòîÿííûå c1, c2, c3, ÷òî ôóíêöèÿ (7) è åå îïåðàòîð D (8) âäîëü òðàåêòîðèé
ñèñòåìû (1), (2) óäîâëåòâîðÿåò íåðàâåíñòâàì

c1|ξ|2 ≤ V1(ξ, i) ≤ c2|ξ|2, (9)

c1|η|2 ≤ V2(η, i) ≤ c2|η|2, (10)

D~V (ξ, η, i) ≤ −c3(|ξ|2 + |η|2), (11)

i ∈ N. Òîãäà ïîâòîðÿþùèéñÿ ïðîöåññ (1), (2) ýêñïîíåíöèàëüíî óñòîé÷èâ ïî ïðîôèëþ
ïîâòîðåíèÿ â ñðåäíåì êâàäðàòè÷åñêîì.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (9){(11) ñëåäóåò, ÷òî

E[V1(xk+1(t + 1)] ≤ λE[V1(xk+1(t))] + E[λV2(yk(t))− V2(yk+1(t))], (12)

ãäå λ = 1− c3

c2
∈ (0, 1).
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Ðåøàÿ íåðàâåíñòâî (12) îòíîñèòåëüíî V1(xk+1(t)), ïîëó÷àåì

E[V1(xk+1(t))] ≤ E[V1(xk+1(0))]λt +
t−1∑
p=0

E[λV2(yk(p))− V2(yk+1(p))]λt−p−1. (13)

Îáîçíà÷èì

Hk(t) = E

[
t−1∑
p=0

V2(yk(t))

]
λt−p−1.

Òîãäà èç (9), (13) ñëåäóåò

Hk+1(t) ≤ λHk(t) + λt E[V1(xk+1(0))] ≤ λHk(t) + λtc2κdz
k+1
d . (14)

Ðåøàÿ íåðàâåíñòâî (14) ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (3), (4), ïîëó÷àåì

Hk(t) ≤ λkH0(t) + λtc2κd

k−1∑
i=1

zi
dλ

k−i−1. (15)

Â çàâåðøåíèå, ìàæîðèðóÿ ïðàâóþ ÷àñòü (15), ïðèõîäèì ê íåðàâåíñòâó

Hk(t) ≤ zk

(
H0 +

c2κdλ
t

1− ζ

)
, (16)

ãäå z = max {λ, ζ}, ζ = z̄
1
2 , z̄ = max {zd, λ}.

Ïîëàãàÿ t = T ñ ó÷åòîì (10), ëåãêî óáåæäàåìñÿ, ÷òî âûïîëíÿåòñÿ (6). Òåîðåìà äîêàçàíà.

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ëèíåéíîé ñèñòåìû ñ íàðóøåíèÿìè:{
xk+1(t + 1) = A11(r(t)) xk+1(t) + A12(r(t)) yk(t),

yk+1(t) = A12(r(t)) xk+1(t) + A22(r(t)) yk(t),
(17)

ãäå Aij(r(t)), i, j = 1, 2, | ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ, ýëåìåíòû êîòîðûõ ìî-
ãóò ñêà÷êîîáðàçíî èçìåíÿòüñÿ â çàâèñèìîñòè îò íàðóøåíèé; îñòàëüíûå îáîçíà÷åíèÿ ñîîò-
âåòñòâóþò ïðèíÿòûì ðàíåå. Âûáåðåì ýëåìåíòû âåêòîðíîé ôóíêöèè Ëÿïóíîâà ~V â âèäå
êâàäðàòè÷íûõ ôîðì

V1(xk+1(t), r(t)) = xTk+1(t) P1(r(t)) xk+1(t), V2(yk(t), r(t)) = yTk (t) P2(r(t)) yk(t),

ãäå P1(r) è P2(r), r ∈ N, | ïîëîæèòåëüíî îïðåäåëåííûå ñèììåòðè÷íûå ìàòðèöû. Òîãäà,
âû÷èñëÿÿ îïåðàòîð D~V âäîëü òðàåêòîðèé ñèñòåìû (17), ïîëó÷àåì, ÷òî ýòà ñèñòåìà áóäåò
ýêñïîíåíöèàëüíî óñòîé÷èâà ïî ïðîôèëþ ïîâòîðåíèÿ â ñðåäíåì êâàäðàòè÷åñêîì, åñëè ðàçðå-
øèìà ñèñòåìà ìàòðè÷íûõ íåðàâåíñòâ

P (i) = diag [P1(i) P2(i)] > 0, AT(i)
ν∑

j=1

πijHi(j) A(i)− P (i) + Q(i) ≤ 0, i ∈ N, (18)
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ãäå

Hi(j) = diag [P1(j) P2(i)], Q(i) = QT(i) > 0, A(i) =

[
A11(i) A12(i)

A21(i) A22(i)

]
, i, j ∈ N.

Â ñëó÷àå ñèñòåìû ñ ïîñòîÿííûìè ïàðàìåòðàìè íåðàâåíñòâà (18) ñâîäÿòñÿ ê 2D íåðàâåí-
ñòâó Ëÿïóíîâà [22][

A11 A12

A21 A22

]T [
P1 0

0 P2

] [
A11 A12

A21 A22

]
−

[
P1 0

0 P2

]
<

[
0 0

0 0

]
,

ðàçðåøèìîñòü êîòîðîãî îòíîñèòåëüíî ìàòðèöû P = diag [P1 P2] > 0 ãàðàíòèðóåò óñòîé÷è-
âîñòü âäîëü ïîâòîðåíèé, ò.å. èçâåñòíûå ðàíåå ðåçóëüòàòû ëèíåéíîé òåîðèè [22] âûòåêàþò èç
äîêàçàííîé òåîðåìû êàê ÷àñòíûé ñëó÷àé.

2. Ïðèëîæåíèå ê ñèíòåçó óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì

Ïðèíöèï óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì áûë çàùèùåí ïàòåíòîì åùå â 1971 ãîäó
[14], íî ïîëó÷èë øèðîêóþ èçâåñòíîñòü òîëüêî ïîñëå âûõîäà â ñâåò ñòàòüè [7]. Â íàñòîÿùåå
âðåìÿ òåîðèè è ïðèëîæåíèÿì ýòîãî ïðèíöèïà ïîñâÿùåíî çíà÷èòåëüíîå êîëè÷åñòâî ðàáîò,
î ÷åì ñâèäåòåëüñòâóþò îáçîðíûå ñòàòüè [9, 15]. Ïðèíöèï óïðàâëåíèÿ ñ èòåðàòèâíûì îáó-
÷åíèåì çàâîåâàë øèðîêóþ ïîïóëÿðíîñòü áëàãîäàðÿ ñâîåé ïðîñòîé è ïîíÿòíîé ëîãèêå: â
òåõ ñëó÷àÿõ, êîãäà ïðîöåññ óïðàâëåíèÿ ïîâòîðÿåòñÿ ìíîãîêðàòíî, åñòåñòâåííî íà åãî òåêó-
ùåì ïîâòîðåíèè èñïîëüçîâàòü èíôîðìàöèþ ñ ïðåäûäóùåãî ïîâòîðåíèÿ ñ öåëüþ ïîâûøåíèÿ
òî÷íîñòè è äðóãèõ ïîêàçàòåëåé, ïîäîáíî òîìó, êàê âñå ìû íà îñíîâå ñîáñòâåííîãî îïûòà
ñîâåðøåíñòâóåì âûïîëíåíèå êàêèõ-ëèáî äåéñòâèé.
Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ ëèíåéíàÿ ñèñòåìà, ïîäâåðæåííàÿ èíôîðìàöèîííûì

íàðóøåíèÿì, êîòîðàÿ äîëæíà â ïîâòîðÿþùåìñÿ ðåæèìå âîñïðîèçâîäèòü ñ òðåáóåìîé òî÷-
íîñòüþ çàäàííóþ òðàåêòîðèþ äâèæåíèÿ. ×òîáû îáåñïå÷èòü ýòó òî÷íîñòü, ïðåäïîëàãàåòñÿ
ïðèìåíèòü àëãîðèòì óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì. Îáùàÿ êîíöåïöèÿ óïðàâëåíèÿ
ñ èòåðàòèâíûì îáó÷åíèåì ñîñòîèò â ñëåäóþùåì.
Ïóñòü öåëîå ÷èñëî k îáîçíà÷àåò íîìåð èòåðàöèè (ïîâòîðåíèÿ, øàãà), à uk(t), xk(t) è

yk(t) | âåêòîð óïðàâëåíèÿ, âåêòîð ñîñòîÿíèÿ è âûõîäíîé âåêòîð ñîîòâåòñòâåííî â ìîìåíò
âðåìåíè t íà k-é èòåðàöèè. Îáîçíà÷èì yref (t), t ∈ [0, T ], æåëàåìûé âûõîäíîé ñèãíàë
ñèñòåìû. Òîãäà ek(t) = yref (t) − yk(t) ïðåäñòàâëÿåò ñîáîé îøèáêó íà k-é èòåðàöèè. Çàäà÷à
ñîñòîèò â ïîñòðîåíèè òàêîãî èçìåíåíèÿ ñòðàòåãèè óïðàâëåíèÿ íà òåêóùåì øàãå óïðàâëåíèÿ
íà îñíîâå èíôîðìàöèè òåêóùåãî è ïðåäøåñòâóþùåãî øàãîâ, ïðè êîòîðîé âûõîäíîé ñèãíàë
ñèñòåìû âîñïðîèçâîäèò çàäàííûé ñèãíàë yref (t) ñ òðåáóåìîé òî÷íîñòüþ ε > 0, ò.å. |ek(t)| <
ε äëÿ âñåõ t ∈ T íà÷èíàÿ ñ íåêîòîðîãî k = k∗. Íåîáõîäèìûì óñëîâèåì ðàçðåøèìîñòè
ïîñòàâëåííîé çàäà÷è ÿâëÿåòñÿ ñõîäèìîñòü îøèáêè âîñïðîèçâåäåíèÿ çàäàííîãî ñèãíàëà:

lim
k→∞

|ek(t)| = 0, lim
k→∞

|uk(t)− u∞(t)| = 0. (19)
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Ýòè óñëîâèÿ ÿâëÿþòñÿ îñíîâîé äëÿ ïîñòðîåíèÿ àëãîðèòìîâ. Â ðàññìàòðèâàåìîì êîí-
êðåòíîì ñëó÷àå ñèñòåìà îïèñûâàåòñÿ ñëåäóþùåé ìîäåëüþ â ïðîñòðàíñòâå ñîñòîÿíèé:

x(t + 1) = Ax(t) + Bu(t), y(t) = C(r(t)) x(t), t = 0, 1, 2, . . . , (20)

ãäå x ∈ Rn | âåêòîð ñîñòîÿíèÿ; u ∈ Rm | âõîäíîé âåêòîð óïðàâëåíèÿ; y ∈ Rp | âûõîäíîé
âåêòîð; r(t) | îäíîðîäíûé ìàðêîâñêèé ïðîöåññ, êîòîðûé ìîäåëèðóåò âîçìîæíûå íàðóøå-
íèÿ. Ýòîò ïðîöåññ èìååò êîíå÷íîå ÷èñëî ñîñòîÿíèé N = {1, . . . , ν}, ñîîòâåòñòâóþùèõ ÷è-
ñëó âîçìîæíûõ íàðóøåíèé ñ âåðîÿòíîñòÿìè ïåðåõîäà, îïðåäåëÿåìûìè ñîîòíîøåíèÿìè (2).
Ïðåäïîëîæèì, ÷òî ê ñèñòåìå (20) ïðèìåíåí çàêîí óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì.

Òîãäà äèíàìèêà ñèñòåìû (20) îïèøåòñÿ ñëåäóþùèì îáðàçîì:

xk(t + 1) = Axk(t) + Buk(t), yk(t) = C(r(t) xk(t) (21)

ñ ãðàíè÷íûìè óñëîâèÿìè

u0(t) = 0, t ∈ [0, T ]; xk(0) = x0, k = 0, 1, . . . (22)

Ñëåäóÿ êîíöåïöèè èòåðàòèâíîãî îáó÷åíèÿ óïðàâëåíèå íà k-é èòåðàöèè (ïîâòîðåíèè)
çàäàäèì â âèäå

uk+1(t) = uk(t) + ∆uk+1(t), (23)

ãäå∆uk+1(t)| êîððåêòèðóþùàÿ äîáàâêà ê óïðàâëåíèþ íà òåêóùåì k-ì øàãå äëÿ ôîðìèðî-
âàíèÿ óïðàâëåíèÿ äëÿ ñëåäóþùåãî (k + 1)-ãî øàãà.
Ñ ó÷åòîì ñòîõàñòè÷åñêîãî õàðàêòåðà ñèñòåìû ââåäåì ñëåäóþùåå îïðåäåëåíèå ñõîäè-

ìîñòè.
Îïðåäåëåíèå 2. Çàêîí óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì (23) íàçûâàåòñÿ ñõîäÿ-

ùèìñÿ â ñðåäíåì êâàäðàòè÷åñêîì, åñëè äëÿ ëþáûõ íà÷àëüíûõ óñëîâèé x0 ∈ Rn è ëþáîé
íà÷àëüíîé ïîñëåäîâàòåëüíîñòè {u0(t)} ñóùåñòâóåò îãðàíè÷åííàÿ ôóíêöèÿ u∞(t), òàêàÿ, ÷òî
äëÿ âñåõ t ∈ [0, T ] E |ek(t)|2 = E |yref (t)− yk(t)|2 → 0 è E |uk(t)− u∞(t)|2 → 0 ïðè k →∞.
Äëÿ âûáîðà ïàðàìåòðîâ àëãîðèòìà, îáåñïå÷èâàþùèõ ñõîäèìîñòü ïðîöåññà îáó÷åíèÿ â

óñëîâèÿõ óêàçàííûõ èíôîðìàöèîííûõ íàðóøåíèé, èñïîëüçóåì ðåçóëüòàò òåîðåìû 1. Ââåäåì
âñïîìîãàòåëüíóþ ïåðåìåííóþ:

υk+1(t) = xk+1(t)− xk(t).

Òîãäà â òåðìèíàõ ïåðåìåííûõ υk(t) è ek(t) ñèñòåìà (20) c çàêîíîì óïðàâëåíèÿ (23) áóäåò
ïðåäñòàâëåíà êàê 2D ñèñòåìà â ñòàíäàðòíîé ôîðìå ëèíåéíîãî äèñêðåòíîãî ïîâòîðÿþùåãîñÿ
ïðîöåññà {

υk+1(t + 1) = Aυk+1(t) + B∆uk+1(t− 1),

ek+1(t) = −C(r(t)) Aυk+1(t) + ek(t)− C(r(t)) B∆uk+1(t− 1).
(24)

Ïðåäïîëîæèì, ÷òî èçìåðåíèþ äîñòóïåí âåêòîð z(t) ∈ Rq âèäà

z(t) = D(r(t)) x(t), (25)

ãäå D(r), r ∈ N, | ìàòðèöà ñîîòâåòñòâóþùåãî ðàçìåðà, èìåþùàÿ ïîëíûé ðàíã.
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Â ýòîì ñëó÷àå êîððåêòèðóþùóþ ïîïðàâêó ñôîðìèðóåì â âèäå

∆uk+1(t) = F1(i) ∆zk+1(t + 1) + F2(i) ek(t + 1), åñëè r(t) = i. (26)

ãäå ∆zk+1(t + 1) = zk+1(t)− zk(t).

Òîãäà, åñëè (26) ãàðàíòèðóåò ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ïî ïðîôèëþ ïîâòîðå-
íèÿ (24), òî, ïðèíèìàÿ âî âíèìàíèå îïðåäåëåíèå 2, ïðèõîäèì ê âûâîäó, ÷òî çàêîí óïðàâëåíèÿ
ñ èòåðàòèâíûì îáó÷åíèåì ñõîäèòñÿ â ñðåäíåì êâàäðàòè÷åñêîì.

Òàêèì îáðàçîì (26) ìîæåò ðàññìàòðèâàòüñÿ êàê ñòàáèëèçèðóþùåå óïðàâëåíèå, êîòîðîå
äîëæíî îáåñïå÷èâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ïî ïðîôèëþ ïîâòîðåíèÿ â ñðåäíåì
êâàäðàòè÷åñêîì ñèñòåìû (24). Äëÿ íàõîæäåíèÿ ìàòðèö óñèëåíèÿ F1(i), F2(i), i ∈ N, âîñ-
ïîëüçóåìñÿ óñëîâèÿìè òåîðåìû 1.

Âûáåðåì âåêòîðíóþ ôóíêöèþ Ëÿïóíîâà â âèäå (7), ãäå

V1(υk+1(t), r(t))) = υTk+1(t) P1(r(t)) υk+1(t), V2(ek(t)r(t)) = eTk(t) P2(r(t)) ek(t).

Ñòîõàñòè÷åñêèé îïåðàòîð äèâåðãåíöèè D ôóíêöèè (7) â ýòîì ñëó÷àå äîëæåí óäîâëåòâî-
ðÿòü (11). Âû÷èñëÿÿ ýòîò îïåðàòîð âäîëü òðàåêòîðèé ñèñòåìû (24), (26), ïîëó÷èì ñëåäóþùèå
äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ïî ïðîôèëþ ïîâòîðåíèÿ â ñðåäíåì
êâàäðàòè÷åñêîì: 

P (i) = diag [P1(i) P2(i)] > 0,

AT
c (i)

ν∑
j=1

πijHi(j)Ac(i)− P (i) + Q(i) < 0, i ∈ N,
(27)

ãäå

Ac(i) =

[
A + BF1(i) BF2(i)

−C(i)A− C(i)BF1(i) I − C(i)BF2(i)

]
,

Q(i) = QT(i) > 0, Hi(j) = diag [P1(j) P2(i)].

Îáîçíà÷àÿ X(i) = P−1(i) è ââîäÿ äîïîëíèòåëüíûå ïåðåìåííûå Y1(i), Y2(i), Z1(i), êàê
ïîêàçàíî íèæå, ïîñëå ïðîñòûõ, íî ãðîìîçäêèõ âû÷èñëåíèé óñëîâèÿ óñòîé÷èâîñòè ìîæåì
çàïèñàòü â âèäå ñèñòåìû ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ è óðàâíåíèé îòíîñèòåëüíî ýòèõ
ïåðåìåííûõ:

 S11(i) S12(i) S13(i)

ST12(i) S22(i) 0

ST13(i) 0 S33(i)

 > 0; X(i) > 0, i ∈ N; D(i)X1(i) = Z1(i)X1(i), (28)
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ãäå

S12(i) = [S121(i) . . . S12ν(i)],

S12j(i) = π
1
2
ij

[
AX1(j) + BY1D(j) BY2(j)

−C(j)AX1(j)− C(j)BY1D(j) X2(j)− C(j)BY2(j)

]
,

S11(i) = diag [X1(i) X2(i)], S13 = diag [X1(i) X2(i)],

S22(i) = diag [X1(1) X2(i) X1(2) X2(i) . . . X1(ν) X2(i)],

S33(i) = Q−1(i), Y1(i) = F1(i) Z1(i), Y2(i) = F2(i) X1, Y1D(i) = Y1(i) D(i)

è, òàêèì îáðàçîì, ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 2. Ðàññìîòðèì ñèñòåìó (21) ñ ãðàíè÷íûìè óñëîâèÿìè (22) è çàêîíîì óïðàâëå-

íèÿ ñ èòåðàòèâíûì îáó÷åíèåì (23), (26). Ïðåäïîëîæèì, ÷òî ëèíåéíûå ìàòðè÷íûå íåðàâåí-
ñòâà (28), i ∈ N, ðàçðåøèìû. Òîãäà çàêîí óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì (23), (26)
ñõîäèòñÿ è F1(i) = Y1(i)Z

−1
1 (i), F2(i) = Y2(i)X

−1
2 (i), i ∈ N.

Ç à ì å ÷ à í è å 1. ÅñëèD(r) ≡ 0, òî êîððåêòèðóþùàÿ ïîïðàâêà ê óïðàâëåíèþáóäåò èìåòü
âèä∆uk+1(t) = F2(i)ek(t), åñëè r(t) = i. Â ýòîì ñëó÷àå F1(i) = 0, à ìàòðèöà F2(i) íàõîäèòñÿ
èç ðåøåíèÿ ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ (28), êîòîðûå, î÷åâèäíî, â ýòîì ñëó÷àå áóäóò
èìåòü áîëåå ïðîñòóþ ôîðìó.

2.1 Ïðèìåð

Íà îñíîâå ïîëó÷åííûõ òåîðåòè÷åñêèõ ðåçóëüòàòîâ áûë ïðîâåäåí ñèíòåç óïðàâëåíèÿ ñ èòå-
ðàòèâíûì îáó÷åíèåì â ðàìêàõ óïðîùåííîé ìîäåëè äèíàìèêè âåðòèêàëüíîãî êàíàëà ïîð-
òàëüíîãî ðîáîòà (ðèñ. 1). Äàííûå î ïàðàìåòðàõ ðîáîòà áûëè ïðåäîñòàâëåíû ëàáîðàòîðèåé
óíèâåðñèòåòà Ñàóòãåìïòîíà ïðîôåññîðîì Ýðèêîì Ðîäæåðñîì [22, 23]. Íà ðèñ. 2 ïðåäñòàâëåí
æåëàåìûé âûõîäíîé ñèãíàë âäîëü âåðòèêàëüíîé îñè Oz c ïåðèîäîì äèñêðåòèçàöèè 0.01 ñ.

Ðèñ. 1. Ïîðòàëüíûé ðîáîò Ðèñ. 2. Æåëàåìûé âûõîäíîé ñèãíàë
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Äèíàìèêà ïîðòàëüíîãî ðîáîòà îïèñûâàåòñÿ ñèñòåìîé (20) ñî ñëåäóþùèìè ìàòðèöàìè
ïàðàìåòðîâ:

A =

 −0, 002961 1 0

−0, 0008363 −0, 002961 0, 03035

0 0 1

 , B =

 0

0

0, 01563

,

C = [0, 0003718 0, 007077 0, 02335].

Ðàññìîòðèì ñëó÷àé, êîãäà âîçìîæíû äâà ðåæèìà ðàáîòû ðàññìàòðèâàåìîé ñèñòåìû. Â
ïåðâîì ðåæèìå D(1) = I , âî âòîðîì D(2) = 0.
Íàðóøåíèÿ ìîäåëèðóþòñÿ îäíîðîäíîé ìàðêîâñêîé öåïüþ r(t) ñ äâóìÿ ñîñòîÿíèÿìè, ñî-

îòâåòñòâóþùèìè äâóì âîçìîæíûì ðåæèìàì. Óñëîâíàÿ âåðîÿòíîñòü òîãî, ÷òî ñèñòåìà áóäåò
íàõîäèòüñÿ â ïåðâîì ðåæèìå π11 = 0.95, âî âòîðîì π22 = 0.05. Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ
ýòî îçíà÷àåò, ÷òî èíôîðìàöèÿ î ïåðåìåííûõ ñîñòîÿíèÿ â òå÷åíèå êîðîòêîãî ïåðèîäà âðåìåíè
ìîæåò áûòü íåäîñòóïíà è íà ýòîò ïåðèîä â ñèñòåìå ñîõðàíÿåòñÿ òîëüêî îáðàòíàÿ ñâÿçü ïî
îøèáêå.
Äàëåå, ïîëüçóÿñü ðåçóëüòàòàìè òåîðåìû 2 è çàìå÷àíèÿ 1, ïîëó÷èì ñëåäóþùèå ìàòðèöû

óñèëåíèÿ ñòàáèëèçèðóþùåãî óïðàâëåíèÿ äëÿ ïåðâîãî è âòîðîãî ðåæèìîâ ðàáîòû:

F1(1) = [−0,0096 − 0,2814 −51,9], F2(1) = [922,9],

F1(2) = [0 0 0], F2(2) = [7,38].
(29)

Íèæå ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ. Â ñëó÷àå, êîãäà íàðóøåíèÿ îòñóòñòâóþò,
îøèáêà ñõîäèòñÿ ê íóëþ ìîíîòîííî è ñêîðîñòü åå ñõîäèìîñòè äîñòàòî÷íî âûñîêà (ðèñ. 3, á).
Â ñëó÷àå âîçíèêíîâåíèÿ èíôîðìàöèîííîãî íàðóøåíèÿ (ïðîïàäàíèå ñèãíàëà) ìîíîòîííîñòü
óáûâàíèÿ îøèáêè íàðóøàåòñÿ (ðèñ. 4, á). Ïîäîáíîãî ðîäà ñêà÷êè êðàéíå íåæåëàòåëüíû äëÿ

à á

Ðèñ. 3. Ñëó÷àé áåç íàðóøåíèé: à| âûõîäíîé ñèãíàë, á| îøèáêà îáó÷åíèÿ (áîêîâàÿ ïðîåêöèÿ)
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à á
Ðèñ. 4. Îøèáêà îáó÷åíèÿ (áîêîâàÿ ïðîåêöèÿ) â ñëó÷àå âîçíèêíîâåíèÿ íàðóøåíèÿ íà 10-ì øàãå: a|
ñ ïåðåêëþ÷åíèåì óïðàâëåíèÿ; á| áåç ïåðåêëþ÷åíèÿ óïðàâëåíèÿ

çàäà÷ èòåðàòèâíîãî îáó÷åíèÿ. Àìïëèòóäó ñêà÷êà ìîæíî óìåíüøèòü, åñëè â ìîìåíò âîçíèê-
íîâåíèÿ íàðóøåíèÿ ñîâåðøèòü ïåðåêëþ÷åíèå àëãîðèòìà óïðàâëåíèÿ â ñîîòâåòñòâèè ñ (29).
Íà ðèñ. 4, a ïðîäåìîíñòðèðîâàí ñëó÷àé, êîãäà â ìîìåíò âîçíèêíîâåíèÿ íàðóøåíèÿ íà 10-ì
øàãå áûëî ñîâåðøåíî ïåðåêëþ÷åíèå, íà ðèñ. 4, á ñëó÷àé, êîãäà ïåðåêëþ÷åíèÿ óïðàâëåíèÿ
ïðîèçâåäåíî íå áûëî.
Äàëåå, äëÿ ïîëó÷åíèÿ áîëåå îáùåãî ïðåäñòàâëåíèÿ î ïîâåäåíèè ñèñòåìû â ðàññìàòðèâà-

åìûõ óñëîâèÿõ, ïðîìîäåëèðîâàíû ñëó÷àè âîçíèêíîâåíèÿ íàðóøåíèÿ íà 5-ì è 15-ì øàãàõ.
Â ñëó÷àå, åñëè íàðóøåíèå ïðîèçîøëî â ñàìîì íà÷àëå îáó÷åíèÿ íà 5-ì øàãå, ìîíîòîííîñòü
ñõîäèìîñòè îøèáêè îáó÷åíèÿ ñóùåñòâåííî íàðóøèòñÿ (ðèñ. 5). Ïðè ýòîì äàæå â ñëó÷àå
ïåðåêëþ÷åíèÿ àëãîðèòìà óïðàâëåíèÿ çíà÷èòåëüíîãî íàðóøåíèÿ ìîíîòîííîñòè ñõîäèìîñòè
îøèáêè èçáåæàòü íå óäàåòñÿ, ÷òî âèäíî íà ðèñ. 6. Åñëè æå íàðóøåíèå ïðîèçîøëî â ñåðå-

à á
Ðèñ. 5. Âîçíèêíîâåíèå íàðóøåíèÿ íà 5-ì øàãå áåç ïåðåêëþ÷åíèÿ óïðàâëåíèÿ: à|âûõîäíîé ñèãíàë;
á| îøèáêà îáó÷åíèÿ (áîêîâàÿ ïðîåêöèÿ)
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à á
Ðèñ. 6. Âîçíèêíîâåíèå íàðóøåíèÿ íà 5-ì øàãå ñ ïåðåêëþ÷åíèåì óïðàâëåíèÿ:

à| âûõîäíîé ñèãíàë; á| îøèáêà îáó÷åíèÿ (áîêîâàÿ ïðîåêöèÿ)

à á
Ðèñ. 7. Âîçíèêíîâåíèå íàðóøåíèÿ íà 15-ì øàãå ñ ïåðåêëþ÷åíèåì óïðàâëåíèÿ:

à| âûõîäíîé ñèãíàë; á| îøèáêà îáó÷åíèÿ (áîêîâàÿ ïðîåêöèÿ)

à á
Ðèñ. 8. Âîçíèêíîâåíèå íàðóøåíèÿ íà 15-ì øàãå áåç ïåðåêëþ÷åíèÿ óïðàâëåíèÿ:

à| âûõîäíîé ñèãíàë; á| îøèáêà îáó÷åíèÿ (áîêîâàÿ ïðîåêöèÿ)
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äèíå ïðîöåññà îáó÷åíèÿ íà 15-ì øàãå è ñîâåðøåíî ïåðåêëþ÷åíèå àëãîðèòìà óïðàâëåíèÿ,
ìîíîòîííîñòü ñõîäèìîñòè îøèáêè ïî÷òè íå íàðóøàåòñÿ (ðèñ. 7). Åñëè ïåðåêëþ÷åíèÿ àëãî-
ðèòìà óïðàâëåíèÿ íå ïðîèçâåñòè, ìîíîòîííîñòü ïî-ïðåæíåìó áóäåò ñóùåñòâåííî íàðóøåíà
(ðèñ. 8).

Çàêëþ÷åíèå

Ïîëó÷åííûå óñëîâèÿ óñòîé÷èâîñòè ïî ôîðìå áëèçêè ê êëàññè÷åñêèì ðåçóëüòàòàì
Í.Í. Êðàñîâñêîãî [4], îòíîñÿùèìñÿ ê ïîñòðîåíèþ ôóíêöèé Ëÿïóíîâà, óäîâëåòâîðÿþùèì
îöåíêàì, õàðàêòåðíûì äëÿ êâàäðàòè÷íûõ ôîðì, íî â êëàññå 2D ñèñòåì îíè, íå âñåãäà
ãàðàíòèðóþò ýêñïîíåíöèàëüíûé õàðàêòåð ñõîäèìîñòè â îòëè÷èå îò ñëó÷àÿ îáû÷íûõ (1D)
ñèñòåì. Çäåñü ïðèíöèïèàëüíóþ ðîëü èãðàþò òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê õàðàêòåðó
ãðàíè÷íûõ óñëîâèé. Èñïîëüçîâàíèå ñòîõàñòè÷åñêîãî äèñêðåòíîãî àíàëîãà äèâåðãåíöèè
âìåñòî ïîëíîãî ïðèðàùåíèÿ ôóíêöèè Ëÿïóíîâà îêàçàëîñü äîñòàòî÷íî ýôôåêòèâíûì è
ñîãëàñóåòñÿ ñ êà÷åñòâåííûì ïðåäïîëîæåíèåì î òîì, ÷òî îòðèöàòåëüíîñòü äèâåðãåíöèè,
âåêòîðíîãî ïîëÿ, îïðåäåëÿìîãî ôóíêöèåé Ëÿïóíîâà íà ïëîñêîñòè, ãàðàíòèðóÿ îòñóòñòâèå
èñòî÷íèêîâ, äîëæíà îáåñïå÷èâàòü â òîì èëè èíîì ñìûñëå óñòîé÷èâûé õàðàêòåð ïîâåäåíèÿ
òðàåêòîðèé ñèñòåìû. Â äàííîì ñëó÷àå êîíêðåòíûé òèï óñòîé÷èâîñòè îïðåäåëÿåòñÿ
ïðèíÿòûì îïðåäåëåíèåì. Ñëåäóåò îòìåòèòü, ÷òî èäåÿ èñïîëüçîâàíèÿ ïîíÿòèÿ äèâåðãåíöèè
â çàäà÷àõ óñòîé÷èâîñòè áûëà èçâåñòíà ðàíåå, íî èñïîëüçîâàëàñü ëèáî äëÿ íåëèíåéíûõ
1D ñèñòåì â ñîâåðøåííî äðóãîì àñïåêòå [3, 20], ëèáî äëÿ ëèíåéíûõ 2D ñèñòåì â ðàìêàõ
ïîâåäåí÷åñêèõ ìîäåëåé Ðîåññåðà [16].
Ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëüòàòû áûëè ïðèìåíåíû ê çàäà÷å ñèíòåçà óïðàâëåíèÿ

ñ èòåðàòèâíûì îáó÷åíèåì. Ïðîâåäåíî ìîäåëèðîâàíèå ðàññìàòðèâàåìîé ñèñòåìû, êîòîðîå
ïîêàçàëî, ÷òî â ñëó÷àå îòñóòñòâèÿ íàðóøåíèé îøèáêà îáó÷åíèÿ ñèñòåìû ñõîäèòñÿ ê íóëþ
ìîíîòîííî, íî ïðè íàëè÷èè íàðóøåíèé è êîíñåðâàòèâíîãî çàêîíà óïðàâëåíèÿ ñ ïîñòîÿííîé
îáðàòíîé ñâÿçüþ, îøèáêà ñõîäèòñÿ íåìîíîòîííî. Ïîñêîëüêó íåìîíîòîííûé õàðàêòåð ñõî-
äèìîñòè â çàäà÷àõ èòåðàòèâíîãî îáó÷åíèÿ êðàéíå íåæåëàòåëåí, ïðåäëàãàåòñÿ èñïîëüçîâàíèå
ïåðåêëþ÷àþùèõñÿ àëãîðèòìîâ óïðàâëåíèÿ, êîòîðûå ñóùåñòâåííî ñíèæàþò îòêëîíåíèÿ îò
ìîíîòîííîñòè â ïðîöåññå ñõîäèìîñòè îøèáêè ïðè íàëè÷èè èíôîðìàöèîííûõ íàðóøåíèé.
Ðåçóëüòàòû ìîäåëèðîâàíèÿ îêàçàëèñü òàêæå âïîëíå çàêîíîìåðíûìè è îòâå÷àþùèìè ïðèíöè-
ïàì óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì | ÷åì ðàíüøå â ïðîöåññå îáó÷åíèÿ ïðîèñõîäèò
íàðóøåíèå, òåì áîëüøå ïðîöåññ èçìåíåíèÿ îøèáêè îáó÷åíèÿ âî âðåìåíè îòêëîíÿåòñÿ îò
ìîíîòîííîãî. Òàêèì îáðàçîì, ìîäåëèðîâàíèå ïîäòâåðäèëî ýôôåêòèâíîñòü ïðåäëîæåííîãî
ïîäõîäà.
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Nonlinear discrete-time repetitive processes with Markovian jumps are considered. For such
processes stability analysis is developed and this result is then applied to iterative learning control
design.
Stability of nonlinear repetitive processes has not been developed previously in the current

literature. This paper proposes and characterizes a stability theory for nonlinear repetitive processes
that includes stability along the pass of linear examples as a special case.
For considered systems the second Lyapunov method cannot be used. Because repetitive

processes belong to a class of 2D systems in which state variables are depend on two independent
variables and cannot be solved using all first differences of state variables. It is not allow us to find
a first difference of Lyapunov function along the trajectory of the system without finding solution
of a system of equations that fully excludes a main advantage of second Lyapunov method. At the
same time the use of vector Lyapunov functions and discrete-time counterpart of the divergence
operator of this function along the trajectories of system instead of first difference allow us to
obtain constructive results.
In this paper based on vector Lyapunov function approach sufficient conditions for pass profile

exponential stability are obtained which in the linear case are obtained in terms of linear matrix
inequalities and in the linear case without failures these conditions are reduced to known conditions
of stability along the pass
A major application area where repetitive process stability theory can be used is Iterative

Learning Control (ILC). The idea of ILC is following.
If the system repeats the same finite duration operation over and over again, it is reasonable to

use the input and output variables on the current pass for improving accuracy of performance of
operations on the next pass.
The new theoretical stability results are applied to ILC design under possible information

failures. The ILC law convergence reduces to pass profile stability analysis. Computation and
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modeling of the system have been carried out using a simplified model of a vertical axis dynamics
of a gantry robot.

Publications with keywords: stability, 2D systems, vector Lyapunov functions, iterative learning
control

References

1. Emel'yanova Yu.P. [Iterative learning control algorithms for systems with uncertain param-
eter uncertainty and possible failures]. 14 konferentsiya molodykh uchenykh \Navigatsiya i
upravlenie dvizheniem": Materialy dokladov [Proc. of the 14th Young Scientist Conference
\Navigation and Motion Control"]. St. Petersburg, Publ. of the State Research Center of the
RF | Concern CSRI Elektropribor, JSC, 2012, pp. 484{490. (in Russian).

2. Emel'yanova Yu.P. [Iterative learning networked control law design based on 2D system]. 15
konferentsiyamolodykh uchenykh \Navigatsiya i upravlenie dvizheniem": Materialy dokladov
[Proc. of the 15th Young Scientist Conference \Navigation and Motion Control"]. St. Peters-
burg, Publ. of the State Research Center of the RF| Concern CSRI Elektropribor, JSC, 2013,
pp. 357{363. (in Russian).

3. Zhukov V.P. Polevye metody v issledovanii nelineynykh dinamicheskikh system [Field methods
for nonlinear dynamical systems investigations]. Moscow, Nauka Publ., 1992. 140 p. (in
Russian).

4. Krasovskii N.N. Nekotorye zadachi teorii ustoychivosti dvizheniya. Moscow, GIFML Publ.,
1959. 211 p. (English translation: Krasovskii N.N. Stability of motion; applications of Lya-
punov's second method to differential systems and equations with delay. Stanford University
Press, Stanford, CA, 1963.).

5. Matrosov V.M. Metod vektornykh funktsiy Lyapunova: Analiz dinamicheskikh svoystv ne-
lineynykh system [Vector Lyapunov Functions Method: Nonlinear Analysis of Dynamical
Properties]. Moscow, Fizmatlit Publ., 2001. 381 p. (in Russian).

6. Pakshin P.V., Galkovski K., Rogers E. [Linear-quadratic parametrization of stabilizing controls
in discrete-time 2D systems]. Avtomatika i telemekhanika, 2011, no. 11, pp. 157{173. (English
translation: Automation and Remote Control, 2011, vol. 72, iss. 11, pp. 2364{2378. DOI:
10.1134/S0005117911110117).

7. Arimoto S., Kawamura S., Miyazaki F. Bettering operation of robots by learning. J. Robot.
Syst., 1984, vol. 1, pp. 123{140.

8. Boyd S., El Ghaoui L., Feron E., Balakrishnan V. Linear Matrix Inequalities in System and
Control Theory. Philadelphia, SIAM, 1994. 193 p.

9. Bristow D.A., Tharayil M., Alleyne A. A survey of iterative learning control. IEEE Control
Systems, 2006, vol. 26, no. 3, pp. 96{114. DOI: 10.1109/MCS.2006.1636313

10. Emelinova J., Pakshin P., Galkowski K., Rogers E. Stability and Stabilization of Nonlinear
2D Markovian Jump Systems with Applications. Proceedings of the 11th IFAC International

http://technomag.bmstu.ru/doc/704664.html 414

http://technomag.bmstu.ru/en/keywords/21363/index.html
http://technomag.bmstu.ru/en/keywords/704658/index.html
http://technomag.bmstu.ru/en/keywords/704660/index.html
http://technomag.bmstu.ru/en/keywords/704662/index.html
http://technomag.bmstu.ru/en/keywords/704662/index.html
http://dx.doi.org/10.1134/S0005117911110117
http://dx.doi.org/10.1109/MCS.2006.1636313
http://technomag.bmstu.ru/doc/704664.html


Workshop on Adaptation and Learning in Control and Signal Processing (ALCOSP'2013),
Caen, France, 03{05 July, 2013, pp. 695{700.

11. Emelianova J., Pakshin P., Galkowski K., Rogers E. Stabilization andH∞ Control of nonlinear
2D Systems. Proceedings of the 8th Int. Workshop on Multidimensional Systems (nDS'13),
Erlangen, Germany, Sep. 9{11, 2013, VDEVerlag. Berlin, 2013, pp. 1{6.

12. Fornasini E., Marchesini G. Stability analysis of 2-D systems. IEEE Transactions on Circuits
and Systems, 1980, vol. 27, pp. 1210{1217. DOI: 10.1109/TCS.1980.1084769

13. Fornasini E., Marchesini G. Doubly indexed dynamical systems: state models and structural
properties. Mathematical Systems Theory, 1978, vol. 12, pp. 59{72.

14. Garden M. Learning control of actuators in control systems. Patent US, no. 3555252, 1971.
15. Hyo-Sung A., Chen Y.Q., Moore K.L. Iterative learning control: brief survey and categoriza-

tion. IEEE Trans. on Systems, Man, and Cybernetics, Part C: Applications and Reviews, 2007,
vol. 37, iss. 6, pp. 1099{1121. DOI: 10.1109/TSMCC.2007.905759

16. KojimaN., Rapisarda P., TakabaK. Lyapunov Stability Analysis of Higher-Order 2-D Systems.
Multidimensional Systems and Signal Processing, 2011, vol. 22, iss. 4, pp. 287{302. DOI:
10.1007/s11045-010-0124-1

17. Kurek J.E. Stability of nonlinear time-varying digital 2-D Fornasini-Marchesini system.
Multidimensional Systems and Signal Processing, 2014, vol. 25, iss. 1, pp. 235{244. DOI:
10.1007/s11045-012-0193-4

18. Liu D. Lyapunov Stability of Two-Dimensional Digital Filters with Overflow Nonlinearities.
IEEE Trans. on Circuits and Systems 1: Fundamental Theory and Applications, 1998, vol. 45,
iss. 5, pp. 574{577.

19. Pakshin P., Emelianova J., Galkowski K., Rogers E. Iterative LearningControl under Parameter
Uncertainty and Failures. 2012 IEEE International Symposium on Intelligent Control (ISIC),
October 3{5, 2012, pp. 1249{1254. DOI: 10.1109/ISIC.2012.6398268

20. Rantzer A. A dual to Lyapunov's stability theorem. Systems and Control Letters, 2001, vol. 42,
pp. 161{168.

21. Roesser R.P. A discrete state-space model for linear image processing. IEEE Transactions on
Automatic Control, 1975, vol. AC-20, iss. 1, pp. 1{10. DOI: 10.1109/TAC.1975.1100844

22. Rogers E., Galkowski K., Owens D.H. Control Systems Theory and Applications for Linear
Repetitive Processes. Springer Berlin Heidelberg, 2007. 466 p. (Ser. Lecture Notes in Control
and Information Sciences; vol. 349.). DOI: 10.1007/978-3-540-71537-5

23. Rogers E., Owens D.H. Stability Analysis for Linear Repetitive Processes. Springer Berlin
Heidelberg, 1992. 201 p. (Ser. Lecture Notes in Control and Information Sciences; vol. 175.).
DOI: 10.1007/BFb0007165

24. Yeganefar Nima, Yeganefar Nader, GhamguiM., Moulay A. Lyapunov Theory for 2-DNonlin-
ear Roesser Models: Application to Asymptotic and Exponential Stability. IEEE Transactions
on Automatic Control, 2013, vol. 58, iss. 5, pp. 1299{1304. DOI: 10.1109/TAC.2012.2220012

http://technomag.bmstu.ru/doc/704664.html 415

http://dx.doi.org/10.1109/TCS.1980.1084769
http://dx.doi.org/10.1109/TSMCC.2007.905759
http://dx.doi.org/10.1007/s11045-010-0124-1
http://dx.doi.org/10.1007/s11045-012-0193-4
http://dx.doi.org/10.1109/ISIC.2012.6398268
http://dx.doi.org/10.1109/TAC.1975.1100844
http://dx.doi.org/10.1007/978-3-540-71537-5
http://dx.doi.org/10.1007/BFb0007165
http://dx.doi.org/10.1109/TAC.2012.2220012
http://technomag.bmstu.ru/doc/704664.html

