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Ââåäåíèå

Îáðàòèìîñòü âû÷èñëåíèé ìîæåò ïîòðåáîâàòüñÿ â ñîâåðøåííî ðàçëè÷íûõ îáëàñòÿõ íà-
óêè è òåõíèêè, òàêèõ êàê êâàíòîâûå âû÷èñëåíèÿ è íàíîòåõíîëîãèè. Äàííîå òðåáîâàíèå
çà÷àñòóþ îáóñëîâëåíî íåîáõîäèìîñòüþ ìàêñèìàëüíî ñíèçèòü âåëè÷èíó òåïëîâûõ ïîòåðü.
Îáðàòèìîñòü âû÷èñëåíèé ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì íóëåâîãî óðîâíÿ òåïëîâûõ ïî-
òåðü, ò. ê. ïîòåðÿ èíôîðìàöèè âî âðåìÿ âû÷èñëèòåëüíîãî ïðîöåññà ïðèâîäèò ê ðàññåÿíèþ
ýíåðãèè, ÷òî áûëî äîêàçàíî â ðàáîòå [1]. Â ðàáîòå [5] ïîêàçûâàåòñÿ, ÷òî âåëè÷èíà òåïëîâûõ
ïîòåðü, âûçâàííûõ íåîáðàòèìîñòüþ âû÷èñëåíèé, â áóäóùåì ìîæåò ñòàòü âåñüìà ñóùåñòâåí-
íîé è ñîñòàâëÿòü ïîðÿäêà 106 Âò äëÿ óñòðîéñòâà, ñîñòîÿùåãî èç 1017 ëîãè÷åñêèõ âåíòèëåé
è ðàáîòàþùåãî ïðè êîìíàòíîé òåìïåðàòóðå íà ÷àñòîòå 10 ÃÃö (ïðè óñëîâèè ïîòåðè 1 áèòà
èíôîðìàöèè â êàæäîì èç ëîãè÷åñêèõ âåíòèëåé íà êàæäîì òàêòå ðàáîòû óñòðîéñòâà). Êàê
ñëåäñòâèå, ñõåìû èç îáðàòèìûõ âåíòèëåé ìîãóò íàéòè øèðîêîå ïðèìåíåíèå â óñòðîéñòâàõ,
ðàáîòàþùèõ â óñëîâèÿõ îãðàíè÷åííûõ âû÷èñëèòåëüíûõ ðåñóðñîâ, â òîì ÷èñëå è â óñòðîé-
ñòâàõ çàùèòû èíôîðìàöèè.
Åñëè àëãîðèòì çàùèòû ìîæíî îïèñàòü îáðàòèìûì ïðåîáðàçîâàíèåì è åãî ìîæíî ðåàëè-

çîâàòü â îáðàòèìîé ñõåìå, òî â òàêîì ñëó÷àå â îäíîé è òîé æå ñõåìå çà ñ÷åò îáðàòèìîñòè
ðåàëèçóåòñÿ ïðÿìîé àëãîðèòì è îáðàòíûé ê íåìó, ïîýòîìó ìîæíî ãîâîðèòü îá îöåíêå ñâåðõó
äëÿ âåíòèëüíîé ñëîæíîñòè ðåàëèçàöèè ýòèõ àëãîðèòìîâ.
Îáðàòèìûå âåíòèëè èçó÷àëèñü âî ìíîãèõ ðàáîòàõ: ê ïðèìåðó, â ðàáîòå [2] Ôåéíìàíîì

èçó÷àþòñÿ âåíòèëè èíâåðñèè NOT è óïðàâëÿåìîé èíâåðñèè CNOT (1-CNOT); â ðàáîòå [3]
èçó÷àåòñÿ ýëåìåíò Òîôôîëè (2-CNOT). Â ðàáîòàõ [4] è [5] äîêàçûâàåòñÿ, âî-ïåðâûõ, ÷òî
âåíòèëè NOT, 1-CNOT è 2-CNOT çàäàþò ÷åòíûå ïîäñòàíîâêè íà ìíîæåñòâå Zn

2 â ñõåìàõ
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ñ ÷åòûðüìÿ è áîëåå âõîäàìè, è âî-âòîðûõ, ÷òî ìíîæåñòâî ïîäñòàíîâîê, çàäàâàåìûõ âñåìè
âîçìîæíûìè âåíòèëÿìè NOT, 1-CNOT è 2-CNOT â ñõåìå ñ n > 3 âõîäàìè, ãåíåðèðóåò
çíàêîïåðåìåííóþ ãðóïïó A2n . Äðóãèìè ñëîâàìè, ëþáóþ ÷åòíóþ ïîäñòàíîâêó h ∈ A2n ïðè
n > 3 ìîæíî ðåàëèçîâàòü îáðàòèìîé ñõåìîé, ñîñòîÿùåé èç âåíòèëåé NOT, 1-CNOT è 2-
CNOT. Àëãîðèòìû ñèíòåçà îáðàòèìûõ ñõåì ðàññìàòðèâàþòñÿ â ðàáîòàõ [4, 6, 8, 9, 10, 11, 12,
13]. Â ðàáîòàõ [6, 9, 13] ïîêàçûâàåòñÿ, ÷òî çàäà÷ó ñèíòåçà îáðàòèìîé ñõåìû, ðåàëèçóþùåé
çàäàííóþ ÷åòíóþ ïîäñòàíîâêó, ìîæíî ñâåñòè ê çàäà÷å äåêîìïîçèöèè ýòîé ïîäñòàíîâêè â
êîìïîçèöèþ òðàíñïîçèöèé îïðåäåëåííîãî âèäà. Â ðàáîòå [7] ðàññìàòðèâàþòñÿ âîïðîñû
ýêâèâàëåíòíûõ çàìåí êîìïîçèöèé âåíòèëåé, ïîçâîëÿþùèõ ïðèâåñòè îáðàòèìóþ ñõåìó ê
îïðåäåëåííîìó âèäó áåç èçìåíåíèÿ ðåçóëüòèðóþùåãî ïðåîáðàçîâàíèÿ ñõåìû â öåëîì.
Ïåðåä ëþáûì àëãîðèòìîì ñèíòåçà îáðàòèìûõ ñõåì ìîæåò âñòàòü çàäà÷à ñíèçèòü ïî âîç-

ìîæíîñòè âåíòèëüíóþ ñëîæíîñòü ñèíòåçèðîâàííîé ñõåìû. Â áîëüøèíñòâå ñëó÷àåâ ýòà
çàäà÷à ðåøàåòñÿ ïðè ïîìîùè ïîèñêà â ñõåìå êîìïîçèöèè âåíòèëåé îïðåäåëåííîãî âèäà è
çàìåíû åå íà ýêâèâàëåíòíóþ êîìïîçèöèþ âåíòèëåé ìåíüøåé ñëîæíîñòè èç çàðàíåå ñôîð-
ìèðîâàííîé òàáëèöû çàìåí. Òàêîé ïîäõîä ïðèìåíÿåòñÿ, ê ïðèìåðó, â àëãîðèòìàõ ñèíòåçà,
ïðåäëîæåííûõ â ðàáîòàõ [7] è [10]. Íåäîñòàòêîì òàêîãî ñïîñîáà ðåøåíèÿ çàäà÷è ñíèæå-
íèÿ âåíòèëüíîé ñëîæíîñòè ÿâëÿåòñÿ íåîáõîäèìîñòü ïîñòðîåíèÿ è õðàíåíèÿ áîëüøèõ òàáëèö
çàìåí, à òàêæå äîëãîå âðåìÿ ïîèñêà çàìåíû ïî òàáëèöå. Òàêæå ñòîèò îòìåòèòü íåóíèâåðñàëü-
íîñòü äàííîãî ïîäõîäà â òîì ñìûñëå, ÷òî çàìåíÿåìàÿ êîìïîçèöèÿ âåíòèëåé äîëæíà ñòðîãî
ñîîòâåòñòâîâàòü êîìïîçèöèè âåíòèëåé èç òàáëèöû.
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ñïîñîá ðåøåíèÿ çàäà÷è ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè

îáðàòèìûõ ñõåì áåç èñïîëüçîâàíèÿ òàáëèö çàìåí, îñíîâàííûé íà èñïîëüçîâàíèè îáîáùåí-
íîãî ïðåäñòàâëåíèÿ âåíòèëÿ k-CNOT äëÿ ñëó÷àÿ íóëåâîãî çíà÷åíèÿ íà íåêîòîðûõ êîíòðîëè-
ðóþùèõ âõîäàõ.

1. Áàçîâûå ïîíÿòèÿ

Ëîãè÷åñêèé âåíòèëü n×m|óñòðîéñòâî ñ n âõîäàìè èm âûõîäàìè, äàþùåå íà âûõîäàõ
ðåçóëüòàò áóëåâîãî ïðåîáðàçîâàíèÿ f : Zn

2 → Zm
2 íàä âõîäàìè. Îáðàòèìûé âåíòèëü n × n

(äàëåå ïðîñòî îáðàòèìûé âåíòèëü) | ëîãè÷åñêèé âåíòèëü n× n, äëÿ êîòîðîãî ðåàëèçóåìîå
èì áóëåâî ïðåîáðàçîâàíèå ÿâëÿåòñÿ áèåêöèåé. Äàëåå ïî òåêñòó n îáîçíà÷àåò êîëè÷åñòâî
âõîäîâ è âûõîäîâ îáðàòèìîãî âåíòèëÿ, åñëè íå îãîâîðåíî èíà÷å. Â äàííîé ñòàòüå ñðåäè âñåõ
îáðàòèìûõ âåíòèëåé áóäóò ðàññìàòðèâàòüñÿ òîëüêî âåíòèëè NOT è k-CNOT:

1) Nj | âåíòèëü NOT, èíâåðòèðóþùèé ñâîé j-é âõîä:

fNOT
(
〈x1, . . . , xj, . . . , xn〉

)
= 〈x1, . . . , xj ⊕ 1, . . . , xn〉;

2) Ci1,...,ik;j | âåíòèëü k-CNOT (èíâåðòîð ñ k êîíòðîëèðóþùèìè âõîäàìè), èíâåðòèðóþ-
ùèé ñâîé j-é âõîä òîãäà è òîëüêî òîãäà, êîãäà çíà÷åíèå íà âñåõ âõîäàõ i1, . . . , ik ðàâíî 1:

fk-CNOT
(
〈x1, . . . , xj, . . . , xn〉

)
= 〈x1, . . . , xj ⊕ xi1 ∧ . . . ∧ xik , . . . , xn〉.
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Ïðàâèëüíî ñôîðìèðîâàííàÿ îáðàòèìàÿ ñõåìà|àöèêëè÷åñêàÿ êîìáèíàöèîííàÿ ëîãè÷å-
ñêàÿ ñõåìà, â êîòîðîé âñå âåíòèëè îáðàòèìû è ñîåäèíåíû äðóã ñ äðóãîì ïîñëåäîâàòåëüíî áåç
âåòâëåíèé. Âåíòèëüíàÿ ñëîæíîñòü ñõåìû | êîëè÷åñòâî âåíòèëåé â íåé.
Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ òîëüêî òå îáðàòèìûå ñõåìû, â êîòîðûõ âñå âåíòèëè

èìåþò îäèíàêîâîå êîëè÷åñòâî âõîäîâ, ïðè ýòîì âûõîäû îäíîãî âåíòèëÿ íàïðÿìóþ ñîåäè-
íÿþòñÿ ñî âõîäàìè ñëåäóþùåãî çà íèì âåíòèëÿ. Â ýòîì ñëó÷àå âõîäàìè îáðàòèìîé ñõåìû
ÿâëÿþòñÿ âõîäû ïåðâîãî âåíòèëÿ â êîìïîçèöèè, âûõîäàìè | âûõîäû ïîñëåäíåãî âåíòèëÿ â
êîìïîçèöèè. Ñîåäèíåíèå âåíòèëåé (îïåðàöèþ êîìïîçèöèè âåíòèëåé) áóäåì îáîçíà÷àòü ∗.
Ïðèìåð îáðàòèìîé ñõåìû ïðè n ≥ 4: C4;1 ∗ C2,3;4 ∗N4.

2. Îáîáùåííîå ïðåäñòàâëåíèå âåíòèëÿ k-CNOT

Êëàññè÷åñêèé âåíòèëü k-CNOTCi1,...,ik;j èíâåðòèðóåò çíà÷åíèå íà êîíòðîëèðóåìîì âõîäå,
êîãäà çíà÷åíèå íà âñåõ êîíòðîëèðóþùèõ âõîäàõ ðàâíî 1. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ
îáîáùèòü ïðåäñòàâëåíèå âåíòèëÿ k-CNOT äëÿ ñëó÷àÿ íóëåâîãî çíà÷åíèÿ íà íåêîòîðûõ êîí-
òðîëèðóþùèõ âõîäàõ.
Îïðåäåëåíèå 1. CI;J ;t | âåíòèëü k-CNOT, ðåàëèçóþùèé áóëåâî ïðåîáðàçîâàíèå âèäà:

fk-CNOT
(
〈x1, . . . , xt, . . . , xn〉

)
=

〈
x1, . . . , xt ⊕

(
∧
i∈I

xi

)
∧

(
∧

j∈J
x̄j

)
, . . . , xn

〉
,

ãäå I | ìíîæåñòâî ïðÿìûõ êîíòðîëèðóþùèõ âõîäîâ; J | ìíîæåñòâî èíâåðòèðîâàííûõ
êîíòðîëèðóþùèõ âõîäîâ; t /∈ I ∪ J ; I ∩ J = ∅; |I|+ |J | = k.
Äëÿ óäîáñòâà ïðèìåì ñëåäóþùèå îáîçíà÷åíèÿ: E(t) | âåíòèëü Nt; E(t, I) | âåíòèëü

CI;t; E(t, I, J) | âåíòèëü CI;J ;t. Òîãäà ìîæíî ñ÷èòàòü, ÷òî E(t, I) = E(t, I, ∅), E(t) =

= E(t, ∅, ∅). Òàêæå âåêòîð 〈x1, . . . , xn〉 âõîäíûõ çíà÷åíèé âåíòèëÿ áóäåì îáîçíà÷àòü x.
Âåíòèëü E(t, I, J) èíâåðòèðóåò çíà÷åíèå íà êîíòðîëèðóåìîì âõîäå òîëüêî òîãäà, êîãäà

çíà÷åíèå íà âñåõ ïðÿìûõ êîíòðîëèðóþùèõ âõîäàõ ðàâíî 1 è çíà÷åíèå íà âñåõ èíâåðòè-
ðîâàííûõ êîíòðîëèðóþùèõ âõîäàõ ðàâíî 0. Ãðàôè÷åñêè ïðÿìûå êîíòðîëèðóþùèå âõîäû
áóäåì îáîçíà÷àòü áåëûì êðóæî÷êîì, èíâåðòèðîâàííûå | ñåðûì êðóæî÷êîì, êîíòðîëèðóå-
ìûé âõîä | êðóæî÷êîì ñî çíàêîì <+> âíóòðè; âåíòèëü NOT | êðóæî÷êîì ñî çíàêîì <×>
âíóòðè (ðèñ. 1).

à á â

Ðèñ. 1. Ãðàôè÷åñêîå îáîçíà÷åíèå îáðàòèìûõ âåíòèëåé (n = 5):
à| E(2); á| E(4, {1, 2, 5}); â| E(4, {1}, {2, 5})
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ÂåíòèëèE(t, I, J) ìîãóò íàéòè ïðèìåíåíèå â àëãîðèòìàõ ñèíòåçà, îñíîâàííûõ íà òåîðèè
ãðóïï ïîäñòàíîâîê, ïðåäëîæåííûõ â ðàáîòàõ [6] è [13]. Ëþáîé âåíòèëü E(t, I, J) ìîæíî
ïðåäñòàâèòü â âèäå êîìïîçèöèè êëàññè÷åñêèõ âåíòèëåé NOT è k-CNOT (ðèñ. 2).

Ðèñ. 2. Ïðåäñòàâëåíèå âåíòèëÿ E(4, {1}, {2, 5}) â âèäå
êîìïîçèöèè âåíòèëåé E(2), E(5) è E(4, {1, 2, 5}) (n = 5)

Â îáùåì ñëó÷àå âåíòèëü E(t, I, J) ìîæíî çàìåíèòü áåç èçìåíåíèÿ ðåçóëüòèðóþùåãî
ïðåîáðàçîâàíèÿ íà êîìïîçèöèþ âåíòèëåé

(
∗

t∈J
E(t)

)
∗ E

(
t, I ∪ J

)
∗

(
∗

t∈J
E(t)

)
.

3. Íåçàâèñèìûå îáðàòèìûå âåíòèëè

Ïðè ðåøåíèè çàäà÷è ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè îáðàòèìîé ñõåìû ÷àñòî íåîáõî-
äèìî âûÿñíèòü, ìîæíî ëè äâà ïîäðÿä èäóùèõ âåíòèëÿ ïîìåíÿòü ìåñòàìè áåç èçìåíåíèÿ
ïðåîáðàçîâàíèÿ, ðåàëèçóåìîãî ñõåìîé.
Îïðåäåëåíèå 2. Îáðàòèìûå âåíòèëè E1 è E2 ÿâëÿþòñÿ íåçàâèñèìûìè, åñëè èõ êîìïî-

çèöèþ E1 ∗ E2 ìîæíî çàìåíèòü íà êîìïîçèöèþ E2 ∗ E1 áåç èçìåíåíèÿ ðåçóëüòèðóþùåãî
ïðåîáðàçîâàíèÿ. Èíà÷å âåíòèëè E1 è E2 ÿâëÿþòñÿ çàâèñèìûìè.
Â ðàáîòå [7] áûëè ðàññìîòðåíû óñëîâèÿ íåçàâèñèìîñòè äëÿ êëàññè÷åñêèõ âåíòèëåé

k-CNOT. Ðàññìîòðèì, ïðè êàêèõ óñëîâèÿõ ÿâëÿþòñÿ íåçàâèñèìûìè âåíòèëè E(t, I, J).
Óòâåðæäåíèå 1. Âåíòèëè E(t1, I1, J1) è E(t2, I2, J2) ÿâëÿþòñÿ íåçàâèñèìûìè, åñëè:
1) t1 = t2;
2) t1 /∈ I2 ∪ J2 è t2 /∈ I1 ∪ J1;
3) I1 ∩ J2 6= ∅ èëè I2 ∩ J1 6= ∅.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ êàæäîãî ñëó÷àÿ ðàññìîòðèì ôóíêöèè f(x) = f2(f1(x)), ñîîò-
âåòñòâóþùóþ êîìïîçèöèè E(t1, I1, J1) ∗ E(t2, I2, J2), è g(x) = f1(f2(x)), ñîîòâåòñòâóþùóþ
êîìïîçèöèè E(t2, I2, J2) ∗ E(t1, I1, J1), ãäå x| âõîäíîé âåêòîð çíà÷åíèé.
Âåíòèëè E(t1, I1, J1) è E(t2, I2, J2) áóäóò íåçàâèñèìûìè, åñëè f(x) = g(x).

1. Îáîçíà÷èì t = t1 = t2.
f1(x) = y; yi = xi ïðè i 6= t; yt = xt ⊕

(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t.
zt = yt ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
= xt ⊕

(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

f2(x) = y′; y′i = xi ïðè i 6= t; y′t = xt ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

g(x) = f1(y
′) = z′; z′i = y′i = xi ïðè i 6= t.

z′t = y′t ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
= xt ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

z = z′ ⇒ f(x) = g(x).
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2. f1(x) = y; yi = xi ïðè i 6= t1; yt1 = xt1 ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t1, t2; zt1 = yt1 = xt1 ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

zt2 = yt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
= xt2 ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

f2(x) = y′; y′i = xi ïðè i 6= t2; y′t2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

f(x) = f2(y
′) = z′; z′i = y′i = xi ïðè i 6= t1, t2; z′t2 = yt2 = xt2 ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

z′t1 = yt1 ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
= xt1 ⊕

(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

z = z′ ⇒ f(x) = g(x).
3. Ïóñòü I1 ∩ J2 6= ∅, òîãäà ∃k ∈ I1 ∩ J2, f1(x) = x ïðè xk = 0, f2(x) = x ïðè xk = 1.
Ðàññìîòðèì ñëó÷àé xk = 0:

f(x) = f2(f1(x)) = f2(x).
g(x) = f1(f2(x)) = f1(y).
k ∈ I1 ∩ J2 ⇒ yk = xk = 0 ⇒ g(x) = f1(y) = y = f2(x) ⇒ f(x) = g(y).
Ðàññìîòðèì ñëó÷àé xk = 1:

f(x) = f2(f1(x)) = f2(y).
k ∈ I1 ∩ J2 ⇒ yk = xk = 1 ⇒ f(x) = f2(y) = y = f1(x).
g(x) = f1(f2(x)) = f1(x) ⇒ f(x) = g(y).
Òàêèì îáðàçîì, äëÿ âñåõ çíà÷åíèé xk f(x) = g(y). Àíàëîãè÷íî äîêàçûâàåòñÿ äëÿ ñëó÷àÿ

I2 ∩ J1 6= ∅. Óòâåðæäåíèå äîêàçàíî.

Ïðèìåðû íåçàâèñèìûõ âåíòèëåé ïîêàçàíû íà ðèñ. 3.

1 2 3

Ðèñ. 3. Òðè ñëó÷àÿ íåçàâèñèìûõ âåíòèëåé

4. Ýêâèâàëåíòíûå çàìåíû êîìïîçèöèé âåíòèëåé

Â ðàáîòå [7] áûëî ïðåäëîæåíî íåñêîëüêî ýêâèâàëåíòíûõ çàìåí îäíîé êîìïîçèöèè âåíòè-
ëåéE(t, I) íà äðóãóþ. Â íåêîòîðûõ ñëó÷àÿõ òàêàÿ çàìåíà óìåíüøàåò âåíòèëüíóþ ñëîæíîñòü
ñõåìû, à â íåêîòîðûõ ñëó÷àÿõ óìåíüøàåò êîëè÷åñòâî êîíòðîëèðóþùèõ âõîäîâ ó âåíòèëåé.
Äàëåå áóäóò ïðèâåäåíû ýêâèâàëåíòíûå çàìåíû êîìïîçèöèé âåíòèëåé E(t, I, J). Ñòîèò îò-
ìåòèòü, ÷òî ñëîâîñî÷åòàíèå <êîìïîçèöèÿ âåíòèëåé ìîæåò áûòü çàìåíåíà> îçíà÷àåò, ÷òî
ðåçóëüòàò çàìåíû íå ìåíÿåò ðåçóëüòèðóþùåãî ïðåîáðàçîâàíèÿ èñõîäíîé êîìïîçèöèè âåíòè-
ëåé.
Çàìåíà 1. Êîìïîçèöèÿ âåíòèëåé E(t, I, J) ∗ E(t, I, J) ìîæåò áûòü èñêëþ÷åíà èç ñõåìû.
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Äîêàçàòåëüñòâî òðèâèàëüíî è ñëåäóåò èç îïðåäåëåíèÿ ôóíêöèè, çàäàâàåìîé âåíòèëåì
E(t, I, J). Ïî ñóòè, çàìåíà 1 | èñêëþ÷åíèå äóáëèðóþùèõ âåíòèëåé èç ñõåìû.
Çàìåíà 2 (ñëèÿíèå) . Åñëè I1 = I2 ∪ {k}, J2 = J1 ∪ {k}, k /∈ I2 ∪ J1, òî êîìïîçèöèÿ

âåíòèëåé E(t, I1, J1) ∗ E(t, I2, J2) ìîæåò áûòü çàìåíåíà îäíèì âåíòèëåì E(t, I2, J1).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f1(x) çàäàåòñÿ âåíòèëåì E(t, I1, J1), f2(x) | âåíòèëåì
E(t, I2, J2). Ðàññìîòðèì ôóíêöèþ f(x) = f2(f1(x)).

f1(x) = y; yi = xi ïðè i 6= t; yt = xt ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

I1 = I2 ∪ {k}, k /∈ I2 ⇒ yt = xt ⊕ xk ∧
(
∧

j∈I2
xj

)
∧

(
∧

j∈J1

x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t; zt = yt ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

J2 = J1 ∪ {k}, k /∈ J1 ⇒ zt = yt ⊕
(
∧

j∈I2
xj

)
∧ x̄k ∧

(
∧

j∈J1

x̄j

)
.

zt = xt ⊕ xk ∧
(
∧

j∈I2
xj

)
∧

(
∧

j∈J1

x̄j

)
⊕

(
∧

j∈I2
xj

)
∧ x̄k ∧

(
∧

j∈J1

x̄j

)
.

zt = xt ⊕ (xk ⊕ x̄k) ∧
(
∧

j∈I2
xj

)
∧

(
∧

j∈J1

x̄j

)
= xt ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J1

x̄j

)
.

Ôóíêöèÿ f(x) = z çàäàåòñÿ âåíòèëåì E(t, I2, J1).

Çàìåíà 3 (óìåíüøåíèå êîëè÷åñòâà êîíòðîëèðóþùèõ âõîäîâ) . Åñëè ñóùåñòâóþò òàêèå
èíäåêñû p è q, ÷òî p ∈ I1 ∩ J2, q ∈ J1 ∩ I2, I2 = I1 \ {p} ∪ {q}, J2 = J1 \ {q} ∪ {p}, òî
êîìïîçèöèÿ âåíòèëåé E(t, I1, J1) ∗ E(t, I2, J2) ìîæåò áûòü çàìåíåíà êîìïîçèöèåé âåíòèëåé
E(t, I1, J3) ∗ E(t, I2, J3), ãäå J3 = J1 \ {q} = J2 \ {p}.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f1(x) çàäàåòñÿ âåíòèëåì E(t, I1, J1), f2(x) | âåíòèëåì
E(t, I2, J2). Ðàññìîòðèì ôóíêöèþ f(x) = f2(f1(x)).

f1(x) = y; yi = xi ïðè i 6= t; yt = xt ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

q ∈ J1 ⇒ yt = xt ⊕
(
∧

j∈I1
xj

)
∧ (1⊕ xq) ∧

(
∧

j∈J1\{q}
x̄j

)
.

q /∈ I1 ⇒ yt = xt ⊕
(
∧

j∈I1
xj ⊕ ∧

j∈I1∪{q}
xj

)
∧

(
∧

j∈J3

x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t; zt = yt ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

p ∈ J2 ⇒ zt = yt ⊕
(
∧

j∈I2
xj

)
∧ (1⊕ xp) ∧

(
∧

j∈J2\{p}
x̄j

)
.

p /∈ I2 ⇒ zt = yt ⊕
(
∧

j∈I2
xj ⊕ ∧

j∈I2∪{p}
xj

)
∧

(
∧

j∈J3

x̄j

)
.

zt = xt ⊕
(
∧

j∈I1
xj ⊕ ∧

j∈I1∪{q}
xj

)
∧

(
∧

j∈J3

x̄j

)
⊕

(
∧

j∈I2
xj ⊕ ∧

j∈I2∪{p}
xj

)
∧

(
∧

j∈J3

x̄j

)
.

zt = xt ⊕
(
∧

j∈I1
xj ⊕ ∧

j∈I1∪{q}
xj ⊕ ∧

j∈I2
xj ⊕ ∧

j∈I2∪{p}
xj

)
∧

(
∧

j∈J3

x̄j

)
.

I2 = I1 \{p}∪{q}, p ∈ I1 ⇒ I2∪{p} = I1∪{q} ⇒ zt = xt⊕
(
∧

j∈I1
xj⊕ ∧

j∈I2
xj

)
∧

(
∧

j∈J3

x̄j

)
.

zt = xt ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J3

x̄j

)
⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J3

x̄j

)
.

Ôóíêöèÿ f(x) = z çàäàåòñÿ êîìïîçèöèåé âåíòèëåé E(t, I1, J3) ∗ E(t, I2, J3).
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Çàìåíà 4 (ïåðåñòàíîâêà çàâèñèìûõ âåíòèëåé) . Åñëè t1 ∈ I2 ∪ J2, t2 /∈ I1 ∪ J1, òî êîì-
ïîçèöèÿ çàâèñèìûõ âåíòèëåé E(t1, I1, J1) ∗ E(t2, I2, J2) ìîæåò áûòü çàìåíåíà êîìïîçèöèåé
E(t2, I1 ∪ I2 \ {t1}, J1 ∪ J2 \ {t1}) ∗ E(t2, I2, J2) ∗ E(t1, I1, J1).

Ä î ê à ç à ò å ë ü ñ ò â î. (I1 ∪ I2)∩ (J1 ∪ J2) = (I1 ∩ J1)∪ (I2 ∩ J1)∪ (I1 ∩ J2)∪ (I2 ∩ J2) =

= (I2 ∩ J1) ∪ (I1 ∩ J2) = ∅, òàê êàê â ïðîòèâíîì ñëó÷àå âåíòèëè E(t1, I1, J1) è E(t2, I2, J2)

áóäóò íåçàâèñèìûìè. Ñëåäîâàòåëüíî, âåíòèëü E(t2, I1∪ I2 \ {t1}, J1∪J2 \ {t1}) íå íàðóøàåò
òðåáîâàíèé, íàêëàäûâàåìûõ íà ìíîæåñòâà ïðÿìûõ è èíâåðòèðîâàííûõ êîíòðîëèðóþùèõ
âõîäîâ (ñì. îïðåäåëåíèå 1).
Ïóñòü f1(x) çàäàåòñÿ âåíòèëåì E(t1, I1, J1), f2(x) | âåíòèëåì E(t2, I2, J2), f3(x) |

âåíòèëåì E(t2, I1 ∪ I2 \ {t1}, J1 ∪ J2 \ {t1}). Ðàññìîòðèì äâå ôóíêöèè: f(x) = f2(f1(x)) è
g(x) = f1(f2(f3(x))).

f1(x) = y; yi = xi ïðè i 6= t1; yt1 = xt1 ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t2; zt2 = yt2 ⊕
(
∧

j∈I2
yj

)
∧

(
∧

j∈J2

ȳj

)
.

Ïóñòü t1 ∈ I2, òîãäà zt2 = xt2 ⊕ yt1 ∧
(

∧
j∈I2\{t1}

xj

)
∧

(
∧

j∈J2

x̄j

)
.

zt2 = xt2 ⊕
(

xt1 ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

))
∧

(
∧

j∈I2\{t1}
xj

)
∧

(
∧

j∈J2

x̄j

)
.

zt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I1∪I2\{t1}
xj

)
∧

(
∧

j∈J1∪J2

x̄j

)
.

t1 /∈ J2 ⇒ zt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I1∪I2\{t1}
xj

)
∧

(
∧

j∈J1∪J2\{t1}
x̄j

)
.

Åñëè æå t1 ∈ J2, òî zt2 = xt2 ⊕ ȳt1 ∧
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2\{t1}
x̄j

)
.

zt2 = xt2 ⊕
(

(1⊕ xt1)⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

))
∧

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2\{t1}
x̄j

)
.

zt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I1∪I2
xj

)
∧

(
∧

j∈J1∪J2\{t1}
x̄j

)
.

t1 /∈ I2 ⇒ zt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I1∪I2\{t1}
xj

)
∧

(
∧

j∈J1∪J2\{t1}
x̄j

)
.

Òàêèì îáðàçîì, âî âñåõ ñëó÷àÿõ:
zt2 = xt2 ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I1∪I2\{t1}
xj

)
∧

(
∧

j∈J1∪J2\{t1}
x̄j

)
.

f2(f3(x)) = y′; y′i = xi ïðè i 6= t2.
y′t2 = xt2 ⊕

(
∧

j∈I1∪I2\{t1}
xj

)
∧

(
∧

j∈J1∪J2\{t1}
x̄j

)
⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

g(x) = f1(y
′) = z′; z′i = y′i ïðè i 6= t1; z′t1 = y′t1 ⊕

(
∧

j∈I1
y′j

)
∧

(
∧

j∈J1

ȳ′j

)
.

t2 /∈ I1 ∪ J1 ⇒ z′t1 = xt1 ⊕
(
∧

j∈I1
xj

)
∧

(
∧

j∈J1

x̄j

)
.

z′ = z ⇒ f(x) = g(x) ⇒ çàìåíà 4 íå ìåíÿåò ðåçóëüòèðóþùåãî ïðåîáðàçîâàíèÿ èñõîäíîé
êîìïîçèöèè âåíòèëåé.

Çàìåíà 5 (ñëåäñòâèå çàìåíû 4) . Åñëè â óñëîâèè çàìåíû 4 I1 ⊆ I2 è J1 ⊆ J2, òî êîì-
ïîçèöèÿ çàâèñèìûõ âåíòèëåé E(t1, I1, J1) ∗ E(t2, I2, J2) ìîæåò áûòü çàìåíåíà êîìïîçèöèåé
âåíòèëåé E(t2, I2 ∪ {t1}, J2 \ {t1}) ∗ E(t1, I1, J1), åñëè t1 ∈ J2, è êîìïîçèöèåé âåíòèëåé
E(t2, I2 \ {t1}, J2 ∪ {t1}) ∗ E(t1, I1, J1), åñëè t1 ∈ I2.

http://technomag.bmstu.ru/doc/699195.html 281

http://technomag.bmstu.ru/doc/699195.html


Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî óñëîâèþ çàìåíû 4, êîìïîçèöèÿ âåíòèëåé E(t1, I1, J1) ∗
E(t2, I2, J2)ìîæåò áûòü çàìåíåíà êîìïîçèöèåéE(t2, I1∪I2\{t1}, J1∪J2\{t1})∗E(t2, I2, J2)∗
E(t1, I1, J1).

I1 ⊆ I2, J1 ⊆ J2 ⇒ E(t2, I1 ∪ I2 \ {t1}, J1 ∪ J2 \ {t1}) = E(t2, I2 \ {t1}, J2 \ {t1}).
Ïóñòü t1 ∈ J2, òîãäà E(t2, I2 \ {t1}, J2 \ {t1}) = E(t2, I2, J2 \ {t1}). Ðàññìîòðèì ôóíêöèþ

f(x) = f2(f1(x)), çàäàâàåìóþêîìïîçèöèåéE(t2, I2, J2\{t1})∗E(t2, I2, J2), ãäå f1(x) çàäàåòñÿ
âåíòèëåì E(t2, I2, J2 \ {t1}), à f2(x)| âåíòèëåì E(t2, I2, J2).

f1(x) = y; yi = xi ïðè i 6= t2; yt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2\{t1}
x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t2; zt2 = yt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

zt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

(
∧

j∈J2\{t1}
x̄j

)
⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

zt2 = xt2 ⊕
(
∧

j∈I2
xj

)
∧

((
∧

j∈J2\{t1}
x̄j

)
⊕ x̄t1 ∧

(
∧

j∈J2\{t1}
x̄j

))
.

zt2 = xt2 ⊕
(

∧
j∈I2∪{t1}

xj

)
∧

(
∧

j∈J2\{t1}
x̄j

)
.

Òàêèì îáðàçîì, ïðè t1 ∈ J2 ôóíêöèÿ f(x) çàäàåòñÿ âåíòèëåì E(t2, I2 ∪ {t1}, J2 \ {t1}).
Ïóñòü t1 ∈ I2, òîãäà E(t2, I2 \ {t1}, J2 \ {t1}) = E(t2, I2 \ {t1}, J2). Ðàññìîòðèì ôóíêöèþ

g(x) = g2(g1(x)), çàäàâàåìóþ êîìïîçèöèåéE(t2, I2\{t1}, J2)∗E(t2, I2, J2), ãäå g1(x) çàäàåòñÿ
âåíòèëåì E(t2, I2 \ {t1}, J2), à g2(x)| âåíòèëåì E(t2, I2, J2).

g1(x) = y′; y′i = xi ïðè i 6= t2; y′t2 = xt2 ⊕
(

∧
j∈I2\{t1}

xj

)
∧

(
∧

j∈J2

x̄j

)
.

g(x) = g2(y
′) = z′; z′i = y′i = xi ïðè i 6= t2; z′t2 = y′t2 ⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

z′t2 = xt2 ⊕
(

∧
j∈I2\{t1}

xj

)
∧

(
∧

j∈J2

x̄j

)
⊕

(
∧

j∈I2
xj

)
∧

(
∧

j∈J2

x̄j

)
.

zt2 = xt2 ⊕
(
∧

j∈J2

x̄j

)
∧

((
∧

j∈I2\{t1}
xj

)
⊕ xt1 ∧

(
∧

j∈I2\{t1}
xj

))
.

zt2 = xt2 ⊕
(

∧
j∈I2\{t1}

xj

)
∧

(
∧

j∈J2∪{t1}
x̄j

)
.

Òàêèì îáðàçîì, ïðè t1 ∈ I2 ôóíêöèÿ g(x) çàäàåòñÿ âåíòèëåì E(t2, I2 \ {t1}, J2 ∪ {t1}).

Çàìåíà 6 (çåðêàëüíîå îòîáðàæåíèå çàìåíû 4) . Åñëè t2 ∈ I1 ∪ J1, t1 /∈ I2 ∪ J2, òî êîì-
ïîçèöèÿ çàâèñèìûõ âåíòèëåé E(t1, I1, J1) ∗ E(t2, I2, J2) ìîæåò áûòü çàìåíåíà êîìïîçèöèåé
âåíòèëåé E(t2, I2, J2) ∗ E(t1, I1, J1) ∗ E(t1, I1 ∪ I2 \ {t2}, J1 ∪ J2 \ {t2}).
Äîêàçàòåëüñòâî ýòîé çàìåíû àíàëîãè÷íî äîêàçàòåëüñòâó äëÿ çàìåíû 4.
Çàìåíà 7 (ñëåäñòâèå çàìåíû 6) . Åñëè â óñëîâèè çàìåíû 6 I2 ⊆ I1 è J2 ⊆ J1, òî êîì-

ïîçèöèÿ çàâèñèìûõ âåíòèëåé E(t1, I1, J1) ∗ E(t2, I2, J2) ìîæåò áûòü çàìåíåíà êîìïîçèöèåé
âåíòèëåé E(t2, I2, J2) ∗ E(t1, I1 ∪ {t2}, J1 \ {t2}), åñëè t2 ∈ J1, è êîìïîçèöèåé âåíòèëåé
E(t2, I2, J2) ∗ E(t1, I1 \ {t2}, J1 ∪ {t2}), åñëè t2 ∈ I1.
Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó äëÿ çàìåíû 5.
Çàìåíà 8. Âåíòèëü E(t, I, J) ìîæíî çàìåíèòü íà êîìïîçèöèþ âåíòèëåé:(

∗
t∈J

E(t)
)
∗ E(t, I ∪ J) ∗

(
∗

t∈J
E(t)

)
.
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Äîêàçàòåëüñòâî ñëåäóåò èç ðèñ. 2 è îïðåäåëåíèÿ âåíòèëÿ E(t, I, J).
Çàìåíà 9. Åñëè k ∈ J , òî âåíòèëü E(t, I, J) ìîæíî çàìåíèòü íà êîìïîçèöèþ âåíòèëåé

E(t, I ∪ {k}, J \ {k}) ∗ E(t, I, J \ {k}).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f1(x) çàäàåòñÿ âåíòèëåì E(t, I ∪ {k}, J \ {k}), f2(x) |
âåíòèëåì E(t, I, J \ {k}). Ðàññìîòðèì ôóíêöèþ f(x) = f2(f1(x)).

f1(x) = y; yi = xi ïðè i 6= t; yt = xt ⊕
(

∧
j∈I∪{k}

xj

)
∧

(
∧

j∈J\{k}
x̄j

)
.

f(x) = f2(y) = z; zi = yi = xi ïðè i 6= t; zt = yt ⊕
(
∧

j∈I
xj

)
∧

(
∧

j∈J\{k}
x̄j

)
.

zt = xt ⊕
(

∧
j∈I∪{k}

xj

)
∧

(
∧

j∈J\{k}
x̄j

)
⊕

(
∧

j∈I
xj

)
∧

(
∧

j∈J\{k}
x̄j

)
.

zt = xt ⊕
(

∧
j∈I∪{k}

xj ⊕ ∧
j∈I

xj

)
∧

(
∧

j∈J\{k}
x̄j

)
.

k /∈ I ⇒ zt = xt ⊕
(

(1⊕ xk) ∧
(
∧

j∈I
xj

))
∧

(
∧

j∈J\{k}
x̄j

)
= xt ⊕

(
∧

j∈I
xj

)
∧

(
∧

j∈J
x̄j

)
.

Ôóíêöèÿ f(x) = z çàäàåòñÿ âåíòèëåì E(t, I, J).

Ñòîèò òàêæå îòìåòèòü, ÷òî âåíòèëü k-CNOT, k < n − 1, ìîæåò áûòü çàìåíåí êîìïîçè-
öèåé íå áîëåå ÷åì 8(n − 5) âåíòèëåé 2-CNOT áåç èñïîëüçîâàíèÿ äîïîëíèòåëüíûõ âõîäîâ â
ñõåìå [4].
Ïðèìåðû ýêâèâàëåíòíûõ çàìåí ïîêàçàíû íà ðèñ. 4.

1 2 3

4 5 6

7 8 9

Ðèñ. 4. Ïðèìåðû ýêâèâàëåíòíûõ çàìåí êîìïîçèöèé âåíòèëåé

Ìîæíî âûäåëèòü åùå äâà ÷àñòíûõ ñëó÷àÿ çàìåíû <ñëèÿíèåì>.
Çàìåíà 10 (îáðàòíàÿ ê çàìåíå 9) . Åñëè I1 = I2∪{k}, òî êîìïîçèöèÿ âåíòèëåéE(t, I1, J)∗

E(t, I2, J) ìîæåò áûòü çàìåíåíà îäíèì âåíòèëåì E(t, I2, J ∪ {k}).
Çàìåíà 11. Åñëè J1 = J2 ∪ {k}, òî êîìïîçèöèÿ âåíòèëåé E(t, I, J1) ∗ E(t, I, J2) ìîæåò

áûòü çàìåíåíà îäíèì âåíòèëåì E(t, I ∪ {k}, J2).
Äîêàçàòåëüñòâî êîððåêòíîñòè çàìåí 10 è 11 âûòåêàåò èç äîêàçàòåëüñòâà êîððåêòíîñòè

çàìåí 1 è 9. Ïðèìåðû çàìåí 10 è 11 ïîêàçàíû íà ðèñ. 5.
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10 11

Ðèñ. 5. ×àñòíûå ñëó÷àè çàìåíû êîìïîçèöèé âåíòèëåé <ñëèÿíèåì>

5. Ñíèæåíèå âåíòèëüíîé ñëîæíîñòè

Ïðåäëîæåííûå ýêâèâàëåíòíûå çàìåíû êîìïîçèöèé âåíòèëåé ïîçâîëÿþò â íåêîòîðûõ ñëó-
÷àÿõ ñíèçèòü âåíòèëüíóþ ñëîæíîñòü îáðàòèìîé ñõåìû. Â îñíîâíîì äëÿ ýòîãî èñïîëüçóåòñÿ
çàìåíà, èñêëþ÷àþùàÿ äóáëèðóþùèå âåíòèëè (1), è çàìåíû ñëèÿíèåì (2, 10 è 11). Çàìåíû
3{7 ïîçâîëÿþò ïîëó÷èòü íîâóþ îáðàòèìóþ ñõåìó ñ íîâûìè âåíòèëÿìè, äëÿ êîòîðîé ìîæíî
ñíîâà ïîïðîáîâàòü èñïîëüçîâàòü çàìåíû 1, 2, 10 è 11. Â ñëó÷àå, êîãäà âåíòèëüíóþ ñëîæ-
íîñòü óæå íåâîçìîæíî ñíèçèòü, òî ìîæíî èñïîëüçîâàòü çàìåíû 8 è 9, ÷òîáû çàìåíèòü âñå
âåíòèëè E(t, I, J) íà êëàññè÷åñêèå âåíòèëè NOT è k-CNOT è ïîëó÷èòü îáðàòèìóþ ñõåìó,
íå ñîäåðæàùóþ âåíòèëåé E(t, I, J).
Ïóñòü îáðàòèìàÿ ñõåìà ïðåäñòàâëÿåò ñîáîé êîìïîçèöèþ âåíòèëåé

l∗
i=1

Ei, ãäå l|âåíòèëü-
íàÿ ñëîæíîñòü ñõåìû. Åñëè êîìïîçèöèÿ âåíòèëåéEi∗Ej óäîâëåòâîðÿþò óñëîâèþ êàêîé-ëèáî
çàìåíû, i < j, è ïðè ýòîì ñóùåñòâóåò òàêîé èíäåêñ s, i 6 s < j, ÷òî âåíòèëè Ei è Ek ÿâëÿ-
þòñÿ íåçàâèñèìûìè äëÿ âñåõ i < k 6 s, è âåíòèëè Ej è Ek ÿâëÿþòñÿ íåçàâèñèìûìè äëÿ âñåõ
s < k < j, òî âåíòèëè Ei è Ej ìîæíî èñêëþ÷èòü èç ñõåìû, à ðåçóëüòàò çàìåíû êîìïîçèöèè
Ei ∗ Ej âñòàâèòü â ñõåìó ìåæäó âåíòèëÿìè Es è Es+1.
Íà ðèñ. 6 â êà÷åñòâå ïðèìåðà ïîêàçàí ïðîöåññ ïðèìåíåíèÿ ýêâèâàëåíòíûõ çàìåí êîìïî-

çèöèé âåíòèëåé äëÿ íåêîòîðîé àáñòðàêòíîé ñõåìû.

Ðèñ. 6. Ïðîöåññ ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè ñõåìû: 1 | èñõîäíàÿ
ñõåìà; 2| ñõåìà ïîñëå ïðèìåíåíèÿ çàìåíû 5; 3| ñõåìà ïîñëå ïðèìåíåíèÿ

çàìåíû 11; 4 | ñõåìà ïîñëå ïðèìåíåíèÿ çàìåíû 1

Çàêëþ÷åíèå

Ïðåäëîæåííûå â äàííîé ñòàòüå ýêâèâàëåíòíûå çàìåíû êîìïîçèöèé îáðàòèìûõ âåíòèëåé
ïîçâîëÿþò ðåøàòü çàäà÷ó ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè îáðàòèìîé ñõåìû áåç ïðèìåíå-
íèÿ òàáëèö çàìåí. Èñïîëüçîâàíèå îáîáùåííûõ âåíòèëåé E(t, I, J) ïîçâîëÿåò ñóùåñòâåííî
ðàñøèðèòü íàáîð çàìåí, ïî ñðàâíåíèþ ñ íàáîðîì çàìåí, ïðåäëîæåííûì â ðàáîòå [7]. Äîñòî-
èíñòâîì îïèñàííîãî ñïîñîáà ðåøåíèÿ çàäà÷è ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè îáðàòèìîé
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ñõåìû ÿâëÿåòñÿ îòñóòñòâèå íåîáõîäèìîñòè â ïðåäâàðèòåëüíîì ïîñòðîåíèè è ïîñëåäóþùåì
èñïîëüçîâàíèè òàáëèö çàìåí, ÷òî ìîæåò ñóùåñòâåííî ñîêðàòèòü âðåìÿ ðàáîòû àëãîðèòìà
ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè ñõåìû è òðåáóåìûé ýòèì àëãîðèòìîì îáúåì ïàìÿòè. Òàêæå
ñòîèò îòìåòèòü, ÷òî ïðåäëîæåííûé ïîäõîä ïðèìåíèì äëÿ îáðàòèìûõ ñõåì ñ ëþáûì êîëè-
÷åñòâîì âõîäîâ è ñîäåðæàùèõ âåíòèëè k-CNOT ñ ëþáûì êîëè÷åñòâîì êîíòðîëèðóþùèõ
âõîäîâ, â îòëè÷èå îò ïîäõîäà, èñïîëüçóþùåãî òàáëèöû çàìåí.
Íàïðàâëåíèåì äàëüíåéøèõ èññëåäîâàíèé ÿâëÿåòñÿ èçó÷åíèå âðåìåííîé ñëîæíîñòè àë-

ãîðèòìà ñíèæåíèÿ âåíòèëüíîé ñëîæíîñòè îáðàòèìîé ñõåìû, èñïîëüçóþùåãî ïðåäëîæåííûå
çàìåíû. Ïëàíèðóåòñÿ ïðîâåäåíèå ýêñïåðèìåíòîâ ïî ñíèæåíèþ âåíòèëüíîé ñëîæíîñòè èç-
âåñòíûõ íà äàííûé ìîìåíò îáðàòèìûõ ñõåì, ñîñòîÿùèõ èç âåíòèëåé NOT è k-CNOT.
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The subject of study of this paper is reversible logic circuits. The irreversibility of computation
can lead in the future to significant energy loss during the calculation process. Reversible circuits
can be widely used in devices operating under conditions of limited computational resources.
Presently, the problem of reversible logic synthesis is widely studied. The task a synthesis

algorithm can face with is to reduce the gate complexity of synthesized circuit. One way to solve
this problem is to use equivalent replacement tables for the gate compositions. The disadvantage
of this approach is that it is necessary to build replacement tables, it takes a long time to find the
replacement in the table, and there is no way to build an appropriate universal replacement table
for arbitrary reversible circuit. The aim of this paper is to develop the solution for the problem of
gate complexity reduction for the reversible circuits without using equivalent replacement tables
for the gate compositions.
This paper makes a generalization of the k-CNOT gate for the case of zero value at some of

the gate control inputs. To describe such gates it suggests using a set of direct control inputs and a
set of inverted ones. A definition of the independence of two reversible gates is introduced. Two
independent gates standing next to each other in the circuit can be swapped without changing the
circuit result transformation. Various conditions of the independence of two reversible gates are
considered including conditions imposed to the set of direct control inputs and the set of inverted
ones. It is proved that two gates are independent if there is, at least, one common control input,
which differs only by the type (direct or inverted).
Various equivalent replacements of two k-CNOT gates compositions and its conditions imposed

to the set of direct control inputs and to the set of inverted ones are considered. The proof of
correctness for such replacements is provided by comparing result transformations of the gate
compositions before and after replacement. Operations on the set of direct control inputs and on
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the set of inverted ones are widely used in the proof. The paper shows that two identical gates being
nearby in the circuit can be excluded from it. It also shows that sometimes a composition of two
gates can be replaced with the one gate, if the gates differ from each other by only one control input.
The part of the equivalent replacements suggests in the paper does not reduce the gate complexity,
but allows the new reversible gates to be available. In some cases after applying such replacements
a new pair of gates can be found to satisfy the condition of another replacement reducing the gate
complexity. The set of equivalent replacements proposed in this paper is significantly expanded
comparing to the sets of equivalent replacements described in other papers.
The paper describes the algorithm to reduce the reversible circuit gate complexity using the

conditions of the gates independence and the proposed equivalent replacements of gate composi-
tions. The algorithm is based on searching the pair of gates, which satisfy a condition of some
replacement and which can be moved to each other without changing the circuit resultant trans-
formation (conditions of gates independence proposed in this paper are checked). An example of
using this algorithm in some abstract reversible circuit is offered.
The advantage of the proposed approach is that it does not require replacement tables to be

built, and the gate complexity can be reduced for the arbitrary circuit consisted of k-CNOT gates.
Further, an assessment of the time complexity of the proposed algorithm of the gate complexity
reduction is supposed to be given.
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