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Ââåäåíèå

Àêòóàëüíûì ÿâëÿåòñÿ âîïðîñ ïðåîáðàçîâàíèÿ àôôèííûõ äèíàìè÷åñêèõ ñèñòåì

ẋ = f(x) + g(x)u, (1)

ãäå u | óïðàâëåíèå, ê êàíîíè÷åñêîìó âèäó. Â [1] ïðèâåäåíû óñëîâèÿ, ïðè âûïîëíåíèè
êîòîðûõ ñ ïîìîùüþ äèôôåîìîðôèçìà ïðîñòðàíñòâà ñîñòîÿíèé, ñèñòåìà (1) ïðèâîäèòñÿ ê
êàíîíè÷åñêîìó âèäó. Îäíàêî ýòè óñëîâèÿ íå âñåãäà âûïîëíÿþòñÿ.
Çàìåíà ïåðåìåííîé äèôôåðåíöèðîâàíèÿ (ìàñøòàáèðîâàíèå âðåìåíè) ïðåäîñòàâëÿåò äî-

ïîëíèòåëüíóþ ñòåïåíü ñâîáîäû ïðè ýêâèâàëåíòíûõ ïðåîáðàçîâàíèÿõ äèíàìè÷åñêèõ ñèñòåì.
Ýêâèâàëåíòíîå ïðåîáðàçîâàíèå äèíàìè÷åñêîé ñèñòåìû ê ëèíåéíîé óïðàâëÿåìîé ñèñòåìå ñ
èñïîëüçîâàíèåì çàìåíû âðåìåíè è ïîñëåäóþùåé ëèíåàðèçàöèè ñèñòåìû îáðàòíîé ñâÿçüþ
âïåðâûå áûëî ïðåäëîæåíî â [2]. Â ýòîé ðàáîòå ïðèâåäåíû óñëîâèÿ, ïðè êîòîðûõ òàêîå
ïðåîáðàçîâàíèå ñóùåñòâóåò. Ñèñòåìû, óäîâëåòâîðÿþùèå ýòèì óñëîâèÿì, íàçâàíû ëèíåàðè-
çóåìûìè îáðàòíîé ñâÿçüþ â øèðîêîì ñìûñëå. Ïðîâåðêà ýòèõ óñëîâèé ñâîäèòñÿ ê ïîèñêó
ôóíêöèè ìàñøòàáèðîâàíèÿ âðåìåíè è ïðîâåðêå óñëîâèé ëèíåàðèçàöèè îáðàòíîé ñâÿçüþ äëÿ
ñèñòåìû, çàïèñàííîé â íîâîì âðåìåíè. Ôóíêöèÿ ìàñøòàáèðîâàíèÿ ïðåäñòàâëÿåò ñîáîé ðå-
øåíèå íåëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ïîèñê
ýòîãî ðåøåíèÿ, îñîáåííî â ñëó÷àå áîëüøèõ ðàçìåðíîñòåé ïðîñòðàíñòâà ñîñòîÿíèé ñèñòåìû,
ÿâëÿåòñÿ äîâîëüíî ñëîæíîé çàäà÷åé.
Â [3, 4] èçëîæåííàÿ âûøå ñòðàòåãèÿ ïðåîáðàçîâàíèÿ ñèñòåìû ê ëèíåéíîé óïðàâëÿåìîé

ñèñòåìå íàçâàíà îðáèòàëüíîé ëèíåàðèçàöèåé îáðàòíîé ñâÿçüþ. Â ýòèõ ðàáîòàõ â òåðìèíàõ
äèôôåðåíöèàëüíîé ãåîìåòðèè ñôîðìóëèðîâàíû óñëîâèÿ, êîòîðûì äîëæíà óäîâëåòâîðÿòü
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èñõîäíàÿ ñèñòåìà, äëÿ òîãî ÷òîáû îíà áûëà îðáèòàëüíî ëèíåàðèçóåìà îáðàòíîé ñâÿçüþ. Ðàç-
ðàáîòàíû àëãîðèòìû îðáèòàëüíîé ëèíåàðèçàöèè îáðàòíîé ñâÿçüþ äëÿ ñèñòåì ñî ñêàëÿðíûì
[4, 5] è âåêòîðíûì óïðàâëåíèåì [6].
Ìàñøòàáèðîâàíèå âðåìåíè ïðèìåíÿåòñÿ â òåîðèè óïðàâëåíèÿ äëÿ ïîèñêà îïòèìàëüíûõ

òðàåêòîðèé, óìåíüøåíèÿ îòêëîíåíèÿ â çàäà÷àõ ñëåäîâàíèÿ âäîëü çàäàííîé òðàåêòîðèè [7, 8]
è çàäàííîé êðèâîé [9, 10, 11].
Ðÿä ðàáîò ïîñâÿùåí ïîñòðîåíèþ íàáëþäàòåëÿ ñî ñêàëÿðíûì [12] è âåêòîðíûì âûõî-

äîì [13]. Òàêæå ìàñøòàáèðîâàíèå âðåìåíè èñïîëüçóåòñÿ ïðè ðåøåíèè çàäà÷ ñòàáèëèçàöèè
ïëîñêèõ ñèñòåì ïðè íàëè÷èè ñèíãóëÿðíîñòåé ïðè íåêîòîðûõ çíà÷åíèÿõ óïðàâëåíèÿ [14].
Â äàííîé ñòàòüå èññëåäóåòñÿ âîçìîæíîñòü ïðåîáðàçîâàíèÿ àôôèííûõ ñèñòåì (1) ê êàíî-

íè÷åñêîìó âèäó ñ èñïîëüçîâàíèåì çàìåíû íåçàâèñèìîé ïåðåìåííîé (âðåìåíè). Ðàññìàòðè-
âàåòñÿ äâà òèïà çàìåí: èíòåãðèðóåìûå è íåèíòåãðèðóåìûå.
Ðàçäåëû ñòàòüè îðãàíèçîâàíû ñëåäóþùèì îáðàçîì. Â ðàçä. 1 èçëîæåíà ïîñòàíîâêà çà-

äà÷è. Â ðàçä. 2 äàíî îïðåäåëåíèå è êëàññèôèêàöèÿ çàìåí íåçàâèñèìîé ïåðåìåííîé. Â
ðàçä. 3 ïîêàçàíî, ÷òî ïîñëå âûïîëíåíèÿ èíòåãðèðóåìîé çàìåíû ïðåîáðàçîâàííàÿ ñèñòåìà íå
ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó. Â ðàçä. 4 ïîëó÷åí âèä ôóíêöèè, îïðåäåëÿþùåé íåèíòå-
ãðèðóåìóþ çàìåíó, ïîñëå âûïîëíåíèÿ êîòîðîé ñèñòåìà ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó,
êîòîðûé ÿâëÿåòñÿ ðåãóëÿðíûì.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ìíîãîìåðíóþ àôôèííóþ ñèñòåìó

ẋ = A(x) +B(x)u, x ∈ Ω ⊂ Rn, u ∈ Rm, (2)

ãäå B(x) = (bij(x))| ìàòðèöà òèïà n×m; A(x) = (a1(x), . . . , an(x))
ò| âåêòîð-ôóíêöèÿ;

ai, bij ∈ C∞(Ω); Ω| îòêðûòîå ìíîæåñòâî â Rn; u = (u1, . . . , um), i = 1, m, | óïðàâëåíèå;
ẋ =

dx

dt
| äèôôåðåíöèðîâàíèå ïî íåçàâèñèìîé ïåðåìåííîé t.

Îáîçíà÷èì Bj(x), j = 1, m, j-é ñòîëáåö ìàòðèöû B(x). Çäåñü è äàëåå áóäåì àññîöè-
èðîâàòü ñ âåêòîð-ôóíêöèÿìè A(x), B1(x), . . . , Bm(x) âåêòîðíûå ïîëÿ A, B1, . . . , Bm ñ
ñîîòâåòñòâóþùèìè êîîðäèíàòíûìè ïðåäñòàâëåíèÿìè.
Àôôèííóþ ñèñòåìó âèäà 

ż1 = z2,

ż2 = z3,

. . . . . .
żn−1 = zn,

żn = f(z) + g(z)u,

(3)

íàçûâàþò ñèñòåìîé êàíîíè÷åñêîãî âèäà. Åñëè g(x) 6= 0, òî êàíîíè÷åñêèé âèä íàçûâàþò
ðåãóëÿðíûì.
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Áóäåì ðàññìàòðèâàòü ñèñòåìû, êîòîðûå íå ïðèâîäÿòñÿ ê ðåãóëÿðíîìó êàíîíè÷åñêîìó
âèäó â îêðåñòíîñòè íåêîòîðîé òî÷êè x0 ∈ Ω. Ýòî îçíà÷àåò íåâûïîëíåíèå õîòÿ áû îäíîãî èç
äâóõ óñëîâèé [1]:

1) ìàòðèöà óïðàâëÿåìîñòè

U =
(
B1, . . . , Bm, adA B1, . . . , adA Bm, . . . , adn−1

A B1, . . . , adn−1
A Bm

)
íåâûðîæäåíà â òî÷êå x0;
2) ðàñïðåäåëåíèå

span
{
B1, . . . , Bm, adA B1, . . . , adA Bm, . . . , adn−2

A B1, . . . , adn−2
A Bm

}
èíâîëþòèâíî â îêðåñòíîñòè òî÷êè x0.

Çäåñü è äàëåå adX Y = [X, Y], adk
X Y = adA(adk−1

A Y), k = 2, 3, . . . , è [X, Y] îáîçíà-
÷àåò êîììóòàòîð âåêòîðíûõ ïîëåéX èY.

2. Çàìåíû íåçàâèñèìîé ïåðåìåííîé

Ââåäåì íîâóþ íåçàâèñèìóþ ïåðåìåííóþ τ ñ ïîìîùüþ ñîîòíîøåíèÿ

dτ

dt
= h(x) =

1

s(x)
, (4)

ãäå 0 < s(x) < +∞| ôóíêöèÿ ìàñøòàáèðîâàíèÿ âðåìåíè [2].
Ïîëüçóÿñü ñîîòíîøåíèåì (4), ïåðåéäåì â ñèñòåìå (2) ê äèôôåðåíöèðîâàíèþ ïî ïåðå-

ìåííîé τ :

x′ =
dx

dτ
= ẋ

dt

dτ
=

ẋ

s(x)
=

1

s(x)
A(x) +

1

s(x)
B(x)u.

Â ðåçóëüòàòå ïðåîáðàçîâàííàÿ ñèñòåìà ïðèíèìàåò âèä

x′ = Ã(x) + B̃(x)u, (5)

ãäå

Ã(x) =
1

s(x)
A(x), B̃(x) =

1
s(x)

B(x).

Îïðåäåëåíèå 1. Ïðåîáðàçîâàíèå ñèñòåìû (2) ê âèäó (5), ïîëó÷åííîå ïåðåõîäîì ê äèôôå-
ðåíöèðîâàíèþ ïî ïåðåìåííîé τ c ïîìîùüþ ðàâåíñòâà (4), íàçûâàåòñÿ çàìåíîé íåçàâèñèìîé
ïåðåìåííîé â îáëàñòè O ∈ Ω. Çàìåíà íåçàâèñèìîé ïåðåìåííîé (4) íàçûâàåòñÿ èíòåãðè-
ðóåìîé, åñëè ñóùåñòâóåò ôóíêöèÿ f(x) ∈ C∞(O), äëÿ êîòîðîé τ = f(x). Èíà÷å çàìåíà
íåçàâèñèìîé ïåðåìåííîé íàçûâàåòñÿ íåèíòåãðèðóåìîé.
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3. Èíòåãðèðóåìûå çàìåíû

Óòâåðæäåíèå 1. Åñëè â îáëàñòè O ⊂ Ω çàìåíà íåçàâèñèìîé ïåðåìåííîé (4) èíòåãðèðó-
åìà, ò.å. τ = f(x), òî â ýòîé îáëàñòè Bjf = 0, j = 1, m,Af = h.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñ îäíîé ñòîðîíû, τ̇ = h(x), ñ äðóãîé, òàê êàê çàìåíà èíòåãðèðóå-

ìàÿ, τ̇ = ḟ(x) = Af(x) +
m∑

j=1

Bjf(x)uj . Ñëåäîâàòåëüíî,

h(x) = Af(x) +
m∑

j=1

Bjf(x)uj.

Ïîñêîëüêó ïîëó÷åííîå ðàâåíñòâî âåðíî äëÿ ëþáûõ çíà÷åíèé óïðàâëåíèé, òî h(x) = Af(x),
Bjf(x) = 0, j = 1, m. Óòâåðæäåíèå äîêàçàíî.

Ðàññìîòðèì âëèÿíèå èíòåãðèðóåìîé çàìåíû íåçàâèñèìîé ïåðåìåííîé íà ðàíã ìàòðèöû
óïðàâëÿåìîñòè ïðåîáðàçîâàííîé ñèñòåìû (5) â íåêîòîðîé òî÷êå x0 ∈ O. Ìàòðèöà óïðàâëÿå-
ìîñòè ìíîãîìåðíîé àôôèííîé ñèñòåìû (5) â òî÷êå x0 èìååò âèä

Ũ(x0) =
(
B̃1(x

0), . . . , B̃m(x0), adÃ B̃1(x
0), . . . , adÃ B̃m(x0), . . .,

adn−1

Ã
B̃1(x

0), . . . , adn−1

Ã
B̃m(x0)

)
.

Ïðåæäå ÷åì ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò äîêàæåì âñïîìîãàòåëüíóþ ëåììó.
Ëåììà 1. Äëÿ ëþáûõ äâóõ âåêòîðíûõ ïîëåé P, Q ñ êîîðäèíàòíûìè ïðåäñòàâëåíèÿìè

P (x) = (p1(x), . . . , pn(x))
ò, Q(x) = (q1(x), . . . , qn(x))

ò, ãäå pi, qi ∈ C∞(O(x0)) è ôóíêöèè
pn(x), qn(x) ïîñòîÿííû â îêðåñòíîñòè O(x0) òî÷êè x0, èõ êîììóòàòîð [P, Q] â O(x0) èìååò
íóëåâóþ êîîðäèíàòó ñ íîìåðîì n.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñòîëáåö êîîðäèíàò [P, Q] (x) âåêòîðíîãî ïîëÿ [P, Q] â òî÷êå
x ∈ O(x0) âû÷èñëÿåòñÿ ïî ôîðìóëå

[P, Q] (x) =
∂Q

∂x
P (x)− ∂P

∂x
Q(x).

Òàê êàê êîîðäèíàòû ñ íîìåðîì n âåêòîðíûõ ïîëåé P, Q ïîñòîÿííû, n-å ñòðîêè ìàòðèö ∂P

∂x
,

∂Q

∂x
íóëåâûå. Ñëåäîâàòåëüíî,

[P, Q] (x) =



∂q1

∂x1

∂q1

∂x2
. . .

∂q1

∂xn

. . . . . . . . . . . . . . .
∂qn−1

∂x1

∂qn−1

∂x2
. . .

∂qn−1

∂xn

0 0 . . . 0




p1(x)

. . .

pn−1(x)

pn

−

−



∂p1

∂x1

∂p1

∂x2
. . .

∂p1

∂xn

. . . . . . . . . . . .
∂pn−1

∂x1

∂pn−1

∂x2
. . .

∂pn−1

∂xn

0 0 . . . 0




q1(x)

. . .

qn−1(x)

qn

. (6)
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Èç ôîðìóëû (6) ñëåäóåò, ÷òî n-ÿ êîîðäèíàòà êîììóòàòîðà âåêòîðíûõ ïîëåé [P, Q] â îêðåñò-
íîñòè òî÷êè x0 ðàâíà íóëþ. Ëåììà äîêàçàíà.

Òåîðåìà 1. Åñëè â ñèñòåìå (2) â îáëàñòèO ⊂ Ω ñäåëàíà èíòåãðèðóåìàÿ çàìåíà íåçàâèñè-
ìîé ïåðåìåííîé, òî ðàíã ìàòðèöû óïðàâëÿåìîñòè ïðåîáðàçîâàííîé ñèñòåìû (5) ìåíüøå n â
îáëàñòè O.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåæäå ÷åì â ñèñòåìå (2) ïåðåéòè ê äèôôåðåíöèðîâàíèþ ïî
íîâîé íåçàâèñèìîé ïåðåìåííîé, ñäåëàåì çàìåíó ïåðåìåííûõ ñîñòîÿíèÿ, êîòîðàÿ ÿâëÿåòñÿ
íåâûðîæäåííîé. Ïîñêîëüêó Af(x) = grad f(x) · A(x) > 0 ïðè x ∈ O, òî âåêòîð-ôóíêöèÿ
grad f(x) íå ÿâëÿåòñÿ íóëåâîé. Çíà÷èò, îíà èìååò õîòÿ áû îäíó íåíóëåâóþ êîîðäèíàòó â òî÷êå
x0 ∈ O. Áåç îãðàíè÷åíèé îáùíîñòè áóäåì ñ÷èòàòü, ÷òî ýòî êîîðäèíàòà ñ íîìåðîì n.
Ðàññìîòðèì ñîîòíîøåíèÿ

z1 = x1, . . . , zn−1 = xn−1, zn = f(x), (7)

êîòîðûå çàäàþò îòîáðàæåíèå Φ : Rn → Rn. Ìàòðèöà ßêîáè ñèñòåìû ôóíêöèé (7) èìååò âèä

Φ′(x) =


1 0 0 . . . 0

0 1 0 . . . 0
. . . . . . . . . . . . . . . . . . .

∂f(x)
∂x1

∂f(x)
∂x2

. . .
∂f(x)
∂xn−1

∂f(x)
∂xn

 . (8)

Îïðåäåëèòåëü ìàòðèöû ßêîáè (8) â òî÷êå x0 íå ðàâåí íóëþ:

det(Φ′(x0)) =
∂f(x)
∂xn

∣∣∣∣
x=x0

6= 0.

Ñëåäîâàòåëüíî, â íåêîòîðîé îêðåñòíîñòè òî÷êè Φ(x0) ñóùåñòâóåò îáðàòíîå îòîáðàæåíèå
Φ−1, îïðåäåëÿåìîå ñîîòíîøåíèÿìè

x1 = z1, . . . , xn−1 = zn−1, xn = Ψ(z),

è ñîîòíîøåíèÿ (7) çàäàþò ãëàäêóþ íåâûðîæäåííóþ çàìåíó ïåðåìåííûõ â îêðåñòíîñòè
òî÷êè x0. Ïîñëå çàìåíû ïåðåìåííûõ (7) ñèñòåìà (2) ïðèíèìàåò âèä

żj = ã
(
z1, . . . , zn−1,Ψ(z)

)
+

m∑
i=1

b̃ji
(
z1, . . . , zn−1,Ψ(z)

)
ui, j = 1, n− 1;

żn = ḟ
(
z1, . . . , zn−1,Ψ(z)

)
.

(9)

Ñäåëàâ â ñèñòåìå (9) èíòåãðèðóåìóþ çàìåíó íåçàâèñèìîé ïåðåìåííîé

τ = f(x) = f(z1, . . . , zn−1,Ψ(z)),
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ïîëó÷àåì ñèñòåìó

z′j =
a(z1, . . . , zn−1,Ψ(z))

ḟ(z1, . . . , zn−1,Ψ(z))
+

m∑
i=1

bji(z1, . . . , zn−1,Ψ(z))

ḟ(z1, . . . , zn−1,Ψ(z))
ui, j = 1, n− 1;

z′n = 1.

(10)

Ñòîëáöû êîîðäèíàò âåêòîðíûõ ïîëåé Ã, B̃j , j = 1, m, ñèñòåìû (10) èìåþò âèä

B̃j(z) =



b1j(z1, . . . , zn−1,Ψ(z))
ḟ(z1, . . . , zn−1,Ψ(z))

. . . . . . . . . . . . .

bn−1,j(z1, . . . , zn−1,Ψ(z))
ḟ(z1, . . . , zn−1,Ψ(z))

0


, Ã(z) =



a1(z1, . . . , zn−1,Ψ(z))
ḟ(z1, . . . , zn−1,Ψ(z))

. . . . . . . . . . . . .

an−1(z1, . . . , zn−1,Ψ(z))
ḟ(z1, . . . , zn−1,Ψ(z))

1


. (11)

Âåêòîðíûå ïîëÿ Ã, B̃j c êîîðäèíàòíûìè ïðåäñòàâëåíèÿìè (11) óäîâëåòâîðÿþò óñëîâèþ
ëåììû â îêðåñòíîñòè òî÷êè x0. Ñëåäîâàòåëüíî, êîîðäèíàòû ñ íîìåðîì n âåêòîðíûõ ïîëåé
adÃ B̃j , j = 1, m, ðàâíû íóëþ â îêðåñòíîñòè òî÷êè x0. Ïðîäîëæàÿ ðàññóæäåíèÿ òàêèì
îáðàçîì, çàêëþ÷àåì, ÷òî êîîðäèíàòû âåêòîðíûõ ïîëåé adk

Ã
B̃j , j = 1, m, k = 2, n− 1,

ñ íîìåðîì n ðàâíû íóëþ â îêðåñòíîñòè òî÷êè x0. Èòàê, ñòðîêà ñ íîìåðîì n ìàòðèöû
óïðàâëÿåìîñòè Ũ(z1, . . . , zn−1,Ψ(z))) â òî÷êåΦ−1(x0) ñîñòîèò èç íóëåâûõ ýëåìåíòîâ, ïîýòîìó

rank Ũ(Φ−1(x0)) < n. (12)

Òàê êàê ñèñòåìà ôóíêöèé (7) çàäàåò ãëàäêóþ íåâûðîæäåííóþ çàìåíó ïåðåìåííûõ ñîñòîÿíèÿ
â îêðåñòíîñòè òî÷êè x0, îòîáðàæåíèå Φ ÿâëÿåòñÿ äèôôåîìîðôèçìîì â ýòîé îêðåñòíîñòè.
Ñëåäîâàòåëüíî, ñ ó÷åòîì (12) rank Ũ(x0) < n. Òåîðåìà äîêàçàíà.

Ñëåäñòâèå 1. Åñëè â ñèñòåìå (2) â îáëàñòè O ⊂ Ω ñäåëàíà èíòåãðèðóåìàÿ çàìåíà
íåçàâèñèìîé ïåðåìåííîé, òî ïðåîáðàçîâàííàÿ ñèñòåìà (5) íå ïðèâîäèòñÿ ê êàíîíè÷åñêîìó
âèäó â îáëàñòè O.

4. Ïðåîáðàçîâàíèå òðåõìåðíûõ àôôèííûõ ñèñòåì ê êàíîíè÷åñêîìó âèäó

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ñèñòåìû (2) ïðè n = 3:

ξ̇ = A0(ξ) +B0(ξ)w, ξ ∈ Ω ⊂ R3, w ∈ R, (13)

w|óïðàâëåíèå. Åñëè âåêòîð-ñòîëáåöB0(ξ) â íåêîòîðîé òî÷êå ξ0 íåíóëåâîé, òî â íåêîòîðîé
îêðåñòíîñòè ýòîé òî÷êè ñóùåñòâóþò íåâûðîæäåííàÿ çàìåíà ïåðåìåííûõ ñîñòîÿíèÿ x = x(ξ)

è çàìåíà óïðàâëåíèé v = v(ξ, w), êîòîðûå ïðèâîäÿò ñèñòåìó (13) ê ôîðìå

ẋ = A(x) +B(x)v, (14)
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ãäå

A(x) =

 f1(x)

f2(x)

0

, B(x) =

 0

0

1

.
Èññëåäóåì óñëîâèÿ ïðåîáðàçîâàíèÿ ñèñòåìû (14) ê êàíîíè÷åñêîìó âèäó (3) ïðè n = 3:

z′1 = z2,

z′2 = z3,

z′3 = f(z) + g(z)v,

(15)

ãäå äèôôåðåíöèðîâàíèå îñóùåñòâëÿåòñÿ ïî ïåðåìåííîé τ , ââåäåííîé ñ ïîìîùüþ íåèíòå-
ãðèðóåìîé çàìåíû (4).
Ïðîâåðèì äëÿ ñèñòåìû (14) âûïîëíåíèå óñëîâèÿ 2 ïðèâåäåíèÿ ñèñòåìû ê ðåãóëÿðíîìó êà-

íîíè÷åñêîìó âèäó (ñì. ðàçä. 1). Èíâîëþòèâíîñòü ðàñïðåäåëåíèÿ, ïîðîæäåííîãî âåêòîðíûìè
ïîëÿìèB, adA B, ðàâíîñèëüíà òîìó, ÷òî êîììóòàòîð [B, adA B] ïðèíàäëåæèò ëèíåéíîé îáî-
ëî÷êå ýòèõ âåêòîðíûõ ïîëåé.
Âû÷èñëèì êîîðäèíàòû êîììóòàòîðîâ:

adA B(x) =
∂B(x)

∂x
A(x)− ∂A(x)

∂x
B(x) = −


∂f1(x)
∂x3

∂f2(x)
∂x3

0

;

[B, adA B] (x) =
∂ adA B(x)

∂x
B(x)− ∂B(x)

∂x
adA B(x) = −


∂2f1(x)

∂x2
3

∂2f2(x)
∂x2

3

0

.

Âåêòîðíîå ïîëå [B, adA B] ïðèíàäëåæèò ëèíåéíîé îáîëî÷êå âåêòîðíûõ ïîëåé B, adA B

òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ôóíêöèÿ ψ(x) ∈ C∞(Ω), òàêàÿ, ÷òî â îêðåñòíîñòè
òî÷êè x0 âûïîëíåíî ðàâåíñòâî

[B, adA B] (x) = ψ(x) adA B(x).

Òàêèì îáðàçîì, åñëè âûïîëíåíî íåðàâåíñòâî

∂f1(x)

∂x3

∂2f2(x)

∂x2
3

− ∂f2(x)

∂x3

∂2f1(x)

∂x2
3

6= 0, (16)

òî ðàñïðåäåëåíèå ∆ = span {B, adA B}, ïîðîæäåííîå âåêòîðíûìè ïîëÿìè B, adA B, íå
ÿâëÿåòñÿ èíâîëþòèâíûì. Ýòî îçíà÷àåò, ÷òî ñèñòåìà (14) íå ïðèâîäèòñÿ ê êàíîíè÷åñêîìó
âèäó.
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Ïîñëå ïåðåõîäà â ñèñòåìå (14) ê äèôôåðåíöèðîâàíèþ ïî ïåðåìåííîé τ , ââåäåííîé ñ
ïîìîùüþ ñîîòíîøåíèÿ (4) â îáëàñòè O ⊂ Ω, ïîëó÷èì ñèñòåìó

x′1 = f1(x)s(x),

x′2 = f2(x)s(x),

x′3 = s(x)v.

Ââîäÿ íîâîå óïðàâëåíèå u = s(x)v, ïîëó÷èì ñèñòåìó

x′ = Ã+ B̃u, (17)

ãäå

Ã(x) =

 f1(x)s(x)

f2(x)s(x)

0

, B̃(x) =

 0

0

1

.
Âûÿñíèì, ïðè êàêèõ óñëîâèÿõ íà ôóíêöèþ s(x) ðàñïðåäåëåíèå ∆ = span

{
B̃, adÃ B̃

}
,

ïîðîæäåííîå âåêòîðíûìè ïîëÿìè B, adÃ B̃ ïðåîáðàçîâàííîé ñèñòåìû (17), èíâîëþòèâíî â
îêðåñòíîñòè çàäàííîé òî÷êè x0 ⊂ O.
Ïóñòü

adÃ B̃(x0) 6= 0

(îòìåòèì, ÷òî ýòî óñëîâèå ÿâëÿåòñÿ íåîáõîäèìûì äëÿ íåâûðîæäåííîñòè ìàòðèöû óïðàâëÿå-
ìîñòè ñèñòåìû (17) â íåêîòîðîé îêðåñòíîñòè òî÷êè x0). Òîãäà íåîáõîäèìûì è äîñòàòî÷íûì
óñëîâèåì èíâîëþòèâíîñòè ðàñïðåäåëåíèÿ ∆ â íåêîòîðîé îêðåñòíîñòè O(x0) òî÷êè x0 ÿâëÿ-
åòñÿ âûïîëíåíèå â ýòîé îêðåñòíîñòè ðàâåíñòâà∣∣∣∣∣∣∣∣

∂(s(x)f1(x0))
∂x3

∂2(s(x)f1(x))
∂x2

3

∂(s(x)f2(x))
∂x3

∂2(s(x)f2(x))
∂x2

3

∣∣∣∣∣∣∣∣ = 0. (18)

Äëÿ óäîáñòâà ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

F1 =
∂(s(x)f1(x))

∂x3

, F2 =
∂(s(x)f2(x))

∂x3

.

Â ýòèõ îáîçíà÷åíèÿõ óñëîâèå (18) èìååò âèä

F1
∂F2

∂x3

− F2
∂F1

∂x3

= 0.

Çàïèñàííîå ðàâåíñòâî â ïðåäïîëîæåíèè, ÷òî F1(x) 6= 0, x ∈ O(x0), ýêâèâàëåíòíî ñîîòíîøå-
íèþ

∂

∂x3

(
F2

F1

)
= 0. (19)

Óðàâíåíèå (19) îçíà÷àåò, ÷òî ôóíêöèÿ F2/F1 íå çàâèñèò îò x3, ò.å. äëÿ íåêîòîðîé ôóíêöèè
f̃(x1, x2) èìååò ìåñòî ðàâåíñòâî

∂(s(x)f2(x))

∂x3

=
∂(s(x)f1(x))

∂x3

f̃(x1, x2), (20)
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Äëÿ ó÷åòà ñîîáðàæåíèé ñèììåòðèè ôóíêöèþ f̃ ïðåäñòàâèì â ñëåäóþùåì âèäå

f̃(x1, x2) = −α1(x1, x2)

α2(x1, x2)
.

Òîãäà ðàâåíñòâî (20) ìîæíî çàïèñàòü â âèäå

∂(s(x)f2(x))

∂x3

α2(x1, x2) +
∂(s(x)f1(x))

∂x3

α1(x1, x2) = 0. (21)

Ïðîèíòåãðèðîâàâ (21) ïî x3, ïîëó÷èì

s(x)α2f2(x) + s(x)α1f1(x) = c(x1, x2),

îòêóäà ñëåäóåò, ÷òî ôóíêöèÿ s(x) èìååò ñëåäóþùåå ïðåäñòàâëåíèå:

s(x) =
c(x1, x2)

α1(x1, x2)f1(x) + α2(x1, x2)f2(x)
,

èëè, áîëåå êîðîòêî
s =

c

α1f1 + α2f2

. (22)

Èç ïðèâåäåííûõ âûêëàäîê âûòåêàåò, ÷òî åñëè âûáðàòü ôóíêöèþ s ïî ôîðìóëå (22), ãäå
c, α1, α2 íå çàâèñÿò îò x3, òî áóäåò âûïîëíÿòüñÿ óñëîâèå (18), ò.å. ðàñïðåäåëåíèå ∆ áóäåò
èíâîëþòèâíûì.

Ïðèìåð. Ðàññìîòðèì ñèñòåìó

ẋ1 = x2d(x), ẋ2 = x3d(x), ẋ3 = v. (23)

Â ñëó÷àå d(x) = x2
1 + x2

2 + x2
3 ñèñòåìà (23) íå ïðèâîäèòñÿ ê ðåãóëÿðíîìó êàíîíè÷åñêîìó

âèäó, òàê êàê äëÿ íåå âûïîëíåíî óñëîâèå (16). Çàäàäèì c(x1, x2) = x2, α1(x1, x2) = 1,
α2(x1, x2) = 0. Òîãäà â îáëàñòè R3 \ {0}

s(x) =
1

d(x)
.

Ïîñëå ïåðåõîäà ê íîâîé íåçàâèñèìîé ïåðåìåííîé τ ñèñòåìà (23) ïðèíèìàåò âèä

x′1 = x2, x′2 = x3, x′3 = u. (24)

Òàêèì îáðàçîì, õîòÿ èñõîäíàÿ ñèñòåìà â îáëàñòè R3 \ {0} íå ïðèâîäèëàñü ê ðåãóëÿðíîìó
êàíîíè÷åñêîìó âèäó, ïðåîáðàçîâàííàÿ ñèñòåìà (24) îêàçûâàåòñÿ ñèñòåìîé ðåãóëÿðíîãî êà-
íîíè÷åñêîãî âèäà â òîé æå îáëàñòè.

Ðàññìîòðèì óñëîâèÿ, ïðè êîòîðûõ ñèñòåìà (17) c ôóíêöèåé s(x), èìåþùåé âèä (22), â
íåêîòîðîé îêðåñòíîñòè äàííîé òî÷êè x0 ïðåîáðàçóåòñÿ ê êàíîíè÷åñêîìó âèäó. Äëÿ ýòîãî
äîñòàòî÷íî âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé:

1) adÃ B̃(x0) 6= 0;
2) ìàòðèöà óïðàâëÿåìîñòè U =

(
B̃, adÃ B̃, ad2

Ã
B̃

)
â òî÷êå x0 íåâûðîæäåíà.
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Ïðè âûïîëíåíèè ïåðâîãî óñëîâèÿ, êàê ïîêàçàíî, ðàñïðåäåëåíèå span
{
B̃, adÃ B̃

}
èíâî-

ëþòèâíî, òàê ÷òî áóäóò âûïîëíåíû óñëîâèÿ 1{2 èç ðàçä. 1, äîñòàòî÷íûå äëÿ òîãî, ÷òîáû
ñèñòåìà (17) ïðèâîäèëàñü ê ðåãóëÿðíîìó êàíîíè÷åñêîìó âèäó. Îòìåòèì, ÷òî ïåðâîå óñëî-
âèå íåîáõîäèìî äëÿ âûïîëíåíèÿ âòîðîãî, ïîýòîìó ìîæíî îãðàíè÷èòüñÿ âûïîëíåíèåì ëèøü
âòîðîãî óñëîâèÿ.
Ó÷èòûâàÿ âèä âåêòîðíûõ ïîëåé Ã, B̃, äëÿ ñèñòåìû (17) ïîëó÷àåì

adÃ B̃(x) = k(x)

−α2

α1

0

,
ãäå

k(x) =
c(f ′1x3

f2 − f ′2x3
f1)

(α1f1 + α2f2)2
.

Óñëîâèå adÃ B̃(x0) 6= 0 ýêâèâàëåíòíî âûïîëíåíèþ â òî÷êå x0 ∈ Ω íåðàâåíñòâà f ′1x3
f2 −

− f ′2x3
f1 6= 0, ÷òî ðàâíîñèëüíî íåðàâåíñòâó(

f2

f1

)′

x3

6= 0, (25)

à òàêæå âûïîëíåíèþíåðàâåíñòâà c(x0
1, x

0
2) 6= 0è îäíîãî èç íåðàâåíñòâα1(x

0) 6= 0,α2(x
0) 6= 0.

Çàäàäèì
c = c(x2), α1 = 1, α2 = 0,

òîãäà s(x) =
c

f1
. Ðàññìîòðèì ìíîæåñòâî O′ ⊂ Ω, íà êîòîðîì ôóíêöèÿ s(x) íå èìååò

íåóñòðàíèìûõ îñîáåííîñòåé. Íà ýòîì ìíîæåñòâå

adÃ B̃ = k
∂

∂x2

, ad2
Ã

B̃ = Ã(k)
∂

∂x2

+ k
[
Ã,

∂

∂x2

]
.

Â ðåçóëüòàòå

U=


0 0 −k ∂c

∂x2

0 k Ã(k)−k ∂

∂x2

(
cf2

f1

)
1 0 0


íå ÿâëÿåòñÿ âûðîæäåííîé â êàæäîé òî÷êå x0, â êîòîðîé k(x0) 6= 0 è ∂c(x0)

∂x2
6= 0.

Èòàê, åñëè äëÿ ñèñòåìû (14) ôóíêöèè f1 è f2 â òî÷êå x0 îäíîâðåìåííî íå îáðàùàþòñÿ â
íóëü è òàêæå âåðíî óñëîâèå (25), òî ìîæíî ïîäîáðàòü òàêóþ çàìåíó âðåìåíè τ̇ = s(x), ÷òî
ïðåîáðàçîâàííàÿ ñèñòåìà ïðèâîäèòñÿ ê ðåãóëÿðíîìó êàíîíè÷åñêîìó âèäó. Íàïðèìåð, åñëè
f1(x

0) 6= 0, òî äîñòàòî÷íî âûáðàòü ìàñøòàáèðîâàíèå âðåìåíè s(x) â âèäå (22), ãäå α1 = 1,
α2 = 0, à c|ïðîèçâîëüíàÿ ôóíêöèÿ, çàâèñÿùàÿ òîëüêî îò ïåðåìåííîé x2 è óäîâëåòâîðÿþùàÿ
óñëîâèÿì c(x0

2) 6= 0, c′(x0
2) 6= 0.
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Çàêëþ÷åíèå

Äîêàçàíî, ÷òî ïðè èñïîëüçîâàíèè èíòåãðèðóåìûõ çàìåí íåçàâèñèìîé ïåðåìåííîé (âðå-
ìåíè), àôôèííàÿ ñèñòåìà íå ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó. Ïîëó÷åí âèä ìàñøòàáèðóþ-
ùåé ôóíêöèè, çàäàþùåé íåèíòåãðèðóåìóþ çàìåíó íåçàâèñèìîé ïåðåìåííîé, ïîñëå âûïîë-
íåíèÿ êîòîðîé àôôèííàÿ ñèñòåìà òðåòüåãî ïîðÿäêà ñî ñêàëÿðíûì óïðàâëåíèåì ïðèâîäèòñÿ
ê ðåãóëÿðíîìó êàíîíè÷åñêîìó âèäó.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû 11-01-00733, 12-01-31303), Ìèíèñòåð-
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Change of the independent variable (time-scaling) gives an additional degree of freedom for
equivalence conversions of dynamical systems. Affine system transformation to the canonical form
is a standard technique in the design of nonlinear control systems. In this paper transformations of a
stationary affine system to the canonical form, using time-scaling, were investigated. Integratable
and non-integratable changes of the independent variable were considered. It was shown, that
the affine system can't be transformed to the canonical form using integratable time-scaling.
Conditions of the possibility of transformation to the regular canonical form using non-integratable
time scaling were obtained for single-input affine systems of the third order.
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