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Ââåäåíèå

Çàäà÷å ñèíòåçà àâòîìàòè÷åñêîãî óïðàâëåíèÿ ëåòàòåëüíûìè àïïàðàòàìè íà
îñíîâå íåëèíåéíûõ ìîäåëåé â ïîñëåäíèå äåñÿòèëåòèÿ óäåëÿåòñÿ áîëüøîå âíè-
ìàíèå. Ó÷åò íåëèíåéíîñòåé ìîäåëè ïðè ìîäåëèðîâàíèè ïîëåòíûõ ðåæèìîâ
ñîâðåìåííûõ ñàìîëåòîâ è ðàêåò ÷àñòî èãðàåò ïðèíöèïèàëüíóþ ðîëü [1]. Òàê,
íàïðèìåð, äëÿ ïåðåõâàòà áûñòðî äâèæóùåéñÿ è âûñîêîìàíåâðåííîé âîçäóøíîé
öåëè îò ñèñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ ðàêåòû â ëþáîìïîëåòíîì ðåæèìå
òðåáóåòñÿ áûñòðî è ñ âûñîêîé òî÷íîñòüþ îòñëåæèâàòü ñèãíàëû, ãåíåðèðóåìûå
ñèñòåìîé íàâåäåíèÿ íà öåëü, ÷òî ïðèâîäèò ê íåîáõîäèìîñòè èñïîëüçîâàíèÿ
íåëèíåéíûõ ìîäåëåé è àëãîðèòìîâ óïðàâëåíèÿ [1, 2, 3, 4].
Äëÿ ïåðåõâàòà äâèæóùåéñÿ öåëè ñèñòåìå àâòîìàòè÷åñêîãî óïðàâëåíèÿ ðà-

êåòû êëàññà <âîçäóõ-âîçäóõ> íåîáõîäèìî îòñëåæèâàòü ïðîãðàììíîå èçìåíåíèå
óñêîðåíèÿ, íàïðàâëåííîãî â íàïðàâëåíèè íîðìàëè ê âåêòîðó ñêîðîñòè ðàêåòû,
ôîðìèðóåìîå ñèñòåìîé íàâåäåíèÿ íà öåëü. Äëÿ ïðîäîëüíîé äèíàìèêè ðàêåòû
çàäà÷à îòñëåæèâàíèÿ óñêîðåíèÿ, íîðìàëüíîãî ê âåêòîðó ñêîðîñòè, êàê ïðàâèëî,
ðåøàåòñÿ ïðè ïîìîùè îòñëåæèâàíèÿ ñîîòâåòñòâóþùåãî ïðîãðàììíîãî èçìåíå-
íèÿ óãëà àòàêè [3, 4, 5, 6].
Â íàñòîÿùåé ðàáîòå äëÿ ïðîäîëüíîé äèíàìèêè ðàêåòû êëàññà <âîçäóõ-

âîçäóõ> ïðåäñòàâëåíî ðåøåíèå çàäà÷è îòñëåæèâàíèÿ ïðîãðàììíîãî èçìåíåíèÿ
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óãëà àòàêè ïðè ïîìîùè ìåòîäà îáõîäà èíòåãðàòîðà [7]. Â îòëè÷èå îò ðàáîòû [4]
ðàññìîòðåíà áîëåå ïîäðîáíàÿ ìîäåëü ïðîäîëüíîé äèíàìèêè, ó÷èòûâàþùàÿ äè-
íàìèêó óïðàâëÿþùèõ îðãàíîâ ðàêåòû, à òàêæå çàâèñèìîñòü àýðîäèíàìè÷åñêèõ
êîýôôèöèåíòîâ îò ìîäóëÿ óãëà àòàêè.
Â ðàçä. 1 îïèñûâàåòñÿ íåëèíåéíàÿ ìîäåëü ïðîäîëüíîé äèíàìèêè ðàêåòû,

âûâîäÿòñÿ óðàâíåíèÿ, õàðàêòåðèçóþùèå äèíàìèêó óãëà àòàêè, è ôîðìóëèðó-
åòñÿ çàäà÷à îòñëåæèâàíèÿ ïðîãðàììíîãî èçìåíåíèÿ óãëà àòàêè. Â ðàçä. 2
îñóùåñòâëåí ñèíòåç íåëèíåéíîãî óïðàâëåíèÿ ñ èñïîëüçîâàíèåì ìåòîäà îáõîäà
èíòåãðàòîðà. Â ðàçä. 3 ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ
çàìêíóòîé óïðàâëåíèåì ñèñòåìû.

1. Ìîäåëü äâèæåíèÿ è ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ïðîäîëüíàÿ äèíàìèêà ðàêåòû êàê òâåðäîãî òåëà ïðè óñëî-
âèè, ÷òî öåíòð äàâëåíèÿ ñîâïàäàåò ñ öåíòðîì ìàññ, ìàññà ðàêåòû ïîñòîÿííà,
ñèëà òÿãè äâèãàòåëÿ ðàâíà íóëþ, îðãàíû óïðàâëåíèÿ ðàñïîëîæåíû â õâîñòîâîé
÷àñòè ðàêåòû. Ïðåäïîëàãàåòñÿ, ÷òî óãîë êðåíà, óãîë áîêîâîãî ñêîëüæåíèÿ, à
òàêæå óãëîâûå ñêîðîñòè ïî êðåíó è ðûñêàíüþ ðàâíû íóëþ. Ñèëû, äåéñòâóþùèå
íà êîðïóñ ðàêåòû, è èñïîëüçóåìûå äëÿ îïèñàíèÿ äâèæåíèÿ ñèñòåìû êîîðäèíàò
ïðèâåäåíû íà ðèñ. 1. Óðàâíåíèÿ äâèæåíèÿ ðàêåòû çàïèñûâàþòñÿ ñëåäóþùèì
îáðàçîì [1, 2]: 

u̇ =
1

m

(
L sin α−D cos α

)
− g sin θ − qw,

ẇ = − 1

m

(
L cos α + D sin α

)
+ g cos θ + qu,

q̇ =
My

Iy
,

θ̇ = q,

ẋ = V cos γ,

ż = V sin γ,

(1)

ãäåu èw|ïðîåêöèè âåêòîðà ñêîðîñòè V̄ íà îñèObxb èObzb ñèñòåìû êîîðäèíàò
xbObzb, æåñòêî ñâÿçàííîé ñ êîðïóñîì ðàêåòû è íà÷àëîì â öåíòðå ìàññ; V =

=
√

u2 + w2 | ñêîðîñòü ðàêåòû; α | óãîë àòàêè, îïðåäåëÿåìûé ðàâåíñòâîì
tgα = w/u; γ = θ − α | óãîë íàêëîíà òðàåêòîðèè; θ | óãîë òàíãàæà; q |
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óãëîâàÿ ñêîðîñòü ïî òàíãàæó; L | àýðîäèíàìè÷åñêàÿ ïîäúåìíàÿ ñèëà; D |
àýðîäèíàìè÷åñêàÿ ñèëà ñîïðîòèâëåíèÿ; My | àýðîäèíàìè÷åñêèé ìîìåíò; x,
z|êîîðäèíàòû öåíòðà ìàññ êîðïóñà ðàêåòû â çåìíîé ñèñòåìå êîîðäèíàò xOz;
m | ìàññà ðàêåòû; Iy | ìîìåíò èíåðöèè ðàêåòû; g | óñêîðåíèå ñâîáîäíîãî
ïàäåíèÿ; δ | óãîë îòêëîíåíèÿ õâîñòîâûõ ñòàáèëèçàòîðîâ.

Ðèñ. 1. Ñèëû è ìîìåíò, äåéñòâóþùèå íà êîðïóñ ðàêåòû

Àýðîäèíàìè÷åñêèå ñèëû è ìîìåíò, äåéñòâóþùèå íà êîðïóñ ðàêåòû, èìåþò
âèä

L = QSCL(α, M, δ), D = QSCD(α, M, δ), My = QSdCm(α, M, δ, q), (2)

ãäå Q =
1

2
%V 2 | äèíàìè÷åñêîå äàâëåíèå; % | ïëîòíîñòü àòìîñôåðû, êàê

ôóíêöèÿ âûñîòû; M =
V

a
| ÷èñëî Ìàõà; a | ñêîðîñòü çâóêà; S | ðàñ-

÷åòíàÿ ïëîùàäü; d | ðàñ÷åòíîå ðàññòîÿíèå. Àýðîäèíàìè÷åñêèå êîýôôèöè-
åíòûCL(α, M, δ),CD(α, M, δ),Cm(α, M, δ, q) çàïèñûâàþòñÿ ñëåäóþùèì îáðà-
çîì [2, 5, 6]:

CL = −Cz cos α, CD = CD0
− Cz sin α,

Сm = amα3 + bmα|α|+ cm

(
−7 +

8M

3

)
α + dmδ + emq,

(3)
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ãäå

Сz = anα
3 + bnα|α|+ cn

(
2− M

3

)
α + dnδ,

à CD0
, an, bn, cn, dn, am, bm, cm, dm, em | íåêîòîðûå ïîñòîÿííûå.

Â êà÷åñòâå óïðàâëÿþùåãî âîçäåéñòâèÿ ðàññìîòðèì óãîë δ îòêëîíåíèÿ õâî-
ñòîâûõ ñòàáèëèçàòîðîâ ðàêåòû. Óðàâíåíèå, îïèñûâàþùåå äèíàìèêó îðãàíîâ
óïðàâëåíèÿ, èìååò âèä [1, 5]:

δ̇ =
1

τa
(δc − δ), (4)

ãäå τa | íåêîòîðàÿ ïîëîæèòåëüíàÿ êîíñòàíòà; δc | óïðàâëåíèå.
Òðåáóåòñÿ íàéòè çàêîí óïðàâëåíèÿ δc, ïðè êîòîðîì îòñëåæèâàåòñÿ çàäàâàå-

ìîå ñèñòåìîé íàâåäåíèÿ íà öåëü ïðîãðàììíîå èçìåíåíèå αr(t) óãëà àòàêè,ò.å.

|α(t)− αr(t)| → 0 ïðè t → +∞.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ αr(t), à òàêæå ôóíêöèè α̇r(t) è α̈r(t) êóñî÷íî
ãëàäêèå è îãðàíè÷åíû ïðè âñåõ t ≥ 0. Ñ ó÷åòîì ñîîòíîøåíèé

tgα =
w

u
, sin α =

w√
u2 + w2

, V =
√

u2 + w2, M =
V

a
, γ = θ − α

ïðîèçâîäíàÿ ïî âðåìåíè ôóíêöèè z1 = α− αr(t) â ñèëó ñèñòåìû (1) èìååò âèä

ż1 =
1

1 +
w2

u2

ẇu− u̇w

u2 − α̇r(t) =

=
uaz − wax + ug cos θ + wg sin θ + q(u2 + w2)

u2 + w2 − α̇r(t) =

=
az cos α− ax sin α

Ma
+

g cos α cos θ + g sin α sin θ

Ma
+ q − α̇r(t) =

=
az cos α− ax sin α

Ma
+

g cos γ

Ma
+ q − α̇r(t) =

= − L

mMa
+

g cos γ

Ma
+ q − α̇r(t), (5)

ãäå
az = − 1

m

(
L cos α + D sin α

)
, ax =

1

m

(
L sin α−D cos α

)
.
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Îòìåòèì, ÷òî âåëè÷èíû ax è az ïðåäñòàâëÿþò ñîáîé ñîîòâåòñòâåííî óñêîðåíèÿ
âäîëü îñåé êîîðäèíàò Obxb è Obzb áåç ó÷åòà ñèëû òÿæåñòè.
Ñòàíäàðòíîé ìîäåëüþ äèíàìè÷åñêîãî äàâëåíèÿ ÿâëÿåòñÿ ñëåäóþùåå ñîîò-

íîøåíèå [2, 5, 6]:

Q = 0,7P0M
2, (6)

ãäå P0| ñòàòè÷åñêîå äàâëåíèå. Ñ ó÷åòîì ðàâåíñòâ (2), (3) è (6) èç (5) ïîëó÷àåì

ż1 = −QSCL(α, M, δ)

mMa
+

g cos γ

Ma
+ q − α̇r(t) =

=
QSCz(α, M, δ) cos α

mMa
+

g cos γ

Ma
+ q − α̇r(t) =

=
0,7P0S

ma
Cz(α, M, δ)M cos α +

g cos γ

Ma
+ q − α̇r(t) =

=
0,7P0S

ma

(
anα

3 + bnα|α|+ cn

(
2− M

3

)
α

)
M cos α +

+
0,7P0Sdn

ma
Mδ cos α +

g cos γ

Ma
+ q − α̇r(t).

Òàêèì îáðàçîì, äèíàìèêà îøèáêè z1 = α − αr(t) îòñëåæèâàíèÿ çàäàííîãî
ïðîãðàììíîãî èçìåíåíèÿ óãëà àòàêè îïèñûâàåòñÿ óðàâíåíèåì

ż1 =
0,7P0S

ma

(
anα

3 + bnα|α|+ cn

(
2− M

3

)
α

)
M cos α +

+
0,7P0Sdn

ma
Mδ cos α +

g cos γ

Ma
+ q − α̇r(t). (7)

Îòìåòèì, ÷òî â ýòîì óðàâíåíèè ñëàãàåìûå

0.7P0Sdn

ma
Mδ cos α,

g cos γ

Ma
(8)

îïèñûâàþò íåïîñðåäñòâåííîå âîçäåéñòâèå ñîîòâåòñòâåííî óïðàâëÿþùèõ îðãà-
íîâ ðàêåòû è ñèëû òÿæåñòè íà äèíàìèêó óãëà àòàêè.
Â ñèëó ôèçè÷åñêîãî ñìûñëà [3, 4, 5, 6] äëÿ ïðîñòîòû ñèíòåçà äàëåå áóäåì

ðàññìàòðèâàòü óðàâíåíèå (7) áåç ñëàãàåìûõ (8), à òàêæå ïðåäïîëàãàòü, ÷òî ñêî-
ðîñòü V ðàêåòû è, ñëåäîâàòåëüíî, ÷èñëîÌàõàM ÿâëÿþòñÿ ïîñòîÿííûìè. Òîãäà
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äèíàìèêà óãëà àòàêè îïðåäåëÿåòñÿ ñëåäóþùåé ñèñòåìîé óðàâíåíèé:

α̇ =
0,7P0S

ma

(
anα

3 + bnα|α|+ cn

(
2− M

3

)
α

)
M cos α + q,

q̇ =
0,7P0Sd

Iy
M 2

(
amα3 + bmα|α|+ cm

(
−7 +

8M

3

)
α + emq

)
+

+
0,7P0Sddm

Iy
M 2δ,

δ̇ =
1

τa
(δc − δ).

(9)

2. Ñèíòåç ñòàáèëèçèðóþùåãî óïðàâëåíèÿ

Äëÿ ðåøåíèÿ çàäà÷è îòñëåæèâàíèÿ ïðîãðàììíîãî èçìåíåíèÿ óãëà àòàêè âîñ-
ïîëüçóåìñÿ ìåòîäîì îáõîäà èíòåãðàòîðà [7]. Îñíîâíàÿ èäåÿ ìåòîäà ñîñòîèò â
ïîñòðîåíèè ôóíêöèè Ëÿïóíîâà çàìêíóòîé ñèñòåìû îäíîâðåìåííî ñ ñèíòåçîì
îáðàòíîé ñâÿçè, èñïîëüçóÿ íèæíåòðåóãîëüíûé âèä óðàâíåíèé ñèñòåìû [7].
Äëÿ ñèíòåçà óïðàâëåíèÿ ðàññìîòðèì ñíà÷àëà ôóíêöèþ

V1(z1) =
1

2
z2
1,

ãäå z1 = α − αr(t). Ââåäåì îáîçíà÷åíèå z2 = q − ν1(α, αr(t), α̇r(t)), ãäå
ν1(·)| íåêîòîðàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ,
îïðåäåëÿåìàÿ äàëåå. Ïðîèçâîäíàÿ ïî âðåìåíè ôóíêöèè V1(z1) â ñèëó ñèñòåìû
(9) èìååò âèä

V̇1 = z1ż1 = z1

(
0,7P0S

ma

(
anα

3 +bnα|α|+cn

(
2−M

3

)
α
)

cosα+q− α̇r(t)

)
=

= z1

(
0,7P0S

ma

(
anα

3 + bnα|α|+ cn

(
2− M

3

)
α
)
M cos α + z2 + ν1 − α̇r(t)

)
.

Âûáðàâ

ν1(α, αr(t), α̇r(t)) =

= −0,7P0S

ma

(
anα

3 + bnα|α|+ cn

(
2− M

3

)
α
)
M cos α + α̇r(t)− c1z1,

ãäå c1 > 0| ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîíñòàíòà, ïîëó÷èì

V̇1 = −c1z
2
1 + z1z2.
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Äàëåå ðàññìîòðèì ôóíêöèþ

V2(z1, z2) = V1(z1) +
1

2
z2
2.

Äëÿ óäîáñòâà èñïîëüçóåì îáîçíà÷åíèå z3 = δ − ν2(α, q, αr(t), α̇r(t), α̈r(t)), ãäå
ν2(·)| íåêîòîðàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ,
îïðåäåëÿåìàÿ äàëåå. Ïðîèçâîäíàÿ ïî âðåìåíè ôóíêöèè V2(z1, z2) â ñèëó ñè-
ñòåìû (9) èìååò âèä

V̇2 = −c1z
2
1 + z1z2 + z2ż2 = −c1z

2
1 + z1z2 +

+ z2

(
0,7P0Sd

Iy
M 2

(
amα3 + bmα|α|+ cm

(
−7 +

8M

3

)
α + emq

)
+

+
0,7P0Sddm

Iy
M 2δ − ∂ν1

∂α
α̇− α̈r(t)− c1α̇r(t)

)
= −c1z

2
1 + z1z2 +

+ z2

(
0,7P0Sd

Iy
M 2

(
amα3 + bmα|α|+ cm

(
−7 +

8M

3

)
α + emq

)
+

+
0,7P0Sddm

Iy
M 2z3 +

0,7P0Sddm

Iy
M 2ν2 −

∂ν1

∂α
α̇− α̈r(t)− c1α̇r(t)

)
. (10)

Çàìåòèì, ÷òî ñëàãàåìîå −∂ν1

∂α
α̇ â âûðàæåíèè (10) ìîæåò áûòü çàïèñàíî

ñëåäóþùèì îáðàçîì:

−∂ν1

∂α
α̇ = Φ(α) +

1,4P0Sbn

ma
M |α|q cos α,

ãäå ôóíêöèÿ Φ(α) íåïðåðûâíî äèôôåðåíöèðóåìà âñþäó, ãäå îïðåäåëåíà, à
îñòàâøàÿñÿ ÷àñòü íå ÿâëÿåòñÿ äèôôåðåíöèðóåìîé ïî α â òî÷êå α = 0.
Âûáåðåì

ν2(α, q, αr(t), α̇r(t), α̈r(t)) =

=
Iy

0,7P0SddmM 2

(
−0,7P0Sd

Iy
M 2

(
amα3 +bmα|α|+cm

(
−7+

8M

3

)
α+emq

)
−

− Φ(α)− 1,4P0Sbn

ma
MΓ(α)q cos α + α̈r(t) + c1α̇r(t)− z1 − c2z2 −

− d1

(1,4P0Sbn

ma
Mq cos α

)2
z2

)
,
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ãäå c2 > 0 è d1 > 0 | ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû, à ôóíêöèÿ
Γ(α) èìååò âèä

Γ(α) =

 |α|, |α| ≥ ε;
α2

2ε
+

ε

2
, |α| < ε.

Çäåñü ε > 0 | ïðîèçâîëüíûé ôèêñèðîâàííûé ïîëîæèòåëüíûé ïàðàìåòð. Çà-
ìåòèì, ÷òî ôóíêöèÿ Γ(α) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé âcþäó, ãäå
îïðåäåëåíà.
Òîãäà äëÿ ïðîèçâîäíîé ïî âðåìåíè ôóíêöèè V2(z1, z2) â ñèëó ñèñòåìû (9)

ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

V̇2 = −c1z
2
1 − c2z

2
2 +

0,7P0Sddm

Iy
M 2z2z3 − d1

(1,4P0Sbn

ma
Mq cos α

)2
z2
2 +

+
1,4P0Sbn

ma
Mz2(|α|−Γ(α))qcosα=−c1z

2
1−c2z

2
2 +

0,7P0Sddm

Iy
M 2z2z3−

−
(

d1

(1,4P0Sbn

ma
Mq cos α

)2
z2
2 −

1,4P0Sbn

ma
Mz2(|α| − Γ(α)) q cos α +

+
(|α|−Γ(α))2

4d1

)
+

(|α|−Γ(α))2

4d1
=−c1z

2
1−c2z

2
2 +

0,7P0Sddm

Iy
M 2z2z3−

−
(√

d1

(1,4P0Sbn

ma
Mq cos α

)
z2 −

|α| − Γ(α)

2
√

d1

)2

+
(|α| − Γ(α))2

4d1
≤

≤ −c1z
2
1 − c2z

2
2 +

07,P0Sddm

Iy
M 2z2z3 +

(|α| − Γ(α))2

4d1
.

×òîáû íàéòè ñòàáèëèçèðóþùåå óïðàâëåíèå δc, ðàññìîòðèì ôóíêöèþ

V3(z1, z2, z3) = V2(z1, z2) +
1

2
z2
3 > 0.

Îöåíêà ñâåðõó äëÿ ïðîèçâîäíîé ïî âðåìåíè ôóíêöèè V3(z1, z2, z3) â ñèëó ñè-
ñòåìû (9) èìååò âèä

V̇3 ≤ −c1z
2
1 − c2z

2
2 +

0,7P0Sddm

Iy
M 2z2z3 +

(|α| − Γ(α))2

4d1
+ z3ż3 =

= −c1z
2
1 − c2z

2
2 +

0,7P0Sddm

Iy
M 2z2z3 +

(|α| − Γ(α))2

4d1
+

+ z3

(
1

τa
δc −

1

τa
δ − ∂ν2

∂α
α̇− ∂ν2

∂q
q̇ − ∂ν2

∂αr
α̇r(t)−

∂ν2

∂α̇r
α̈r(t)−

∂ν2

∂α̈r
α(3)

r (t)

)
.
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Âûáðàâ

δc = τa

(
1

τa
δ +

∂ν2

∂α
α̇ +

∂ν2

∂q
q̇ +

∂ν2

∂αr
α̇r(t) +

∂ν2

∂α̇r
α̈r(t) +

+
∂ν2

∂α̈r
α(3)

r (t)− 0,7P0Sddm

Iy
M 2z2 − c3z3

)
, (11)

ãäå c3 > 0| ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîíñòàíòà, ïîëó÷èì

V̇3 = −c1z
2
1 − c2z

2
2 − c3z

2
3 +

(|α| − Γ(α))2

4d1
=

= −c1z
2
1 − c2z

2
2 − c3z

2
3 +

|∆|2

4d1
, (12)

ãäå∆ = |α| − Γ(α).
Â ïåðåìåííûõ 

z1 = α− αr(t),

z2 = q − ν1(α, αr(t), α̇r(t)),

z3 = δ − ν2(α, q, αr(t), α̇r(t), α̈r(t))

(13)

ñèñòåìà (9) çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

ż1 = −c1z1 + z2,

ż2 = −c2z2 − z1 +
0,7P0Sddm

Iy
M 2z3 −

−d1

(1,4P0Sbn

ma
Mq cos α

)2
z2 +

1,4P0Sbn

ma
M∆q cos α,

ż3 = −07,P0Sddm

Iy
M 2z2 − c3z3.

(14)

Èç íåðàâåíñòâà (12) ñëåäóåò, ÷òî äèíàìè÷åñêàÿ ñèñòåìà (14) îáëàäàåò ñâîé-
ñòâîì óñòîé÷èâîñòè ïî îòíîøåíèþ ê âîçìóùåíèÿì âõîäà ∆ [7, 8]. Òîãäà
ñîãëàñíî ðàáîòàì [7, 8], åñëè äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà D > 0

ïðè âñåõ t ≥ 0 âûïîëíåíî íåðàâåíñòâî |∆(t)| ≤ D, òî ñïðàâåäëèâà îöåíêà
‖z(t)‖ ≤ E ïðè âñåõ t ≥ 0. Çäåñü E > 0 | íåêîòîðàÿ ïîëîæèòåëüíàÿ ïî-
ñòîÿííàÿ, z(t) = (z1(t), z2(t), z3(t))

ò | ïðîèçâîëüíîå ðåøåíèå äèíàìè÷åñêîé
ñèñòåìû (14), ‖z(t)‖ =

√
z2
1(t) + z2

2(t) + z2
3(t). Êðîìå òîãî, åñëè |∆(t)| → 0

ïðè t → +∞, òî, ñîãëàñíî ðàáîòàì [7, 8], èìååò ìåñòî àñèìïòîòè÷åñêîå ïîâå-
äåíèå ‖z(t)‖ → 0 ïðè t → +∞ ðåøåíèé ñèñòåìû (14).
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Çàìåòèì, ÷òî ïðè âñåõ ε, 0 < ε < +∞, è α ∈ R ñïðàâåäëèâî íåðàâåíñòâî

|∆| = ||α| − Γ(α)| ≤ 2ε.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî α ∈ R ïðè ε → 0 èìååì ∆ → 0. Òîãäà â ñèëó
ñâîéñòâà óñòîé÷èâîñòè ñèñòåìû (14) ïî îòíîøåíèþ ê âîçìóùåíèÿì âõîäà ∆

èç ñîîòíîøåíèé (13) ñëåäóåò, ÷òî ïðè ëþáîì ïîëîæèòåëüíîì ε äëÿ ëþáîãî
îãðàíè÷åííîãî ïðè âñåõ t ≥ 0 ïðîãðàììíîãî èçìåíåíèÿ óãëà àòàêèαr(t) òàêîãî,
÷òî α̇r(t) è α̈r(t) îãðàíè÷åíû ïðè âñåõ t ≥ 0, è ëþáîãî ðåøåíèÿ ñèñòåìû (9) ñ
óïðàâëåíèåì (11) çíà÷åíèå îøèáêè z1(t) = α(t)−αr(t) îòñëåæèâàíèÿ, à òàêæå
çíà÷åíèÿ ïåðåìåííûõ q(t) è δ(t) îãðàíè÷åíû ïðè âñåõ t ≥ 0. Áîëåå òîãî, ïðè
ε → 0 âûïîëíåíî |α(t)− αr(t)| → 0 ïðè t → +∞.

3. ×èñëåííîå ìîäåëèðîâàíèå çàìêíóòîé ñèñòåìû

Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ñèñòåìû (1) ñ óïðàâëåíèåì (11)
ïðåäñòàâëåíû íà ðèñ. 2 ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ ðàññìàòðèâà-
åìîé ñèñòåìû è óïðàâëåíèÿ: Iy =247,43662êã ·ì2; d=0,2286ì; S =0,0409ì2;
m = 204,108 êã; g = 9,81 ì/ñ2; a = 315,89472 ì/ñ; P0 = 46600,284 Í/ì2;
τa = 1/150 ñ; an = 19,373; bn =−31,023; cn =−9,717; dn =−1,948; CD0

=

= 0,3; am = 40,440; bm =−64,015; cm = 2,922; dm =−11,803; em =−1,719;
c1 =5; c2 =5; c3 =5; d1 =1; ε=0,01. Îòìåòèì, ÷òî ÷èñëîâûå çíà÷åíèÿ ïàðàìå-
òðîâ ðàññìàòðèâàåìîé ìîäåëè ñîîòâåòñòâóþò íåêîòîðîé ãèïîòåòè÷åñêîé ðàêåòå
è ïðèâîäÿòñÿ, íàïðèìåð, â ðàáîòàõ [2, 5, 6, 3].
Ïî ðåçóëüòàòàì ìîäåëèðîâàíèÿ ìîæíî ñäåëàòü âûâîä î âûñîêîé òî÷íîñòè

îòñëåæèâàíèÿ ðàññìîòðåííîãî ïðîãðàììíîãî èçìåíåíèÿ óãëà àòàêè, íåñìîòðÿ
íà èñïîëüçîâàíèå äëÿ ñèíòåçà óïðàâëåíèÿ óïðîùåííîé ìîäåëè áåç ó÷åòà ñëà-
ãàåìûõ, îïèñûâàþùèõ íåïîñðåäñòâåííîå âîçäåéñòâèå óïðàâëÿþùèõ îðãàíîâ è
ñèëû òÿæåñòè íà äèíàìèêó óãëà àòàêè.

Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå äëÿ ïðîäîëüíîé äèíàìèêè ðàêåòû êëàññà <âîçäóõ-
âîçäóõ> ðàññìîòðåíà çàäà÷à îòñëåæèâàíèÿ çàäàâàåìîãî ñèñòåìîé íàâåäåíèÿ íà
öåëü ïðîãðàììíîãî èçìåíåíèÿ óãëà àòàêè. Ñèíòåç íåëèíåéíîãî óïðàâëåíèÿ
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Ðèñ. 2. Ïðîãðàììíîå èçìåíåíèå óãëà àòàêè (ïóíêòèð) è ïåðåõîäíûå ïðîöåññû
ñèñòåìû (ñïëîøíàÿ ëèíèÿ)
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îñóùåñòâëåí ïðè ïîìîùè ìåòîäà îáõîäà èíòåãðàòîðà. Â îòëè÷èå îò ðàáîòû [4]
ðåøåíèå çàäà÷è îòñëåæèâàíèÿ ïîëó÷åíî äëÿ áîëåå ïîäðîáíîé ìîäåëè ïðîäîëü-
íîé äèíàìèêè, ó÷èòûâàþùåé äèíàìèêó óïðàâëÿþùèõ îðãàíîâ ðàêåòû, à òàêæå
çàâèñèìîñòü àýðîäèíàìè÷åñêèõ êîýôôèöèåíòîâ îò ìîäóëÿ óãëà àòàêè.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû 11-01-00733,

13-07-00736, 12-07-00267).

Ñïèñîê ëèòåðàòóðû

1. Menon P., Yousefpor M. Design of nonlinear autopilots for high angle of attack
missiles // Guidance, Navigation, and Control Conference (San Diego, CA, July
29-31, 1996). AIAA, 1996. DOI:10.2514/6.1996-3913.

2. Xin M., Balakrishnan S.N. Missile longitudinal autopilot design using a
new suboptimal nonlinear control method // IEEE Proc. Control Theory and
Application. 2003. Vol. 150, no._6. P. 577{584. DOI: 10.1049/ip-cta:20030966.

3. Bahrami M., Ebrahimi B., Ansarifar G.R., Roshanian J. Sliding mode autopilot
and observer design for a supersonic flight vehicle // Proc. 2nd International
Symposium on Systems and Control in Aerospace and Astronautics (ISSCAA
2008) (Shenzhen, 10-12 Dec. 2008). IEEE, 2008. P. 1{5. DOI: 10.1109/
ISSCAA.2008.4776375.

4. Fan J., Su Z. Missile longitudinal autopilot design using backstepping approach //
Proc. 2010 IEEE Aerospace Conference (Big Sky, MT, 6-13 March 2010). IEEE,
2010. P. 1{8. DOI: 10.1109/AERO.2010.5446743.

5. Reichert R.T. Robust autopilot design using ?-synthesis // Proc. American Control
Conference (San Diego, CA, 23-25 May 1990). IEEE, 1990. P. 2368{2373.

6. Reichert R.T. Dynamic scheduling of modern-robust-control autopilot designs
for missiles // IEEE Control Systems. 1992. Vol. 12, no. 5. P. 35{42. DOI:
10.1109/37.158896.

7. Krsti�c M., Kanellakopoulos I., Kokotovi�c P.V. Nonlinear and adaptive control
design. New York: John Wiley & Sons, 1995. 563 p.

8. Sontag E.D. Smooth stabilization implies coprime factorization // IEEE Trans. on
Autom. Control. 1989. Vol. 34, no. 4. P. 435{443. DOI: 10.1109/9.28018.

10.7463/1113.0622518 412

http://dx.doi.org/10.7463/1113.0622518


Tracking a process of scheduled change in the angle
of attack for longitudinal dynamics of an air-to-air missile
with the use of an integrator back-stepping method
# 11, November 2013
DOI: 10.7463/1113.0622518
Golubev A. E.

Bauman Moscow State Technical University
105005, Moscow, Russian Federation

mathmod@bmstu.ru
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dependence on absolute values of angle of attack is considered from a perspective of
applying integrator backstepping. The reference angle of attack tracking is shown
through simulation.
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