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Ââåäåíèå

Òåðìèíàëüíàÿ çàäà÷à ÿâëÿåòñÿ îäíîé èç îñíîâíûõ çàäà÷ òåîðèè óïðàâëåíèÿ è çàêëþ÷àåòñÿ
â îòûñêàíèè òàêèõ óïðàâëåíèé, êîòîðûå çà íåêîòîðûé èíòåðâàë âðåìåíè ïåðåâîäÿò ðàññìà-
òðèâàåìóþ ñèñòåìó èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå êîíå÷íîå ñîñòîÿíèå. Òåð-
ìèíàëüíûå çàäà÷è ìîãóò ðàçëè÷àòüñÿ ïî ïîñòàíîâêå { äîïîëíèòåëüíî ìîãóò íàêëàäûâàòüñÿ
ðàçëè÷íûå îãðàíè÷åíèÿ íà ñîñòîÿíèÿ ñèñòåìû, íà óïðàâëåíèÿ, èíòåðâàë âðåìåíè óïðàâëåíèÿ
ìîæåò áûòü èçíà÷àëüíî çàäàí, à ìîæåò òðåáîâàòüñÿ ëèøü òî, ÷òîáû îí áûë êîíå÷åí. Îäèí
èç ïîäõîäîâ [1, 2] ê ðåøåíèþ òåðìèíàëüíûõ çàäà÷ ñîñòîèò â ïðåîáðàçîâàíèè ñèñòåìû ê íå-
êîòîðîìó ñïåöèàëüíîìó âèäó, äëÿ êîòîðîãî ìåòîäû ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ èçâåñòíû.
Åñëè àôôèííàÿ ñèñòåìà ëèíåàðèçóåìà îáðàòíîé ñâÿçüþ, òî ðåøåíèå òåðìèíàëüíîé çàäà÷è
ìîæåò áûòü íàéäåíî íà îñíîâå êîíöåïöèè îáðàòíûõ çàäà÷ äèíàìèêè [1, 3]. Åñëè àôôèííàÿ
ñèñòåìà íå ëèíåàðèçóåìà îáðàòíîé ñâÿçüþ, íî ýêâèâàëåíòíà ðåãóëÿðíîé ñèñòåìå êâàçèêàíî-
íè÷åñêîãî âèäà [4], òî äëÿ ñèñòåì ñ îäíîìåðíûì óïðàâëåíèåì ìåòîä ðåøåíèÿ ïðåäëîæåí â
ðàáîòàõ [5, 6], à äëÿ ñèñòåì ñ ìíîãîìåðíûì óïðàâëåíèåì | â ðàáîòàõ [7, 8]. Â òî æå âðåìÿ
îáëàñòü ïðèìåíåíèÿ ìåòîäà, ïðåäëîæåííîãî â [7, 8], îãðàíè÷åíà ñóùåñòâåííûìè ïðåäïî-
ëîæåíèÿìè: â ñèñòåìå êâàçèêàíîíè÷åñêîãî âèäà ïîäñèñòåìû êàíîíè÷åñêîãî âèäà äîëæíû
áûòü äâóìåðíû, à íåëèíåéíàÿ ïîäñèñòåìà îäíîìåðíà. Êðîìå òîãî, èíòåðâàë âðåìåíè óïðà-
âëåíèÿ â [7, 8] èçíà÷àëüíî íå çàäàåòñÿ, à îïðåäåëÿåòñÿ â ïðîöåññå ðåøåíèÿ. Â äàííîé ðàáîòå
ðàññìàòðèâàþòñÿ àôôèííûå ñèñòåìû, ýêâèâàëåíòíûå ðåãóëÿðíûì ñèñòåìàì êâàçèêàíîíè-
÷åñêîãî âèäà, è ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ äëÿ òàêèõ ñèñòåì. Ïðè
ýòîì ïðåäïîëàãàåòñÿ, ÷òî èíòåðâàë âðåìåíè óïðàâëåíèÿ çàäàí èçíà÷àëüíî, à ðàçìåðíîñòü
íåëèíåéíîé ïîäñèñòåìû íå ïðåâîñõîäèò ðàçìåðíîñòü óïðàâëåíèÿ.
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1. Ïðåîáðàçîâàíèå ñèñòåìû ê êâàçèêàíîíè÷åñêîìó âèäó

Ðàññìîòðèì àôôèííóþ ñèñòåìó

ẋ = F (x) +
m∑

j=1

Gj(x)uj, (1)

ãäå x = (x1, . . . , xn)
ò ∈ Rn, u = (u1, . . . , um)

ò ∈ Rm, F (x) = (F1(x), . . . , Fn(x))
ò,Gj(x) =

= (G1j(x), . . . , Gnj(x))
ò, Fi(x), Gij(x) ∈ C∞(Rn), i = 1, n, j = 1, m, è òåðìèíàëüíóþ

çàäà÷ó â ñëåäóþùåé ïîñòàíîâêå: íàéòè òàêèå íåïðåðûâíûå óïðàâëåíèÿ u1 = u1(t), . . . ,
um = um(t), t ∈ [0, t∗], êîòîðûå çà çàäàííîå âðåìÿ t∗ ïåðåâîäÿò ñèñòåìó (1) èç íà÷àëüíîãî
ñîñòîÿíèÿ x(0) = x0 â êîíå÷íîå ñîñòîÿíèå x(t∗) = x∗.
Ñèñòåìå (1) íà ïðîñòðàíñòâå ñîñòîÿíèéRn âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò âåêòîðíûå

ïîëÿ

F =
n∑

i=1

Fi(x)
∂

∂xi

, Gj =
n∑

i=1

Gji(x)
∂

∂xi

, j = 1, m.

Îáîçíà÷èì êîììóòàòîð äâóõ âåêòîðíûõ ïîëåé X è Y ÷åðåç [X,Y], è ïóñòü ad0
X Y = Y,

adk
X Y = [X, adk−1

X Y], k = 1, 2, . . .

Ñëåäóþùàÿ òåîðåìà [4] óñòàíàâëèâàåò íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè âûïîë-
íåíèè êîòîðûõ ñèñòåìà (1) ïðåîáðàçóåòñÿ ê êâàçèêàíîíè÷åñêîìó âèäó

żi
1 = zi

2,

. . . . . .

żi
ri−1 = zi

ri
,

żi
ri

= fi(z
1, . . . , zm, η) +

m∑
j=1

gij(z
1, . . . , zm, η)uj, i = 1, m,

η̇ = q(z1, . . . , zm, η),

(2)

ãäå r1 + . . . + rm = n − ρ, zi =
(
zi
1, . . . , zi

ri

)ò
, η = (η1, . . . , ηρ)

ò, q(z1, . . . , zm, η) =

= (q1(z
1, . . . , zm, η), . . . , qρ(z

1, . . . , zm, η))
ò
.

Òåîðåìà 1. Äëÿ òîãî ÷òîáû àôôèííàÿ ñèñòåìà (1) íà ìíîæåñòâå Ω ⊆ Rn ïðèâîäèëàñü ê
êâàçèêàíîíè÷åñêîìó âèäó (2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:

1) ñóùåñòâîâàëè ôóíêöèè ϕi(x) ∈ C∞(Ω), i = 1, m, óäîâëåòâîðÿþùèå â Ω ñèñòåìå
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

adk
F Gjϕi(x) = 0, k = 0, ri − 2, i, j = 1, m, x ∈ Ω;

2) ñóùåñòâîâàëè òàêèå ôóíêöèè ϕn−ρ+l(x) ∈ C∞(Ω), l = 1, ρ, ÷òî äëÿ âñåõ x ∈ Ω

Gjϕn−ρ+l(x) = 0, j = 1, m, l = 1, ρ,

è îòîáðàæåíèå Φ: Ω → Φ(Ω), çàäàâàåìîå ñèñòåìîé ôóíêöèé

zi
k = Fk−1ϕi(x), k = 1, ri, i = 1, m, ηl = ϕn−ρ+l(x), l = 1, ρ,

ÿâëÿëîñü äèôôåîìîðôèçìîì.
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Åñëè ìàòðèöà êîýôôèöèåíòîâ ïðè óïðàâëåíèÿõ â ñèñòåìå (2)

g(z1, . . . , zm, η) =

 g11(z
1, . . . , zm, η) . . . g1m(z1, . . . , zm, η)

. . . . . . . . . . . . . . . . . . . . . . .

gm1(z
1, . . . , zm, η) . . . gmm(z1, . . . , zm, η)


íåâûðîæäåíà íà ìíîæåñòâå Φ(Ω), òî ñèñòåìó (2) íàçûâàþò ðåãóëÿðíîé íà Φ(Ω).
Åñëè ñèñòåìà (1) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû1èΦ(Ω) = Rn, òî òåðìèíàëüíàÿ çàäà÷à

äëÿ ýòîé ñèñòåìû ïðåîáðàçóåòñÿ â ýêâèâàëåíòíóþ òåðìèíàëüíóþ çàäà÷ó äëÿ ñèñòåìû (2):
íàéòè íåïðåðûâíûå óïðàâëåíèÿ u1 = u1(t), . . . , um = um(t), t ∈ [0, t∗], ïåðåâîäÿùèå
ñèñòåìó (2) çà âðåìÿ t∗ èç íà÷àëüíîãî ñîñòîÿíèÿ

Φ(x0) =
(
z1
0 , . . . , zm

0 , η0

)
(3)

â êîíå÷íîå ñîñòîÿíèå
Φ(x∗) =

(
z1
∗ , . . . , zm

∗ , η∗
)
. (4)

Óïðàâëåíèÿ u1 = u1(t), . . . , um = um(t), ÿâëÿþùèåñÿ ðåøåíèåì çàäà÷è (3), (4) äëÿ ñè-
ñòåìû (2), îäíîâðåìåííî ÿâëÿþòñÿ ðåøåíèåì è èñõîäíîé òåðìèíàëüíîé çàäà÷è äëÿ ñè-
ñòåìû (1). Â ñâÿçè ñ ýòèì äàëåå áóäåì ðàññìàòðèâàòü òåðìèíàëüíóþ çàäà÷ó (3), (4) äëÿ
ñèñòåìû (2).

2. Ðåøåíèå òåðìèíàëüíîé çàäà÷è äëÿ ñèñòåìû êâàçèêàíîíè÷åñêîãî âèäà

Â ðàáîòå [5] ñôîðìóëèðîâàíî è äîêàçàíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâî-
âàíèÿ ðåøåíèÿ òåðìèíàëüíîé çàäà÷è äëÿ ðåãóëÿðíîé ñèñòåìû êâàçèêàíîíè÷åñêîãî âèäà ñî
ñêàëÿðíûì óïðàâëåíèåì. Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 2. Äëÿ òîãî ÷òîáû ñóùåñòâîâàëè íåïðåðûâíûå óïðàâëåíèÿ u1 = u1(t), . . . ,

um = um(t), t ∈ [0, t∗], ÿâëÿþùèåñÿ ðåøåíèåì òåðìèíàëüíîé çàäà÷è (3), (4) äëÿ ñèñòåìû (2),
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè ôóíêöèèBi(t) ∈ Cri([0, t∗]), i = 1, m, òàêèå,
÷òî:

1) âåêòîð-ôóíêöèè Bi(t) =
(
Bi(t), B′

i(t), . . . , B
(ri−1)
i (t))

)ò
óäîâëåòâîðÿþò óñëîâèÿì

Bi(0) = zi
0, Bi(t∗) = zi

∗, (5)

2) ðåøåíèå η(t) çàäà÷è Êîøè

η̇ = q
(
B1(t), . . . , Bm(t), η

)
, η(0) = η0, (6)

îïðåäåëåíî ïðè âñåõ t ∈ [0, t∗] è óäîâëåòâîðÿåò óñëîâèþ

η(t∗) = η∗. (7)

http://technomag.bmstu.ru/doc/622543.html 385

http://technomag.bmstu.ru/doc/622543.html


Ïðè ýòîì (ñì. äîêàçàòåëüñòâî òåîðåìû 2 â [5]) óïðàâëåíèå u = u(t), ÿâëÿþùååñÿ ðåøå-
íèåì òåðìèíàëüíîé çàäà÷è, îïðåäåëÿåòñÿ ðàâåíñòâîì

u(t) = g−1
(
B1(t), . . . , Bm(t), η(t)

) B
(r1)
1 (t)− f1

(
B1(t), . . . , Bm(t), η(t)

)
. . .

B
(rm)
m (t)− fm

(
B1(t), . . . , Bm(t), η(t)

)
, (8)

à ñîîòíîøåíèÿ zi = Bi(t), i = 1, m, η = η(t), t ∈ [0, t∗], ÿâëÿþòñÿ ïàðàìåòðè÷åñêèìè
óðàâíåíèÿìè òîé ôàçîâîé òðàåêòîðèè ñèñòåìû (2), êîòîðàÿ ñîåäèíÿåò ñîñòîÿíèÿ (3) è (4).
Áóäåì èñêàòü ôóíêöèè B1(t), . . . , Bm(t) èç òåîðåìû 2 â âèäå

Bi(t) = bi(t) + ci di(t), i = 1, m, (9)

ãäå ôóíêöèè bi(t), di(t) ∈ Cri([0, t∗]), âåêòîð-ôóíêöèè bi(t) =
(
bi(t), b′i(t), . . . , b

(ri−1)
i (t)

)ò
óäîâëåòâîðÿþò óñëîâèÿì

bi(0) = zi
0, bi(t∗) = zi

∗, i = 1, m, (10)

âåêòîð-ôóíêöèè di(t) =
(
di(t), d′i(t), . . . , d

(ri−1)
i (t)

)ò
óäîâëåòâîðÿþò óñëîâèÿì

di(0) = 0, di(t∗) = 0, i = 1, m, (11)

à ci ∈ R íóæíî íàéòè.
Â êà÷åñòâå ôóíêöèé bi(t), i = 1, m, ìîæíî âçÿòü, íàïðèìåð, èíòåðïîëÿöèîííûå ìíî-

ãî÷ëåíû ñòåïåíåé 2ri − 1, â êà÷åñòâå ôóíêöèé di(t), i = 1, m, | ëþáûå ôóíêöèè, äëÿ
êîòîðûõ âûïîëíÿþòñÿ ñîîòíîøåíèÿ (11). Ïðè óêàçàííîì âûáîðå ôóíêöèé Bi(t) óñëîâèå 1)
òåîðåìû 2 âûïîëíåíî äëÿ ëþáûõ ci ∈ R. ×èñëà ci íóæíî ïîäîáðàòü òàê, ÷òîáû áûëî âûïîë-
íåíî óñëîâèå 2) ýòîé òåîðåìû. Åñëè íàéäóòñÿ òàêèå c1 = c1∗, . . . , cm = cm∗, ÷òî ðåøåíèå
η(t) çàäà÷è Êîøè (6) óäîâëåòâîðÿåò äîïîëíèòåëüíîìó òðåáîâàíèþ η(t∗) = η∗, òî äëÿ ôóíê-
öèé Bi(t) = bi(t) + ci∗ di(t), i = 1, m, âûïîëíåíû âñå óñëîâèÿ òåîðåìû 2 è, ñëåäîâàòåëüíî,
òåðìèíàëüíàÿ çàäà÷à (3), (4) äëÿ ñèñòåìû (2) èìååò ðåøåíèå.
Äàëåå áóäåì ïîëàãàòü, ÷òî ρ 6 m. Ïîä íîðìîé âåêòîðîâ èçRρ áóäåì ïîíèìàòü åâêëèäîâó

íîðìó, ïîä íîðìîé ìàòðèöû A òèïà ρ × ρ | ñïåêòðàëüíóþ íîðìó: ‖A‖ =
√

λ, ãäå λ |
ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû A

ò
A. Ïóñòü r = max {r1, . . . , rm}. Äëÿ âñåõ

ïàð èíäåêñîâ l è j, òàêèõ, ÷òî l ∈ {2, . . . , r}, j ∈ {1, . . . , ρ}, l > rj , ââåäåì ôîðìàëüíî
äîïîëíèòåëüíûå ïåðåìåííûå zj

l . Îáîçíà÷èì zl = (z1
l , . . . , zρ

l )
ò
, l = 1, r. Áóäåì ïîëàãàòü ïî

îïðåäåëåíèþ, ÷òî åñëè l > rj , òî
∂qi

∂zj
l

= 0 äëÿ âñåõ i = 1, ρ. Îáîçíà÷èì ÷åðåç ∂q

∂zl
ìàòðèöû

òèïà ρ× ρ ñ ýëåìåíòàìè ∂qi

∂zj
l

, i, j = 1, ρ.

Íåçàâèñèìî îò íîìåðà i çàäàäèì ôóíêöèè di(t) ôîðìóëîé

di(t) ≡ d(t) =
tr(t∗ − t)r

t∗∫
0

tr(t∗ − t)rdt

. (12)

Îáîçíà÷èì L = max
[0,t∗]

{|d′(t)|+ |d′′(t)|+ . . . + |d(r−1)(t)|}.
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Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî âåêòîð-ôóíêöèÿ q(z1, . . . , zm, η) óäîâëåòâîðÿåò ñëåäóþ-
ùèì óñëîâèÿì.

I. Ìàòðèöà ∂q

∂η
ñèììåòðè÷íà â Rn è ñóùåñòâóþò òàêèå λmin, λmax > 0, ÷òî ïðè âñåõ

(z1, . . . , zm, η) ∈ Rn, y ∈ Rρ âûïîëíåíû íåðàâåíñòâà

− λmax‖y‖2 6
(∂q

∂η
y, y
)

6 −λmin‖y‖2. (13)

II. Ìàòðèöà ∂q

∂z1
ñèììåòðè÷íà â Rn è ñóùåñòâóþò òàêèå Λmin, Λmax > 0, ÷òî ïðè âñåõ

(z1, . . . , zm, η) ∈ Rn, y ∈ Rρ âûïîëíåíû íåðàâåíñòâà

Λmin‖y‖2 6
( ∂q

∂z1

y, y
)

6 Λmax‖y‖2. (14)

III. Äëÿ l = 2, r ôóíêöèè
∥∥∥ ∂q

∂zl

∥∥∥ îãðàíè÷åíû â Rn, ò.å. ñóùåñòâóåò òàêîåM > 0, ÷òî ïðè

âñåõ (z1, . . . , zm, η) ∈ Rn âûïîëíåíû íåðàâåíñòâà∥∥∥ ∂q

∂zl

∥∥∥ 6 M. (15)

Îáîçíà÷èì

α =
λmax

λmin

, β =
Λmax − Λmin

Λmax + Λmin

, kmin =
2

Λmin + Λmax

,

θ =
(
1− e−λmint∗

)
α + e−λmint∗β + kminML

1− e−λmint∗

λmin

.

Äîêàæåì ñíà÷àëà ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå.
Ëåììà 1. Ïóñòü

Q(t) =

Q11(t) . . . Q1ρ(t)

. . . . . . . . . .

Qρ1(t) . . . Qρρ(t)

 , R(t) =

 R1(t)

. . .

Rρ(t)

,

Qij(t), Ri(t) ∈ C[0, t∗], i, j = 1, ρ, è ñóùåñòâóåò òàêîå λ > 0, ÷òî ïðè âñåõ y ∈ Rρ, t ∈ [0, t∗]

âûïîëíåíî íåðàâåíñòâî (
Q(t)y, y

)
6 −λ‖y‖2. (16)

Òîãäà ðåøåíèå y(t) çàäà÷è Êîøè

ẏ = Q(t)y + R(t), y(0) = 0 (17)

óäîâëåòâîðÿåò íåðàâåíñòâó

‖y(t∗)‖ 6 e−λt∗

t∗∫
0

‖R(t)‖eλtdt. (18)
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Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè y(t∗) = 0, òî ‖y(t∗)‖ = 0 è ñïðàâåäëèâîñòü íåðàâåíñòâà (18)
ñëåäóåò èç íåîòðèöàòåëüíîñòè åãî ïðàâîé ÷àñòè.
Åñëè y(t∗) 6= 0, òî îáîçíà÷èì ÷åðåç t0 òî÷íóþ âåðõíþþ ãðàíü òàêèõ t èç ïðîìåæóòêà

[0, t∗), äëÿ êîòîðûõ y(t) = 0. Òîãäà y(t0) = 0 è äëÿ âñåõ t ∈ (t0, t∗) âûïîëíåíî íåðàâåíñòâî
y(t) 6= 0. Íà èíòåðâàëå (t0, t∗) âû÷èñëèì è îöåíèì d

dt
‖y‖, èñïîëüçóÿ íåðàâåíñòâî (16) è

íåðàâåíñòâî Êîøè | Áóíÿêîâñêîãî:

d

dt
‖y‖ =

(y, ẏ)

‖y‖
=

1

‖y‖
[(Q(t)y, y) + (R(t), y)] 6

−λ‖y‖2

‖y‖
+

(
R(t),

y

‖y‖

)
6 −λ‖y‖+ ‖R(t)‖.

Òàêèì îáðàçîì, íà èíòåðâàëå (t0, t∗) ôóíêöèÿ ‖y(t)‖ óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó
íåðàâåíñòâó

d

dt
‖y‖ 6 −λ‖y‖+ ‖R(t)‖. (19)

Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ẇ = −λw + ‖R(t)‖

ñ íà÷àëüíûì óñëîâèåì w(t0) = 0 ÿâëÿåòñÿ ôóíêöèÿ

w(t) = e−λt

t∫
t0

‖R(τ)‖eλτdτ,

ïîýòîìó ïðè âñåõ t ∈ [t0, t∗] ñïðàâåäëèâî íåðàâåíñòâî [10]

‖y(t)‖ 6 e−λt

t∫
t0

‖R(τ)‖eλτdτ

è, ñëåäîâàòåëüíî,

‖y(t∗)‖ 6 e−λt∗

t∗∫
t0

‖R(t)‖eλtdt. (20)

Èç íåîòðèöàòåëüíîñòè ïîäûíòåãðàëüíîé ôóíêöèè â ïðàâîé ÷àñòè ïîëó÷åííîãî íåðàâåíñòâà
ñëåäóåò, ÷òî

t∗∫
t0

‖R(t)‖eλtdt 6

t∗∫
0

‖R(t)‖eλtdt,

ïîýòîìó èç (20) ñëåäóåò íåðàâåíñòâî (18).

Äîêàæåì òåïåðü äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ òåðìèíàëüíîé çàäà÷è (3),
(4) äëÿ ñèñòåìû (2).
Òåîðåìà 3. Ïóñòü â ñèñòåìå (2) ρ 6 m è âûïîëíåíû óñëîâèÿ I{III. Åñëè

ρθ < 1,

òî òåðìèíàëüíàÿ çàäà÷à (3), (4) äëÿ ñèñòåìû (2) èìååò ðåøåíèå.
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.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî óñëîâèþ I, ïðè ôèêñèðîâàííîì (z1, . . . , zm, η) ∈ Rn

ìàòðèöà ∂q

∂η
ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé, åå ñîáñòâåííûå ÷èñëà ïðèíàäëåæàò îò-

ðåçêó [−λmax, −λmin], à íîðìà óäîâëåòâîðÿåò íåðàâåíñòâó∥∥∥∂q

∂η

∥∥∥ 6 λmax. (21)

Èç óñëîâèÿ II ñëåäóåò, ÷òî ïðè ôèêñèðîâàííîì (z1, . . . , zm, η) ∈ Rn ìàòðèöà ∂q

∂z1
ïîëî-

æèòåëüíî îïðåäåëåíà, åå ñîáñòâåííûå ÷èñëà ïðèíàäëåæàò îòðåçêó [Λmin, Λmax], à íîðìà
óäîâëåòâîðÿåò íåðàâåíñòâó ∥∥∥ ∂q

∂z1

∥∥∥ 6 Λmax.

Ïîëîæèì cρ+1 = . . . = cm = 0, îáîçíà÷èì ÷åðåç c = (c1, . . . , cρ)
ò âåêòîð íåèçâåñòíûõ

ïàðàìåòðîâ. Èç îãðàíè÷åííîñòè â Rn íîðìû ìàòðèöû ∂q

∂η
ñëåäóåò, ÷òî äëÿ ëþáîãî c ∈ Rρ

ðåøåíèå çàäà÷è Êîøè

η̇ = q
(
b1(t) + c1 d1(t), . . . , bρ(t) + cρ dρ(t), bρ+1(t), . . . , bm(t), η

)
,

η(0) = η0

(22)

îïðåäåëåíî ïðè âñåõ t ∈ [0, t∗].
Óñëîâèÿ bi(t), di(t) ∈ Cri([0, t∗]), i = 1, m, è q(z1, . . . , zm, η) ∈ C∞(Rn) ãàðàíòèðóþò,

÷òî ðåøåíèå η(t, c) çàäà÷è Êîøè (22) äèôôåðåíöèðóåìî ïî ïàðàìåòðó c, ïðè÷åì ìàòðè÷íàÿ

ôóíêöèÿ ν =
∂η

∂c
óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé [9]

ν̇ =
∂q

∂η
ν + S, ν(0) = 0, (23)

ãäå S | ìàòðèöà òèïà ρ× ρ ñ ýëåìåíòàìè

sji =
∂qj

∂zi
di(t).

Ìàòðèöó S ìîæíî çàïèñàòü â âèäå

S =
r∑

l=1

∂q

∂zl

d(l−1)(t). (24)

Ñëåäóåò îòìåòèòü, ÷òî ñèñòåìà (23) ïîëó÷àåòñÿ â ðåçóëüòàòå äèôôåðåíöèðîâàíèÿ ïî ïàðàìå-
òðó c èñõîäíîé ñèñòåìû èç (22).
Ââåäåì îòîáðàæåíèå Ψ: Rρ → Rρ, êîòîðîå êàæäîìó c ∈ Rρ ñòàâèò â ñîîòâåòñòâèå çíà-

÷åíèå η(t∗, c) ∈ Rρ ðåøåíèÿ η(t, c) çàäà÷è Êîøè (22) â ìîìåíò âðåìåíè t∗. Òîãäà çàäà÷ó
ìîæíî ñôîðìóëèðîâàòü êàê çàäà÷ó íàõîæäåíèÿ òàêîãî çíà÷åíèÿ c∗, äëÿ êîòîðîãî âûïîëíåíî
ðàâåíñòâî Ψ(c∗) = η∗. Ââåäåì òàêæå îòîáðàæåíèå v: Rρ → Rρ, äåéñòâóþùåå ïî ïðàâèëó

v(c) = c− k(Ψ(c)− η∗),
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ãäå k > 0 | ÷èñëîâîé ïàðàìåòð, êîòîðûé áóäåò âûáðàí ïîçæå. Ðàâåíñòâî Ψ(c∗) = η∗

ýêâèâàëåíòíî òîìó, ÷òî c∗ ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îòîáðàæåíèÿ v. Ïîêàæåì, ÷òî
ïðè âûïîëíåíèè óñëîâèé òåîðåìû è ñîîòâåòñòâóþùåì âûáîðå ïàðàìåòðà k îòîáðàæåíèå v

ÿâëÿåòñÿ ñæèìàþùèì. Ìàòðèöà ßêîáè îòîáðàæåíèÿ v èìååò âèä v′(c) = E − kΨ′(c), ãäå
E | åäèíè÷íàÿ ìàòðèöà òèïà ρ × ρ, Ψ′(c)| ìàòðèöà ßêîáè îòîáðàæåíèÿ Ψ. Èç ðàâåíñòâà
Ψ(c) = η(t∗, c) ñëåäóåò, ÷òî Ψ′(c) = ν(t∗), ïîýòîìó

v′(c) = E − kν(t∗). (25)

Îáîçíà÷èì D(t) =
t∫

0

d(τ)dτ . Âûáîð ôóíêöèé d(t) â âèäå (12) ãàðàíòèðóåò, ÷òî D(t∗) = 1.

Ðàññìîòðèì ìàòðè÷íóþ ôóíêöèþ

W (t) = D(t)E − kν(t).

Èç ðàâåíñòâ D(0) = 0, ν(0) = 0 ñëåäóåò, ÷òî W (0) = 0, à èç ðàâåíñòâà D(t∗) = 1 ñëåäóåò,
÷òî W (t∗) = E − kν(t∗). Ïîêàçàâ, ÷òî ‖W (t∗)‖ 6 γ < 1, ìû òåì ñàìûì ïîêàæåì, ÷òî
‖v′(c)‖ 6 γ < 1 è, ñëåäîâàòåëüíî, äîêàæåì, ÷òî îòîáðàæåíèå v ÿâëÿåòñÿ ñæèìàþùèì.
Âû÷èñëèì Ẇ , èñïîëüçóÿ (23):

Ẇ = Ḋ(t)E − kν̇ = d(t)E − k
(∂q

∂η
ν + S

)
=

= d(t)E − ∂q

∂η
(D(t)E −W )− kS =

∂q

∂η
W + d(t)E −D(t)

∂q

∂η
− kS.

Îáîçíà÷èì
A = d(t)E −D(t)

∂q

∂η
− kS.

è ðàññìîòðèì ðåøåíèåW (t) ñèñòåìû

Ẇ =
∂q

∂η
W + A, W (0) = 0. (26)

Èç (26) ñëåäóåò, ÷òî i-é ñòîëáåöWi(t) ðåøåíèÿW (t) óäîâëåòâîðÿåò ñèñòåìå

Ẇi =
∂q

∂η
Wi + Ai, Wi(0) = 0. (27)

Ñîãëàñíî ëåììå 1 âûïîëíÿåòñÿ íåðàâåíñòâî

‖Wi(t∗)‖ 6 e−λmint∗

t∗∫
0

‖Ai‖eλmintdt. (28)

Îöåíèì ‖Ai‖. Èç íåðàâåíñòâà ‖Ai‖ 6 ‖A‖ ñëåäóåò, ÷òî äîñòàòî÷íî îöåíèòü íîðìó ìàòðèöû
‖A‖. Âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåììàòðèöûS â âèäå (24), íåðàâåíñòâîì òðåóãîëüíèêà,
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íåðàâåíñòâîì (21) è óñëîâèåì III, ïîëó÷èì

‖A‖ =

∥∥∥∥d(t)E −D(t)
∂q

∂η
− k

r∑
i=1

∂q

∂zi

d(i−1)(t)

∥∥∥∥ 6

6 D(t)
∥∥∥∂q

∂η

∥∥∥+
∥∥∥d(t)E − k

∂q

∂z1

d(t)
∥∥∥+ k

r∑
i=2

∥∥∥ ∂q

∂zi

∥∥∥ · |d(i−1)(t)| 6

6 D(t)λmax +
∥∥∥E − k

∂q

∂z1

∥∥∥d(t) + k

r∑
i=2

M |d(i−1)(t)| 6

6 D(t)λmax +
∥∥∥E − k

∂q

∂z1

∥∥∥d(t) + kML.

Âôèêñèðîâàííîé òî÷êå (z1, . . . , zm, η) îöåíèì
∥∥∥E−k

∂q

∂z1

∥∥∥ êàê ôóíêöèþ ïàðàìåòðà k. Åñëè

Λ1, . . . , Λm | ñîáñòâåííûå ÷èñëà ìàòðèöû ∂q

∂z1
â ýòîé òî÷êå, òî ñîáñòâåííûå ÷èñëà ìàòðèöû

E − k
∂q

∂z1
â ýòîé òî÷êå èìåþò âèä 1 − kΛ1, . . . , 1 − kΛm. Íîðìà ñèììåòðè÷íîé ìàòðèöû

ðàâíà íàèáîëüøåìó ïî ìîäóëþ ñîáñòâåííîìó ÷èñëó ýòîé ìàòðèöû, ïîýòîìó∥∥∥E − k
∂q

∂z1

∥∥∥ = max {|1− kΛ1|, |1− kΛm|}.

Èç óñëîâèÿ Λj ∈ [Λmin, Λmax], j = 1, m, ñëåäóåò, ÷òî

max {|1− kΛ1|, |1− kΛm|} 6 p(k) = max {|1− kΛmin|, |1− kΛmax|}.

Ôóíêöèÿ p(k) äîñòèãàåò ñâîåãî íàèìåíüøåãî çíà÷åíèÿ, ðàâíîãî β, ïðè k = kmin. Âûáðàâ
k = kmin, ìû îáåñïå÷èì âûïîëíåíèå íåðàâåíñòâà∥∥∥E − k

∂q

∂z1

∥∥∥ 6 β.

Îòñþäà ñëåäóåò, ÷òî

‖A‖ 6 D(t)λmax + βd(t) + kminML,

ïîýòîìó èç íåðàâåíñòâà (28) ñëåäóåò, ÷òî

‖Wi(t∗)‖ 6 e−λmint∗

t∗∫
0

(D(t)λmax + βd(t) + kminML) eλmintdt.

Èíòåãðèðóÿ ïî ÷àñòÿì è ó÷èòûâàÿ, ÷òî D(0) = 0, D(t∗) = 1, Ḋ(t) = d(t), ïîëó÷èì

λmax

t∗∫
0

D(t)eλmintdt = αeλmint∗ − α

t∗∫
0

d(t)eλmintdt,
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ïîýòîìó

‖Wi(t∗)‖ 6 α− e−λmint∗(α− β)

t∗∫
0

d(t)eλmintdt + kminML
1− e−λmint∗

λmin

. (29)

Òàê êàê
t∗∫

0

d(t)eλmintdt >

t∗∫
0

d(t)dt = 1,

òî èç (29) ïîëó÷àåì

‖Wi(t∗)‖ 6 α− e−λmint∗(α− β) + kminML
1− e−λmint∗

λmin

= θ.

Èç íåðàâåíñòâà [11]

‖W (t∗)‖ 6
ρ∑

i=1

‖Wi(t∗)‖

ñëåäóåò, ÷òî
‖W (t∗)‖ 6 ρθ < 1.

Ïîëó÷åííîå íåðàâåíñòâî îçíà÷àåò, ÷òî ‖v′(c)‖ 6 ρθ < 1, ïîýòîìó îòîáðàæåíèå v: Rρ → Rρ

ÿâëÿåòñÿ ñæèìàþùèì è, ñëåäîâàòåëüíî, èìååò íåïîäâèæíóþ òî÷êó c∗. Òàêèì îáðàçîì, ïðè
c1 = c1∗, . . . , cρ = cρ∗, cρ+1 = 0, . . . , cm = 0 ðåøåíèå η(t) çàäà÷è Êîøè (6) óäîâëåòâîðÿåò
óñëîâèþ η(t∗) = η∗. Ôóíêöèè

B1(t) = b1(t) + c1∗d1(t),

. . . ,

Bρ(t) = bρ(t) + cρ∗dρ(t),

Bρ+1 = bρ+1(t),

. . . ,

Bm(t) = bm(t)

óäîâëåòâîðÿþò âñåì óñëîâèÿì òåîðåìû 2, ïîýòîìó òåðìèíàëüíàÿ çàäà÷à (3), (4) äëÿ ñè-
ñòåìû (2) èìååò ðåøåíèå. Òåîðåìà äîêàçàíà.

Ç à ì å ÷ à í è å 1. Óñëîâèÿ òåîðåìû 3 íå çàâèñÿò îò íà÷àëüíîãî è êîíå÷íîãî ñîñòîÿíèé
ñèñòåìû (2), ïîýòîìó åñëè óñëîâèÿ òåîðåìû 3 âûïîëíåíû, òî ñèñòåìà (2) óïðàâëÿåìà â Rn çà
âðåìÿ t∗.
Äîêàçàííàÿ òåîðåìà ïîçâîëÿåò íå òîëüêî ñóäèòü î ñóùåñòâîâàíèè ðåøåíèÿ òåðìèíàëü-

íîé çàäà÷è, íî è, åñëè óñëîâèÿ òåîðåìû âûïîëíåíû, ïîñòðîèòü ýòî ðåøåíèå. Âûáåðåì
ïðîèçâîëüíîå c(0) ∈ Rρ è ïîñòðîèì ïîñëåäîâàòåëüíîñòü ïðèáëèæåíèé {c(j)} ïî ïðàâèëó

c(j+1) = c(j) − kmin(Ψ(c(j))− η∗), j = 0, 1, . . . (30)

×òîáû îïðåäåëèòü Ψ(c(j)), íàäî íàéòè ðåøåíèå η(t, c(j)) çàäà÷è Êîøè

η̇ = q
(
b1(t) + c

(j)
1 d1(t), . . . , bρ(t) + c

(j)
ρ dρ(t), bρ+1(t), . . . , bm(t), η

)
,

η(0) = η0

(31)

íà îòðåçêå [0, t∗]. Òîãäà Ψ(c(j)) = η(t∗, c
(j)).
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Òàê êàê îòîáðàæåíèå v ñæèìàþùåå, ïîñëåäîâàòåëüíîñòü {c(j)} ñõîäèòñÿ ê íåïîäâèæíîé
òî÷êå c∗ îòîáðàæåíèÿ v. Ïðè ýòîì ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

‖c(j) − c∗‖ 6
(ρθ)j

1− ρθ
‖c(1) − c(0)‖.

Èñïîëüçóÿ (30), íåðàâåíñòâî òðåóãîëüíèêà è ïîñëåäíþþ îöåíêó, ïîëó÷èì

‖Ψ(c(j))− η∗‖ =
1

kmin

‖c(j+1) − c(j)‖ =

=
1

kmin

‖c(j+1) − c∗ + c∗ − c(j)‖ 6
1

kmin

‖c(j+1) − c∗‖+
1

kmin

‖c∗ − c(j)‖ 6

6
1

kmin(1− ρθ)

(
(ρθ)j+1 + (ρθ)j

)
‖c(1) − c(0)‖ =

1 + ρθ

kmin(1− ρθ)
(ρθ)j‖c(1) − c(0)‖.

Âûáðàâ íîìåð J èç óñëîâèÿ

1 + ρθ

kmin(1− ρθ)
(ρθ)J‖c(1) − c(0)‖ 6 σ,

ãäå σ > 0| çàäàííàÿ òî÷íîñòü, ìû äîáüåìñÿ âûïîëíåíèÿ íåðàâåíñòâà

‖Ψ(c(J))− η∗‖ 6 σ.

Âåêòîð-ôóíêöèè

z1 = b1(t) + c
(J)
1 d1(t), . . . , zρ = bρ(t) + c(J)

ρ dρ(t),

zρ+1 = bρ+1(t), . . . , zm = bm(t), η = η(t, c(J)), t ∈ [0, t∗],

çàäàþò t-ïàðàìåòðè÷åñêóþ êðèâóþ â ïðîñòðàíñòâå ñîñòîÿíèé ñèñòåìû (2), ñîåäèíÿþùóþ
ñîñòîÿíèÿ (3) è (4). Óïðàâëåíèå, ðåàëèçóþùåå ýòó òðàåêòîðèþ â êà÷åñòâå òðàåêòîðèè ñè-
ñòåìû (2), ìîæíî íàéòè ïî ôîðìóëå (8), åñëè ïîëîæèòü â íåé

B1(t) = b1(t) + c
(J)
1 d1(t), . . . , Bρ(t) = bρ(t) + c(J)

ρ dρ(t),

Bρ+1 = bρ+1(t), . . . , Bm(t) = bm(t), η(t) = η(t, c(J)).

Ïðèìåð 1. Ðàññìîòðèì ñèñòåìó

ż1
1 = z1

2 , ż1
2 = u1;

ż2
1 = z2

2 , ż2
2 = u2;

η̇1 = −0,08η1 + 0,02 sin(η1 + η2) + 5z1
1 + 0,25 sin z1

2 + 0,25 cos z2
2 ;

η̇2 = 0,02 sin(η1 + η2)− 0,08η2 + 5z2
1 − 0,25 cos z1

2 + 0,25 sin z2
2

ñî ñëåäóþùèìè ãðàíè÷íûìè óñëîâèÿìè:

z1
1(0) = 0, z1

2(0) = 0, z2
1(0) = 0, z2

2(0) = 0, η1(0) = 0, η2(0) = −1,

z1
1(1) = 1, z1

2(1) = 4, z2
1(1) = −1, z2

2(1) = −1, η1(1) = −1, η2(1) = 2.
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Äëÿ ýòîé çàäà÷è t∗ = 1,m = 2, ρ = 2, r1 = r2 = 2, z1 = (z1
1 , z2

1)
ò
, z2 = (z1

2 , z2
2)
ò
,

∂q

∂η
=

(
−0,08 0,02 cos(η1 + η2)

0,02 cos(η1 + η2) −0,08

)
,

∂q

∂z1

=

(
5 0

0 5

)
.

Ñîáñòâåííûå ÷èñëà ìàòðèöû ∂q

∂η
èìåþò âèä

λ1,2 = −0,08± 0,02 cos(η1 + η2).

Îòñþäà ñëåäóåò, ÷òî óñëîâèå I âûïîëíåíî ñ λmin = 0,06, λmax = 0,1.
Ñîáñòâåííûìè ÷èñëàìè ìàòðèöû ∂q

∂z1
ÿâëÿþòñÿ Λ1 = Λ2 = 5, ïîýòîìó óñëîâèå II âûïîë-

íåíî ñ Λmin = Λmax = 5.
Òàê êàê

∂q

∂z2

=

(
0,25 cos z1

2 −0,25 sin z2
2

0,25 sin z1
2 0,25 cos z2

2

)
,

Σ =

(
∂q

∂z2

)ò
∂q

∂z2

= 0,252

(
1 sin(z1

2 − z2
2)

sin(z1
2 − z2

2) 1

)
è ñîáñòâåííûå ÷èñëà ìàòðèöû Σ èìåþò âèä

λ3,4 = 0,252 ± 0,252 sin(z1
2 − z2

2),

òî max {|λ3|, |λ4|} 6 2 · 0,252, ïîýòîìó ïðè âñåõ (z1, z2, η) ∈ R6 ñïðàâåäëèâî íåðàâåíñòâî∥∥∥ ∂q

∂z2

∥∥∥ 6
√

2 · 0,25.

Òàêèì îáðàçîì, óñëîâèå III âûïîëíåíî ñM =
√

2 · 0,25.
Ïðîâåðèì âûïîëíåíèå óñëîâèÿ òåîðåìû 3. Ôóíêöèÿ d(t), ïîñòðîåííàÿ ïî ôîðìóëå (12),

èìååò âèä d(t) = 30t2(1− t)2, ïîýòîìó

d′(t) = 60t(t− 1)(2t− 1), L = max
[0,1]

|d′(t)| = 10
√

3

3
.

Òàê êàê
α = 5/3, β = 0, kmin = 0,2,

òî θ ≈ 0,4934 è θρ ≈ 0,987 < 1, ïîýòîìó óñëîâèå òåîðåìû 3 âûïîëíåíî.
Âûáåðåì â êà÷åñòâå ôóíêöèè b1(t), óäîâëåòâîðÿþùåé óñëîâèÿì

b1(0) = 0, b′1(0) = 1, b1(1) = 0, b′1(1) = 4,

ôóíêöèþ
b1(t) = 2t3 − t2,
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à â êà÷åñòâå ôóíêöèè b2(t), óäîâëåòâîðÿþùåé óñëîâèÿì

b2(0) = 0, b′2(0) = −1, b2(1) = 0, b′2(1) = −1,

ôóíêöèþ
b1(t) = t3 − 2t2.

Íà÷àëüíîå ïðèáëèæåíèå äëÿ âåêòîðà ïàðàìåòðîâ c áûëî âûáðàíî ñëåäóþùèì: c(0) = (0, 0)
ò.

Çàäà÷à Êîøè (31) íà êàæäîé èòåðàöèè ðåøàëàñü ìåòîäîì Ðóíãå | Êóòòû 4-ãî ïîðÿäêà. Ðàñ-
÷åòûïîêàçàëè, ÷òî íåïîäâèæíîé òî÷êîé îòîáðàæåíèÿ v ÿâëÿåòñÿ òî÷êà c∗ = (−0,361, 1,034)

ò.
Ãðàôèêè ôóíêöèé z1

1(t), z2
1(t), z1

2(t), z2
2(t), η1(t), η2(t), u1(t), u2(t), íàéäåííûõ â ðåçóëüòàòå

ðàáîòû àëãîðèòìà, ïðèâåäåíû íà 1{4.

Ðèñ. 1. Ãðàôèêè ôóíêöèé z1
1(t), z2

1(t)

Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 1 ðàññìàòðèâàåìàÿ ñèñòåìà óïðàâëÿåìà âR6 çà âðåìÿ t∗ = 1.

Çàêëþ÷åíèå

Íà îñíîâå ãåîìåòðè÷åñêîãî ïîäõîäà ïðåäëîæåí ìåòîä ðåøåíèÿ òåðìèíàëüíîé çàäà÷è äëÿ
ìíîãîìåðíîé àôôèííîé ñèñòåìû. Çàäà÷à ðåøàåòñÿ â ïðåäïîëîæåíèè, ÷òî ðàññìàòðèâàåìàÿ
ñèñòåìà ìîæåò áûòü ïðåîáðàçîâàíà ê ðåãóëÿðíîìó êâàçèêàíîíè÷åñêîìó âèäó. Ñôîðìóëè-
ðîâàíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ òåðìèíàëüíîé çàäà÷è
äëÿ ïðåîáðàçîâàííîé ñèñòåìû. Äîêàçàíî äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè òåðìèíàëüíîé

http://technomag.bmstu.ru/doc/622543.html 395

http://technomag.bmstu.ru/doc/622543.html


Ðèñ. 2. Ãðàôèêè ôóíêöèé z1
2(t), z2

2(t)

Ðèñ. 3. Ãðàôèêè ôóíêöèé η1(t), η2(t)

10.7463/1113.0622543 396

http://dx.doi.org/10.7463/1113.0622543


Ðèñ. 4. Ãðàôèêè ôóíêöèé u1(t), u2(t)

çàäà÷è äëÿ òàêèõ ñèñòåì êâàçèêàíîíè÷åñêîãî âèäà, ó êîòîðûõ ðàçìåðíîñòü íåëèíåéíîé ïîä-
ñèñòåìû íå ïðåâûøàåò ðàçìåðíîñòü óïðàâëåíèÿ. Ïðåäúÿâëåí àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ
òåðìèíàëüíîé çàäà÷è äëÿ äàííîãî êëàññà ñèñòåì. Ïðèâåäåí ÷èñëîâîé ïðèìåð, èëëþñòðèðó-
þùèé ðàáîòó àëãîðèòìà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàììû âåäóùèõ íàó÷íûõ øêîë (ïðî-

åêò ÍØ-3659.2012.1) è ÐÔÔÈ (ãðàíò 12-01-31303).
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A new method was proposed to solve terminal control problems for multidimensional affine
systems. The system under consideration is supposed to be equivalent to a regular system of a
quasi-canonical form. A necessary and sufficient condition for existence of a solution of terminal
control problems for transformed systems was formulated. A sufficient condition for solvability
of terminal control problems was proved for quasi-canonical systems with nonlinear subsystem
dimension not exceeding control dimension. An algorithm was designed to construct a solution
of terminal control problems for this class of systems. A numerical example was presented to
illustrate the proposed algorithm.
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