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Ââåäåíèå

Ìîäåëèðîâàíèå îáòåêàíèÿ òîíêîé ïëàñòèíêè ïîòîêîì âÿçêîé íåñæèìàåìîé ñðåäû |
êëàññè÷åñêàÿ çàäà÷à Áëàçèóñà [1] | ÿâëÿåòñÿ îäíîé èç òåñòîâûõ çàäà÷, èñïîëüçóåìûõ äëÿ
âåðèôèêàöèè ÷èñëåííûõ ìåòîäîâ è àëãîðèòìîâ âû÷èñëèòåëüíîé àýðîãèäðîäèíàìèêè.
Â íàñòîÿùåé ðàáîòå ïðèâåäåíî ðåøåíèå ýòîé çàäà÷è ìåòîäîì âèõðåâûõ ýëåìåíòîâ. Îò-

ëè÷èå îò ìåòîäà, îïèñàííîãî â [2], ñîñòîèò â èñïîëüçîâàíèè ìîäèôèöèðîâàííîé ðàñ÷åòíîé
ñõåìû, â îñíîâó êîòîðîé ïîëîæåíî ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà 2-ãî ðîäà
ñ îãðàíè÷åííûì ÿäðîì. Òàêîé ïîäõîä ïîçâîëèë ïîëó÷èòü áîëåå òî÷íîå ðåøåíèå ïîñòàâëåí-
íîé çàäà÷è, ïðàâèëüíî ñìîäåëèðîâàâ ïðîôèëü íå òîëüêî ïðîäîëüíîé (êàê ïðåäñòàâëåíî â [2]),
íî è ïîïåðå÷íîé ñêîðîñòè.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ìîäåëüíóþ çàäà÷ó îá îáòåêàíèè âÿçêîé íåñæèìàåìîé ñðåäîé íåïîäâèæíîé
òîíêîé ïëàñòèíêè (ðèñ. 1), óñòàíîâëåííîé âäîëü íàáåãàþùåãî ïîòîêà. Áóäåì ñ÷èòàòü, ÷òî
ñêîðîñòü òå÷åíèÿ òàêîâà, ÷òî ïîãðàíè÷íûé ñëîé ÿâëÿåòñÿ ëàìèíàðíûì.
Òå÷åíèå ñðåäû îïèñûâàåòñÿ óðàâíåíèÿìè Íàâüå | Ñòîêñà [3]
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Ðèñ. 1. Ïîãðàíè÷íûé ñëîé íà îáòåêàåìîé ïëàñòèíêå

ãäå ν | êîýôôèöèåíò êèíåìàòè÷åñêîé âÿçêîñòè; ρ| ïëîòíîñòü ñðåäû, êîòîðàÿ ïîëàãàåòñÿ
ïîñòîÿííîé; u(r, t) = (ux, uy)

T| ñêîðîñòü; p = p(r, t)| äàâëåíèå â òî÷êå r = (x; y)T.
Óðàâíåíèÿ (1) äîïîëíÿþòñÿ ãðàíè÷íûìè óñëîâèÿìè ïðèëèïàíèÿ íà ïîâåðõíîñòè îáòåêà-

åìîé ïëàñòèíêè è óñëîâèÿìè çàòóõàíèÿ âîçìóùåíèé ïðè óäàëåíèè îò íåå.
Ïîëó÷åíèå ðåøåíèÿ ýòèõ óðàâíåíèé â ïîãðàíè÷íîì ñëîå âáëèçè ïëàñòèíêè îñíîâàíî íà

îöåíêàõ-ãèïîòåçàõ î ïîðÿäêàõ ðàçëè÷íûõ ÷ëåíîâ â óðàâíåíèÿõ (1) è ïðåíåáðåæåíèè ìàëûìè
÷ëåíàìè [3]. Óðàâíåíèÿ ïîãðàíè÷íîãî ñëîÿ èìåþò âèä:
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Ýòèæå óðàâíåíèÿìîæíî òàêæå ïîëó÷èòü, èñêëþ÷àÿ âñåìàëûå ñëàãàåìûå ïðè ïðåäåëüíîì
ïåðåõîäå â óðàâíåíèÿõ (1) ïðè Re = u0l/ν →∞, ãäå Re | ÷èñëî Ðåéíîëüäñà [3], l| äëèíà
ïëàñòèíêè, u0 | ñêîðîñòü íàáåãàþùåãî ïîòîêà (ðèñ. 1).

2. Ðåøåíèå Áëàçèóñà

Áóäåì ñ÷èòàòü ïëàñòèíêó áåñêîíå÷íî òîíêîé, à ïîòîê ñðåäû ñòàöèîíàðíûì, u0 = const.
Ñèñòåìó êîîðäèíàò ââåäåì êàê óêàçàíî íà ðèñ. 1: îñü Ox íàïðàâèì âäîëü ïëàñòèíêè, îñü
Oy | ïåðïåíäèêóëÿðíî ê íåé, íà÷àëî êîîðäèíàò ïîìåñòèì â ïåðåäíþþ êðîìêó ïëàñòèíêè,
òîãäà ñêîðîñòü óñòàíîâèâøåãî òå÷åíèÿ u = (ux;uy)

T áóäåò óäîâëåòâîðÿòü óðàâíåíèÿì [1, 3]:
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Òî÷íîå ðåøåíèå çàäà÷è (3) ìîæíî íàéòè ëèøü äëÿ îáòåêàíèÿ áåñêîíå÷íîé ïëàñòèíêè (y = 0,
x > 0), òîãäà ãðàíè÷íûå óñëîâèÿ â ïðèáëèæåííîé ïîñòàíîâêå, ïðåäëîæåííîé Áëàçèóñîì,
èìåþò ñëåäóþùèé âèä [1]:

ux = uy = 0 ïðè y = 0, x > 0; ux → u0 ïðè y →∞.
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Ðåøåíèå çàäà÷è (3) ñ äàííûìè ãðàíè÷íûìè óñëîâèÿìè áóäåò íåïðèãîäíî âáëèçè ïåðåäíåé è
çàäíåé êðîìîê ïëàñòèíêè ìàëîé, íî êîíå÷íîé òîëùèíû [1].
Åñëè ââåñòè ôóíêöèþ òîêà

ψ(x, y): ux =
∂ψ

∂y
, uy = −∂ψ

∂x
,

òî óðàâíåíèÿ (3) è óêàçàííûå âûøå ãðàíè÷íûå óñëîâèÿ ìîæíî ïðèâåñòè ê âèäó [1]:
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Óðàâíåíèå (4) äîïóñêàåò àâòîìîäåëüíîå ðåøåíèå. Â ðåçóëüòàòå çàìåíû
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Êðàåâóþ çàäà÷ó (5){(6) ìîæíî ñâåñòè ê çàäà÷å Êîøè îòíîñèòåëüíî ôóíêöèè F (ξ), ãäå f(η) =

α1/3F (α1/3η):
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Ýòà çàäà÷à ñ âûñîêîé òî÷íîñòüþ ðåøàåòñÿ ëþáûì ÷èñëåííûì ìåòîäîì, ïðè ýòîì ìîæíî
ïîêàçàòü [3], ÷òî α ≈ 0,332057.
Ñäåëàâ îáðàòíûå ïðåîáðàçîâàíèÿ, âîçìîæíî îïðåäåëèòü èñêîìîå ñòàöèîíàðíîå ïîëå ñêî-

ðîñòåé â ïîãðàíè÷íîì ñëîå ïðè îáòåêàíèè òîíêîé ïëàñòèíêè.

3. Ìåòîä âèõðåâûõ ýëåìåíòîâ

×èñëåííîå ðåøåíèå çàäà÷è îñóùåñòâëÿåòñÿ ñ ïîìîùüþìåòîäà âèõðåâûõ ýëåìåíòîâ [2, 4].
Äîñòàòî÷íî òîíêàÿ ïëîñêàÿ ïëàñòèíêà ïîìåùàåòñÿ â íàáåãàþùèé ïîòîê, êîòîðûé èìååò
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ñêîðîñòü u0. Ïî èñòå÷åíèè íåêîòîðîãî âðåìåíè òå÷åíèå óñòàíàâëèâàåòñÿ è îïðåäåëÿåòñÿ
ðàñïðåäåëåíèå ñêîðîñòåé â ñå÷åíèÿõ ïîãðàíè÷íîãî ñëîÿ íà ïëàñòèíêå.
Ñêîðîñòü ñðåäû íàõîäèòñÿ êàê ñóïåðïîçèöèÿ ïîëåé ñêîðîñòåé îòäåëüíûõ âèõðåâûõ ýëå-

ìåíòîâ (ÂÝ) è íàáåãàþùåãî ïîòîêà. ÂÝ ãåíåðèðóþòñÿ íà ïîâåðõíîñòè îáòåêàåìîé ïëàñòèíû
íà êàæäîì øàãå ðàñ÷åòà; èõ èíòåíñèâíîñòè òàêîâû, ÷òî îáåñïå÷èâàåòñÿ âûïîëíåíèå ãðàíè÷-
íîãî óñëîâèÿ íà ïðîôèëå [2, 4]. Òàêèì îáðàçîì, îò ïðàâèëüíîñòè îïðåäåëåíèÿ èíòåíñèâíî-
ñòåé ÂÝ çàâèñèò òî÷íîñòü ðåøåíèÿ çàäà÷è â öåëîì.
Äëÿ ïðîñòîòû âûêëàäîê òå÷åíèå ñ÷èòàåì òðåõìåðíûì ñ îäèíàêîâûìè õàðàêòåðèñòèêàìè

âî âñåõ ïëîñêîñòÿõ z = const. Òîãäà u = (ux, uy, 0)T, èíòåíñèâíîñòü âèõðåâîãî ñëîÿ íà
ïðîôèëå â òî÷êå ãðàíèöû ïðîôèëÿ ∂C ñ ðàäèóñ-âåêòîðîì r0 = (x0, y0, 0)T òàêæå áóäåì
ñ÷èòàòü âåêòîðíîé âåëè÷èíîé γ(r0) = (0, 0, γ(r0))

T. Ïðè ýòîì ñêîðîñòü ñðåäû â òî÷êå ñ
ðàäèóñ-âåêòîðîì r = (x, y, 0)T âû÷èñëÿåòñÿ ïî ôîðìóëå

u(r) = u0 + uwake(r) +

∮
∂C

γ(r0)× (r − r0)

2π|r − r0|2
dlr0 , r ∈ R2 \ ∂C.

Çäåñü uwake(r) | ñêîðîñòü ñðåäû, èíäóöèðóåìàÿ âèõðåâûì ñëåäîì | ÂÝ ñ èçâåñòíûìè
ïîëîæåíèÿìè è èíòåíñèâíîñòÿìè, ñãåíåðèðîâàííûìè íà ïðåäûäóùèõ øàãàõ ðàñ÷åòà.
Ïðåäåëüíîå çíà÷åíèå ñêîðîñòè ïîòîêàu−(r0) íà ãðàíèöå ∂C ñî ñòîðîíûïðîôèëÿ ðàâíî [4]

u−(r0) = u(r0)−
(

γ(r0)

2
× n(r0)

)
, r0 ∈ ∂C,

ãäå n(r0)| åäèíè÷íàÿ âíåøíÿÿ íîðìàëü ê ïðîôèëþ.
Äëÿ íàõîæäåíèÿ íåèçâåñòíîé ïëîòíîñòè èíòåíñèâíîñòè âèõðåâîãî ñëîÿ γ(r0) â ÌÂÝ

èñïîëüçóåòñÿ óñëîâèå ðàâåíñòâà íóëþ âåêòîðà ñêîðîñòè u−(r0) íà ãðàíèöå ïðîôèëÿ, êîòî-
ðîå îáåñïå÷èâàåòñÿ ðàâåíñòâîì íóëþ ëèáî íîðìàëüíîé (<êëàññè÷åñêèé> ìåòîä) [2, 4], ëèáî
êàñàòåëüíîé êîìïîíåíòû âåêòîðà u−(r0) (<ìîäèôèöèðîâàííûé> ìåòîä) [5, 6, 7]; ñ ìàòåìà-
òè÷åñêîé òî÷êè çðåíèÿ ýòè ïîäõîäû ýêâèâàëåíòíû.
Â <ìîäèôèöèðîâàííîì> ÌÂÝ ðåøåíèå çàäà÷è ñâîäèòñÿ ê ðåøåíèþ èíòåãðàëüíîãî óðàâ-

íåíèÿ äëÿ γ(r0):∮
∂C

[k × (r − r0)] · τ (r)

2π |r − r0|2
γ(r0) dlr0 −

γ(r)

2
= −τ (r) · (u∞ + uwake), r ∈ ∂C. (8)

Îðò êàñàòåëüíîé τ (r) ê ïðîôèëþ âûáèðàþò òàêèì îáðàçîì, ÷òî n(r) × τ (r) = k, ãäå k |
îðò îñè Oz.
Óðàâíåíèå (8) | èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 2-ãî ðîäà [4, 5], åãî ÿäðî îãðàíè-

÷åíî âåëè÷èíîé κ/4π, ãäå κ|êðèâèçíà ãðàíèöû ïðîôèëÿ â ñîîòâåòñòâóþùåé òî÷êå. Îòìå-
òèì, ÷òî <êëàññè÷åñêèé>ÌÂÝ ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ ñèíãóëÿðíîãî èíòåãðàëü-
íîãî óðàâíåíèÿ ñ ÿäðîì Ãèëüáåðòà. Â îãðàíè÷åííîñòè ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ (8) è
ñîñòîèò îñíîâíîå ïðåèìóùåñòâî <ìîäèôèöèðîâàííîãî> ïîäõîäà íàä <êëàññè÷åñêèì>. Â

10.7463/0913.0602362 236

http://dx.doi.org/10.7463/0913.0602362


ñâÿçè ñ ýòèì ïðè åãî ÷èñëåííîì ðåøåíèè óðàâíåíèÿ íå íàêëàäûâàåòñÿ æåñòêèõ îãðàíè÷åíèé
íà âèä ðàñ÷åòíîé ñõåìû, îíà ìîæåò áûòü äîñòàòî÷íî ïðîèçâîëüíîé [4, 5, 6, 7].
Â ðàñ÷åòå ãðàíèöó ïðîôèëÿ ðàçáèâàþò íà ïàíåëè | îòðåçêè ëîìàíîé, àïïðîêñèìèðó-

þùåé ïðîôèëü; èíòåíñèâíîñòü âèõðåâîãî ñëîÿ ïîëàãàåòñÿ ïîñòîÿííîé íà êàæäîé ïàíåëè è
ðàâíîé åå ñðåäíåìó çíà÷åíèþ γ̃i íà ýòîé ïàíåëè. Òîãäà èíòåãðàëüíîå óðàâíåíèå (8) ìîæåò
áûòü ïðèáëèæåííî çàìåíåíî ñèñòåìîé èç N ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïåðåõîä
ê êîòîðûì ïîäðîáíî ðàññìàòðèâàåòñÿ â ðàáîòå [7]

N∑
j=1

γ̃jτ i

Li

∫
Ki

dlir0

∫
Kj

k × (r − r0)

2π|r − r0|2
dljr −

γ̃i

2
=

= −τ i ·
(

u∞ +
1

Li

∫
Ki

uwake(r0)dl
i
r0

)
, r ∈ ∂C, i = 1, N, (9)

ãäå dlir0
, dljr0

| äèôôåðåíöèàëû äëèí ïàíåëåé ñ íîìåðàìè i è j ñîîòâåòñòâåííî, ïî êîòîðûì
ïðîèçâîäèòñÿ èíòåãðèðîâàíèå.
Ïðè ÷èñëåííîì ðåøåíèè ñèñòåìû (9) âåëè÷èíû

V ij =

∫
Ki

dlir0

∫
Kj

k × (r − r0)

2π|r − r0|2
dljr

è èíòåãðàëû â ïðàâîé ÷àñòè âû÷èñëÿþòñÿ àíàëèòè÷åñêè ïî òî÷íûì ôîðìóëàì [7]. Îòìåòèì,
÷òî â îòëè÷èå îò <êëàññè÷åñêîãî> ÌÂÝ âûïîëíåíèå ãðàíè÷íîãî óñëîâèÿ îáåñïå÷èâàåòñÿ íå
â îòäåëüíûõ êîíòðîëüíûõ òî÷êàõ, à â ñðåäíåì íà êàæäîé ïàíåëè [5, 6, 7]. Â ñâÿçè ñ óêà-
çàííûìè îñîáåííîñòÿìè èñïîëüçîâàíèå ìîäèôèöèðîâàííîãî ìåòîäà ïîçâîëÿåò ñóùåñòâåííî
ïîâûñèòü òî÷íîñòü îïðåäåëåíèÿ èíòåíñèâíîñòè âèõðåâîãî ñëîÿ.
Îòìåòèì, ÷òî ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (9) íå ÿâëÿåòñÿ åäèíñòâåííûì, ïîýòîìó

íåîáõîäèìî ââåñòè äîïîëíèòåëüíîå óñëîâèå∮
∂C

γ(r)dlr = const,

çàäàþùåå öèðêóëÿöèþ ñêîðîñòè âäîëü ïðîôèëÿ, à ïîëó÷àåìàÿ ñèñòåìà ðåãóëÿðèçèðóåòñÿ
ââåäåíèåì äîïîëíèòåëüíîé ïåðåìåííîé R [4].

4. Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

×èñëåííîå ìîäåëèðîâàíèå îáòåêàíèÿ ïëàñòèíêè äëèíîé l = 1,0, èìåþùåé îòíîñèòåëü-
íóþ òîëùèíó 2%, ïåðåäíÿÿ è çàäíÿÿ êðîìêè êîòîðîé èìåþò âèä ïîëóîêðóæíîñòåé [2] îñóùå-
ñòâëÿëîñü ñðåäñòâàìè ïðîãðàììíîãî êîìïëåêñà POLARA [8]. Ïðîôèëü àïïðîêñèìèðîâàëñÿ
ëîìàíîé, ñîñòîÿùåé èç 1276 ïàíåëåé, áåçðàçìåðíàÿ âåëè÷èíàøàãà ðàñ÷åòà ïî âðåìåíè ñîñòà-
âëÿëà∆t = 1,5 · 10−4 ïðè áåçðàçìåðíîé ñêîðîñòè íàáåãàþùåãî ïîòîêà u0 = 1,0. Êîëè÷åñòâî
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ÂÝ â ðàñ÷åòàõ ïðåâûøàëî 100 000, ïîýòîìó àêòèâíî èñïîëüçîâàëèñü èçâåñòíûå ïîäõîäû ê
óñêîðåíèþ âû÷èñëåíèé: ïàðàëëåëüíûå àëãîðèòìû è <áûñòðûé ìåòîä> [8, 9, 10]. Çàäà÷à ðå-
øàëàñü â íåñòàöèîíàðíîé ïîñòàíîâêå, âÿçêîñòü ñðåäû ñîîòâåòñòâîâàëà çíà÷åíèþ Re = 103.
Ñêîðîñòü íàáåãàþùåãî ïîòîêà çà ïåðâûå 15øàãîâ ðàñ÷åòà óâåëè÷èâàëàñü ïîñòåïåííî îò íóëÿ
äî çíà÷åíèÿ u0, çàòåì îñòàâàëàñü ïîñòîÿííîé. Âèä áëèçêîãî ê óñòàíîâèâøåìóñÿ âèõðåâîãî
ñëåäà âáëèçè ïëàñòèíêè ïðåäñòàâëåí íà ðèñ. 2.

Ðèñ. 2. Âèä âèõðåâîãî ñëåäà âáëèçè ïëàñòèíêè

Â ñå÷åíèÿõ ïëàñòèíêè x = 0,35, x = 0,50, x = 0,65 èçìåðÿëèñü âåëè÷èíû ñêîðîñòåé. Äëÿ
ïîëó÷åíèÿ çíà÷åíèÿ áåçðàçìåðíîé ñêîðîñòè â ðàñ÷åòå âìåñòî çíà÷åíèÿ u0 íåîáõîäèìî áðàòü
âåëè÷èíó

max
0<y<∞

u = uδ(x) > u0

â ñîîòâåòñòâóþùåì ñå÷åíèè, ÷òî ñâÿçàíî ñ âûòåñíÿþùèì äåéñòâèåì ïëàñòèíêè [2].
Íà ðèñ. 3 â áåçðàçìåðíûõ âåëè÷èíàõ ïðåäñòàâëåíî ðàñïðåäåëåíèå ïðîäîëüíîé êîìïî-

íåíòû ñêîðîñòè â ñå÷åíèè x = 0,35.

Ðèñ. 3. Ãðàôèê ðàñïðåäåëåíèÿ ïðèâåäåííîé ïðîäîëüíîé êîìïîíåíòû
ñêîðîñòè â ñå÷åíèè x = 0,35 ïîãðàíè÷íîãî ñëîÿ íà ïëàñòèíêå

(òî÷êè | ðåçóëüòàòû ðàñ÷åòà, ñïëîøíàÿ ëèíèÿ | ðåøåíèå Áëàçèóñà)

Õîðîøåå ñîâïàäåíèå ðåçóëüòàòîâ ðàñ÷åòà ñî çíà÷åíèÿìè, ïîëó÷åííûìè àíàëèòè÷åñêè,
íàáëþäàëîñü âî âñåõ ðàññìàòðèâàåìûõ ñå÷åíèÿõ ïëàñòèíêè (x = 0,35, x = 0,50, x = 0,65)
âî âñå ìîìåíòû âðåìåíè ïîñëå òîãî, êàê òå÷åíèå âûøëî íà ñòàöèîíàðíûé ðåæèì.
Ïîïåðå÷íàÿ êîìïîíåíòà ñêîðîñòè uy ïî âåëè÷èíå ñóùåñòâåííî ìåíüøå è íå ìîæåò áûòü

âûðàæåíà â áåçðàçìåðíûõ ïåðåìåííûõ. Îäíàêî èçâåñòíî, ÷òî [1]

uy

u0

= −∂ψ
∂x

=
1

2

√
νu0

x

(
ηf ′ − f

)
.
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Ïîýòîìó ìîæíî ïðîâåñòè àíàëèç âåëè÷èíû

uy

u0

√
x

νu0

=
uy

u0

√
xRe
l

è ïîñòðîèòü äëÿ íåå ãðàôèê â áåçðàçìåðíûõ ïåðåìåííûõÁëàçèóñà (ðèñ. 4). Õîðîøåå ñîãëàñèå
ðåçóëüòàòîâ íàáëþäàåòñÿ òàêæå è â äðóãèõ ñå÷åíèÿõ x = const.

Ðèñ. 4. Ãðàôèê ðàñïðåäåëåíèÿ ïîïåðå÷íîé êîìïîíåíòû ñêîðîñòè
â ñå÷åíèè x = 0,35 ïîãðàíè÷íîãî ñëîÿ íà ïëàñòèíêå (òî÷êè |
ðåçóëüòàòû ðàñ÷åòà, ñïëîøíàÿ ëèíèÿ | ðåøåíèå Áëàçèóñà)

Îòìåòèì, ÷òî ïðîôèëü ïðîäîëüíîé ñêîðîñòè, ïîêàçàííûé íà ðèñ. 3, ñîîòâåòñòâóåò ìãíî-
âåííîìó ðàñïðåäåëåíèþ, òîãäà êàê ïðîôèëü ïîïåðå÷íîé ñêîðîñòè ñóùåñòâåííî ìåíÿåòñÿ îò
øàãà ê øàãó; ïðåäñòàâëåííûé íà ðèñ. 4 ãðàôèê ïîëó÷åí ïóòåì îñðåäíåíèÿ ïî áîëüøîìó
÷èñëó øàãîâ (îò 100 øàãîâ â ñå÷åíèè x = 0,35 äî 300 øàãîâ â ñå÷åíèè x = 0,65).
Ðàñ÷åòû ïîêàçûâàþò, ÷òî ïðè èñïîëüçîâàíèè <êëàññè÷åñêîãî> ÌÂÝ, ïðèâîäÿùåìó ê íå-

îáõîäèìîñòè ðåøåíèÿ ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ íà ïðîôèëå, ïðîäîëüíàÿ êîì-
ïîíåíòà ñêîðîñòè â óñòàíîâèâøåìñÿ òå÷åíèè òàêæå õîðîøî ñîãëàñóåòñÿ ñ àíàëèòè÷åñêèì
ðåøåíèåì, à äëÿ ïîëó÷åíèÿ ïðàâèëüíîãî ðàñïðåäåëåíèÿ ïîïåðå÷íîé ñêîðîñòè òðåáóåòñÿ çíà-
÷èòåëüíî óâåëè÷èâàòü ÷èñëî ÂÝ â ðàñ÷åòíîé ñõåìå è/èëè ïðîâîäèòü îñðåäíåíèå ðåçóëüòàòîâ
ïî çíà÷èòåëüíî áîëüøåìó âðåìåíí�îìó ïðîìåæóòêó.

Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíà ìîäåëüíàÿ çàäà÷à Áëàçèóñà î ìîäåëèðîâàíèè ìåòîäîì âèõðåâûõ
ýëåìåíòîâ îáòåêàíèÿ òîíêîé ïëàñòèíêè êîíå÷íîé äëèíû âÿçêîé íåñæèìàåìîé ñðåäîé. Èí-
òåíñèâíîñòè âèõðåâûõ ýëåìåíòîâ, ìîäåëèðóþùèõ ïîãðàíè÷íûé ñëîé, îïðåäåëÿëèñü <ìî-
äèôèöèðîâàííûì> ìåòîäîì ÌÂÝ ñ êàñàòåëüíûìè êîìïîíåíòàìè ñêîðîñòè, ðåàëèçîâàííûì
â ïðîãðàììíîì êîìïëåêñå POLARA. Ïðîâåäåííîå ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñ èç-
âåñòíûì àíàëèòè÷åñêèì ðåøåíèåìÁëàçèóñà ïîêàçàëî âûñîêóþ òî÷íîñòü ïðåäëîæåííîé <ìî-
äèôèöèðîâàííîé> ðàñ÷åòíîé ñõåìû ÌÂÝ.
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Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ãîñóäàðñòâåí-
íîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ | êàíäèäàòîâ íàóê (ïðîåêò ÌÊ{6482.2012.8)
è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò
ÍØ-255.2012.8).
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The Blasius benchmark problem dedicated to numerical simulation of a flow around a thin plate
is considered in this paper. The laminar boundary layer was simulated using a modified numerical
scheme of the vortex element method with tangent velocity components. This numerical scheme
was implemented in POLARA software. Distributions of longitudinal and transversal velocity
components over the boundary layers cross-section were obtained. Use of the modified scheme
allowed to improve accuracy of determining the intensity of a vortex layer on the plate significantly
at every step of the calculation. The obtained results appeared to be in good agreement with the
analytic solution given by Blasius.

References

1. Loytsyanskiy L.G. Laminarnyy pogranichnyy sloy [Laminar boundary layer]. Moscow, GIFML,
1962. 480 p.

2. Andronov P.R., Guverniuk S.V., Dynnikova G.Ia. Vikhrevye metody rascheta nestatsionarnykh
gidrodinamicheskikh nagruzok [Vortex methods of calculation of unsteady hydrodynamic
loads]. Moscow, MSU Publ., 2006. 184 p.

3. Sedov L.I. Mekhanika sploshnoy sredy [Mechanics of continuum]. St. Petersburg, Lan', 2004.
560 p.

4. Lifanov I.K. Metod singulyarnykh integral'nykh uravneniy i chislennyy eksperiment [Method
of singular integral equations and numerical experiment]. Moscow, Yanus, 1995. 520 p.

http://technomag.bmstu.ru/doc/602362.html 241

http://technomag.bmstu.ru/en/doc/602362.html
http://technomag.bmstu.ru/en/doc/602362.html
http://technomag.bmstu.ru/en/doc/602362.html
http://dx.doi.org/10.7463/0913.0602362
mailto:masha-mak@mail.ru
mailto:iliamarchevsky@mail.ru
mailto:morevavs@rambler.ru
http://technomag.bmstu.ru/doc/602362.html


5. Kempka S.N., Glass M.W., Peery J.S., Strickland J.H. Accuracy Considerations for Implement-
ing Velocity Boundary Conditions in Vorticity Formulations. SANDIA Report SAND96-0583
UC-700. Sandia National Laboratories, Albuquerque, N.M., March 1996. 50 p.

6. Makarova M.E. Raschet statsionarnogo bezotryvnogo obtekaniya profilya potokom ideal'noy
neszhimaemoy sredy [Calculation of stationary attached flow past airfoil by stream of ideal
incompressible medium]. Vestnik MGTU im. N.E. Baumana. Ser. Estestvennye nauki [Herald of
the Bauman MSTU. Ser. Natural science], 2011, spets. vyp. \Prikladnaya matematika" [spec.
iss. \Applied mathematics"], pp. 63{74.

7. Moreva V.S. Vychislenie vikhrevogo vliyaniya v modifitsirovannoy skhememetoda vikhrevykh
elementov [Calculation of vortex effect in the modified numerical scheme of vortex-element
methods]. Vestnik MGTU im. N.E. Baumana. Ser. Estestvennye nauki [Herald of the Bauman
MSTU. Ser. Natural science], 2011, spets. vyp. \Matematicheskoe modelirovanie v tekhnike"
[spec. iss. \Mathematical modeling in engineering"], pp. 137{144.

8. Marchevskiy I.K., Moreva V.S. Chislennoe modelirovanie v zadachakh aerogidrodinamiki s
ispol'zovaniem metoda vikhrevykh elementov. CAD/CAM/CAE Observer, 2012, no. 2, pp.
84{91.

9. Moreva V.S. Sposoby uskoreniya vychisleniy pri reshenii ploskikh zadach aerodinamiki
metodom vikhrevykh elementov [Ways for calculation speed-up in solving 2D aerodynam-
ics problems by vortex element method]. Vestnik MGTU im. N.E. Baumana. Ser. Estestvennye
nauki [Herald of the Bauman MSTU. Ser. Natural science], 2011, spets. vyp. \Prikladnaya
matematika" [spec. iss. \Applied mathematics"], pp. 83{95.

10. Lukin V.V., Marchevskiy I.K., Moreva V.S., Popov A.Yu., Shapovalov K.L., Shcheglov G.A.
Uchebno-eksperimental'nyy vychislitel'nyy klaster. Ch. 2. Primery resheniya zadach [Comput-
ing cluster for training and experiments. Part 2. Examples of solving problems]. Vestnik MGTU
im. N.E. Baumana. Ser. Estestvennye nauki [Herald of the BaumanMSTU. Ser. Natural science],
2012, no. 4, pp. 82{102.

10.7463/0913.0602362 242

http://dx.doi.org/10.7463/0913.0602362

