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Ââåäåíèå

Èçó÷åíèå ïðîñòðàíñòâåííî-ëîêàëèçîâàííûõ ñîñòîÿíèé çàðÿæåííîé ñðåäû ïðåäñòàâëÿåò
äîñòàòî÷íûé èíòåðåñ êàê ñ ïðàêòè÷åñêîé, òàê è ñ ôóíäàìåíòàëüíîé òî÷åê çðåíèÿ. Ïîä ïðî-
ñòðàíñòâåííîé ëîêàëèçàöèåé ïîíèìàåòñÿ òàêîå ñîñòîÿíèå çàðÿæåííîé ñðåäû, ïðè êîòîðîì
íîñèòåëè çàðÿäà ñîñðåäîòî÷åíû â íåêîòîðîé îãðàíè÷åííîé îáëàñòè, à ôóíêöèè ðàñïðåäå-
ëåíèÿ êîíöåíòðàöèé íîñèòåëåé ÿâëÿþòñÿ ôèíèòíûìè. Îòìåòèì íàèáîëåå àêòóàëüíûå, íà
íàø âçãëÿä ðàáîòû, ñâÿçàííûå ñ èçó÷åíèåì ïðîñòðàíñòâåííî-ëîêàëèçîâàííûõ çàðÿäîâûõ
ñòðóêòóð, à èìåííî:

• ïðîñòðàíñòâåííûé çàðÿäîâûé ýôôåêò â ãàçå [1];
• ôîòîçàðÿäîâûé ýôôåêò â ïîëóïðîâîäíèêàõ [5];
• ïðîáîé ïîëîæèòåëüíîãî êîðîííîãî ãàçîâîãî ðàçðÿäà â ïðîâîäíèêå SF6 [2];
• ïðîáîé â âîçäóõå è ïðîâîäíèêå SF6 [3];
• ðàñïðîñòðàíåíèå ñòðèììåðà (ýëåêòðè÷åñêèé ðàçðÿä â ãàçå) [4];
• çàðîæäåíèå ëèäåðà ìîëíèè [6, 7].
Ïðîáëåìà âîçíèêíîâåíèÿ íåóñòîé÷èâîñòè (â øèðîêîì ñìûñëå), ïðèâîäÿùàÿ ê ïðîñòðàí-

ñòâåííîé íåîäíîðîäíîñòè çàðÿäà â äâèæóùåéñÿ çàðÿæåííîé ñðåäå, ÿâëÿåòñÿ îäíîé èç êëþ÷å-
âûõ â ýëåêòðîãèäðîäèíàìèêå (ÝÃÄ).
Êàê ïðàâèëî, áàçîâûìè óðàâíåíèÿìè ìîäåëè ÝÃÄ ÿâëÿþòñÿ óðàâíåíèÿ íåðàçðûâíîñòè

äëÿ êàæäîé èç çàðÿæåííûõ êîìïîíåíò (÷àñòèöû ðàçëè÷íûõ ñîðòîâ: ýëåêòðîíû, ïîëîæè-
òåëüíû è îòðèöàòåëüíûå èîíû, ïûëåâûå è ò.ä.), à òàêæå çàêîí Ïóàññîíà, ñâÿçûâàþùèé
èçìåíåíèå íàïðÿæåííîñòè ïîðîæäåííîãî çàðÿæåííûìè ÷àñòèöàìè ýëåêòðè÷åñêîãî ïîëÿ ñ èõ
êîíöåíòðàöèåé [1, 2, 3, 4]. Ìàãíèòíûì ïîëåì â ðàìêàõ ìîäåëè ÝÃÄ ïðåíåáðåãàþò.
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Êëþ÷åâîå îòëè÷èå ìîäåëè ÝÃÄ [5, 6, 7] ñîñòîèò â òîì, ÷òî â ìîäåëü ïîìèìî óðàâíåíèé
íåðàçðûâíîñòè è çàêîíà Ïóàññîíà, âõîäèò óðàâíåíèå äâèæåíèÿ ñðåäû (óðàâíåíèå Ýéëåðà).
Ýíåðãèÿ, íåîáõîäèìàÿ äëÿ çàðîæäåíèÿ è ðàçâèòèÿ íåóñòîé÷èâîñòè, ÷åðïàåòñÿ èç êèíåòè-
÷åñêîé ýíåðãèè äâèæóùåéñÿ ñðåäû (íàïðèìåð, äâèæóùååñÿ ãðîçîâîå îáëàêî, â çàäà÷å î
çàðîæäåíèè ëèäåðà ìîëíèè).

Îäíàêî óðàâíåíèÿ ìîäåëè ÝÃÄ ÿâëÿþòñÿ äîñòàòî÷íî ñëîæíûìè äëÿ àíàëèòè÷åñêîãî íà-
õîæäåíèÿ íåèçâåñòíûõ âåëè÷èí (êîíöåíòðàöèè ÷àñòèö, èõ ñêîðîñòè, íàïðÿæåííîñòè ïîëÿ),
êàê ôóíêöèé âðåìåíè è êîîðäèíàò, ââèäó òîãî, ÷òî óðàâíåíèÿ íåëèíåéíû, à ìàòåìàòè÷åñêèå
ïðåîáðàçîâàíèÿ ñëîæíû.

Îäèí èç ïîäõîäîâ ïîëóàíàëèòè÷åñêîãî àíàëèçà ìîäåëè ñîñòîèò â òîì, ÷òî èññëåäóåòñÿ
âëèÿíèå íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ íà ïîëå ñêîðîñòåé. Òàêîé ïîäõîä èçëîæåí
â ðàáîòàõ [6, 8]. Îí ïîçâîëÿåò ïðåîáðàçîâàòü ñèñòåìó íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ê îäíîìó óðàâíåíèþ òèïà óðàâíåíèÿ Áþðãåðñà.

Â ðàáîòå [6] ïðåäñòàâëåíî ðàçðûâíîå àâòîìîäåëüíîå ðåøåíèå äëÿ áåçðàçìåðíîãî óðàâíå-
íèÿ íàïðÿæåííîñòè, îáóñëàâëèâàþùåå ïîÿâëåíèå ïî÷òèïåðèîäè÷åñêîé ñòðóêòóðû ëîêàëü-
íûõ ñêîïëåíèé çàðÿæåííîé ñðåäû (â ñëó÷àå ïðåèìóùåñòâåííî îòðèöàòåëüíî çàðÿæåííîãî
ãàçà). Âìåñòå ñ ýòèì, íåâûÿñíåííûì îñòàâàëñÿ êëþ÷åâîé âîïðîñ î êà÷åñòâåííîé ðîëè íà-
÷àëüíûõ óñëîâèé â ðàçâèòèè íåóñòîé÷èâîñòè.

Îòâåò íà ýòîò âîïðîñ áûë áûë èçëîæåí â [11] ñ çàêëþ÷åíèåì, ÷òî õàðàêòåð âîçìîæíûõ ðå-
øåíèé ðàçëè÷åí â çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé. Ýòî îçíà÷àåò íàëè÷èå äâóõ âàðèàíòîâ
äèíàìèêè ìîäåëè: ðàçâèòèå íåóñòîé÷èâîñòè ëèáî ïåðèîäè÷åñêèå äâèæåíèÿ.

Äðóãèì íå ìåíåå àêóòóàëüíûì âîïðîñîì, ñôîðìóëèðîâàííûì â [6] ÿâëÿëñÿ âîïðîñ î
êîëè÷åñòâåííûõ çíà÷åíèÿõ íàïðÿæåííîñòè ïîëÿ âáëèçè òî÷åê ðàçðûâà.

Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèÿ ìîäåëè [6] â ðàìêàõ àâòîâîëíî-
âîãî ïðèáëèæåíèÿ [7]. Èíòåðåñ ïðåäñòàâëÿåò èññëåäîâàíèå ðåøåíèé, óõîäÿùèõ â áåñêîíå÷-
íîñòü çà êîíå÷íîå âðåìÿ (ðàçðûâíûõ ðåøåíèé).

Ñ äðóãîé ñòîðîíû, èçâåñòíî, ÷òî ìåòîä âåéâëåòîâ Õààðà óñïåøíî ïðèìåíÿþò äëÿ ÷è-
ñëåííîãî ðåøåíèÿ íà÷àëüíûõ [9] è êðàåâûõ çàäà÷ [10] êàê äëÿ ëèíåéíûõ, òàê è äëÿ íå-
ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðåäñòàâëÿåòñÿ, ÷òî àïïðîê-
ñèìàöèÿ êóñî÷íî-ðàçðûâíûìè ôóíêöèÿìè (áàçèñîì âåéâëåòîâ Õààðà) áóäåò ïðèáëèæàòü
íåèçâåñòíîå ðåøåíèå òî÷íåå, åñëè ýòî ðåøåíèå ðàçðûâíî (èìååò áîëüøóþ ñêîðîñòü ðî-
ñòà/óáûâàíèÿ).

Â íàñòîÿùåé ðàáîòå áóäåì ðåøàòü çàäà÷ó Êîøè äëÿ ñòàòè÷åñêîãî óðàâíåíèÿ òèïà Áþð-
ãåðñà ÷èñëåííî. Ðàññìîòðèì àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè ñ ïîìîùüþ ìåòîäà
âåéâëåòîâ Õààðà (ÂÕÌ), à òàêæå ïðîâåäåì ñðàâíåíèå ñ èçâåñòíûì ìåòîäîì Ðóíãå | Êóòòû
(ÐÊ) 4-ãî ïîðÿäêà (ôóíêöèÿ ode45 â MATLAB).
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1. Ìîäåëü ÝÃÄ-ñðåäû

Ñîãëàñíî [6, 8], ÝÃÄ-ìîäåëü ýëåêòðîí-èîííîé æèäêîñòè èìååò âèä:

en ~E +∇p+mnν(~ve − ~vi) = 0, (1)
∂

∂t
n+

∂

∂x
(n~ve) = 0, (2)

ε0∇ ~E = −4π(ne − ni). (3)

Çäåñü ~ve = ~ve(t, x), ~E = ~E(x, t), ne = ne(x, t) | íåèçâåñòíûå ôóíêöèè (ïàðàìåòðû ñðåäû),
ïîäëåæàùèå îïðåäåëåíèþ. Ïðîåêòèðóÿ ñèñòåìó (1){(3) íà îñü Ox, ïîëó÷èì ñêàëÿðíóþ
ñèñòåìó:

enE + kT
∂

∂x
n+mnν(ve) = 0, (4)

∂

∂t
n+

∂

∂x
(nve) = 0, (5)

ε0
∂

∂x
E = −4π(ne − ni). (6)

Îñíîâíûå ïðåäïîëîæåíèÿ ìîäåëè òàêèå:

ve(t, x) ≡ const, vi(t, x) ≡ 0. (7)

Â áåçðàçìåðíûõ ïåðåìåííûõ

z =
ne

ni

, u =
ve

v?

, l =
2kT

lE?

, y =
E

E?

, ξ =
x

l
,

v? =
eE?

mν
, β2 =

2P0

D?

, D? =
E2

8π
, τ =

ε0

4πeνni

ñèñòåìà (4){(6) ñâîäèòñÿ ê îäíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ îòíîñèòåëüíî áåçðàç-
ìåðíîé íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ:

∂y

∂τ
=

1

2

∂2y

∂ξ2
− y

(
β2

2
− ∂y

∂ξ

)
, (8)

ãäå y(ξ, τ)|áåçðàçìåðíàÿ íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ; ξ|áåçðàçìåðíàÿ ïðîñòðàí-
ñòâåííàÿ ïåðåìåííàÿ; τ | áåçðàçìåðíàÿ ïåðåìåííàÿ âðåìåíè, ñîîòâåòñòâåííî. Óðàâíåíèå
(8) ÿâëÿåòñÿ óðàâíåíèåì òèïà óðàâíåíèÿ Áþðãåðñà [6,8] ñ óïðóãèì ñëàãàåìûì−yβ2/2. Â [6]
áûëî ïîêàçàíî, ÷òî óðàâíåíèå (8) ïðè β = 0 èìååò ðàçðûâíîå àâòîìîäåëüíîå ðåøåíèå âèäà

y(ξ − γτ) =
C1Ai′(ξ − γτ) + C2Bi′(ξ − γτ)

C1Ai(ξ − γτ) + C2Bi(ξ − γτ)
. (9)

Áóäåì ðàññìàòðèâàòü îáùèé ñëó÷àé ïðèβ 6= 0, òîãäà àâòîìîäåëüíîå óðàâíåíèå äëÿ óðàâíåíèÿ
(8) ñ ó÷åòîì çàìåíû ξ − γτ èìååò ñëåäóþùèé âèä:

y′′ + 2y′(y − γ)− β2y = 0. (10)
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Äëÿ óðàâíåíèÿ (10) ÿâíîãî ðåøåíèÿ ïîëó÷èòü íå óäàåòñÿ, îäíàêî, êà÷åñòâåííûé õàðàêòåð
ðåøåíèé èññëåäîâàëñÿ â ðàáîòå [11] ìåòîäîì ôàçîâîé ïëîñêîñòè. Áûëî ïîêàçàíî, ÷òî àâòî-
ìîäåëüíîå óðàâíåíèå (10) â çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé èìååò ðåøåíèÿ ðàçëè÷íîãî
õàðàêòåðà. Òàê, ñóùåñòâóåò ôàçîâàÿ îáëàñòü íà÷àëüíûõ óñëîâèé, äëÿ êîòîðûõ ðåøåíèå óõî-
äèò íà áåñêîíå÷íîñòü çà êîíå÷íîå âðåìÿ.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ÷èñëåííîå ðåøåíèå óðàâíåíèÿ (10) ñ ïîìîùüþ ìåòîäà

âåéâëåòîâ Õààðà [9,10]. Áóäåì ðàññìàòðèâàòü çàäà÷ó Êîøè äëÿ (10) ñ íà÷àëüíûìè óñëîâèÿìè

y(0) = α1, y′(0) = β1. (11)

2. Ìåòîä âåéâëåòîâ Õààðà

Áàçèñ âåéâëåòîâ Õààðà äëÿ x ∈ [0, 1), ñîãëàñíî [9], îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

ψ0
i (x) =


1, x ∈ [α, β),

−1, x ∈ [β, γ),

0, èíà÷å,
(12)

ãäå α = k/m, β = (k + 0,5)/m, γ = (k + 1)/m, öåëîå ÷èñëî m = 2j , j = 0, J , îïðåäåëÿåò
ïîðÿäîê âåéâëåòà (óðîâåíü ðàçðåøåíèÿ), à öåëîå ÷èñëî k = 0, m−1 | ïàðàìåòð ñäâèãà.
Ìàêñèìàëüíûé óðîâåíü ðàçðåøåíèÿ ðàâåí J . Íîìåð áàçèñíîé ôóíêöèè i â (12) îïðåäåëÿåòñÿ
âûðàæåíèåì: i = m + k + 1. Ôóíêöèÿ ψ0

1(x)| ìàñøòàáèðóþùàÿ äëÿ ñåìåéñòâà âåéâëåòîâ
Õààðà, êîòîðàÿ îïðåäåëÿåòñÿ òàê:

ψ0
1(x) =

{
1, x ∈ [0, 1),

0, èíà÷å.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ψ1
i (x) =

x∫
0

ψ0
i (s) ds, ψn+1

i (x) =

x∫
0

ψn
i (s) ds, n = 1, 2, . . . ; (13)

ψ1
i (x) =


x− α, x ∈ [α, β),

γ − x, x ∈ [β, γ),

0, èíà÷å;
(14)

ψ2
i (x) =



(x− α)2

2
, x ∈ [α, β),

1
4m2

− (γ − x)2

2
, x ∈ [β, γ),

1
4m2

, x ∈ [γ, 1),

0, èíà÷å.

(15)
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Ñëåäóÿ [9], ïîëîæèì

y′′(x) =
2M∑
i=1

ciψ
0
i (x). (16)

Ââåäåì óçëû êîëëîêàöèè

xj =
j − 0,5

2M
, j = 1, 2M. (17)

Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ y(x), y′(x) è y′′(x) â äèôôåðåíöèàëüíîå óðàâíåíèå (10) â óçëàõ
êîëëîêàöèè (17), ïîëó÷èì íåëèíåéíóþ ñèñòåìó ïîðÿäêà 2M × 2M äëÿ îïðåäåëåíèÿ íåèç-
âåñòíûõ êîýôôèöèåíòîâ ci, i = 1, 2M . Ñ ó÷åòîì íà÷àëüíûõ óñëîâèé (11) àïïðîêñèìàöèÿ
ôóíêöèè y(x) è åå ïåðâîé ïðîèçâîäíîé èìååò âèä:

y′(x) = y′(0) +

x∫
0

2M∑
i=1

ciψ
0
i (s)ds = β1 +

2M∑
i=1

ciψ
1
i , (18)

y(x) = y(0) +

x∫
0

2M∑
i=1

ciψ
1
i (s)ds = α1 +

2M∑
i=1

ciψ
2
i . (19)

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ (16){(19) ïðè γ = 0 â óðàâíåíèå (10), ïîëó÷èì íåëèíåéíóþ
àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé

(
α1+xjβ1+

2M∑
i=1

ciψ
2
i (xj)

)(
2β1+2

2M∑
i=1

ciψ
1
i (xj)−β2

)
+

2M∑
i=1

ciψ
0
i (xj) = 0, j = 1, 2M, (20)

êîòîðóþ áóäåì ðåøàòü èòåðàöèîííûì ìåòîäîì Íüþòîíà. Ðåøåíèå ñèñòåìû (20) îïðåäåëèò
íåèçâåñòíûå êîýôôèöèåíòû ðàçëîæåíèÿ ci, i = 1, 2M .

3. Âû÷èñëèòåëüíûé ýêñïåðèìåíò

Ðàññìîòðèì äâå çàäà÷è: ñ èçâåñòíûì àíàëèòè÷åñêèì ðåøåíèåì è áåç íåãî. Òî÷íîñòü
àëãîðèòìà áóäåì îöåíèâàòü â êóáè÷åñêîé íîðìå

‖ε‖ =
max

j
|ye

j − ya
j |

max
j
|ye

j |
,

ãäå ye
j | òî÷íîå ðåøåíèå, à ya

j | ÷èñëåííîå.
Çàäà÷à 1. Ðàññìîòðèì çàäà÷ó Êîøè (10), (11) ñ ïàðàìåòðàìè

γ = 0, β2 = 0, α1 = 0, β1 = −1.

Èçâåñòíî òî÷íîå ðåøåíèå òàêîé çàäà÷è y(ξ) = − tg ξ.
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Ðèñ. 1. Ñðàâíåíèå ÷èñëåííûõ ðåøåíèé ïî ìåòîäó ÂÕÌ è ïî ìåòîäó
Ðóíãå | Êóòòû ñ òî÷íûì ïðè çíà÷åíèÿõ ïàðàìåòðîâ γ = 0, β2 = 0

Âñå âû÷èñëåíèÿ áûëè âûïîëíåíû â ñðåäå MATLAB. Áûëà èñïîëüçîâàíà ñòàíäàðòíàÿ
ôóíêöèÿ ode45 ðåøåíèÿ çàäà÷è Êîøè ìåòîäîì ÐÊ. Óðîâåíü ðàçðåøåíèÿ ïðèíèìàëñÿ ðàâíûì
J = 3, à ÷èñëî óçëîâ êîëëîêàöèè 2M = 2J+1 = 16. Îøèáêà ìåòîäà ÐÊ ñîñòàâèëà 0.093225,
â òî âðåìÿ êàê îøèáêà ìåòîäà ÂÕÌ | 0.0038597. Îøèáêà ìåæäó ÷èñëåííûì ðåøåíèåì ïî
ìåòîäó ÐÊ è ÂÕÌ 0.097084. Ñðàâíåíèå òî÷íîãî ðåøåíèÿ è ÷èñëåííûõ ïî ìåòîäó ÂÕÌ è ÐÊ
ïîêàçàíî íà ðèñ. 1.
Çàäà÷à 2. Ðàññìîòðèì çàäà÷ó Êîøè (10), (11) ñ ïàðàìåòðàìè

γ = 0, β2 = 2, α1 = 0, β1 = −1.

Äëÿ òàêîé çàäà÷è ÿâíîãî ðåøåíèÿ íåò, ïîýòîìó áóäåì ñðàâíèâàòü ÷èñëåííîå ðåøåíèå ïî
ìåòîäó ÂÕÌ ñ ðåøåíèåì ïî ìåòîäó ÐÊ. L∞-îøèáêà ìåæäó ÐÊ è ÂÕÌ ñîñòàâèëà 0.21825

äëÿ êîëè÷åñòâà òî÷åê 2M = 16. Äëÿ 2M = 32 è 2M = 64 îøèáêà â íîðìå L∞ ñîñòàâèëà
0.1176 è 0.061194 ñîîòâåòñòâåííî. Ñðàâíåíèå ÷èñëåííûõ ðåøåíèé ïî ìåòîäó ÂÕÌ è ÐÊ
ïðåäñòàâëåíî íà ðèñ. 2.

Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàëàñü çàäà÷à Êîøè äëÿ àâòîìîäåëüíîãî íåëèíåéíîãî
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ 2-ãî ïîðÿäêà, êîòîðîå âîçíèêàåò â çàäà÷å
î äâèæåíèè äâóõæèäêîñòíîé ïëàçìû. Èçëîæåí àëãîðèòì ðåøåíèÿ çàäà÷è Êîøè ñ ïîìîùüþ
ìåòîäà âåéâëåòîâ Õààðà.
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Ðèñ. 2. Ñðàâíåíèå ÷èñëåííûõ ðåøåíèé ïî ìåòîäó ÂÕÌ è
ìåòîäó ÐÊ çàäà÷è 2 ïðè çíà÷åíèÿõ ïàðàìåòðîâ γ = 0, β2 = 2

×èñëåííûé ýêñïåðèìåíò ïîêàçàë, ÷òî ìåòîä âåéâëåòîâ Õààðà îïðåäåëÿåò ðåøåíèå òî÷-
íåå, ÷åì ìåòîä Ðóíãå | Êóòòû 4-ãî ïîðÿäêà, äëÿ ìàëîãî êîëè÷åñòâà óçëîâ êîëëîêàöèè (16
òî÷åê) â çàäà÷å 1 ñ èçâåñòíûì àíàëèòè÷åñêèì ðåøåíèåì. Â çàäà÷å 2, ãäå òî÷íîå ðåøåíèå
íåèçâåñòíî, îòíîñèòåëüíàÿ ïîãðåøíîñòü ìåæäó ÷èñëåííûìè ðåøåíèÿìè ïî âåéâëåò Õààð
ìåòîäó è ìåòîäó Ðóíãå | Êóòòû óìåíüøàåòñÿ ïðè óâåëè÷åíèè êîëè÷åñòâà êîëëîêàöèîííûõ
òî÷åê.
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This article considers the Cauchy problem for the second order automodeling nonlinear ordinary
differential equation in the problem of two-fluid plasma motion. An algorithm for solving this
problem with the use of Haar wavelet method was described. A numerical experiment showed
that Haar wavelet method is more accurate than the fourth order Runge-Kutta method for few
collocation points in problem 1 with a known analytical solution. In problem 2, where the exact
solution is unknown, relative error between numerical solutions by Haar wavelet method and
Runge-Kutta method tends to decrease with the growth of the number of collocation points.
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