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Ââåäåíèå

Ðàññìîòðèì ìîäåëü ïðîñòðàíñòâåííîé àâòîðåãðåññèè | ñòàöèîíàðíîå ïîëå Xij , îïèñû-
âàåìîå óðàâíåíèåì

Xij = a10Xi−1,j + a01Xi,j−1 + a11Xi−1,j−1 + εij, i, j = 0,±1,±2, . . . , (1)

ãäå a = (a10, a01, a11)
T | àâòîðåãðåññèîííûå êîýôôèöèåíòû, à εij | íåçàâèñèìûå îäèíàêî-

âî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì Eεij = 0.
Òàêèå ïîëÿ øèðîêî èñïîëüçóþòñÿ â åñòåñòâåííûõ, òåõíè÷åñêèõ è ãóìàíèòàðíûõ íàóêàõ (ñì.,
íàïðèìåð, [1, 2, 3, 4]).
Îäíîé èç âàæíûõ çàäà÷ ÿâëÿåòñÿ ïîñòðîåíèå îöåíîê êîýôôèöèåíòîâ a ïî íàáëþäåíèÿì

àâòîðåãðåññèîííîãî ïîëÿXij . Íàèáîëåå ðàñïðîñòðàíåííûì ìåòîäîì îöåíèâàíèÿ äî ñèõ ïîð
ÿâëÿåòñÿ ìåòîä ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ [5]. Ìåòîä ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ
ïðåäïîëàãàåò èçâåñòíûì òèï ôóíêöèè ðàñïðåäåëåíèÿ F (x) îáíîâëÿþùåãî ïîëÿ εij . Â ÷àñò-
íîñòè, åñëè εij èìåþò íîðìàëüíîå ðàñïðåäåëåíèå, òî îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ
ñîâïàäàþò ñ îöåíêàìè íàèìåíüøèõ êâàäðàòîâ è ñ àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè èì îöåí-
êàìè òèïà Þëà | Óîëêåðà [6]. Åñëè ïðåäïîëîæåíèÿ î òèïå F (x) âûïîëíÿþòñÿ àáñîëþòíî
òî÷íî, òî ìåòîä ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ÿâëÿåòñÿ îïòèìàëüíûì. Îäíàêî ïðè ðåøåíèè
ïðàêòè÷åñêèõ çàäà÷ òèï ðàñïðåäåëåíèÿ F (x) îáíîâëÿþùåãî ïîëÿ εij èçâåñòåí ëèøü ïðèáëè-
æåííî èëè íåèçâåñòåí ñîâñåì. Â ýòîì ñëó÷àå îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ òåðÿþò
ñâîþ ýôôåêòèâíîñòü [7].
Îäíîé èç àëüòåðíàòèâ îöåíêàì ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ÿâëÿþòñÿÌ-îöåíêè (îöåí-

êè, îáîáùàþùèå îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ). Ì-îöåíêè õîðîøî çàðåêîìåíäîâà-
ëè ñåáÿ â áîëåå ïðîñòûõ ìîäåëÿõ (îäíî- è äâóõâûáîðî÷íàÿ çàäà÷à è ëèíåéíàÿ ðåãðåññèÿ [8,9],
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ïðîöåññû àâòîðåãðåññèè-ñêîëüçÿùåãî ñðåäíåãî [10]). Â ýòèõ ìîäåëÿõ Ì-îöåíêè îêàçàëèñü
ðîáàñòíûìè, ò.å. ñëàáî ÷óâñòâèòåëüíûìè ê íàðóøåíèþ ïðåäïîëîæåíèÿ î âèäå ðàñïðåäåëå-
íèÿ íàáëþäåíèé. Ñâîéñòâà Ì-îöåíîê êîýôôèöèåíòîâ àâòîðåãðåññèîííîãî óðàâíåíèÿ (1)
èçó÷àëèñü â [7], ãäå áûëà äîêàçàíà àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü Ì-îöåíîê è âû÷èñëåíà
àñèìïòîòè÷åñêàÿ îòíîñèòåëüíàÿ ýôôåêòèâíîñòü Ì-îöåíîê ïî îòíîøåíèþ ê îöåíêàì íàè-
ìåíüøèõ êâàäðàòîâ. Òàì æå áûëî ïîêàçàíî, ÷òî óæå ïðè íåáîëüøîì íàðóøåíèè ïðåäïîëî-
æåíèÿ î íîðìàëüíîñòè εij èñïîëüçîâàíèå Ì-îöåíîê ïðåäïî÷òèòåëüíåå îöåíîê íàèìåíüøèõ
êâàäðàòîâ.
ÍàõîæäåíèåМ -îöåíêè êîýôôèöèåíòîâ a â ìîäåëè (1) ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâ-

íåíèé, äëÿ ÷åãî ôîðìàëüíî ìîæíî èñïîëüçîâàòü ìåòîä Íüþòîíà (òàêæå èçâåñòíûé êàê ìåòîä
êàñàòåëüíûõ) | èòåðàöèîííûé ÷èñëåííûé ìåòîä íàõîæäåíèÿ íóëÿ çàäàííîé ôóíêöèè. Îä-
íàêî ñïåöèôèêà ýòîé ñèñòåìû óðàâíåíèé äåëàåò ïðîöåäóðó âû÷èñëåíèÿ Ì-îöåíîê ìåòîäîì
ìåòîä êàñàòåëüíûõ Íüþòîíà íåíàäåæíîé. Âîçíèêàåò ïîòðåáíîñòü â àëãîðèòìå, êîòîðûé
ÿâëÿåòñÿ çàâåäîìî ñõîäÿùèìñÿ.
Â äàííîé ðàáîòå ïîñòðîåí àëãîðèòì âû÷èñëåíèÿÌ-îöåíîê êîýôôèöèåíòîâ a â ìîäåëè (1)

è äîêàçàíà åãî ñõîäèìîñòü. Àëãîðèòì ïðåäñòàâëÿåò ñîáîé èòåðàöèîííûé âàðèàíò âçâåøåí-
íîãî ìåòîäà íàèìåíüøèõ êâàäðàòîâ ñ ïåðåñ÷èòûâàåìûìè íà êàæäîì øàãå âåñàìè è îñíîâàí
íà èäåå èç [11].

1. Îïðåäåëåíèå Ì-îöåíîê

Ðàññìîòðèì ïîëå (1), ãäå a = (a10, a01, a11) | íåèçâåñòíûé âåêòîð ïàðàìåòðîâ, à εij |
íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû ñ ïëîòíîñòüþ f(x). Êàê ïîêà-
çàíî â [6], äîñòàòî÷íûì óñëîâèåì ñòàöèîíàðíîñòèXij ÿâëÿåòñÿ îòñóòñòâèå êîðíåé óðàâíåíèÿ

1− a10z1 − a01z2 − a11z1z2 = 0

âíóòðè åäèíè÷íîãî ïîëèäèñêà |z1| ≤ 1, |z2| ≤ 1, ÷òî ðàâíîñèëüíî âûïîëíåíèþ óñëîâèé [12]

|apq| < 1, (p, q) ∈ I;

(1 + a2
10 − a2

01 − a2
11)

2 − 4(a10 + a01a11)
2 > 0;

1− a2
01 > |a10 + a01a11|.

Çäåñü I = {(0, 1), (1, 0), (1, 1)}.
Ì-îöåíêó a∗mn ïàðàìåòðà a ïî íàáëþäåíèÿì Xij , i = 1, . . . ,m, j = 1, . . . , n, ïîëÿ (1)

îïðåäåëèì êàê òî÷êó ìèíèìóìà ôóíêöèè

L(a) =
m∑

i=2

n∑
j=2

ρ(Xij − a10Xi−1,j − a01Xi,j−1 − a11Xi−1,j−1), (2)

ãäå ρ|ïîäõîäÿùèì îáðàçîì âûáðàííàÿ ôóíêöèÿ. Îáû÷íî ρ(x)|âûïóêëàÿ ÷åòíàÿ ãëàäêàÿ
ôóíêöèÿ.
Â [7] äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà1. Ïóñòü ïîëåXij , îïèñûâàåìîå óðàâíåíèåì (1), ÿâëÿåòñÿ ñòàöèîíàðíûì, ρ(x)|
âûïóêëàÿ ôóíêöèÿ, ρ′′(x) íåïðåðûâíà ïî÷òè âñþäó è îãðàíè÷åíà, à ïëîòíîñòü f(x) íåçàâè-
ñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí εij â (1) óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì: Eε11 = 0, Eρ′(ε11) = 0, E(ρ′(ε11)

2) > 0, σ2 = Dε11 <∞, 0 < Eρ′′(ε11) <∞.
Òîãäà ïðè m,n → ∞ ñëó÷àéíûé âåêòîð

√
mn(a∗mn − a) ÿâëÿåòñÿ àñèìïòîòè÷åñêè íîð-

ìàëüíûì ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è êîâàðèàöèîííîé ìàòðèöåé

R−1 E[ρ′(ε11)
2]

(E[ρ′′(ε11)])2
,

ãäå R| êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà (X10, X01, X11)
T .

Çàìåòèì, ÷òî åñëè f(x) | ÷åòíàÿ ôóíêöèÿ (à ýòî òèïè÷íàÿ ñèòóàöèÿ), òî ïðîèçâîäíàÿ
ρ′(x) ÷åòíîé ôóíêöèè ρ(x) ÿâëÿåòñÿ íå÷åòíîé è óñëîâèå Eρ′(ε11) = 0 áóäåò âûïîëíåíî.
Â [13] àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü Ì-îöåíîê è èõ îáîáùåíèé äîêàçàíà è äëÿ íåâû-

ïóêëîé ôóíêöèè ρ(x), åñëè òîëüêî ñóùåñòâóåò ρ′′′(x).
Åñëè ôóíêöèÿ ρ(x) ÿâëÿåòñÿ âûïóêëîé è äèôôåðåíöèðóåìîé, òî ìèíèìèçàöèÿ (2) ðàâíî-

ñèëüíà ðåøåíèþ ñèñòåìû óðàâíåíèé

Λpq(a) = 0, p, q ∈ I, (3)

ãäå

Λpq(a) =
m∑

i=2

n∑
j=2

ψ(Xij − a10Xi−1,j − a01Xi,j−1 − a11Xi−1,j−1)Xi−p,j−q = 0, p, q ∈ I, (4)

à ψ(x) = ρ′(x).
Èç (1) ñëåäóåò, ÷òî ôóíêöèÿ ïðàâäîïîäîáèÿ ïàðàìåòðà a èìååò âèä

L(a) =
m∏

i=2

n∏
j=2

f(Xij − a10Xi−1,j − a01Xi,j−1 − a11Xi−1,j−1).

Îöåíêà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ïàðàìåòðà a îïðåäåëÿåòñÿ êàê òî÷êà ìàêñèìóìà L(a),
èëè, ÷òî ðàâíîñèëüíî, êàê òî÷êà ìèíèìóìà ôóíêöèè

l(a) = − lnL(a) =
m∑

i=2

n∑
j=2

(
− ln f(Xij − a10Xi−1,j − a01Xi,j−1 − a11Xi−1,j−1)

)
.

Òàêèì îáðàçîì, îöåíêà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì Ì-îöåíêè
ñ ρ-ôóíêöèåé ρ(x) = − ln f(x), èëè ψ-ôóíêöèåé

ψ(x) = −f
′(x)

f(x)
.

Ðåêîìåíäàöèè ïî âûáîðó ρ(x) èìåþòñÿ â [8,9]. Íàèáîëåå ðàñïðîñòðàíåííîé ρ-ôóíêöèåé
ÿâëÿåòñÿ ρ-ôóíêöèÿ Õüþáåðà | ïàðàìåòðè÷åñêîå ñåìåéñòâî, çàäàâàåìîå óðàâíåíèåì

ρH(x) =

{
x2, |x| ≤ k;

2k|x| − k2, |x| > k.
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Èç îïðåäåëåíèÿ ρ-ôóíêöèè Õüþáåðà ñëåäóåò, ÷òî åñëè íåâÿçêà

Xij − a10Xi−1,j − a01Xi,j−1 − a11Xi−1,j−1 (5)

â ìèíèìèçèðóåìîé ñóììå (2) ïðèíèìàåò äîñòàòî÷íî áîëüøèå çíà÷åíèÿ, òî åå âêëàä â ýòó
ñóììó ëèíååí, ò.å. îãðàíè÷èâàåòñÿ ïî ñðàâíåíèþ ñ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ. Åñëè
æå ýòà âåëè÷èíà ïðèíèìàåò íåáîëüøèå çíà÷åíèÿ, òî åå âêëàä â ñóììó (2) òàêîé æå, êàê è â
ìåòîäå íàèìåíüøèõ êâàäðàòîâ.
Åùå â áîëüøåé ñòåïåíè ìèíèìèçèðîâàòü âëèÿíèå áîëüøèõ çíà÷åíèé íåâÿçêè (5) íà ñóììó

(2) ìîæíî, âçÿâ â êà÷åñòâå ρT (x) ôóíêöèþ, íàçûâàåìóþ áèâåñ Òüþêè:

ρT (x) =

 1−
(
1−

(
x

k

)2)3

, |x| ≤ k;

1, |x| > k.

Èç îïðåäåëåíèÿ ρ-ôóíêöèè Òüþêè âèäíî, ÷òî åñëè çíà÷åíèå íåâÿçêè (5) ñòàíîâèòñÿ áîëüøå,
÷åì çíà÷åíèå ïàðàìåòðà k, òî åå âêëàä â ñóììó (2) ïðàêòè÷åñêè èãíîðèðóåòñÿ, çàìåíÿÿñü
åäèíèöåé.
Òàêèì îáðàçîì, ïî ñðàâíåíèþ ñ îöåíêàìè íàèìåíüøèõ êâàäðàòîâ,Ì-îöåíêè ñ ρ-ôóíêöèÿ-

ìèÕüþáåðà è Òüþêè äîëæíû áûòü ìåíåå ÷óâñòâèòåëüíûìè ê áîëüøèì çíà÷åíèÿì ñëàãàåìûõ
â (2), êîòîðûå èíäóöèðóþòñÿ áîëüøèìè îøèáêàìè â íàáëþäåíèÿõ ïîëÿ Xij . Ñìûñë ïîíÿ-
òèé <íåáîëüøèå çíà÷åíèÿ> è <äîñòàòî÷íî áîëüøèå çíà÷åíèÿ> ðåãóëèðóåòñÿ ïàðàìåòðîì k. Â
÷àñòíîñòè, åñëè ρ(x) = x2, òî ïîëó÷àåòñÿ îöåíêà íàèìåíüøèõ êâàäðàòîâ, à åñëè ρ(x) = |x||
îöåíêà íàèìåíüøèõ ìîäóëåé.

2. Ïîñòðîåíèå àëãîðèòìà

Ïðè ðåøåíèè ñèñòåìû óðàâíåíèé (3) ôîðìàëüíî ìîæíî èñïîëüçîâàòü àëãîðèòì Íüþòîíà
[14], ñóòü êîòîðîãî ñîñòîèò â ëèíåàðèçàöèè óðàâíåíèé ýòîé ñèñòåìû, ò.å. â çàìåíå ôóíêöèé
Λpq(a) èõ ðàçëîæåíèåì ïî ôîðìóëå Òåéëîðà â òî÷êå òåêóùåãî ïðèáëèæåíèÿ ðåøåíèÿ. Òàêèì
îáðàçîì, åñëè k-þ àïïðîêñèìàöèþ ðåøåíèÿ îáîçíà÷èòü a∗k, òî (k + 1)-ÿ èòåðàöèÿ ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû óðàâíåíèé

Λ(a∗k) +
∂Λ(a∗k)

∂a
(a∗k+1 − a∗k) = 0.

Ê ñîæàëåíèþ, ýòîò àëãîðèòì ìîæåò ðàñõîäèòüñÿ, íàïðèìåð, ïðè íåóäà÷íîì âûáîðå íà÷àëüíî-
ãî ïðèáëèæåíèÿ. Êðîìå òîãî, åñëè îïðåäåëèòåëü ìàòðèöû ∂Λ(a∗k)

∂a
ìîæåò áûòü ñêîëü óãîäíî

ìàëûì, òî ñêîðîñòü ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè a∗k íå áóäåò êâàäðàòè÷íîé, à ñàì ìåòîä
ìîæåò ïðåæäåâðåìåííî ïðåêðàòèòü ïîèñê è äàòü íåâåðíîå äëÿ çàäàííîé òî÷íîñòè ïðèáëè-
æåíèå.
Äëÿ òîãî ÷òîáû Ì-îöåíêè áûëè ðîáàñòíûìè (óñòîé÷èâûìè ê íàðóøåíèþ ïðåäïîëîæå-

íèÿ î ðàñïðåäåëåíèè îáíîâëÿþùåãî ïîëÿ εij), ôóíêöèÿ ψ(x) â (4) äîëæíà áûòü îãðàíè÷åíà.
Â ýòîì ñëó÷àå åå ïðîèçâîäíàÿ ψ′(x) áóäåò ñòðåìèòüñÿ ê íóëþ íà áåñêîíå÷íîñòè, è, ñëåäî-

âàòåëüíî, îïðåäåëèòåëü ìàòðèöû ∂Λ(a∗k)
∂a

íå áóäåò îòäåëåí îò íóëÿ, ÷òî äåëàåò ïðîöåäóðó
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âû÷èñëåíèÿÌ-îöåíîê ìåòîäîì Íüþòîíà íåíàäåæíîé. Ïî ýòîé ïðè÷èíå ïîñòðîèì àëãîðèòì,
êîòîðûé ÿâëÿþòñÿ çàâåäîìî ñõîäÿùèìñÿ.
Ïðåäïîëîæèì, ÷òî ôóíêöèÿ ψ äèôôåðåíöèðóåìà. Îïðåäåëèì ôóíêöèþ

w(x) =


ψ(x)
x

, x 6= 0;

ψ′(0), x = 0.

Â ýòîì ñëó÷àå ðåøåíèå ñèñòåìû (3) ðàâíîñèëüíî ðåøåíèþ ñèñòåìû
m∑

i=2

n∑
j=2

w(εij(a)) εij(a)Xαβ = 0, α, β ∈ I, (6)

ãäå εij(a) = Xij−a10Xi−1,j−a01Xi,j−1−a11Xi−1,j−1. Çàïèøåì ñèñòåìó (6) â âåêòîðíîì âèäå:
m∑

i=2

n∑
j=2

w(εij(a)) εij(a) X̃ij = 0, (7)

ãäå X̃ij = (Xi−1,j, Xi,j−1, Xi−1,j−1). Åñëè áû âåëè÷èíû wij = w(εij(a)) áûëè èçâåñòíû (íå
çàâèñåëè îò a), òî íà ðåøåíèå ñèñòåìû (7) îòíîñèòåëüíî a ìîæíî áûëî áû ñìîòðåòü êàê íà
îöåíêè âçâåøåííîãî ìåòîäà íàèìåíüøèõ êâàäðàòîâ, ïîñêîëüêó îíè ïîëó÷àëèñü áû êàê òî÷êà
ìèíèìóìà ôóíêöèè

Lw(a) =
m∑

i=2

n∑
j=2

wijε
2
ij(a). (8)

Îòìåòèì, ÷òî ìîæíî áûëî áû ñâåñòè ìèíèìèçàöèþ (8) è ê íàõîæäåíèþ îáû÷íûõ îöåíîê
íàèìåíüøèõ êâàäðàòîâ, åñëè â êà÷åñòâå <íàáëþäåíèé> âçÿòü√wijXij , à â êà÷åñòâå âåêòîðîâ-
ñòîëáöîâ ðåãðåññèîííîé ìàòðèöû âåëè÷èíû√wijX̃ij . Òîãäà ðåøåíèå (7) | òî÷êà ìèíèìóìà
ôóíêöèè

L̃w(a) =
m∑

i=2

n∑
j=2

(√
wij Xij −

√
wij X̃

T
ija

)2
.

Ýòè ñîîáðàæåíèÿ íàâîäÿò íà ìûñëü íàõîæäåíèÿ ìèíèìóìà (2) èòåðàöèîííûì ñïîñîáîì.
Ñîîòâåòñòâóþùèé àëãîðèòì áóäåò èìåòü ñëåäóþùèé âèä.

1. Îïðåäåëÿåòñÿ íà÷àëüíîå ïðèáëèæåíèå a∗0 Ì-îöåíêè a∗ ïàðàìåòðà a.
2. Ïî èçâåñòíîìó k-ìó ïðèáëèæåíèþ a∗k âû÷èñëÿþòñÿ

εijk = Xij − a∗k
T X̃ij, wijk = w(εijk), i = 2, . . . ,m, j = 2, . . . , n.

3. Âû÷èñëÿåòñÿ ñëåäóþùåå (k + 1)-å ïðèáëèæåíèå a∗k+1 êàê ðåøåíèå ñèñòåìû ëèíåéíûõ
îòíîñèòåëüíî a óðàâíåíèé

m∑
i=2

n∑
j=2

wijk(Xij − aT X̃ij)X̃ij = 0,

èëè
m∑

i=2

n∑
j=2

X̃ijX̃
T
ija =

m∑
i=2

n∑
j=2

wijk(XijX̃ij). (9)
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4. Ïðîöåññ çàêàí÷èâàåòñÿ, êîãäà

|a∗k+1 − a∗k| < δ,

ãäå ïîñòîÿííàÿ δ çàäàåò òî÷íîñòü âû÷èñëåíèÿ Ì-îöåíêè a∗.

Îáîçíà÷èâ

h(a) = argmin
β

m∑
i=2

n∑
j=2

w(εij(a)) (Xij − βT X̃ij),

àëãîðèòì ìîæíî çàïèñàòü â âèäå
a∗k+1 = h(a∗k), (10)

ïðè÷åì ðåøåíèå a∗∞ ñèñòåìû (3) óäîâëåòâîðÿåò óñëîâèþ

a∗∞ = h(a∗∞).

3. Ñõîäèìîñòü àëãîðèòìà

Äîêàæåì ñõîäèìîñòü ýòîãî àëãîðèòìà.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ ρ(x) íå óáûâàåò è èìååò ïðîèçâîäíóþ ρ′(x), à w(x) íå
âîçðàñòàåò ïðè |x| → ∞. Ïóñòü ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå a∗ ñèñòåìû (3). Òîãäà
àëãîðèòì ñõîäèòñÿ ê a∗.

Ä î ê à ç à ò å ë ü ñ ò â î. Îïðåäåëèì ôóíêöèþ g(x) ïî ôîðìóëå

g(x) = ρ(
√
x).

Òîãäà ρ(x) = g(x2), ρ′(x) = 2xg′(x2) è w(x) = 2g′(x2) ïðè x 6= 0.
Ïðèìåíèâ òåîðåìó î ñðåäíåì, ïîëó÷èì

L(a∗k+1)− L(a∗k) =
m∑

i=2

n∑
j=2

(
g(ε2

ij(a
∗
k+1))− g(ε2

ij(a
∗
k))

)
=

m∑
i=2

n∑
j=2

g′(τ)
(
ε2

ij(a
∗
k+1)− ε2

ij(a
∗
k)

)
,

ãäå τ ëåæèò ìåæäó ε2
ij(a

∗
k) è ε2

ij(a
∗
k+1).

Çàìåòèì, ÷òî åñëè w(x) íå âîçðàñòàåò ïðè x > 0, òî g′(x) òàêæå íå âîçðàñòàåò. Ïîýòîìó
g′(τ) ≤ g′(x) ïðè τ > x. Ñëåäîâàòåëüíî, åñëè x < y, òî

g(y)− g(x) = g′(τ)(y − x) ≤ g′(x)(y − x), x < τ < y.

Åñëè æå x > y, òî

g(x)− g(y) = g′(τ)(x− y) ≥ g′(x)(x− y), x < τ < y,

è ïîýòîìó òàêæå

g(y)− g(x) = g′(τ)(y − x) ≤ g′(x)(y − x), x < τ < y.

Òàêèì îáðàçîì,

L(a∗k+1)− L(a∗k) ≤
m∑

i=2

n∑
j=2

g′
(
ε2

ij(a
∗
k)

)(
ε2

ij(a
∗
k+1)− ε2

ij(a
∗
k)

)
.
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Òàê êàê

ε2
ij(a

∗
k+1)− ε2

ij(a
∗
k) =

(
a∗k − a∗k+1

)T
X̃ij, ε2

ij(a
∗
k+1) + ε2

ij(a
∗
k) = 2Xij −

(
a∗k + a∗k+1

)T
X̃ij,

òî

L(a∗k+1)− L(a∗k) ≤
m∑

i=2

n∑
j=2

g′
(
ε2

ij(a
∗
k)

)(
εij(a

∗
k+1)− εij(a

∗
k)

)(
εij(a

∗
k+1) + εij(a

∗
k)

)
=

=
m∑

i=2

n∑
j=2

g′
(
ε2

ij(a
∗
k)

)(
a∗k − a∗k+1

)T
X̃ij

(
2Xij − (a∗k + a∗k+1)

T X̃ij

)
.

Òàê êàê
g′(ε2

ij(a
∗
k)) =

1

2
w(ε2

ij(a
∗
k)),

è a∗k+1 ÿâëÿåòñÿ ðåøåíèåì (9), òî
m∑

i=2

n∑
j=2

w
(
ε2

ij(a
∗
k)

)
aT

k+1X̃ij =
m∑

i=2

n∑
j=2

w
(
ε2

ij(a
∗
k)

)
XijX̃ij.

Ïîýòîìó

L(a∗k+1)− L(a∗k) ≤
1

2

m∑
i=2

n∑
j=2

(a∗k − a∗k+1)
T X̃ijw

(
ε2

ij(a
∗
k)

)(
2a∗k+1X̃ij − (a∗k + a∗k+1)

T X̃ij

)
=

=
1

2

m∑
i=2

n∑
j=2

w
(
ε2

ij(a
∗
k)

)
(a∗k − a∗k+1)

T X̃ijX̃
T
ij(a

∗
k+1 − a∗k).

Ìàòðèöà X̃ij X̃
T
ij ïîëîæèòåëüíî îïðåäåëåíà. Ñëåäîâàòåëüíî,

(a∗k − a∗k+1)
T X̃ijX̃

T
ij (a∗k+1 − a∗k) < 0.

Òàê êàê ρ(x) âîçðàñòàåò ïðè x > 0, òî ψ(x) > 0 ïðè x > 0 è, ñëåäîâàòåëüíî, w(x) > 0 ïðè
x > 0. Ïîýòîìó w(ε2

ij(a
∗
k)) > 0 è, ñëåäîâàòåëüíî, L(a∗k+1)− L(a∗k) ≤ 0.

Äîêàæåì ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè a∗k ê Ì-îöåíêå a∗ ïàðàìåòðà a. Òàê êàê ïî-
ñëåäîâàòåëüíîñòü L(a∗k) íå âîçðàñòàåò è îãðàíè÷åíà ñíèçó, òî îíà èìååò êîíå÷íûé ïðåäåë.
Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü a∗k îãðàíè÷åíà. Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå
ñóùåñòâîâàëà áû ïîäïîñëåäîâàòåëüíîñòü a∗ki

, ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè, è òîãäà ïîäïî-
ñëåäîâàòåëüíîñòü L(a∗ki

) â ñèëó âîçðàñòàíèÿ ôóíêöèè ρ(x) ïðè x > 0 òàêæå ñòðåìèëàñü áû ê
áåñêîíå÷íîñòè.
Òàê êàê a∗k îãðàíè÷åíà, òî ó íåå ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü, ïðåäåë

êîòîðîé îáîçíà÷èì a∗∞. Ïåðåéäÿ â îáåèõ ÷àñòÿõ ðàâåíñòâà (10) ê ïðåäåëó, ïîëó÷èì, ÷òî
a∗∞ = h(a∗∞), ò.å. a∗∞| ñòàöèîíàðíàÿ òî÷êà ïðåîáðàçîâàíèÿ h.
Åñëè a∗∞ | åäèíñòâåííàÿ ñòàöèîíàðíàÿ òî÷êà h, òî a∗k → a∗∞. Äåéñòâèòåëüíî, â ïðîòèâ-

íîì ñëó÷àå ñóùåñòâîâàëà áû ïîäïîñëåäîâàòåëüíîñòü b∗ki
ïîñëåäîâàòåëüíîñòè a∗k, äëÿ êîòîðîé

äëÿ íåêîòîðîãî δ > 0 |b∗ki
− a∗∞| ≥ δ. Ïîñëåäîâàòåëüíîñòü b∗ki

â ñâîþ î÷åðåäü èìåëà áû ñõî-
äÿùóþñÿ ïîäïîñëåäîâàòåëüíîñòü, ñòðåìÿùóþñÿ ê b∗∞ 6= a∗∞, è äëÿ êîòîðîé áû âûïîëíÿëîñü
áû b∗∞ = h(b∗∞). Òåîðåìà äîêàçàíà.
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4. Âûâîäû

Â ðàáîòå ïîñòðîåí àëãîðèòì âû÷èñëåíèÿ Ì-îöåíîê êîýôôèöèåíòîâ óðàâíåíèÿ àâòîðå-
ãðåññèîííîãî ïîëÿ è äîêàçàíà ñõîäèìîñòü ýòîãî àëãîðèòìà. Àëãîðèòì ïðåäñòàâëÿåò ñîáîé
èòåðàöèîííûé âàðèàíò âçâåøåííîãî ìåòîäà íàèìåíüøèõ êâàäðàòîâ ñ ïåðåñ÷èòûâàåìûìè íà
êàæäîìøàãå âåñàìè. Â îòëè÷èå îò ìåòîäà Íüþòîíà (ìåòîäà êàñàòåëüíûõ) àëãîðèòì ÿâëÿåòñÿ
ñõîäÿùèìñÿ ïðè ëþáîì âûáîðå íà÷àëüíîãî ïðèáëèæåíèÿ.

Ñïèñîê ëèòåðàòóðû

1. Ripley B.D. Spatial statistics. Hoboken: Wiley, 1981. DOI: 10.1002/0471725218.

2. Gaetan C., Guyon X. Spatial statistics and modeling. New York: Springer, 2010. (Springer
Series in Statistics.) DOI: 10.1007/978-0-387-92257-7.

3. Handbook of spatial statistics / A.E. Gelfand, P.J. Diggle, M. Fuentes, P. Guttorp (eds.). Boca
Raton: Taylor & Francis, 2010.

4. Haining R. Spatial Data Analysis: Theory and Practice. Cambridge: CUP, 2004.

5. YaoQ., Brockwell P.J. GaussianMaximumLikelihoodEstimation forARMAModels II Spatial
Processes // Bernoulli. 2006. Vol. 12, no. 3. P. 403{429.

6. Tjostheim D. Statistical Spatial Series Modelling // Advances in Applied Probability. 1978.
Vol. 10, no. 1. P. 130{154.

7. ÃîðÿèíîâÂ.Á.Ì-îöåíêè ïðîñòðàíñòâåííîé àâòîðåãðåññèè // Àâòîìàòèêà è òåëåìåõàíèêà.
2012. ¹8. Ñ. 119{129.

8. Õüþáåð Ï.Äæ. Ðîáàñòíîñòü â ñòàòèñòèêå. Ì.: Ìèð, 1984.

9. Õàìïåëü Ô., Ðîí÷åòòè Ý., Ðàóññåó Ï., Øòàýëü Â. Ðîáàñòíîñòü â ñòàòèñòèêå. Ïîäõîä íà
îñíîâå ôóíêöèé âëèÿíèÿ. Ì.: Ìèð, 1989.

10. Lee C.-H., Martin R.D. Ordinary and proper location M-estimates for autoregressive-moving
average models // Biometrika. 1986. Vol. 73, no. 3. P. 679{686.

11. StirlingW.D. Iteratively reweighted least squares for models with a linear part // J. Roy. Statist.
Soc. Ser. C. 1984. Vol. 33, no. 1. P. 7{17.

12. BasuS., ReinselG.C. Properties of the SpatialUnilateral First-OrderARMAModel //Advances
in Applied Probability. 1993. Vol. 25, no. 3. P. 631{648.

13. Ãîðÿèíîâ Â.Á. Îáîáùåííûå Ì-îöåíêè êîýôôèöèåíòîâ àâòîðåãðåññèîííîãî ïîëÿ .. Àâòî-
ìàòèêà è òåëåìåõàíèêà. 2012. ¹ 10. Ñ. 42{51.

14. Àìîñîâ À.À., Äóáèíñêèé Þ.À., Êîï÷åíîâà Í.Â. Âû÷èñëèòåëüíûå ìåòîäû äëÿ èíæåíå-
ðîâ. Ì.: Âûñøàÿ øêîëà, 1994.

10.7463/0713.0571094 182

http://dx.doi.org/10.7463/0713.0571094


Algorithm for calculating M-estimates
of autoregressive field's parameters
# 07, July 2013
DOI: 10.7463/0713.0571094
Goryainov V. B.

Bauman Moscow State Technical University
105005, Moscow, Russian Federation

vb-goryainov@mail.ru

A process of a two-dimensional autoregression of order (1, 1) is considered in this article.
Distribution of the innovation field of the autoregressive model is assumed to be unknown. An
algorithm for calculating M-estimates of coefficients of the autoregressive field was constructed.
The convergence of this algorithm was proved. The algorithm is an iterative version of the
weighted least squares method. The weights are recalculated at each step. Each iteration represents
the process of solving the system of linear equations. In contrast to the method of Newton (method
of tangents) the algorithm converges from any point of the initial approximation.
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