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Ââåäåíèå

Ñíà÷àëà äåâÿíîñòûõ ãîäîâ ïðîøëîãî âåêà âíèìàíèå èññëåäîâàòåëåé íà÷èíàåò ïðèâëåêàòü
çàäà÷à óïðàâëåíèÿ õàîñîì. Ñóòü ýòîé çàäà÷è ñîñòîèò â ñèíòåçå òàêîãî óïðàâëåíèÿ, ïîä
âîçäåéñòâèåì êîòîðîãî äèíàìè÷åñêàÿ ñèñòåìà ïåðåñòàåò îáëàäàòü õàîòè÷åñêîé äèíàìèêîé.
Îáû÷íî çàìêíóòàÿ ñèñòåìà èìååò ïðè ýòîì îäèí èëè íåñêîëüêî óñòîé÷èâûõ ïðåäåëüíûõ
öèêëîâ. Â êà÷åñòâå ïðèìåðîâ ñïîñîáîâ ðåøåíèÿ ýòîé çàäà÷è ìîæíî ïðèâåñòè OGY-ìåòîä [1,
2, 3], ìåòîä îáðàòíîé ñâÿçè ñ çàïàçäûâàíèåì [4, 5], óïðàâëåíèå ñ ïîìîùüþ èñêóññòâåíûõ
íåéðîííûõ ñåòåé [6, 7, 8].
Â [9, 10] îïèñàí àëãîðèòì ðåøåíèÿ çàäà÷è óïðàâëåíèÿ õàîñîì äëÿ àôôèííûõ ñòàöèîíàð-

íûõ ñèñòåì
ẋ = A(x) + B(x)u, x ∈ Ω ⊆ Rn, u ∈ R1, (1)

ýêâèâàëåíòíûõ íà íåêîòîðîì îòêðûòîì ïîäìíîæåñòâå ïðîñòðàíñòâà ñîñòîÿíèéΩ ðåãóëÿðíîé
ñèñòåìå êàíîíè÷åñêîãî âèäà [11]

y(n) = f(y) + g(y)u, y =
(
y, ẏ, . . . , y(n−1)

)T
. (2)

Â ïðåäïîëîæåíèè, ÷òî ñèñòåìà (1), çàìêíóòàÿ óïðàâëåíèåì u ≡ 0, îáëàäàåò õàîòè÷åñêîé
äèíàìèêîé, íàéäåíî óïðàâëåíèå, ïðè êîòîðîì ýòà ñèñòåìà íå èìååò õàîòè÷åñêîé äèíàìèêè.
Ïðåäëîæåííûé ìåòîä çàêëþ÷àëñÿ â ñòàáèëèçàöèè íåêîòîðîãî ñïåöèàëüíî íàéäåííîãî

äâèæåíèÿ ñèñòåìû (2). Â ðåçóëüòàòå çàìêíóòàÿ ïîëó÷åííûì óïðàâëåíèåì ñèñòåìà èìåëà
àñèìïòîòè÷åñêè óñòîé÷èâûé ïðåäåëüíûé öèêë. Åñëè ïðè ýòîì ðåøåíèÿ èñõîäíîé ñèñòåìû
îáàäàëè ñëåäóþùèì ñâîéñòâîì: äëÿ ëþáîé çàðàíåå çàäàííîé ïîëîæèòåëüíîé âåëè÷èíû ε

íà ëþáîì ðåøåíèè ñ õàîòè÷åñêèì õàðàêòåðîì äâèæåíèÿ ñóùåñòâóþò òàêèå äâå òî÷êè x(t1)

è x(t2), ãäå t2 > t1, ÷òî ‖x(t1) − x(t2)‖ < ε (ïðè ýòîì t2 − t1 > δ > 0), òî ïîëó÷åííîå
óïðàâëåíèå ìîãëî áûòü ñäåëàíî ñêîëü óãîäíî ìàëûì ïî àáñîëþòíîé âåëè÷èíå.
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Îïèñàííûé ìåòîä íåïðèìåíèì ê ñèñòåìàì, ýêâèâàëåíòíûì ñèñòåìàì êâàçèêàíîíè÷å-
ñêîãî âèäà [12, 13]

y(k) = f(y) + g(y)u, η̇1 = h1(y, η), . . . , η̇n−k = hn−k(y, η), (3)

y =
(
y, ẏ, . . . , y(n−1)

)T
, η = (η1, . . . , ηn−k)

T .

Ýòî âûçâàíî òåì, ÷òî äëÿ ñèñòåìû (3) íåâîçìîæíî, âîîáùå ãîâîðÿ, ñòàáèëèçèðîâàòü ïðîèç-
âîëüíî çàäàííîå äâèæåíèå.
Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à ïîäàâëåíèÿ õàîòè÷åñêîé äèíàìèêè â ñèñòåìå, íå

ýêâèâàëåíòíîé ðåãóëÿðíîé ñèñòåìå êàíîíè÷åñêîãî âèäà íè íà êàêîì îòêðûòîì ïîäìíîæåñòâå
ïðîñòðàíñòâà ñîñòîÿíèé.

Ïîñòàíîâêà çàäà÷è

Â [15] îïèñàíî 19 ïðîñòûõ ñèñòåì òðåòüåãî ïîðÿäêà ñ êâàäðàòè÷íîé ïðàâîé ÷àñòüþ,
îáëàäàþùèõ õàîòè÷åñêîé äèíàìèêîé. Ïåðâàÿ èç ýòèõ ñèñòåì, îáîçíà÷åííàÿ àâòîðîì áóêâîé
<A>, èìååò âèä 

ẋ = y,

ẏ = −x + yz,

ż = 1− y2.

Åñëè ââåñòè óïðàâëåíèå âî âòîðîå óðàâíåíèå ýòîé ñèñòåìû, ïîëó÷èì ñèñòåìó êâàçèêàíîíè-
÷åñêîãî âèäà 

ẋ = y,

ẏ = −x + yz + u,

ż = 1− y2,

(4)

íå ýêâèâàëåíòíóþ íèêàêîé ñèñòåìå êàíîíè÷åñêîãî âèäà íè íà êàêîì ïîäìíîæåñòâå R3 [14].
Ïîñòðîèì òàêîå óïðàâëåíèå, ïðè êîòîðîì âìåñòî õàîòè÷åñêîé äèíàìèêè çàìêíóòàÿ èì

ñèñòåìà (4) áóäåò èìåòü óñòîé÷èâûå ïåðèîäè÷åñêèå ðåøåíèÿ.

Ñîçäàíèå ïåðèîäè÷åñêèõ ðåøåíèé

Ïóñòü ôóíêöèÿ η(t) ∈ C2 ÿâëÿåòñÿ ïåðèîäè÷åñêîé ñ ïåðèîäîì T . Ðàññìîòðèì óïðàâëåíèå

u(x, y, z, t) = x− yz + η̈(t). (5)

Òîãäà ðåøåíèå çàäà÷è Êîøè (4){(5) ñ íà÷àëüíûìè óñëîâèÿìè

x(t0) = x0 = η(t0), y(t0) = y0 = η̇(t0), z(t0) = z0 (6)

èìååò âèä

x(t) = η(t), y(t) = η̇(t), z(t) = ξ(t) = z0 +

t∫
t0

(
1− η̇2(τ)

)
dτ. (7)
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Çàìåòèì, ÷òî ýòî ðåøåíèå ïðèíàäëåæèò öèëèíäðè÷åñêîé ïîâåðõíîñòè ñ îáðàçóþùåé, ïàðàë-
ëåëüíîé îñè z. Ïàðàìåòðè÷åñêèå óðàâíåíèÿ

x = η(t), y = η̇(t) (8)

çàäàþò íàïðàâëÿþùóþ ýòîé öèëèíäðè÷åñêîé ïîâåðõíîñòè. Äîïîëíèòåëüíî ïîòðåáóåì,
÷òîáû äëÿ ïåðèîäè÷åñêîé ôóíêöèè η(t) äëÿ ëþáîãî t âûïîëíÿëîñü óñëîâèå

t+T∫
t

(
1− η̇2(τ)

)
dτ = 0. (9)

Òîãäà äëÿ ëþáîãî t

ξ(t + T ) = z0 +

t∫
t0

(
1− η̇2(τ)

)
dτ +

t+T∫
t

(
1− η̇2(τ)

)
dτ = z0 +

t∫
t0

(
1− η̇2(τ)

)
dτ = ξ(t).

Ýòî îçíà÷àåò, ÷òî êîìïîíåíòû ðåøåíèÿ (7) ÿâëÿþòñÿ ôóíêöèÿìè ïåðèîäà T , T è kT ñîîò-
âåòñòâåííî, ãäå k | íàòóðàëüíîå ÷èñëî. Áóäåì èñêàòü ôóíêöèþ η(t), óäîâëåòâîðÿþùóþ
óñëîâèþ (9), â âèäå

η(t) = a cos
2π(t− t0)

T
+ b sin

2π(t− t0)

T
, (10)

ãäå a è b| íåêîòîðûå êîíñòàíòû. Òîãäà

η̇(t) = −a
2π

T
sin

2π(t− t0)

T
+ b

2π

T
cos

2π(t− t0)

T
,

t+T∫
t

(
1− η̇2(τ)

)
dτ = T − 2π2(a2 + b2)

T
.

Óñëîâèå (9) è
η(t0) = x0, η̇(t0) = y0 (11)

áóäóò âûïîëíÿòüñÿ â òîì ñëó÷àå, åñëè

a = x0, b
2π

T
= y0, T 2 = 2π2(a2 + b2). (12)

Ñèñòåìà (12) ïðè |y0| <
√

2 èìååò ðåøåíèå

a = x0, b =
Ty0

2π
, T =

2πx0√
2− y2

0

. (13)

Òàêèì îáðàçîì, äëÿ ëþáîé íà÷àëüíîé òî÷êè (x0, y0, z0), |y0| <
√

2, ìû ïîñòðîèëè óïðàâëå-
íèå (5),(10),(13), ïðè êîòîðîì ñèñòåìà ñîâåðøàåò ïåðèîäè÷åñêîå äâèæåíèå ïî çàìêíóòîé
êðèâîé, ëåæàùåé íà ýëëèïòè÷åñêîì öèëèíäðå ñ îáðàçóþùåé, ïàðàëëåëüíîé îñè z. Äëÿ íà-
÷àëüíûõ òî÷åê (x0, y0, z0) è (x0, y0, z1), îòëè÷àþùèõñÿ òîëüêî çíà÷åíèÿìè òðåòüèõ êîîðäèíàò,
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ñîîòâåòñòâóþùèå èì ôàçîâûå êðèâûå áóäóò ïðèíàäëåæàòü îäíîìó è òîìó æå öèëèíäðó, ïðè-
÷åì âòîðàÿ êðèâàÿ ìîæåò áûòü ïîëó÷åíà èç ïåðâîé ïàðàëëåëüíûì ñäâèãîì âäîëü îñè z íà
âåëè÷èíó z1 − z0.
Â ðàññìàòðèâàåìîé ñèñòåìå öèëèíäð ñîñòîèò èç ïåðèîäè÷åñêèõ òðàåêòîðèé, òðè èç êî-

òîðûõ èçîáðàæåíû íà ðèñ. 1. Èçîáðàæåííûå òðàåêòîðèè ïîëó÷åíû èíòåãðèðîâàíèåì ñè-
ñòåìû (4), çàìêíóòîé ïîëó÷åííûì óïðàâëåíèåì (5), äëÿ íà÷àëüíûõ òî÷åê

(
T
√

2/π, 0, 0
)
,(

T
√

2/π, 0, 4
)
,
(
T
√

2/π, 0, 8
)
, ïðè T = 100.

Ðèñ. 1. Ôàçîâûå êðèâûå

Ñòàáèëèçàöèÿ ïåðèîäè÷åñêèõ ðåøåíèé

Ðàññìîòðèì òåïåðü çàäà÷ó Êîøè ñ ïðîèçâîëüíûìè íà÷àëüíûìè óñëîâèÿìè

x(t0) = x∗, y(t0) = y∗, z(t0) = z∗ (14)

äëÿ ñèñòåìû (4), çàìêíóòîé óïðàâëåíèåì

u(x, y, z, t) = x− yz + η̈(t)− k1(y − η̇(t))− k0(x− η(t)), (15)

ãäå ôóíêöèÿ η(t) ïîñòðîåíà äëÿ íà÷àëüíîé òî÷êè (x0, y0, z0) (6); k1 è k0 | íåêîòîðûå
êîíñòàíòû. Â òî÷êàõ òðàåêòîðèè x(t) = η(t), y(t) = η̇(t), z(t) = ξ(t) ýòî óïðàâëåíèå
ñîâïàäàåò ñ óïðàâëåíèåì (5). Ïîäñòàâèâ (15) â èñõîäíóþ ñèñòåìó (4), ïîëó÷èì çàìêíóòóþ
ñèñòåìó 

ẋ = y,

ẏ = η̈(t)− k1(y − η̇(t))− k0(x− η(t)),

ż = 1− y2.

(16)

10.7463/0513.0555404 138

http://dx.doi.org/10.7463/0513.0555404


Ïåðâûå äâà óðàâíåíèÿ (16) çàïèøåì â ïåðåìåííûõ ∆x = x− η(t), ∆y = y − η̇(t):
d∆x

dt
= ∆y,

d∆y

dt
= k1∆y + k0∆x.

(17)

Ïðè ïîëîæèòåëüíûõ k1 è k0 ýòà ëèíåéíàÿ ñèñòåìà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè áóäåò
èìåòü àñèìïòîòè÷åñêè óñòîé÷èâîå â öåëîì íóëåâîå ðåøåíèå.
Ïîýòîìó∆x è∆y ñòðåìÿòñÿ ê íóëþ ïðè t → +∞. Ýòî îçíà÷àåò, ÷òî ðàñõîæäåíèå ìåæäó

íàïðàâëÿþùåé (8) öèëèíäðè÷åñêîé ïîâåðõíîñòè è ïðîåêöèåé íà ïëîñêîñòü Oxy ðåøåíèÿ
çàäà÷è Êîøè (4),(15),(14) ñòðåìèòñÿ ê íóëþ ïðè t → +∞.
Ïóñòü äàëåå k1 è k0 òàêîâû, ÷òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû (17) èìååò

âåùåñòâåííûå îòðèöàòåëüíûå êîðíè λ1 è λ2, λ1 > λ2. Òîãäà îáùåå ðåøåíèå (17) áóäåò
èìåòü âèä

∆x = C1e
λ1(t−t0) + C2e

λ2(t−t0), ∆y = C1λ1e
λ1(t−t0) + C2λ2e

λ2(t−t0).

Çíà÷åíèÿ ïîñòîÿííûõ C1 è C2, ñîîòâåòñòâóþùèå ðåøåíèþ çàäà÷è Êîøè ñ íà÷àëüíûìè óñëî-
âèÿìè

∆x(t0) = x∗ − x0, ∆y(t0) = y∗ − y0, (18)

ìîãóò áûòü íàéäåíû ïî ôîðìóëàì

C1 =
−λ2∆x(t0) + ∆y(t0)

λ1 − λ2

, C2 =
λ1∆x(t0)−∆y(t0)

λ1 − λ2

.

Òåïåðü ðàññìîòðèì âîïðîñ î ïîâåäåíèè∆z = z(t)− ξ(t) ïðè t → +∞, ãäå z(t)| òðåòüÿ
êîìïîíåíòà ðåøåíèÿ çàäà÷è Êîøè (4), (15), (14). Ïîñêîëüêó

z(t) = z∗ +

t∫
t0

(1− y2(τ)) dτ,

òî

∆z = z∗ +

t∫
t0

(1− y2(τ)) dτ − z0 −
t∫

t0

(1− η̇2(τ)) dτ =

= z∗ − z0 −
t∫

t0

(y2(τ)− η̇2(τ)) dτ = z∗ − z0 −
t∫

t0

(
y(τ)− η̇(τ)

)(
y(τ) + η̇(τ)

)
dτ =

= z∗ − z0 −
t∫

t0

∆y(τ)
(
∆y(τ) + 2η̇(τ)

)
dτ ;

ïðè ýòîì âåëè÷èíà

∆y(τ) = C1λ1e
λ1(τ−t0) + C2λ2e

λ2(τ−t0)

http://technomag.bmstu.ru/doc/555404.html 139

http://technomag.bmstu.ru/doc/555404.html


áåñêîíå÷íî ìàëà ïðè t → +∞, à âûðàæåíèå

α(τ) = ∆y(τ) + 2η̇(τ) =

= C1λ1e
λ1(τ−t0) + C2λ2e

λ2(τ−t0) − 4aπ

T
sin

2π(τ − t0)

T
+

4bπ

T
cos

2π(τ − t0)

T
=

= C1λ1e
λ1(τ−t0) + C2λ2e

λ2(τ−t0) − 4x0π

T
sin

2π(τ − t0)

T
+ 2y0 cos

2π(τ − t0)

T

îãðàíè÷åíî ïðè t ∈ [t0, +∞), êàê ñóììà îãðàíè÷åíûõ ôóíêöèé. Îáîçíà÷èì êîíñòàíòó,
îãðàíè÷èâàþùóþ α(τ) ïî àáñîëþòíîé âåëè÷èíå ïðè t ∈ [t0, +∞), ÷åðåçM .

Ïîêàæåì, ÷òî èíòåãðàë
+∞∫
t0

∆y(τ)α(τ) dτ ñõîäèòñÿ. Äåéñòâèòåëüíî,

+∞∫
t0

∆y(τ)α(τ) dτ =

+∞∫
t0

C1λ1e
λ1(τ−t0)α(τ) dτ +

+∞∫
t0

C2λ2e
λ2(τ−t0)α(τ) dτ.

Äëÿ ïåðâîãî èíòåãðàëà â ïðàâîé ÷àñòè ðàâåíñòâà èìååì∣∣∣∣∣
+∞∫
t0

C1λ1e
λ1(τ−t0)α(τ) dτ

∣∣∣∣∣ = |C1λ1|

∣∣∣∣∣
+∞∫
t0

eλ1(τ−t0)α(τ) dτ

∣∣∣∣∣.
Òàê êàê ∣∣eλ1(τ−t0)α(τ)

∣∣ < M
∣∣eλ1(τ−t0)

∣∣ = Meλ1(τ−t0)

è
+∞∫
t0

Meλ1(τ−t0) dτ = −M

λ1

=
M

|λ1|
,

òî èíòåãðàë
+∞∫
t0

C1λ1e
λ1(τ−t0)α(τ) dτ ñõîäèòñÿ, ïðè÷åì

∣∣∣∣∣∣
+∞∫
t0

C1λ1e
λ1(τ−t0)α(τ) dτ

∣∣∣∣∣∣ < |C1λ1| ·
M

|λ1|
= |C1|M.

Àíàëîãè÷íî ∣∣∣∣∣∣
+∞∫
t0

C2λ2e
λ2(τ−t0)α(τ) dτ

∣∣∣∣∣∣ < |C2|M.

Òàêèì îáðàçîì, ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
t→+∞

∆z(t) = lim
t→+∞

(z(t)− ξ(t)) = C,

ãäå âåëè÷èíà

C =

+∞∫
t0

∆y(τ)α(τ) dτ
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çàâèñèò ëèøü îò íà÷àëüíûõ óñëîâèé (14). Ñëåäîâàòåëüíî, ω-ïðåäåëüíîå ìíîæåñòâî ðåøåíèÿ
çàäà÷è Êîøè (4), (15), (14) áóäåò çàìêíóòîé êðèâîé

x(t) = η(t), y(t) = η̇(t), z(t) = ξ(t) + C,

ëåæàùåé íà öèëèíäðè÷åñêîé ïîâåðõíîñòè ñ íàïðàâëÿþùåé (8).
Ðåçóëüòàòûìîäåëèðîâàíèÿ ïðîöåññà óïðàâëåíèÿ õàîñîì ïðè ïîìîùè ïîñòðîåííîãî óïðà-

âëåíèÿ ïðèâåäåíû íà ðèñ. 2. Ìîäåëèðîâàíèå ïðîèçâîäèëîñü äëÿ òðåõ íà÷àëüíûõ òî÷åê
S1(1, 1, 1), S2(−1, −1, −20) è S3(10, 3, 0) ñ îäèíàêîâûì çíà÷åíèåì T = 100; áûëè âû-
áðàíû çíà÷åíèÿ k1 = 0,3 è k0 = 0,02, x0 = T

√
2/π, y0 = 0. Íà ðèñóíêå ñèíèì öâåòîì

ïîêàçàíà òðåêòîðèÿ ïðè äâèæåíèè èç S1, êðàñíûì | èç S2, çåëåíûì | èç S3.

Ðèñ. 2. Ìîäåëèðîâàíèå ïðîöåññà óïðàâëåíèÿ õàîñîì

Çàêëþ÷åíèå

Â ñòàòüå îïèñàí ñïîñîá, ïîçâîëÿþùèé ðåøèòü çàäà÷ó óïðàâëåíèÿ õàîñîì â îäíîé èç
ñèñòåì Ñïðîòòà ñ óïðàâëåíèåì. Ðàññìàòðèâàåìàÿ ñèñòåìà ïðèìå÷àòåëüíà òåì, ÷òî îíà íå
ýêâèâàëåíòíà ðåãóëÿðíîé ñèñòåìå êàíîíè÷åñêîãî âèäà íè íà êàêîì ïîäìíîæåñòâå ïðîñòðàí-
ñòâà ñîñòîÿíèé. Î÷åâèäíî, ÷òî îïèñàííûé ñïîñîá äîïóñêàåò îáîáùåíèå íà áîëåå øèðîêèé
êëàññ ñèñòåì. Òàê, â ïîñëåäíåì óðàâíåíèè ñèñòåìû ïðàâàÿ ÷àñòü ìîæåò èìåòü âèä ïðî-
èçâîëüíîãî ìíîãî÷ëåíà îò x è y. Ïðè ýòîì â ïðîöåäóðå óïðàâëåíèÿ èçìåíèòñÿ ëèøü âèä
ïîñëåäíåãî óñëîâèÿ â (12).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ 11-01-00733 è Ïðîãðàììû Ïðåçèäåíòà
ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ øêîë (ãðàíò ¹ÍØ-3659.2012.1).
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Since the early nineties, the problem of controlling chaos attracts researches' attention. The
essence of the problem lies in synthesis of control which eliminates chaotic dynamics of a dynamic
system. A normally closed system has one or several stable limit cycles. This article deals with
the problem of controlling chaos in one of the Sprott systems and also describes the method of
elimination of chaotic dynamics by stabilizing a cylindrical invariant sub-manifold in the phase
space of the closed system which consists of system's stable periodic solutions. The system under
consideration belongs to the class of affine systems which are not equivalent to a regular system of
the canonical form on any subset of the state space. The described method is applicable not only
to the specific system in question but may be extended.
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