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Ââåäåíèå

Ìíîãèå îêðóæàþùèå íàñ ÿâëåíèÿ è çàêîíîìåðíîñòè (ïðèðîäíûå, òåõíè÷åñêèå, ýêîíî-
ìè÷åñêèå è ò.ï.) èìåþò ñëó÷àéíûé õàðàêòåð, ÷òî ïîçâîëÿåò îïèñûâàòü èõ ñëó÷àéíûìè
ïðîöåññàìè. Ìàòåìàòè÷åñêèå ìîäåëè, çàäàííûå â ðàìêàõ ýòîãî ïîäõîäà, ïðèìåíÿþòñÿ â
ñîöèîëîãè÷åñêèõ è äåìîãðàôè÷åñêèõ èññëåäîâàíèÿõ, äëÿ èìèòàöèè ýêîíîìè÷åñêîé êîíêó-
ðåíöèè è öåíîîáðàçîâàíèÿ, ïðè îïèñàíèè äåéñòâèÿ ëåêàðñòâåííûõ ïðåïàðàòîâ è ðàñïðîñòðà-
íåíèÿ ýïèäåìèé, ïðè àíàëèçå ïðîöåññîâ â ñëîæíûõ òåõíè÷åñêèõ ñèñòåìàõ [1,2,3,4,5,6,7,8].
Ýòè ÿâëåíèÿ äîñòàòî÷íî ÷àñòî òðåáóåòñÿ ðàññìàòðèâàòü â ðàçëè÷íûõ ìàñøòàáàõ è ïîýòîìó
èçìåíåíèÿ âåëè÷èí, îïèñûâàþùèõ ñîñòîÿíèå ïðîöåññà, ìîæíî ðàçäåëèòü íà äèôôóçèîí-
íûå (ìàëûå ñëó÷àéíûå èçìåíåíèÿ) è ñêà÷êîîáðàçíûå (èçìåíåíèÿ, ñâÿçàííûå ñ ðàçðûâîì
òðàåêòîðèè ïðîöåññà). Òàêèì îáðàçîì, ðàçëè÷íûå ÿâëåíèÿ è ïðîöåññû ìîæíî îïèñàòü ñ
ïîìîùüþ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äèôôóçèîííîé è ñêà÷êîîáðàçíîé
êîìïîíåíòàìè.
Â ðàáîòå ïðåäëîæåíà ìîäåëü ñòîõàñòè÷åñêîé ñèñòåìû óïðàâëåíèÿ, â êîòîðîé ìîìåíòû

ïîÿâëåíèÿ ðàçðûâîâ (ñêà÷êîâ) òðàåêòîðèé îáðàçóþò ãèïåðýðëàíãîâñêèé ïîòîê ñîáûòèé è ãå-
íåðèðóåòñÿ äâà òèïà ñêà÷êîâ, èìåþùèõ ðàçëè÷íûå çàêîíû ðàñïðåäåëåíèÿ âåëè÷èíû ñêà÷êà
è ðàñïðåäåëåíèÿ èíòåðâàëîâ âðåìåíè ìåæäó ñêà÷êàìè. Èñïîëüçîâàíèå ãèïåðýðëàíãîâñêîãî
çàêîíà ðàñïðåäåëåíèÿ (ñìåñè ýðëàíãîâñêèõ çàêîíîâ [9]), ïîçâîëÿåò ðàñøèðèòü ñïåêòð ðåøà-
åìûõ ïðèêëàäíûõ çàäà÷. Öåëü ðàáîòû ñîñòîèò â ðàçðàáîòêå ñïåêòðàëüíîãî ìåòîäà àíàëèçà
òàêèõ ñèñòåì, îñíîâàííîãî íà ðàçëîæåíèè ôóíêöèé â ðÿäû ïî îðòîíîðìèðîâàííîìó áà-
çèñó [10,11,12,13,14,15]. Ýòîò ìåòîä ÿâëÿåòñÿ ðàçâèòèåì ïîäõîäà, ïðèìåíÿåìîãî äëÿ áîëåå
ïðîñòûõ ñòîõàñòè÷åñêèõ ñèñòåì [16,17, 8, 18].
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1. Ïîñòàíîâêà çàäà÷è

Áóäåì ïðåäïîëàãàòü, ÷òî ïîâåäåíèå ìîäåëè ñèñòåìû óïðàâëåíèÿ ìîæíî îïèñàòü ñëó÷àé-
íûì ïðîöåññîì â íåïðåðûâíîì âðåìåíè, ÿâëÿþùèìñÿ àääèòèâíîé ñìåñüþ äèôôóçèîííîãî è
ñïåöèàëüíîãî ñêà÷êîîáðàçíîãî ïðîöåññîâ è óäîâëåòâîðÿþùèì ñòîõàñòè÷åñêîìó äèôôåðåí-
öèàëüíîìó óðàâíåíèþ Èòî [19]:

dX(t) = f
(
t,X(t)

)
dt+ σ

(
t,X(t)

)
dW (t) + dQ(t), X(t0) = X0, (1)

â êîòîðîì X ∈ Rn | âåêòîð ñîñòîÿíèÿ; t ∈ T , T = [t0, t1] | çàäàííûé îòðåçîê âðåìåíè
ôóíêöèîíèðîâàíèÿ ñèñòåìû; f(t, x): T × Rn → Rn | âåêòîð-ôóíêöèÿ ðàçìåðîâ n× 1;
σ(t, x): T ×Rn → Rn×s |ìàòðè÷íàÿ ôóíêöèÿ ðàçìåðîâ n× s;W (t)| s-ìåðíûé ñòàíäàðò-
íûé âèíåðîâñêèé ïðîöåññ, êîòîðûé íå çàâèñèò îò íà÷àëüíîãî ñîñòîÿíèÿ X0, îïðåäåëÿåìîãî
çàäàííîé ïëîòíîñòüþ âåðîÿòíîñòè ϕ0(x).
Ñëó÷àéíûé ïðîöåññ Q(t) ïðåäñòàâëÿåòñÿ â âèäå

Q(t) =

P (t)∑
i=1

Y (i, τi), Y (i, τi) =


Y1(τi), i (modN) = N1;

Y2(τi), i (modN) = 0;

0, i (modN) 6= N1 è i (modN) 6= 0.

ãäå P (t) | ïóàññîíîâñêèé ïðîöåññ èíòåíñèâíîñòè λ, àññîöèèðîâàííûé ñî ñëó÷àéíûì ïî-
òîêîì ñîáûòèé [1, 20], ñîñòîÿùèõ â òîì, ÷òî âåêòîð ñîñòîÿíèÿ X ïîëó÷àåò ïðèðàùåíèÿ
Y1(τi) ∈ Rn èëè Y2(τi) ∈ Rn â ñëó÷àéíûå ìîìåíòû âðåìåíè èç ìíîæåñòâà {τ1, τ2, . . .}:

X(τi) = X(τi − 0) + Y (i, τi), i (modN) = N1 èëè i (modN) = 0.

Ðàñïðåäåëåíèå èíòåðâàëîâ âðåìåíè ∆τi = τi − τi−1, i = 1, 2, . . . (τ0 = t0), îïðåäåëÿåòñÿ
ïîêàçàòåëüíûì çàêîíîì ñ ïàðàìåòðîì λ [3, 21]. Ñëó÷àéíûé âåêòîð Y1(τi) õàðàêòåðèçóåòñÿ
ïëîòíîñòüþ âåðîÿòíîñòè ψ1(t, y), à ñëó÷àéíûé âåêòîð Y2(τi) | ïëîòíîñòüþ âåðîÿòíîñòè
ψ2(t, y); t = τi. Ïðèðàùåíèÿ Y1(τi) è Y2(τi) ÷åðåäóþòñÿ ìåæäó ñîáîé.
Çàäàííîå ïîëîæèòåëüíîå ÷èñëî λ, à òàêæå íàòóðàëüíûå ÷èñëàN1 èN îïðåäåëÿþò ãèïåð-

ýðëàíãîâñêèé çàêîí ðàñïðåäåëåíèÿ ïðîìåæóòêîâ âðåìåíè ìåæäó ïîñëåäîâàòåëüíûìè ðàçðû-
âàìè òðàåêòîðèè ïðîöåññàX(t). Ýòî ðàñïðåäåëåíèå ìîæíî îïèñàòü ñ ïîìîùüþ ÷åðåäîâàíèÿ
ýðëàíãîâñêèõ çàêîíîâ ðàñïðåäåëåíèé, èìåþùèõ îäèíàêîâóþ èíòåíñèâíîñòü λ è ðàçëè÷íûå
ïîðÿäêè N1 è N2 = N −N1 ñîîòâåòñòâåííî [21].
Äàëåå ðàññìîòðèì äðóãîå îïèñàíèå ñõåìû ïîÿâëåíèÿ ñîáûòèé (ðàçðûâîâ â òðàåêòîðèÿõ

âåêòîðà ñîñòîÿíèÿ). Äëÿ ýòîãî ðàññìîòðèì ñëó÷àéíûé ïðîöåññK(t) ñ êîíå÷íûì ìíîæåñòâîì
ñîñòîÿíèé {1, 2, . . . , N}, êîòîðûå ñìåíÿþòñÿ ïîñëåäîâàòåëüíî, íà÷èíàÿ ñ 1, â ñîîòâåòñòâèè
ñ êîëüöåâûì ãðàôîì ñîñòîÿíèé. Ãðàô ñîñòîÿíèé ñëó÷àéíîãî ïðîöåññà K(t) ïðåäñòàâëåí íà
ðèñ. 1. Ïðè ïåðåõîäå èç ñîñòîÿíèÿ ñ íîìåðîì N1 â ñîñòîÿíèå ñ íîìåðîì N1 + 1 âåêòîð X
ïîëó÷àåò ñëó÷àéíîå ïðèðàùåíèå Y1 ñ ïëîòíîñòüþ ψ1(t, y), à ïðè ïåðåõîäå èç ñîñòîÿíèÿ ñ
íîìåðîì N â ñîñòîÿíèå ñ íîìåðîì 1 | ñëó÷àéíîå ïðèðàùåíèå Y2 ñ ïëîòíîñòüþ ψ2(t, y),
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Ðèñ. 1. Ãðàô ñîñòîÿíèé ñëó÷àéíîãî ïðîöåññà K(t)

Ðèñ. 2. Âûáîðî÷íûå òðàåêòîðèè ïðîöåññîâK(t) è X(t)

÷òî ñîîòâåòñòâóåò ðàçðûâó òðàåêòîðèè ïðîöåññà X(t). Ïðèìåðû âûáîðî÷íûõ òðàåêòîðèé
ïðîöåññîâ K(t) è X(t) ïîêàçàíû íà ðèñ. 2.
Åñëè ïðåäïîëîæèòü, ÷òî ðàñïðåäåëåíèå âåëè÷èíû Y1 õàðàêòåðèçóåòñÿ ïëîòíîñòüþ âåðî-

ÿòíîñòè ψ1(t, y) = δ(y), ãäå δ(y)| äåëüòà-ôóíêöèÿ, òî èíòåðâàëû âðåìåíè ìåæäó ïîñëåäî-
âàòåëüíûìè ðàçðûâàìè òðàåêòîðèè ïðîöåññà X(t) áóäóò èìåòü ýðëàíãîâñêîå ðàñïðåäåëåíèå
ñ ïàðàìåòðàìè λ è N . Ýòîò ñëó÷àé èçëîæåí â ðàáîòå [18].
Çàìåòèì, ÷òî ïîñòàíîâêà çàäà÷è ìîæåò áûòü èçìåíåíà ñ ïðåäïîëîæåíèåì, ÷òî èíòåíñèâ-

íîñòü λ çàâèñèò îò âðåìåíè, ò.å. λ = λ(t), λ(t): T → [0, +∞). Äàëåå áóäåì ðàññìàòðèâàòü
èìåííî òàêîé âàðèàíò.
Òàêèì îáðàçîì, ðàññìàòðèâàåòñÿ ñòîõàñòè÷åñêàÿ ñèñòåìà ñ ðàñøèðåííûì âåêòîðîì ñîñòî-

ÿíèÿ, íåïðåðûâíàÿ ÷àñòü êîòîðîãî|X , à äèñêðåòíàÿ|K ∈ {1, 2, . . . , N}. Òîãäà ïëîòíîñòü
âåðîÿòíîñòè ϕ(t, x) âåêòîðà X ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñóììû:

ϕ(t, x) =
N∑

k=1

ϕ(k)(t, x),
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ãäå ôóíêöèèϕ(k)(t, x) óäîâëåòâîðÿþò ñèñòåìå îáîáùåííûõ óðàâíåíèéÔîêêåðà|Ïëàíêà|
Êîëìîãîðîâà [1, 2, 22]:

∂ϕ(1)(t, x)

∂t
= Aϕ(1)(t, x)− λ(t)ϕ(1)(t, x) + λ(t)

∫
Rn

ψ2(t, x− z)ϕ(N)(t, z) dz, (2)

∂ϕ(N1+1)(t, x)

∂t
=Aϕ(N1+1)(t, x)− λ(t)ϕ(N1+1)(t, x) + λ(t)

∫
Rn

ψ1(t, x− z)ϕ(N1)(t, z)dz, (3)

∂ϕ(k)(t,x)

∂t
=Aϕ(k)(t,x)−λ(t)ϕ(k)(t,x)+λ(t)ϕ(k−1)(t,x), k=2, . . . ,N1,N1 +2, . . . ,N, (4)

â êîòîðîé

Aϕ(k)(t, x) = −
n∑

i=1

∂

∂xi

[
fi(t, x)ϕ

(k)(t, x)
]

+

+
1

2

n∑
i=1

n∑
j=1

∂2

∂xi∂xj

[
gij(t, x)ϕ

(k)(t, x)
]
, k = 1, 2, . . . , N, (5)

gij(t, x) =
s∑

r=1

σir(t, x)σjr(t, x), i, j = 1, 2, . . . , n.

Äëÿ ñëó÷àéíîãî ïðîöåññà K(t) íà÷àëüíîå ñîñòîÿíèå ôèêñèðîâàíî: K(t0) = 1, ïîýòîìó ñ
ó÷åòîì çàäàííîé ïëîòíîñòè âåðîÿòíîñòè ϕ0(x) íà÷àëüíîãî ñîñòîÿíèÿ X0 èìååì

ϕ(1)(t0, x) = ϕ0(x), ϕ(k)(t0, x) = 0, k = 2, . . . , N. (6)

Ïîñëåäíèå ñëàãàåìûå â ïðàâûõ ÷àñòÿõ óðàâíåíèé (3) è (2) ìîæíî ïðåäñòàâèòü â îïåðà-
òîðíîé ôîðìåH1ϕ

(N1)(t, x) èH2ϕ
(N)(t, x) ñîîòâåòñòâåííî, îïðåäåëèâ

H1ϕ
(N1)(t, x) = λ(t)

∫
Rn

ψ1(t, x− z)ϕ(N1)(t, z) dz,

H2ϕ
(N)(t, x) = λ(t)

∫
Rn

ψ2(t, x− z)ϕ(N)(t, z) dz,

(7)

äëÿ âñåõ äîïóñòèìûõôóíêöèéϕ(t, x);H1 èH2|ëèíåéíûå îïåðàòîðû, à èìåííî êîìïîçèöèè
îïåðàòîðà óìíîæåíèÿ íà ôóíêöèþ λ(t) è îïåðàòîðîâ Ôðåäãîëüìà ñ ÿäðàìè ψ1(t, x − z) è
ψ2(t, x− z).
Çàäà÷à àíàëèçà ñòîõàñòè÷åñêîé ñèñòåìû óïðàâëåíèÿ, îïèñûâàåìîé óðàâíåíèåì (1), çà-

êëþ÷àåòñÿ â íàõîæäåíèè ïëîòíîñòè âåðîÿòíîñòè ϕ(t, x) âåêòîðà ñîñòîÿíèÿ X .
Äàëåå ïðåäïîëàãàåòñÿ, ÷òî ïðè çàäàííûõ ôóíêöèÿõ f(t, x), σ(t, x), λ(t), ψ1(t, y), ψ2(t, y)

è ϕ0(x) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷ (1) è (2){(6). Óñëîâèÿ íà ôóíêöèè f(t, x),
σ(t, x), λ(t), íà÷àëüíîå ñîñòîÿíèåX0 è îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ ñèñòåìû óðàâíå-
íèé (2){(6) äàíû, íàïðèìåð, â [22].
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2. Ïðèìåíåíèå ñïåêòðàëüíîé ôîðìû ìàòåìàòè÷åñêîãî îïèñàíèÿ

Ñâåäåì çàäà÷ó àíàëèçà ê ïîèñêó êîýôôèöèåíòîâ ðàçëîæåíèÿ ϕi0i1...in ôóíêöèè ϕ(t, x) ïî
îðòîíîðìèðîâàííûì ôóíêöèÿì â ïðîñòðàíñòâå L2(T × Rn). Îáîçíà÷èì ïîëíóþ ñèñòåìó
îðòîíîðìèðîâàííûõ ôóíêöèé

{
e(i0, i1, . . . , in, t, x)

}∞
i0,i1,...,in=0

, ïðåäïîëàãàÿ, ÷òî îíè ïðåä-
ñòàâëÿþòñÿ â âèäå ïðîèçâåäåíèÿ

e(i0, i1, . . . , in, t, x) = q(i0, t) p(i1, . . . , in, x), i0, i1, . . . , in = 0, 1, 2, . . . ,

ïðè÷åì ôóíêöèè
{
q(i0, t)

}∞
i0=0

è
{
p(i1, . . . , in, x)

}∞
i1,...,in=0

îáðàçóþò ïîëíûå îðòîíîðìèðîâàí-
íûå ñèñòåìû â ïðîñòðàíñòâàõ L2(T ) è L2(Rn) ñîîòâåòñòâåííî.
Ïðèìåíèì ñïåêòðàëüíîå ïðåîáðàçîâàíèå [13, 14] ê ñèñòåìå óðàâíåíèé (2){(4) ñ ó÷åòîì

óñëîâèé (6), òîãäà

P (n+1,n+1)Φ(1)(n+1,0)− q(1,0; t0)⊗Φ0(n,0) =A(n+1,n+1)Φ(1)(n+1,0)−

− Λ(n+ 1, n+ 1)Φ(1)(n+ 1, 0) +H2(n+ 1, n+ 1) · Φ(N)(n+ 1, 0), (8)

P (n+ 1, n+ 1) Φ(N1+1)(n+ 1, 0) = A(n+ 1, n+ 1) Φ(N1+1)(n+ 1, 0)−

− Λ(n+ 1, n+ 1) Φ(N1+1)(n+ 1, 0) +H1(n+ 1, n+ 1) Φ(N1)(n+ 1, 0), (9)

P (n+ 1, n+ 1) Φ(k)(n+ 1, 0) =

= A(n+ 1, n+ 1) Φ(k)(n+ 1, 0)− Λ(n+ 1, n+ 1) Φ(k)(n+ 1, 0) +

+ Λ(n+ 1, n+ 1) Φ(k−1)(n+ 1, 0), k = 2, . . . , N1, N1 + 2, . . . , N. (10)

Â ýòèõ ñîîòíîøåíèÿõ P (n+ 1, n+ 1)| ñïåêòðàëüíàÿ õàðàêòåðèñòèêà îïåðàòîðà äèôôå-
ðåíöèðîâàíèÿ ïî âðåìåíè ñ ó÷åòîì çíà÷åíèÿ ôóíêöèè â íà÷àëüíûé ìîìåíò; A(n+ 1, n+ 1),
H1(n+ 1, n+ 1) èH2(n+ 1, n+ 1)|ñïåêòðàëüíûå õàðàêòåðèñòèêè îïåðàòîðîâA,H1 èH2,
îïðåäåëåííûõ âûðàæåíèÿìè (5), (7); Λ(n+ 1, n+ 1)| ñïåêòðàëüíàÿ õàðàêòåðèñòèêà îïåðà-
òîðà óìíîæåíèÿ íà ôóíêöèþ λ(t); Φ(k)(n + 1, 0) | ñïåêòðàëüíûå õàðàêòåðèñòèêè ôóíêöèé
ϕ(k)(t, x), k = 1, 2, . . . , N . Âñå ïåðå÷èñëåííûå õàðàêòåðèñòèêè îïðåäåëåíû îòíîñèòåëüíî
ñèñòåìû ôóíêöèé

{
e(i0, i1, . . . , in, t, x)

}∞
i0,i1,...,in=0

. Äàëåå, q(1, 0; t0)| ìàòðèöà-ñòîëáåö çíà-
÷åíèé ôóíêöèé áàçèñíîé ñèñòåìû

{
q(i0, t)

}∞
i0=0

â òî÷êå t0; Φ0(n, 0)| ñïåêòðàëüíàÿ õàðàêòå-
ðèñòèêà ïëîòíîñòè âåðîÿòíîñòèϕ0(x) íà÷àëüíîãî ñîñòîÿíèÿX0, îïðåäåëåííàÿ îòíîñèòåëüíî
ôóíêöèé

{
p(i1, . . . , in, x)

}∞
i1,...,in=0

.
Ñïåêòðàëüíàÿ õàðàêòåðèñòèêà Φ(n+ 1, 0) ïëîòíîñòè âåðîÿòíîñòè ϕ(t, x), íàçûâàåìàÿ

òàêæå îáîáùåííîé õàðàêòåðèñòè÷åñêîé ôóíêöèåé [11,13,14], âûðàæàåòñÿ ñëåäóþùèì îáðà-
çîì (Φ(n+ 1, 0) | ìíîãîìåðíàÿ ãèïåðñòîëáöîâàÿ ìàòðèöà, îáðàçîâàííàÿ èñêîìûìè êîýô-
ôèöèåíòàìè ðàçëîæåíèÿ ϕi0i1...in):

Φ(n+ 1, 0) =
N∑

k=1

Φ(k)(n+ 1, 0). (11)
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Â îñíîâå ñîîòíîøåíèé (8){(10) ëåæàò îïðåäåëåíèÿ, ôîðìà ïðåäñòàâëåíèÿ è ñâîéñòâà
ñïåêòðàëüíûõ õàðàêòåðèñòèê ôóíêöèé è ëèíåéíûõ îïåðàòîðîâ, ïîäðîáíî èçëîæåííûå â
[10, 13, 14, 15]. Îïðåäåëåíèå ñïåêòðàëüíîé õàðàêòåðèñòèêè, àíàëîãè÷íîé H1(n+ 1, n+ 1)

è H2(n+ 1, n+ 1), äàíî â [18]. Â ðàáîòàõ [8, 13, 14, 17, 18] ïðèâåäåíî ïðåäñòàâëåíèå ñïåê-
òðàëüíîé õàðàêòåðèñòèêè A(n+ 1, n+ 1) ñ ïîìîùüþ ñïåêòðàëüíûõ õàðàêòåðèñòèê îïåðàòî-
ðîâ äèôôåðåíöèðîâàíèÿ è óìíîæåíèÿ.
Ñèñòåìà óðàâíåíèé (8){(10) ïðåäñòàâëÿåò ñîáîé ñèñòåìó ëèíåéíûõ ìàòðè÷íûõ óðàâ-

íåíèé îòíîñèòåëüíî íåèçâåñòíûõ ñïåêòðàëüíûõ õàðàêòåðèñòèê Φ(k)(n + 1, 0), èëè ñè-
ñòåìó ëèíåéíûõ íåîäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ýëåìåíòîâ ìàòðèö
Φ(k)(n+ 1, 0), ò.å. êîýôôèöèåíòîâ ðàçëîæåíèÿ ôóíêöèé ϕ(k)(t, x) ïî ôóíêöèÿì áàçèñíîé ñè-
ñòåìû

{
e(i0, i1, . . . , in, t, x)

}∞
i0,i1,...,in=0

.
Ïåðåéäåì ê ðåøåíèþ ýòîé ñèñòåìû. Èç óðàâíåíèÿ (9) ñëåäóåò, ÷òî

(
P (n+ 1, n+ 1)− A(n+ 1, n+ 1) + Λ(n+ 1, n+ 1)

)
Φ(N1+1)(n+ 1, 0) =

= H1(n+ 1, n+ 1) · Φ(N1)(n+ 1, 0),

ò.å.

Φ(N1)(n+ 1, 0) = H−1
1 (n+ 1, n+ 1)

(
P (n+ 1, n+ 1)− A(n+ 1, n+ 1) +

+ Λ(n+ 1, n+ 1)
)
Φ(N1+1)(n+ 1, 0),

èëè êðàòêî

Φ(N1)(n+ 1, 0) = W̃ (n+ 1, n+ 1) Φ(N1+1)(n+ 1, 0) =

= H−1
1 (n+ 1, n+ 1) Λ(n+ 1, n+ 1)W (n+ 1, n+ 1) Φ(N1+1)(n+ 1, 0),

ãäå

W̃ (n+ 1, n+ 1) =H−1
1 (n+ 1, n+ 1)

(
P (n+ 1, n+ 1)−A(n+ 1, n+ 1) + Λ(n+ 1, n+ 1)

)
,

W (n+ 1, n+ 1) = Λ−1(n+ 1, n+ 1)
(
P (n+ 1, n+ 1)−A(n+ 1, n+ 1) + Λ(n+ 1, n+ 1)

)
.

Èç óðàâíåíèÿ (10) ñëåäóåò, ÷òî

(
P (n+ 1, n+ 1)− A(n+ 1, n+ 1) + Λ(n+ 1, n+ 1)

)
Φ(k)(n+ 1, 0) =

= Λ(n+ 1, n+ 1)Φ(k−1)(n+ 1, 0), k = 2, . . . , N1, N1 + 2, . . . , N.

ò.å.

Φ(k−1)(n+ 1, 0) = Λ−1(n+ 1, n+ 1)
(
P (n+ 1, n+ 1)− A(n+ 1, n+ 1) +

+ Λ(n+ 1, n+ 1)
)
· Φ(k)(n+ 1, 0), k = 2, . . . , N1, N1 + 2, . . . , N,
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èëè êðàòêî

Φ(k−1)(n+ 1, 0) = W (n+ 1, n+ 1) Φ(k)(n+ 1, 0), k = 2, . . . , N1, N1 + 2, . . . , N.

Òàêèì îáðàçîì,

Φ(1)(n+ 1, 0) = W k−1(n+ 1, n+ 1) Φ(k)(n+ 1, 0),

Φ(k)(n+ 1, 0) = WN1−k(n+ 1, n+ 1) W̃ (n+ 1, n+ 1)×

×WN−N1−1(n+ 1, n+ 1) Φ(N)(n+ 1, 0), k = 1, . . . , N1;

Φ(1)(n+ 1, 0) = WN1−1(n+ 1, n+ 1) W̃ (n+ 1, n+ 1)×

×W k−N1−1(n+ 1, n+ 1) Φ(k)(n+ 1, 0),

Φ(k)(n+ 1, 0) = WN−k(n+ 1, n+ 1) Φ(N)(n+ 1, 0), k = N1 + 1, . . . , N,

â ÷àñòíîñòè,

Φ(1)(n+1, 0) = WN1−1(n+1, n+1) W̃ (n+1, n+1)WN2−1(n+1, n+1) Φ(N)(n+1, 0). (12)

Ïåðåïèøåì óðàâíåíèå (8) ñ ó÷åòîì (12):(
Λ(n+ 1, n+ 1)WN1(n+ 1, n+ 1)W̃ (n+ 1, n+ 1)WN2−1(n+ 1, n+ 1)−

−H2(n+ 1, n+ 1)
)
Φ(N)(n+ 1, 0) = q(1, 0; t0)⊗ Φ0(n, 0),

ñëåäîâàòåëüíî,

Φ(N)(n+ 1, 0) =
(
Λ(n+ 1, n+ 1)WN1(n+ 1, n+ 1) W̃ (n+ 1, n+ 1)×

×WN2−1(n+ 1, n+ 1)−H2(n+ 1, n+ 1)
)(
q(1, 0; t0)⊗ Φ0(n, 0)

)
.

Ñ ó÷åòîì ðàâåíñòâà

W̃ (n+ 1, n+ 1) = H−1
1 (n+ 1, n+ 1) Λ(n+ 1, n+ 1)W (n+ 1, n+ 1) (13)

èìååì

Φ(N)(n+ 1, 0) =
(
Λ(n+ 1, n+ 1)WN1(n+ 1, n+ 1)H−1

1 (n+ 1, n+ 1)×
× Λ(n+ 1, n+ 1)WN2(n+ 1, n+ 1)−H2(n+ 1, n+ 1)

)−1(
q(1, 0; t0)⊗ Φ0(n, 0)

)
. (14)

Äàëåå âûðàçèì ñïåêòðàëüíóþ õàðàêòåðèñòèêó Φ(n+ 1, 0), ïðèíèìàÿ âî âíèìàíèå (11):

Φ(n+ 1, 0) =

N1∑
k=1

Φ(k)(n+ 1, 0) +
N∑

k=N1+1

Φ(k)(n+ 1, 0) =

=

[ N1∑
k=1

WN1−k(n+ 1, n+ 1) W̃ (n+ 1, n+ 1)WN2−1(n+ 1, n+ 1) +

+

N2∑
k=1

WN2−k(n+ 1, n+ 1)

]
Φ(N)(n+ 1, 0).
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Â [18] áûëî ïîêàçàíî, ÷òî
N∑

k=1

WN−k(n+ 1, n+ 1) =

=
(
E(n+ 1, n+ 1)−WN(n+ 1, n+ 1)

)(
E(n+ 1, n+ 1)−W (n+ 1, n+ 1)

)−1
, (15)

ïîýòîìó

Φ(n+ 1, 0) =
[(
E(n+ 1, n+ 1)−WN1(n+ 1, n+ 1)

)
×

×
(
E(n+ 1, n+ 1)−W (n+ 1, n+ 1)

)−1
W̃ (n+ 1, n+ 1)WN2−1(n+ 1, n+ 1) +

+
(
E(n+1,n+1)−WN2(n+1,n+1)

)(
E(n+1,n+1)−W (n+1,n+1)

)−1
]
Φ(N)(n+1,0).

Òîãäà, ó÷èòûâàÿ ñîîòíîøåíèÿ (13) è (14), ïîëó÷àåì ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è â
ñïåêòðàëüíîé ôîðìå ìàòåìàòè÷åñêîãî îïèñàíèÿ:

Φ(n+1,0)=
[(
E(n+1,n+1)−WN1(n+1,n+1)

)(
E(n+1,n+1)−W (n+1,n+1)

)−1×

×H−1
1 (n+ 1, n+ 1) Λ(n+ 1, n+ 1)WN2(n+ 1, n+ 1) +

+
(
E(n+ 1, n+ 1)−WN2(n+ 1, n+ 1)

)(
E(n+ 1, n+ 1)−W (n+ 1, n+ 1)

)−1
]
×

×
[
Λ(n+ 1, n+ 1)WN1(n+ 1, n+ 1)H−1

1 (n+ 1, n+ 1) Λ(n+ 1, n+ 1)×

×WN2(n+ 1, n+ 1)−H2(n+ 1, n+ 1)
]−1(

q(1, 0; t0)⊗ Φ0(n, 0)
)
.

Ç à ì å ÷ à í è å . Åñëè ïðè ïåðåõîäå èç ñîñòîÿíèÿ ñ íîìåðîì N1 â ñîñòîÿíèå ñ íîìåðîì
N1 + 1 ïðèðàùåíèå Y1 âåêòîðà ñîñòîÿíèÿ X áóäåò âñåãäà íóëåâûì, òî H1(n + 1, n + 1) =

= Λ(n+ 1, n+ 1), W̃ (n+ 1, n+ 1) = W (n+ 1, n+ 1) è ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è â
ñïåêòðàëüíîé ôîðìå ìàòåìàòè÷åñêîãî îïèñàíèÿ ïðèìåò âèä

Φ(n+ 1, 0) =
[(
E(n+ 1, n+ 1)−WN1(n+ 1, n+ 1)

)
×

×
(
E(n+ 1, n+ 1)−W (n+ 1, n+ 1)

)−1
WN2(n+ 1, n+ 1) +

+
(
E(n+ 1, n+ 1)−WN2(n+ 1, n+ 1)

)(
E(n+ 1, n+ 1)−W (n+ 1, n+ 1)

)−1
]
×

×
[
Λ(n+ 1, n+ 1)WN1+N2(n+ 1, n+ 1)−H2(n+ 1, n+ 1)

]−1(
q(1, 0; t0)⊗ Φ0(n, 0)

)
.

Äàëåå, ââèäó (15) è òîãî, ÷òî N1 +N2 = N ,(
E(n+1,n+1)−WN1(n+1,n+1)

)(
E(n+1,n+1)−W (n+1,n+1)

)−1
WN2(n+1,n+1)+

+
(
E(n+ 1, n+ 1)−WN2(n+ 1, n+ 1)

)(
E(n+ 1, n+ 1)−W (n+ 1, n+ 1)

)−1
=

=

N1∑
k=1

WN1−k(n+ 1, n+ 1) ·WN2(n+ 1, n+ 1) +

N2∑
k=1

WN2−k(n+ 1, n+ 1) =

=

N1∑
k=1

WN1+N2−k(n+ 1, n+ 1)+

N1+N2∑
k=N1+1

WN1+N2−k(n+ 1, n+ 1) =
N∑

k=1

WN−k(n+1, n+1).
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Îáîçíà÷àÿ H2(n+ 1, n+ 1) = H(n+ 1, n+ 1), ïîëó÷àåì

Φ(n+1,0)=
(
E(n+1,n+1)−WN(n+1,n+1)

)(
E(n+1,n+1)−W (n+1,n+1)

)−1×

×
[
Λ(n+ 1, n+ 1) ·WN(n+ 1, n+ 1)−H(n+ 1, n+ 1)

]−1(
q(1, 0; t0)⊗ Φ0(n, 0)

)
,

÷òî ñîâïàäàåò ñ ðåøåíèåì çàäà÷è àíàëèçà, ðàññìîòðåííîé â ðàáîòå [18].
Äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è àíàëèçà â ïðîñòðàíñòâå ôóíêöèé âðåìåíè è âåêòîðà

ñîñòîÿíèÿ òðåáóåòñÿ ïðèìåíèòü ôîðìóëó îáðàùåíèÿ [13, 14]:

ϕ(t, x) =
∞∑

i0=0

∞∑
i1=0

. . .

∞∑
in=0

ϕi0i1...in · e(i0, i1, . . . , in, t, x), (t, x) ∈ T × Rn.

Îáû÷íî ïðèáëèæåííî îïðåäåëÿåòñÿ êîíå÷íîå ÷èñëî êîýôôèöèåíòîâ ϕi0i1...in , ïîñêîëüêó
çàäà÷à íàõîæäåíèÿ âñåõ êîýôôèöèåíòîâ ðàçëîæåíèÿ íå ÿâëÿåòñÿ òðèâèàëüíîé. Â ýòîì ñëó÷àå
áåñêîíå÷íûå ìàòðèöû â (8){(11) çàìåíÿþòñÿ êîíå÷íûìè ìàòðèöàìè:

ϕ(t, x) ≈
L0−1∑
i0=0

L1−1∑
i1=0

. . .

Ln−1∑
in=0

ϕi0i1...in e(i0, i1, . . . , in, t, x),

ãäå íàòóðàëüíûå ÷èñëà L0, L1, . . . , Ln | âûáðàííûå ïîðÿäêè óñå÷åíèÿ ñïåêòðàëüíûõ õàðàê-
òåðèñòèê, âëèÿþùèå íà òî÷íîñòü ðåøåíèÿ.

Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíî ïðèìåíåíèå ñïåêòðàëüíîé ôîðìû ìàòåìàòè÷åñêîãî îïèñàíèÿ ê
çàäà÷å âåðîÿòíîñòíîãî àíàëèçà ñòîõàñòè÷åñêèõ ñèñòåì, êîòîðûå õàðàêòåðèçóþòñÿ íàëè÷èåì
ðàçðûâîâ (ñêà÷êîâ) òðàåêòîðèé, îáðàçóþùèõ ãèïåðýðëàíãîâñêèé ïîòîê ñîáûòèé. Ïîëó÷åíû
ñîîòíîøåíèÿ äëÿ íàõîæäåíèÿ ïëîòíîñòè âåðîÿòíîñòè âåêòîðà ñîñòîÿíèÿ â ñïåêòðàëüíîé
ôîðìå ìàòåìàòè÷åñêîãî îïèñàíèÿ ñèñòåì óïðàâëåíèÿ. Èñïîëüçîâàíèå ãèïåðýðëàíãîâñêèõ
ïîòîêîâ äàåò âîçìîæíîñòü ó÷èòûâàòü áîëåå ñëîæíûé õàðàêòåð ïîâåäåíèÿ òðàåêòîðèé âåê-
òîðà ñîñòîÿíèÿ, à ïðèìåíåíèå ñïåêòðàëüíîé ôîðìû ìàòåìàòè÷åñêîãî îïèñàíèÿ ïîçâîëÿåò
ñâåñòè ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ ðàçëîæåíèÿ èñêîìîé ïëîòíîñòè âåðîÿòíîñòè ïî
íåêîòîðîé îðòîíîðìèðîâàííîé ñèñòåìå ôóíêöèé.
Ðàññìîòðåííûé ïîäõîä óïðîùàåò ïðîöåññ ðåøåíèÿ çàäà÷è àíàëèçà, äåëàÿ åãî óäîáíûì

äëÿ ïðèìåíåíèÿ ñîâðåìåííûõ âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëèòåëüíûõ ñèñòåì.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò ¹ 12-08-00892-à).
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This article considers stochastic control systems with impulses that are generated by hyper-
Erlangian flows of events and lead to discontinuities of system trajectories. The authors solve the
problem of finding a probability density function for the system state. The solution is based on
usage of the spectral form of mathematical description. The purpose of this paper is to develop a
spectral method for analysis of this kind of systems, based on function expansion by a series of
orthonormal functions. This approach simplifies the process of solving analysis problems, making
it convenient for use of modern high-performance computers.
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