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Ââåäåíèå

Ðàññìîòðèì àâòîðåãðåññèîííîå ïîëå Xij , îïèñûâàåìîå óðàâíåíèåì

Xij = a10Xi−1,j + a01Xi,j−1 + a11Xi−1,j−1 + εij, i, j = 0, 1, 2, . . . , (1)

ãäå Xij = 0 ïðè i < 0 èëè j < 0á a = (a10, a01, a11)| àâòîðåãðåññèîííûå êîýôôèöèåíòû, à
εij |íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû ñ íóëåâûì ìàòåìàòè÷å-
ñêèì îæèäàíèåì Eεij = 0.
Ðàíãîâûé ïîäõîä â ñòàòèñòèêå ñîñòîèò â çàìåíå íàáëþäåíèé Xij ðàíãàìè èõ îñòàòêîâ

εij(ϑ) = Xij − ϑ10Xi−1,j − ϑ01Xi,j−1 − ϑ11Xi−1,j−1, ϑ ∈ R3, (2)

è àíàëèçå ýòèõ ðàíãîâ, à íå ñàìèõ èñõîäíûõ íàáëþäåíèé.
Â ðàáîòå [1] áûëè ïðåäëîæåíû óñòîé÷èâûå ê <âûáðîñàì> ëîêàëüíî íàèáîëåå ìîùíûå

ðàíãîâûå êðèòåðèè è îöåíêè ïàðàìåòðà a.
Â äàííîé ðàáîòå íà îñíîâå ýòèõ êðèòåðèåâ ïîñòðîåíû ðàíãîâûå îöåíêè êîýôôèöèåíòîâ a.

Ïðîâåäåíî ñðàâíåíèå ýôôåêòèâíîñòè ïîëó÷åííûõ ðàíãîâûõ îöåíîê ñ îöåíêàìè íàèìåíüøèõ
êâàäðàòîâ.
Èçëîæåíèå â ðàáîòå âåäåòñÿ ïî ñõåìå, â êîòîðîé ðàíãîâûå îöåíêè ñòðîÿòñÿ íà îñíîâå

îïòèìàëüíûõ êðèòåðèåâ ïðîâåðêè ãèïîòåç î êîýôôèöèåíòàõ a. Âïåðâûå òàêîé ñïîñîá äåé-
ñòâèé áûë ïðåäëîæåí Äæ. Õîäæåñîì è Ý. Ëåìàíîì [2] ïðè èçó÷åíèè ðàíãîâûìè ìåòîäàìè
çàäà÷è î äâóõ âûáîðêàõ, îòëè÷àþùèõñÿ íåèçâåñòíûì ñäâèãîì.
Ðàíåå äëÿ ìîäåëåé òèïà àâòîðåãðåññèè | ñêîëüçÿùåãî ñðåäíåãî ðàíãîâûå îöåíêè ñòðîè-

ëèñü â [3, 4, 5].
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1. Ïðîâåðêà ãèïîòåç î êîýôôèöèåíòàõ àâòîðåãðåññèîííîãî ïîëÿ

Ðàññìîòðèì ïîëå (1), ãäå a = (a10, a01, a11) | íåèçâåñòíûé âåêòîð ïàðàìåòðîâ, à εij |
íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû ñ ôóíêöèåé ðàñïðåäåëåíèÿ
F (x) è ïëîòíîñòüþ f(x).
Ïóñòü a0 = (a0

10, a
0
01, a

0
11) è b = (b10, b01, b11) | èçâåñòíûå âåêòîðû. Ðàññìîòðèì çàäà÷ó

ïðîâåðêè ãèïîòåçû
H0

a0 : a = a0

ïðîòèâ îäíîñòîðîííèõ àëüòåðíàòèâ âèäà

H+
a0b : a = a0 + ∆b, ∆ > 0,

H−
a0b : a = a0 + ∆b, ∆ < 0,

è äâóñòîðîííåé àëüòåðíàòèâû

Ha0b : a = a0 + ∆b, ∆ 6= 0.

Ïóñòü X = {Xij}, i = 1, . . . ,m, j = 1, . . . , n, | ìàòðèöà íàáëþäåíèé ïîëÿ (1).
Îáîçíà÷èì ÷åðåç Rij(a) ðàíã (ïîðÿäêîâûé íîìåð) îñòàòêà εij(a) â (2) â ïîñëåäîâàòåëü-

íîñòè
ε11(a), . . . , εm1(a), . . . , ε1n(a), . . . , εmn(a).

Îòìåòèì, ÷òî ìàòðèöà R(a) = {Rij(a)}, i = 1, . . . ,m, j = 1, . . . , n, ïðèíàäëåæèò ìíîæå-
ñòâó M ìàòðèö ðàçìåðà m × n, ýëåìåíòû êîòîðûõ ÿâëÿþòñÿ ïåðåñòàíîâêàìè ìíîæåñòâà
{1, 2, . . . ,mn}. Ðàíãîâûå îïòèìàëüíûå êðèòåðèè ïðîâåðêè ãèïîòåç î ïàðàìåòðå a ñòðîÿòñÿ
íà îñíîâå èíôîðìàöèè òîëüêî îáR(a0). Îïòèìàëüíîñòü êðèòåðèåâ ïîíèìàåòñÿ â ñëåäóþùåì
ñìûñëå [1].
Îáîçíà÷èì ÷åðåç Q êðèòè÷åñêóþ îáëàñòü ðàíãîâîãî êðèòåðèÿ, ò. å. òàêîå ïîäìíîæå-

ñòâî â M, ÷òî åñëè ìàòðèöà R(a0) ïðèíàäëåæèò Q, òî ãèïîòåçà H0
a0 îòêëîíÿåòñÿ. ×åðåç

Pmn(Q, a0, b, ∆) îáîçíà÷èì ôóíêöèþ ìîùíîñòè ðàíãîâîãî êðèòåðèÿ, îïðåäåëÿåìóþ êàê âå-
ðîÿòíîñòü îòêëîíåíèÿ ãèïîòåçû H0

a0 , êîãäà H0
a0 íåâåðíà:

Pmn(Q, a0, b, ∆) = P{R(a0) ∈ Q| âåðíà àëüòåðíàòèâà a = a0 + ∆b}.

Ïóñòü Pmn(Q, a0, b, ∆) äèôôåðåíöèðóåìà â òî÷êå 0 ïî ∆. Ëîêàëüíî íàèáîëåå ìîùíûé ðàí-
ãîâûé êðèòåðèé äëÿ ïðîâåðêè ãèïîòåçûH0

a0 ïðîòèâ îäíîñòîðîííåé àëüòåðíàòèâûH+
a0b îïðå-

äåëÿåòñÿ êàê êðèòåðèé, èìåþùèé ôóíêöèþ ìîùíîñòè Pmn(Q, a0, b, ∆), íàèáîëåå êðóòî âîç-
ðàñòàþùóþ ïî ïåðåìåííîé ∆ â ïðàâîñòîðîííåé îêðåñòíîñòè òî÷êè ∆ = 0. Ýòî îçíà÷àåò,
÷òî êðèòè÷åñêàÿ îáëàñòü Q ëîêàëüíî íàèáîëåå ìîùíîãî ðàíãîâîãî êðèòåðèÿ äîëæíà áûòü

âûáðàíà òàê, ÷òîáû âåëè÷èíà dPmn(Q, a0, b,∆)
d∆

ïðè ∆ = 0 áûëà ìàêñèìàëüíà. Ñîâåðøåííî
àíàëîãè÷íî îïðåäåëèì ëîêàëüíî íàèáîëåå ìîùíûé ðàíãîâûé êðèòåðèé äëÿ ïðîâåðêè ãèïî-
òåçû H0

a0 ïðîòèâ îäíîñòîðîííåé àëüòåðíàòèâû H−
a0b êàê êðèòåðèé, èìåþùèé ìèíèìàëüíîå

çíà÷åíèå dPmn(Q, a0, b,∆)
d∆

ïðè ∆ = 0.
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2. Ëîêàëüíî íàèáîëåå ìîùíûå ðàíãîâûå êðèòåðèè

Äëÿïðîèçâîëüíîéôóíêöèèðàñïðåäåëåíèÿ âåðîÿòíîñòèG(x)è ñîîòâåòñòâóþùåé åéïëîò-
íîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòè g(x) îïðåäåëèì ôóíêöèþ ìåòîê

ϕg(x) = −g′(x)

g(x)
(3)

è ñàìè ìåòêè

ag
mn(i, j) = E

[
ϕg(G

−1(U (i))) G−1(U (j))
]
, i, j = 1, . . . ,mn, (4)

ãäå U (1), . . . , U (mn) | ýëåìåíòû âàðèàöèîííîãî ðÿäà èç ðàâíîìåðíîãî ðàñïðåäåëåíèÿ íà
îòðåçêå [0, 1];

G−1(u) = inf{x : G(x) ≥ u}.

Îïðåäåëèì ìíîæåñòâî {δij(a)} ðåêóððåíòíûì ñîîòíîøåíèåì

δij(a) = a10δi−1,j(a) + a01δi,j−1(a) + a11δi−1,j−1(a), i, j = 1, 2, . . . , (5)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

δ00(a) = 1, δi0(a) = δ0j(a) = 0 äëÿ i, j ≥ 1,

δij(a) = 0 äëÿ ëþáûõ i < 0 èëè j < 0.
(6)

Îáîçíà÷èì
I = {(1, 0), (0, 1), (1, 1)}.

Îïðåäåëèì íà ìíîæåñòâå ìàòðèö r ∈M ñòàòèñòèêè

Zg
ij(r) =

m∑
k=i+1

n∑
l=j+1

ag
mn(rkl, rk−i,l−j), i = p, . . . , m− 1, j = q, . . . , n− 1; (7)

W g
pq(a, r) =

m−1−p∑
i=0

n−1−q∑
j=0

δij(a)Zg
i+p,j+q(r), (p, q) ∈ I; (8)

Sg(a, b, r) = b10W
g
10(a, r) + b01W

g
01(a, r) + b11W

g
11(a, r). (9)

Â [1] äîêàçàíû ñëåäóþùèå òåîðåìû, îïðåäåëÿþùèå âèä ëîêàëüíî íàèáîëåå ìîùíûõ
êðèòåðèåâ.
Òåîðåìà 1. Ïóñòü ïëîòíîñòü f(x) íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ

âåëè÷èí εij â (1) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

Eε11 = 0; (10)∫ ∞

−∞
|f ′(x)| dx < ∞; (11)

|f(x)− f(y)| < C|x− y| äëÿ ëþáûõ x, y èç R, C > 0, (12)

à R(a)| ìàòðèöà ðàíãîâ íàáëþäåíèé ïîëÿ (1).
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Òîãäà ëîêàëüíî íàèáîëåå ìîùíûé ðàíãîâûé êðèòåðèé îòêëîíÿåòH0
a0 â ïîëüçóH+

a0b, åñëè

Sf (a0, b, R(a0)) > C+, (13)

è ïðèíèìàåò â ïðîòèâíîì ñëó÷àå. Ïîñòîÿííàÿ C+ îïðåäåëÿåòñÿ óðîâíåì çíà÷èìîñòè êðè-
òåðèÿ.
Òåîðåìà 2. Â óñëîâèÿõ òåîðåìû 1 ëîêàëüíî íàèáîëåå ìîùíûé ðàíãîâûé êðèòåðèé

îòêëîíÿåò H0
a0 â ïîëüçó H−

a0b, åñëè

Sf (a0, b, R(a0)) < C−, (14)

è ïðèíèìàåò â ïðîòèâíîì ñëó÷àå. Ïîñòîÿííàÿ C− îïðåäåëÿåòñÿ óðîâíåì çíà÷èìîñòè êðè-
òåðèÿ.

3. Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ñòàòèñòèê
ëîêàëüíî íàèáîëåå ìîùíûõ ðàíãîâûõ êðèòåðèåâ

Äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ êðèòåðèåâ (13){(14) íóæíî çíàòü ðàñïðåäåëåíèå ñòàòè-
ñòèê Sg(a, b, R(a)) ïðè ãèïîòåçå H0

a0 .
Äëÿ íåáîëüøèõ m è n êâàíòèëè ñòàòèñòèêè Sg(a0, b, R(a0)) ìîæíî îöåíèòü ìåòîäîì

Ìîíòå-Êàðëî. Åñëè æåm è n âåëèêè, òî ñëåäóþùàÿ òåîðåìà [1] ïîçâîëÿåò äëÿ ðàñïðåäåëåíèÿ
Sg(a0, b, R(a0)) ïðèìåíèòü íîðìàëüíóþ àïïðîêñèìàöèþ.
Îáîçíà÷èì

W g(a, r) =
(
W g

10(a, r), W g
01(a, r), W g

11(a, r)
)
.

Îïðåäåëèì ìàòðèöó

K =

K(1, 0, 1, 0) K(1, 0, 0, 1) K(1, 0, 1, 1)

K(1, 0, 0, 1) K(0, 1, 0, 1) K(0, 1, 1, 1)

K(1, 0, 1, 1) K(0, 1, 1, 1) K(1, 1, 1, 1)

 (15)

ñ ýëåìåíòàìè

K(p, q, α, β) =
∞∑
i=0

∞∑
j=0

δij(a
0)δi+|p−α|,j+|q−β|(a

0), (p, q) ∈ I, (α, β) ∈ I. (16)

Òåîðåìà 3. Ïóñòü ∫ ∞

−∞
xg(x) dx = 0, (17)

σ2
g =

∫ ∞

−∞
x2g(x) dx < ∞, (18)

g èìååò êîíå÷íîå êîëè÷åñòâî èíôîðìàöèè Ôèøåðà

I(g) =

∫ ∞

−∞

(
g′(x)

g(x)

)2

g(x) dx (19)
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è
1− a0

10z1 − a0
01z2 − a0

11z1z2 6= 0, |z1| ≤ 1, |z2| ≤ 1. (20)

Òîãäà ïðè ñïðàâåäëèâîñòè ãèïîòåçûH0
a âåêòîð

1√
mn

W g(a0, R(a0)) àñèìïòîòè÷åñêè íîð-

ìàëåí ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è êîâàðèàöèîííîé ìàòðèöåé σ2
gI(g)K. Â ÷àñò-

íîñòè, ñòàòèñòèêà 1√
mn

Sg(a0, b, R(a0)) àñèìïòîòè÷åñêè íîðìàëüíà ñ íóëåâûì ìàòåìàòè÷å-
ñêèì îæèäàíèåì è äèñïåðñèåé

I(g)σ2
g

∑
(p,q)∈I

b2
pq

∞∑
i=p+1

∞∑
j=q+1

δ2
ij.

Îòìåòèì, ÷òî óñëîâèÿ (18){(20) ÿâëÿþòñÿ äîñòàòî÷íûìè äëÿ ñóùåñòâîâàíèÿ àñèìïòîòè-
÷åñêîé äèñïåðñèè ñòàòèñòèêè 1√

mn
Sg(a0, b, R), â ÷àñòíîñòè, ñõîäèìîñòü ðÿäà

∞∑
i=p+1

∞∑
j=q+1

δ2
ij(a

0)

îáåñïå÷èâàåòñÿ óñëîâèåì (20).

4. Ïðèáëèæåííûå ðàíãîâûå ìåòêè

Äëÿ èñïîëüçîâàíèÿ ñòàòèñòèê (7){(9) íåîáõîäèìî çíàòü ìàññèâ ìåòîê (4). Ìåæäó òåì
çàâèñèìîñòü ag

mn(i, j) îò i è j áûâàåò äîñòàòî÷íî ñëîæíîé è íå âñåãäà ìîæåò áûòü ïîëó÷åíà â
ÿâíîì âèäå. Íàïðèìåð, åñëè g(x) â ôîðìóëå (3)| ïëîòíîñòü ñòàíäàðòíîãî íîðìàëüíîãî ðàñ-
ïðåäåëåíèÿ, òî çàâèñèìîñòü ag

mn(i, j) îò i è j âûðàæàåòñÿ äâîéíûì èíòåãðàëîì, òðåáóþùèì
÷èñëåííîãî âû÷èñëåíèÿ.
Îäèí èç ñòàíäàðòíûõ ñïîñîáîâ óïðîùåíèÿ âû÷èñëåíèÿ ðàíãîâûõ ñòàòèñòèê (7){(9) ñî-

ñòîèò â çàìåíå ìåòîê (4) èõ ïðèáëèæåííûìè àíàëîãàìè [6, ï. II.4.3]. Èäåÿ îñíîâàíà íà òîì,
÷òî

E[U (i)] =
i

mn + 1
, D[U (i)] =

i(mn− i + 1)

(mn + 1)2(mn + 2)
.

Òàê êàê ñ ðîñòîì m è n äèñïåðñèÿ D[U (i)] ïîðÿäêîâîé ñòàòèñòèêè U (i) ñòðåìèòñÿ ê íóëþ,
òî U (i) ñ óâåëè÷åíèåì m è n ñòàíîâèòñÿ <âñå ìåíåå è ìåíåå ñëó÷àéíîé>, âûðîæäàÿñü â
ïîñòîÿííóþ i

mn + 1
. Îòñþäà ñëåäóåò, ÷òî äëÿ ãëàäêîé ôóíêöèè ϕg ìåòêà ag

mn(i, j) ïðè
áîëüøèõm è n áóäåò ñëàáî îòëè÷àòüñÿ îò ïðèáëèæåííîé ìåòêè

ãg
mn(i, j) = ϕg(G

−1(EU (i)))G−1(EU (j)) = ϕg

(
G−1

( i

mn + 1

))
G−1

( j

mn + 1

)
, (21)

îäíî èç äîñòîèíñòâ êîòîðîé | â ïðîñòîòå çàâèñèìîñòè îò i è j. Äðóãèì äîñòîèíñòâîì
ÿâëÿåòñÿ òî, ÷òî (ñì. íèæå òåîðåìó 4) ñòàòèñòèêè 1√

mn
W g(a, R(a)) èSg(a, b, R(a)) íå ìåíÿþò

àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ ïðè çàìåíåìåòîê ag
mn(i, j) âèäà (4) íà ïðèáëèæåííûåìåòêè

ãg
mn(i, j) âèäà (21).
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Îáîçíà÷èì

wg(a, R(a)) =
(
wg

10(a, R(a)), wg
01(a, R(a)), wg

11(a, R(a))
)
,

ãäå

wg
pq(a, r) =

m−1−p∑
i=0

n−1−q∑
j=0

δij(a)zg
i+p,j+q(r), (p, q) ∈ I, (22)

zg
ij(r)=

m∑
k=i+1

n∑
l=j+1

J1

(
rkl

mn+1

)
J2

(
rk−i,l−j

mn+1

)
, i=p,... ,m−1, j = q,...,n−1, (23)

à ôóíêöèè J1(u) è J2(u) îïðåäåëÿþòñÿ ïî ôîðìóëàì

J1(u) = ϕg(G
−1(u)), J2(v) = G−1(v),

â êîòîðûõ ôóíêöèÿ ìåòîê ϕg(x) åñòü

ϕg(x) = −g′(x)

g(x)
.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (17){(20). Òîãäà ïðè ñïðàâåäëèâîñòè ãèïîòåçûH0
a

âåêòîð
1√
mn

wg(a0, R(a0))

àñèìïòîòè÷åñêè íîðìàëåí ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è êîâàðèàöèîííîé ìàòðè-
öåé σ2

gI(g)K.
Äîêàçàòåëüñòâî. Îïðåäåëèì äëÿ i = p, 1, . . . ,m− 1, j = q, 1, . . . , n− 1 ñòàòèñòèêè

Zg
ij =

m∑
k=i+1

n∑
l=j+1

ϕg(G
−1(Ukl))G

−1(Uk−i,l−j), (24)

W g
pq =

m−1−p∑
i=0

n−1−q∑
j=0

δij(a
0)Zg

i+p,j+q. (25)

Äîêàçàíî [1], ÷òî
1√
mn

W g =
1√
mn

(
W g

10, W
g
01, W

g
11

)
àñèìïòîòè÷åñêè íîðìàëåí ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è êîâàðèàöèîííîé ìàòðè-
öåé σ2

gI(g)K. Ðàññóæäàÿ òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 4 èç [1], ïîëó÷èì, ÷òî

D

[
wg

pq(a
0, R(a0))−W g

pq√
mn

]
≤

≤ C

∞∑
i=0

∞∑
j=0

δ2
ij(a)E

(
ãg

mn(R2(a
0), R1(a

0))− ϕg(G
−1(U2))G

−1(U1)
)2

, (p, q) ∈ I. (26)
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Ïîêàæåì, ÷òî

lim
N→∞

E
(
ãg

mn(R2(a
0), R1(a

0))− ϕg(G
−1(U2))G

−1(U1)
)2

= 0. (27)

Îáîçíà÷èì äëÿ êðàòêîñòè

J(x, y) = ϕg(G
−1(x)G−1(y)), (x, y) ∈ [0, 1]× [0, 1],

òàê ÷òî
ãg

mn(i, j) = J

(
i

mn + 1
,

j

mn + 1

)
.

Ïðåäïîëîæèì ñíà÷àëà, ÷òî ÷àñòíûå ïðîèçâîäíûå ôóíêöèè J(x, y) îãðàíè÷åíû, â ÷àñòíîñòè
ñóùåñòâóåò ïîñòîÿííàÿ C > 0, òàêàÿ, ÷òî

|J(x + ∆x, y + ∆y)− J(x, y)| ≤ C
(
|∆x|+ |∆y|

)
, (x, y) ∈ [0, 1]× [0, 1]. (28)

Äëÿ óäîáñòâà èçëîæåíèÿ äàëåå âñþäó äëÿ ïðîèçâîëüíîé ìàòðèöû C ïîðÿäêà m × n òåì
æå ñèìâîëîì C áóäåì îáîçíà÷àòü âåêòîð C = (c1, . . . , cN)T ðàçìåðíîñòè N = mn, ýëåìåíòû
êîòîðîãî ñîâïàäàþò ñ ýëåìåíòàìè ìàòðèöû C, óïîðÿäî÷åííûìè ïî ñòîëáöàì

C = (c11, . . . , cm1, . . . , c1n, . . . , cmn)T ,

òàê ÷òî ðàâåíñòâî cst = ck áóäåò îçíà÷àòü, ÷òî k = m(t− 1) + s, ò. å.

cst = cm(t−1)+s, s = 1, . . . ,m, t = 1, . . . , n,

â ÷àñòíîñòè
εst = εm(t−1)+s, Rst(a

0) = Rm(t−1)+s(a
0).

Èç ìîíîòîííîñòè F (x) ñëåäóåò, ÷òîRk(a
0), îïðåäåëÿåìûé êàê ðàíã εk â ïîñëåäîâàòåëüíîñòè

ε1, . . . , εN , ãäå N = mn, áóäåò òàêæå è ðàíãîì Uk = F (εk) â ïîñëåäîâàòåëüíîñòè U1, . . . , UN

ðàâíîìåðíî ðàñïðåäåëåííûõ íà [0, 1] ñëó÷àéíûõ âåëè÷èí. Ïîêàçàíî [6, ï.V.1.4], ÷òî

E

(
Uk −

Rk(a
0)

N + 1

)2

<
1

N
. (29)

Òàê êàê ñëó÷àéíûå âåëè÷èíû U2 è U1 ïðè óñëîâèè R2(a
0) = i, R1(a

0) = j ñîâïàäàþò ñ
ïîðÿäêîâûìè ñòàòèñòèêàìè U (i) è U (j) ñîîòâåòñòâåííî, òî ñ ó÷åòîì (28) è (29) äëÿ íåêîòîðûõ
ïîñòîÿííûõ C1 > 0 è C2 > 0

E

[(
ãg

mn(R2(a
0), R1(a

0))− ϕg(G
−1(U2))G

−1(U1)
)2
∣∣∣∣R2(a

0) = i, R1(a
0) = j

]
=

= E
(
ãg

mn(i, j)− ϕg(G
−1(U (i)))G−1(U (j))

)2

≤

≤ C1

(
E

(
U (i) − i

mn + 1

)2

+ E

(
U (j) − j

mn + 1

)2
)
≤ C2

mn
.
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Ïîýòîìó ïî ôîðìóëå ïîëíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ

E
(
ãg

mn(R2(a
0), R1(a

0))− ϕg(G
−1(U2))G

−1(U1)
)2

=

= E

[
E
(
ãg

mn(R2(a
0), R1(a

0))− ϕg(G
−1(U2))G

−1(U1)
)2
∣∣∣∣R2(a

0) = i, R1(a
0) = j

]
≤ C2

mn
.

Îòñþäà è èç (26) ñëåäóåò, ÷òî

lim
N→∞

E

[
wg

pq(a
0, R(a0))−W g

pq√
mn

]2

= 0, (p, q) ∈ I,

à âìåñòå ñ íèì è óòâåðæäåíèå òåîðåìû äëÿ J(x, y) ñ îãðàíè÷åííûìè ïåðâûìè ïðîèçâîäíûìè.
Â îáùåì ñëó÷àå èç (18) è (19) ñëåäóåò, ÷òî J2(x, y) èíòåãðèðóåìà ïî Ëåáåãó. Ïîýòîìó äëÿ

ëþáîãî ε > 0 ñóùåñòâóåò ôóíêöèÿ Jε(x, y) ñ îãðàíè÷åííûìè ïåðâûìè ïðîèçâîäíûìè, òàêàÿ,
÷òî ∫ 1

0

∫ 1

0

|J(x, y)− Jε(x, y)|2 dx dy < ε

(íàïðèìåð, â êà÷åñòâå Jε(x, y) ìîæíî âçÿòü ÷àñòè÷íóþ ñóììó ðÿäà Ôóðüå ôóíêöèè J(x, y)).
Òîãäà (27) ñïðàâåäëèâî äëÿ ìåòîê

ã(ε)
mn(i, j) = Jε

(
i

mn + 1
,

j

mn + 1

)
.

Çàìåòèì, ÷òî ïðè ãèïîòåçå H0
a äëÿ íåêîòîðîé ïîñòîÿííîé C > 0

E[(ãg
mn(R2(a

0), R1(a
0)))2] =

1

mn(mn− 1)

mn∑
i=1

mn∑
j=1
j 6=i

(ãg
mn(i, j))2 =

=
1

mn(mn− 1)

mn∑
i=1

mn∑
j=1
j 6=i

J2

(
i

mn + 1
,

j

mn + 1

)
≤ C

∫ 1

0

∫ 1

0

J(x, y)2 dx dy.

Ïîýòîìó

E[|ãg
mn(R2(a

0), R1(a
0))− ã(ε)

mn(R2(a
0), R1(a

0))|2] ≤ C

∫ 1

0

∫ 1

0

|J(x, y)− Jε(x, y)|2 dx dy < ε.

Òàêèì îáðàçîì, (27) âûïîëíåíî äëÿ ïðîèçâîëüíîé J(x, y), êâàäðàòè÷íî èíòåãðèðóåìîé ïî
Ëåáåãó. Îòñþäà ñëåäóåò, ÷òî

lim
N→∞

E

[
wg

pq(a
0, R(a0))−W g

pq√
mn

]2

= 0, (p, q) ∈ I, (30)

ïðè÷åìW g àñèìïòîòè÷åñêè íîðìàëåí ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è êîâàðèàöè-
îííîé ìàòðèöåé σ2

gI(g)K. Òåîðåìà äîêàçàíà.
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5. Ðàíãîâûå îöåíêè

Èç òåîðåì 1{3 ñëåäóåò, ÷òî íåáîëüøèå çíà÷åíèÿ ôóíêöèè

W g
pq(a, R(a)) =

m−1−p∑
i=0

n−1−q∑
j=0

δij(a)
m∑

k=i+p+1

n∑
l=j+q+1

ag
mn(Rkl(a), Rk−i−p,l−j−q(a)), (p, q) ∈ I,

êàê ôóíêöèè îò a ñâèäåòåëüñòâóþò â ïîëüçóH0
a , à áîëüøèå| â ïîëüçó àëüòåðíàòèâ. Ïîýòîìó

â êà÷åñòâå îöåíêè ïàðàìåòðà a, ñëåäóÿ èäåå Õîäæåñà è Ëåìàíà (ñì. [2]), âûáåðåì çíà÷åíèå a,
íàèëó÷øèì îáðàçîì ñîãëàñîâàííîå ñ íàáëþäåííîé ìàòðèöåé ðàíãîâ R(a), òî åñòü ðåøåíèå
â ñèñòåìû óðàâíåíèé

W g
pq(a, R(a)) = 0, (p, q) ∈ I. (31)

ÌàòðèöàR(a) êàê ôóíêöèÿ îò a èìååò ðàçðûâû â òî÷êàõ a, â êîòîðûõ âûïîëíÿþòñÿ ðàâåíñòâà

εij(a) = εkl(a), i, k = 1, . . . , m, j, l = 1, . . . , n. (32)

Ïîýòîìó ðàçðûâíûìè áóäóò è ôóíêöèèW g
pq(a, R(a)), à, çíà÷èò, ðàâåíñòâî (31) ìîæåò âûïîë-

íÿòüñÿ, âîîáùå ãîâîðÿ, ëèøü ïðèáëèæåííî. Â ñèëó ýòîãî ðàâåíñòâî (31) áóäåì ïîíèìàòü
ñëåäóþùèì îáðàçîì.
Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ h(x) èç R â R ïåðåõîäèò â òî÷êå y ÷åðåç íîëü, åñëè â

òî÷êå y ôóíêöèÿ h(x) ìåíÿåò çíàê. Ïóñòü òåïåðü h(x) | ôóíêöèÿ èç Rd â R. Â ýòîì
ñëó÷àå áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ h(x) ïåðåõîäèò â òî÷êå y = (y1, . . . , yd) ÷åðåç íîëü, åñëè
ôóíêöèÿ hj(t) = h(y1, . . . , yj−1, t, yj+1, . . . , yk) ïåðåõîäèò â òî÷êå yj ÷åðåç íîëü äëÿ êàæäîãî
j = 1, 2, . . . , k. Â ñîîòâåòñòâèè ñ ýòèì îïðåäåëåíèåì áóäåì ãîâîðèòü, ÷òî â| ðåøåíèå (31),
åñëè â òî÷êå â âñå ôóíêöèèW g

pq(a, R(a)), (p, q) ∈ I, ïåðåõîäÿò ÷åðåç íîëü.
Îòìåòèì, ÷òî ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòè f(x) ñëó÷àéíûõ âåëè÷èí εij , íà

ïðàêòèêå, âîîáùå ãîâîðÿ, íåèçâåñòíà, è ïîýòîìó íå ñîâïàäàåò ñ ïëîòíîñòüþ g(x), ïî êî-
òîðîé ïîñòðîåíà ñòàòèñòèêà W g

pq(a, R(a)), îïðåäåëÿþùàÿ ðàíãîâóþ îöåíêó â (31). Èçó÷èì
àñèìïòîòè÷åñêèå ñâîéñòâà ðàíãîâîé îöåíêè, ïîñòðîåííîé â ýòîì ïðåäïîëîæåíèè.
Èç òåîðåìû 4 ñëåäóåò, ÷òî àñèìïòîòè÷åñêèå ñâîéñòâà ñëó÷àéíîé ôóíêöèè W g

pq(a, R(a))

ïðè çàìåíå â åå îïðåäåëåíèè òî÷íûõ ðàíãîâûõ ìåòîê (4) íà ïðèáëèæåííûå ìåòêè (21), íå
ìåíÿþòñÿ. Â ñâÿçè ñ ýòèì áóäåìïðåäïîëàãàòü, ÷òîôóíêöèÿW g

pq(a, r) âôîðìóëå (31) çàìåíåíà
íà ôóíêöèþ (22).
Òàêèì îáðàçîì, îöåíêîé â âåêòîðà àâòîðåãðåññèîííûõ êîýôôèöèåíòîâ a íàçîâåì ðåøåíèå

óðàâíåíèÿ
wg(a, R(a))) = 0, (33)

èëè óðàâíåíèÿ
1√
mn

wg(a, R(a))) = 0,

ãäå wg
pq(a, r) è zg

ij(r) îïðåäåëÿþòñÿ ïî ôîðìóëàì (22){(23).
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Çàìåòèì, ÷òî â êà÷åñòâå îöåíêè ïàðàìåòðà a ìîæíî âçÿòü òî÷êó ìèíèìóìà ôóíêöèè

fR(a) =
1

mn

(
(wg

10(a, R(a)))2 + (wg
01(a, R(a)))2 + (wg

11(a, R(a)))2
)
. (34)

Ôóíêöèÿ fR(a) îãðàíè÷åííàÿ è êóñî÷íî-ãëàäêàÿ. Îíà èìååò ðàçðûâû â òî÷êàõ, óäîâëåòâîðÿ-
þùèõ (32). Ïîýòîìó ìèíèìóì ôóíêöèè fR(a) ìîæíî íàéòè ëþáûì ìåòîäîì, íå òðåáóþùèì
äèôôåðåíöèðóåìîñòè öåëåâîé ôóíêöèè, íàïðèìåð, ìåòîäîì ïîêîîðäèíàòíîãî ñïóñêà.

6. Ñîñòîÿòåëüíîñòü ðàíãîâûõ îöåíîê

Ñîãëàñíî îïðåäåëåíèþ ñîñòîÿòåëüíîñòè ïîñëåäîâàòåëüíîñòü îöåíîê âmn íàçûâàåòñÿ ñî-
ñòîÿòåëüíîé, åñëè ïîñëåäîâàòåëüíîñòü âmn ñõîäèòñÿ ïî âåðîÿòíîñòè ê a0 ïðè m, n → ∞.
Äðóãèìè ñëîâàìè, äëÿ ëþáîãî ε > 0 ñóùåñòâóþò m0 è n0 (âîîáùå ãîâîðÿ, çàâèñÿùèå îò ε)
òàêèå, ÷òî

P{|âmn − a0| > ε} → 0, m, n →∞.

Òàêèì îáðàçîì, ñîñòîÿòåëüíîñòü | åñòåñòâåííîå ñâîéñòâî îöåíîê áûòü âñå áëèæå è áëèæå
ê îöåíèâàåìîìó ïàðàìåòðó ñ ðîñòîì îáúåìà èíôîðìàöèè î ïîëå Xij è â ïðåäåëå, êîãäà
÷èñëî íàáëþäåíèé ñòàíîâèòñÿ íåîãðàíè÷åííûì, ïîëíîñòüþ âîññòàíàâëèâàòü ïàðàìåòð a

àâòîðåãðåññèîííîé ìîäåëè.
Â ýòîì ïàðàãðàôå áóäåò äîêàçàíî áîëåå ñèëüíîå óòâåðæäåíèå, ñîñòîÿùåå â òîì, ÷òî

ïîñëåäîâàòåëüíîñòü âmn ÿâëÿåòñÿ
√

mn-ñîñòîÿòåëüíîé, òî åñòü, ÷òî ïîñëåäîâàòåëüíîñòü
√

mn(âmn − a0) ðàâíîìåðíî îãðàíè÷åíà ïî âåðîÿòíîñòè. Ðàâíîìåðíàÿ îãðàíè÷åííîñòü ïî
âåðîÿòíîñòè ïîñëåäîâàòåëüíîñòè

√
mn(âmn−a0), â ñâîþ î÷åðåäü, ïî îïðåäåëåíèþ îçíà÷àåò,

÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

P{
√

mn|âmn − a0| > C} < ε

äëÿ âñåõm,n. Òàêèì îáðàçîì,
√

mn-ñîñòîÿòåëüíîñòü ïîñëåäîâàòåëüíîñòè âmn îçíà÷àåò, ÷òî
ñêîðîñòü ñõîäèìîñòè âmn ê a0 îáðàòíî ïðîïîðöèîíàëüíà

√
mn.

Äëÿ äîêàçàòåëüñòâà
√

mn-ñîñòîÿòåëüíîñòè ïîñëåäîâàòåëüíîñòè âmn íàì ïîíàäîáèòñÿ ïî-
íÿòèå êîíòèãóàëüíîñòè ñåìåéñòâà âåðîÿòíîñòíûõ ìåð (ñì. [6, ï. 6.1.1.].
Äëÿ ïðîèçâîëüíîãî b = (b10, b01, b11) ∈ R3 ðàññìîòðèì ïîñëåäîâàòåëüíîñòü àëüòåðíàòèâ

Hmn : a = a0 +
b√
mn

.

Îáîçíà÷èì

ε(a) = (ε11(a), . . . , εm1(a), . . . , ε12(a), . . . , εm2(a), . . . , ε1n(a), . . . , εmn(a))T ;

ε = ε(a0) = (ε11, . . . , εm1, . . . , ε12, . . . , εm2, . . . , ε1n, . . . , εmn)T ;

u = (u11, . . . , um1, . . . , u12, . . . , um2, . . . , u1n, . . . , umn)T ;

f0(u) è fb(u)| ïëîòíîñòè âåêòîðà ε ïðè ãèïîòåçàõ H0 è Hmn ñîîòâåòñòâåííî.
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Ñîãëàñíî îïðåäåëåíèþ êîíòèãóàëüíîñòè (ñì. [6, ï. 6.1.1], ñåìåéñòâî ïëîòíîñòåé fb(u),
çàâèñÿùèõ îò m,n, áóäåò êîíòèãóàëüíûì ïî îòíîøåíèþ ê ñåìåéñòâó ïëîòíîñòåé f0(u),
(òàêæå çàâèñÿùèõ îò m, n), åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè ìíîæåñòâ Bmn ∈ Rmn èç
áîðåëåâñêîé σ-àëãåáðû ìíîæåñòâ â Rmn, òàêîé, ÷òî∫

Bmn

f0(u) du → 0 ïðèm,n →∞,

áóäåò âûïîëíåíî ∫
Bmn

fb(u) du → 0 ïðèm, n →∞.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ

Eε11 = 0; (35)∫ ∞

−∞
|f ′(x)| dx < ∞; (36)

Eε3
ij < ∞; (37)

ôóíêöèÿ ìåòîêϕf (x) âèäà (3) ïî÷òè âñþäó óäîâëåòâîðÿåò óñëîâèþËèïøèöà, ò. å. ñóùåñòâóåò
ïîñòîÿííàÿ C > 0, òàêàÿ, ÷òî äëÿ ïî÷òè âñåõ x ∈ R

|ϕf (x + y)− ϕf (x)| ≤ C|y|, y ∈ R; (38)

f èìååò êîíå÷íîå êîëè÷åñòâî èíôîðìàöèè Ôèøåðà

I(f) =

∫ ∞

−∞

(
f ′(x)

f(x)

)2

f(x) dx, (39)

è
1− a0

10z1 − a0
01z2 − a0

11z1z2 6= 0, |z1| ≤ 1, |z2| ≤ 1.

Òîãäà ïëîòíîñòè fb(u) è f0(u) êîíòèãóàëüíû.
Äîêàçàòåëüñòâî. Òàê êàê εij(a

0) = εij , ò.å εij(a
0) | íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû,

òî

f0(u) =
m∏

s=1

n∏
t=1

f(ust), u = (u11, . . . , um1, . . . , u1n, . . . , umn)T = (u1, . . . , uN)T .

Âûðàçèì ïëîòíîñòü fb(u) ÷åðåç f0(u).
Îïðåäåëèì ìàòðèöû

A1(a) =


1 0 0 . . . 0 0 0

−a10 1 0 . . . 0 0 0

. . . . . . . . . . . . . . . .

0 0 0 . . . 0 −a10 1

 ,
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A2(a) =


−a01 0 0 . . . 0 0 0

−a11 −a01 0 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 −a11 −a01

 ,

Bk(a) =


δ0k(a) 0 0 . . . 0 0 0

δ1k(a) δ0k(a) 0 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . . .

δm−1,k(a) δm−2,k(a) 0 . . . 0 δ1k(a) δ0k(a)

 , k = 0, . . . , n− 1,

ðàçìåðàm×m è áëî÷íûå ìàòðèöû

A(a) =


A1(a) 0 0 . . . 0 0 0

A2(a) A1(a) 0 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 A2(a) A1(a)

 ,

B(a) =


B0(a) 0 0 . . . 0 0

B1(a) B0(a) 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . .

Bn−1(a) Bn−2 Bn−3 . . . B1(a) B0(a)


ðàçìåðàmn×mn.
Ïðåäïîëîæèì, ÷òîXij = 0 äëÿ ëþáûõ i < 0 èëè j < 0. Èçâåñòíî [7, 8], ÷òî àñèìïòîòè÷å-

ñêèå ðåçóëüòàòû àâòîðåãðåññèîííûõ ìîäåëåé íå çàâèñÿò îò íà÷àëüíûõ óñëîâèé, â ÷àñòíîñòè,
ïîëåXij áóäåò àñèìïòîòè÷åñêè ñòàöèîíàðíûì è ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè. Â ýòîì
ñëó÷àå èç (1), (2) è îïðåäåëåíèÿ ìàòðèö A(a) è B(a) ñëåäóåò, ÷òî

ε = A(a0)X, ε(a) = A(a)X,

à èç (5) è (6) ñëåäóåò, ÷òî
B(a) = A−1(a),

è, ïîýòîìó,
ε = A(a0)B(a)ε(a).

Ó÷èòûâàÿ, ÷òî δij(a) = 0 ïðè i < 0 èëè j < 0, ïîëó÷åííîå âåêòîðíîå ðàâåíñòâî ìîæíî
çàïèñàòü ïîêîîðäèíàòíî äëÿ âñåõ k = 1, . . . ,m, l = 1, . . . , n:

εkl =
k∑

i=1

l∑
j=1

(
δk−i,l−j(a)− a0

10δk−i−1,l−j(a)− a0
01δk−i,l−j−1(a)− a0

11δk−i−1,l−j−1(a)
)
εij(a),

à ñ ó÷åòîì (5), (6)

εkl =εkl(a)+
1√
mn

k∑
i=1

l∑
j=1

(
b10δk−i−1,l−j(a)+b01δk−i,l−j−1(a)+b11δk−i−1,l−j−1(a)

)
εij(a). (40)
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Òàê êàê îïðåäåëèòåëü îòîáðàæåíèÿ u = A(a0)B(a)v ðàâåí 1, òî

fb(v) =
m∏

k=1

n∏
l=1

f(ukl(v)),

ãäå äëÿ êðàòêîñòè äëÿ âñåõ k = 1, . . . ,m, l = 1, . . . , n

ukl(v) = vkl +
1√
mn

k∑
i=1

l∑
j=1

(
b10δk−i−1,l−j(a) + b01δk−i,l−j−1(a) + b11δk−i−1,l−j−1(a)

)
vij.

Çàïèøåì ôîðìóëó (40) â âèäå

εkl = εkl(a) +
1√
mn

k∑
i=1

l∑
j=1

dk−i,l−j(b, a)εij(a),

ãäå äëÿ s = 1, . . . ,m, t = 1, . . . , n

dst(b, a) = b10δs−1,t(a) + b01δs,t−1(a) + b11δs−1,t−1(a) (41)

(íàïîìíèì, ÷òî ïî îïðåäåëåíèþ δij(a) = 0 ïðè i < 0 èëè j < 0), ïðè÷åì îïðåäåëèòåëü
îòîáðàæåíèÿ {εkl(a)} → {εkl} ðàâåí 1. Ïîýòîìó

fb(u) =
m∏

k=1

n∏
l=1

f

(
ukl +

vkl(u)√
mn

)
,

ãäå äëÿ êðàòêîñòè äëÿ âñåõ k = 1, . . . ,m, l = 1, . . . , n

vkl(u) =
k∑

i=1

l∑
j=1

dk−i,l−j(b, a)uij.

Äîêàæåì, ÷òî äëÿ íåêîòîðîãî d ñëó÷àéíàÿ âåëè÷èíà ln
fb(ε)
f0(ε)

àñèìïòîòè÷åñêè íîðìàëüíà

ñ ìàòåìàòè÷åñêèì îæèäàíèåì −d2

2
è äèñïåðñèåé d2, îòêóäà ñîãëàñíî ñëåäñòâèþ èç ïåðâîé

ëåììû Ëå Êàìà [9, p. 253] áóäåò ñëåäîâàòü óòâåðæäåíèå ëåììû.
Ïî ôîðìóëå Òåéëîðà

ln(fb(ε)) = ln(f0(ε)) + L1 + L2,

ãäå

L1 =
1√
mn

m∑
k=1

n∑
l=1

ϕf (εkl)vkl(ε), (42)

L2 = − 1

2mn

m∑
k=1

n∑
l=1

ϕ′f

(
εkl +

τvkl(ε)√
mn

)
(vkl(ε))

2, 0 < τ < 1,

à ϕf (x)| ôóíêöèÿ ìåòîê (3), ïîñòðîåííàÿ ïî ïëîòíîñòè f(x).
Äîêàæåì àñèìïòîòè÷åñêóþ íîðìàëüíîñòü L1. Çàôèêñèðóåì m0 è n0, 1 < m0 < m,

1 < n0 < n. Ïðåäñòàâèì L1 â âèäå ñóììû

L1 = L11 + L12 + L13,
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ãäå

L11 =
1√
mn

m∑
k=1

n∑
l=1

ϕf (εkl)

m0∑
i=1

n0∑
j=1

dk−i,l−j(b, a)εij, (43)

L12 =
1√
mn

m∑
k=1

n∑
l=1

ϕf (εkl)
k∑

i=m0+1

n∑
j=1

dk−i,l−j(b, a)εij,

L13 =
1√
mn

m∑
k=1

n∑
l=1

ϕf (εkl)

m0∑
i=1

n∑
j=n0+1

dk−i,l−j(b, a)εij.

Èçâåñòíî [10], ÷òî ïðè âûïîëíåíèè (20) ñóùåñòâóþò ïîñòîÿííûå α ∈ (0, 1) è C > 0, ÷òî

|δkl(a)| ≤ Cαk+l. (44)

Èç (41) è (44) ñëåäóåò, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C > 0, ÷òî

|dst(b, a)| ≤ Cαs+t.

Ïîýòîìó ïðèm0, n0 →∞ ïî âåðîÿòíîñòè

L1i → 0, i = 2, 3.

Âåëè÷èíà L11 ÿâëÿåòñÿ àñèìïòîòè÷åñêè íîðìàëüíîé, òàê êàê â ñóììå (43) ñëàãàåìûå

ϕf (εkl)

m0∑
i=1

n0∑
j=1

dk−i,l−j(b, a)εij

çàâèñÿò òîëüêî îò êîíå÷íîãîm0n0 ÷èñëà òàêèõ æå ñëàãàåìûõ (ñì. [11, ñ. 468]).
Òåïåðü íàéäåì E[L1] è D[L1]. Èç (41) ñëåäóåò, ÷òî d00 = 0. Êðîìå òîãî, ϕf (εkl) è vkl(ε)

íåçàâèñèìû, à â ñèëó (35)
E[vkl(ε)] = 0.

Ïîýòîìó
EL1 = 0.

Äàëåå, èíòåãðèðóÿ ïî ÷àñòÿì è ó÷èòûâàÿ (36) è (39), ïîëó÷èì

E[ϕ′f (εkl)] =

∫ ∞

−∞
ϕ′f (x)f(x) dx = −

∫ ∞

−∞
ϕf (x)f ′(x) dx =

=

∫ ∞

−∞

f ′(x)

f(x)
f ′(x) dx =

∫ ∞

−∞

(
f ′(x)

f(x)

)2

f(x) dx = I(f). (45)

Èç (39) ñëåäóåò, ÷òî

E[ϕ2
f (εkl)] =

∫ ∞

−∞

(
f ′(x)

f(x)

)2

f(x) dx = I(f),
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à èç îïðåäåëåíèÿ vkl(ε), íåçàâèñèìîñòè εkl, k, l = 0,±1,±2, . . . è îáîçíà÷åíèÿ E(ε2
kl) = σ2

f

âûòåêàåò

E[(vkl)
2] = E

(
k∑

i=1

l∑
j=1

dk−i,l−j(b, a)εij

)2

= σ2
f

k∑
i=1

l∑
j=1

d2
k−i,l−j(b, a).

Îòñþäà, èç íåçàâèñèìîñòè ϕ2
f (εkl) îò vkl(ε), óñëîâèÿ E[vkl(ε)] = 0 è (39) ñëåäóåò, ÷òî ïðè

m, n →∞

E[L2
1] =

1

mn

m∑
k=1

n∑
l=1

E[ϕ2
f (εkl)]

k∑
i=1

l∑
j=1

d2
k−i,l−j(b, a)σ2

f → d2, (46)

ãäå

d2 = σ2
fI(f)

∞∑
i=1

∞∑
j=1

d2
kl(b, a).

Ïîêàæåì, ÷òî

L2 → −d2

2
, m, n →∞.

Ïðåäñòàâèì L2 â âèäå
L2 = L21 + L22,

ãäå

L21 = − 1

2mn

m∑
k=1

n∑
l=1

ϕ′f (εkl)(vkl(ε))
2, (47)

L22 = − 1

2mn

m∑
k=1

n∑
l=1

[
ϕ′f

(
εkl +

τvkl(ε)√
mn

)
− ϕ′f (εkl)

]
(vkl(ε))

2. (48)

Ñîãëàñíî çàêîíó áîëüøèõ ÷èñåë äëÿ q-çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí (ñì. [11, òåîð. 19.2.2])

L21 − EL21 → 0, m, n →∞ (49)

Èç íåçàâèñèìîñòè ϕ′f (εkl) îò vkl(ε) è (45) ñëåäóåò, ÷òî

EL21 = − 1

2mn

m∑
k=1

n∑
l=1

E[ϕ′f (εkl)]E(vkl(ε))
2 → −d2

2
, m, n →∞. (50)

Èç (37) è (38) ñëåäóåò, ÷òî ïðèm, n →∞

E|L22| ≤
1

2mn

m∑
k=1

n∑
l=1

∣∣∣∣ϕ′f (εkl +
τvkl(ε)√

mn

)
− ϕ′f (εkl)

∣∣∣∣ (vkl(ε))
2 ≤

≤ Cτ

(mn)3/2

m∑
k=1

n∑
l=1

E(vkl(ε))
3 → 0. (51)

Ëåììà äîêàçàíà.
Ëåììà 1 ïîçâîëÿåò íàéòè ðàñïðåäåëåíèå 1√

mn
wg(a, R(a)) ïðè êîíòèãóàëüíûõ àëüòåðíà-

òèâàõHmn, îòêóäà áóäåò ñëåäîâàòü
√

mn-ñîñòîÿòåëüíîñòü îöåíêè âmn âåêòîðà àâòîðåãðåññè-
îííûõ êîýôôèöèåíòîâ a.
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Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ (17){(20), (35){(39).
Òîãäà ñóùåñòâóåò ðåøåíèå âmn ñèñòåìû (33), ÿâëÿþùåéñÿ

√
mn-ñîñòîÿòåëüíîé îöåíêîé

ïàðàìåòðà a0, ò.å. ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí
√

mn(âmn−a0) ðàâíîìåðíî ïîm

è n îãðàíè÷åíà ïî âåðîÿòíîñòè, à èìåííî äëÿ ëþáîãî ε ñóùåñòâóåò ïîñòîÿííàÿ C òàêàÿ, ÷òî

P{
√

mn|âmn − a0| > C} < ε

äëÿ âñåõm è n.
Äîêàçàòåëüñòâî. Èç òðåòüåé ëåììû Ëå Êàìà (ñì. [6, ï.VI.1.4.]) ñëåäóåò, ÷òî åñëè ñëó÷àé-

íûé âåêòîð
(

1√
mn

wg(a0, R(a0)), ln
fb(ε)
f0(ε)

)
àñèìïòîòè÷åñêè íîðìàëåí, ïðè÷åì

E

[
ln

fb(ε)

f0(ε)

]
= −1

2
D

[
ln

fb(ε)

f0(ε)

]
, (52)

òî ïðè

a = a0 +
b√
mn

ñëó÷àéíàÿ âåëè÷èíà 1√
mn

wg(a, R(a)) àñèìïòîòè÷åñêè íîðìàëüíà ñ ìàòåìàòè÷åñêèì îæèäà-
íèåì

E

[
1√
mn

wg(a0, R(a0))

]
+ cov

(
1√
mn

wg(a0, R(a0)), ln
fb(ε)
f0(ε)

)
è êîâàðèàöèîííîé ìàòðèöåé

cov

(
1√
mn

wg(a0, R(a0))

)
.

Èç äîêàçàòåëüñòâà ëåììû 1 ñëåäóåò, ÷òî ñëó÷àéíàÿ âåëè÷èíà ln
fb(ε)
f0(ε)

àñèìïòîòè÷åñêè
íîðìàëüíà ñ äèñïåðñèåé

d2 = σ2
fI(f)

∞∑
i=1

∞∑
j=1

d2
kl(b, a)

è ìàòåìàòè÷åñêèì îæèäàíèåì −d2

2
, â ÷àñòíîñòè ðàâåíñòâî (52) âûïîëíåíî. Èç òåîðåìû

4 ñëåäóåò, ÷òî 1√
mn

wg(a0, R(a0)) àñèìïòîòè÷åñêè íîðìàëüíà ñ íóëåâûì ìàòåìàòè÷åñêèì

îæèäàíèåì è êîâàðèàöèîííîé ìàòðèöåé
σ2

g

σ2
f

I(g)K, ãäåK|êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà

(X10, X01, X00).
Íàéäåì

cov

(
1√
mn

wg(a0, R(a0)), ln
fb(ε)

f0(ε)

)
.

Òàê êàê
E

(
1√
mn

wg(a0, R(a0))

)
= 0,
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òî
cov

(
1√
mn

wg(a0, R(a0)), ln
fb(ε)

f0(ε)

)
= E

(
1√
mn

wg(a0, R(a0)) ln
fb(ε)

f0(ε)

)
.

Èñïîëüçóÿ îáîçíà÷åíèÿ ëåììû 1 (ôîðìóëû (42), (47) (48) äëÿ L1, L21 è L22 ñîîòâåòñòâåííî),
ïîëó÷èì

E

(
1√
mn

wg(a0, R(a0)) ln
fb(ε)

f0(ε)

)
= E

(
1√
mn

wg(a0, R(a0))L1

)
+

+ E

(
1√
mn

wg(a0, R(a0))L21

)
+ E

(
1√
mn

wg(a0, R(a0))L22

)
.

Èç (49){(50) ñëåäóåò, ÷òî DL21 → 0. Ïîýòîìó èç ñóùåñòâîâàíèÿ

E

(
1√
mn

wg(a0, R(a0))

)2

è íåðàâåíñòâà Êîøè | Áóíÿêîâñêîãî ñëåäóåò, ÷òî

E

(
1√
mn

wg(a0, R(a0))L21

)
→ 0, m, n →∞.

Èç ñóùåñòâîâàíèÿ E

(
1√
mn

wg(a0, R(a0))

)2

è (51) ñëåäóåò, ÷òî

E

(
1√
mn

wg(a0, R(a0))L22

)
→ 0, m, n →∞.

Âû÷èñëèì
lim

m,n→∞
E

(
1√
mn

wg(a0, R(a0))L1

)
.

Â ñèëó (30) ýòîò ïðåäåë ñîâïàäàåò ñ ïðåäåëîì

lim
m,n→∞

E

(
1√
mn

W gL1

)
.

Òàê ñëó÷àéíûå âåëè÷èíû F (εkl) íåçàâèñèìû è ðàâíîìåðíî ðàñïðåäåëåíû íà [0, 1], òî Zg
ij â

(24) ìîæíî ïðåäñòàâèòü â âèäå

Zg
ij =

m∑
k=i+1

n∑
l=j+1

ϕg(G
−1(F (εkl)))G

−1(F (εk−i,l−j)). (53)

Êðîìå òîãî,

E[ϕg(G
−1(F (ε11)))ϕf (ε11)] =

∫ ∞

−∞
ϕg(G

−1(F (x)))ϕf (x)f(x) dx =

=

∫ 1

0

ϕg(G
−1)(u)ϕf (F

−1)(u) du, (54)

E[G−1F (ε22)ε22] =

∫ ∞

−∞

(
G−1(F (x))

)
xf(x) dx =

∫ 1

0

G−1(u)F−1(u) du. (55)
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Îòñþäà ñëåäóåò, ÷òî

E[Zg
ij, L1] =

=
1√
mn

m∑
k=i+1

n∑
l=j+1

m∑
k1=1

n∑
l1=1

E[ϕg(G
−1(F (εkl)))G

−1(F (εk−i,l−j))ϕf (εk1l1)vk1l1(ε)] =

=
1√
mn

m∑
k=i+1

n∑
l=j+1

E[ϕg(G
−1(F (εkl)))G

−1(F (εk−i,l−j))ϕf (εkl)vkl(ε)] =

=
1√
mn

m∑
k=i+1

n∑
l=j+1

E[ϕg(G
−1(F (εkl)))ϕf (εkl)]E[G−1(F (εk−i,l−j))dij(b, a)εk−i,l−j] =

=
(m− i)(n− j)√

mn
dij(b, a)I1(F, G)I2(F, G), (56)

ãäå

I1(F, G) =

∫ 1

0

ϕg(G
−1(u))ϕf (F

−1(u)) du,

I2(F, G) =

∫ 1

0

G−1(u)F−1(u) du,

à dij(b, a) îïðåäåëåíû ôîðìóëîé (41). Êîíå÷íîñòü èíòåãðàëîâ I1(F, G) è I2(F, G) âûòåêàåò
èç óñëîâèé (19), (39) è íåðàâåíñòâà Êîøè | Áóíÿêîâñêîãî. Òàêèì îáðàçîì, ïðèm, n →∞

E

(
1√
mn

W g
pqL1

)
=

1√
mn

m−1−p∑
i=0

n−1−q∑
j=0

δij(a
0)E[Zi+p,j+qR(a0)L1] =

= I1(F, G)I2(F, G)

m−1−p∑
i=0

n−1−q∑
j=0

δij(a
0)

(m− i)(n− j)

mn
di+p,j+q(b, a) =

= I1(F, G)I2(F, G)

m−1−p∑
i=0

n−1−q∑
j=0

δij(a
0)

(m− i)(n− j)

mn

∑
(α,β)∈I

bαβδi+p−α,j−q−β(a) →

→ I1(F, G)I2(F, G)
∑

(α,β)∈I

bαβ

∞∑
i=0

∞∑
j=0

δij(a
0)δi+p−α,j+q−β(a0) = I1(F, G)I2(F, G)Kb,

ãäå ìàòðèöà K îïðåäåëåíà ôîðìóëàìè (15){(16). Îêîí÷àòåëüíî ïîëó÷àåì, ÷òî ïðè

a = a0 +
b√
mn

ñëó÷àéíàÿ âåëè÷èíà 1√
mn

wg(a, R(a)) àñèìïòîòè÷åñêè íîðìàëüíà ñ ìàòåìàòè÷åñêèì îæèäà-

íèåì I1(F, G)I2(F, G)Kb è êîâàðèàöèîííîé ìàòðèöåé σ2
gI(g)K.

Îáîçíà÷èì ÷åðåç aM è am ñîîòâåòñòâåííî íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
1√
mn
|wg(a, R(a))| âøàðåBr(a

0) ðàäèóñà r√
mn

ñ öåíòðîì â a0. Èç âûøåèçëîæåííîãî ñëåäóåò,
÷òî äëÿ âñåõ äîñòàòî÷íî ìàëûõ r è äëÿ äîñòàòî÷íî áîëüøèõ m è n ñ âåðîÿòíîñòüþ, ñêîëü
óãîäíî áëèçêîé ê åäèíèöå, áóäóò âûïîëíåíû íåðàâåíñòâà

1√
mn

|wg(aM , R(aM))| > 0 è
1√
mn

|wg(am, R(am))| < 0.
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Îòñþäà ñëåäóåò, ÷òî â ëþáîì øàðå Br(a
0) ðàäèóñà r√

mn
ñ öåíòðîì â a0 íàéäåòñÿ òàêîå

âmn ∈ Br(a
0), ÷òî ñ âåðîÿòíîñòüþ, ñêîëü óãîäíî áëèçêîé ê åäèíèöå, âmn ∈ Br(a

0) áóäåò
òî÷êîé ìèíèìóìà ôóíêöèè 1√

mn
|wg(a, R(a))|. Â ñèëó ïðîèçâîëüíîñòè r ïðè m, n → ∞

ïîñëåäîâàòåëüíîñòü
√

mn(âmn − a0) ñòðåìèòñÿ ê íóëþ ïî âåðîÿòíîñòè. Òåîðåìà äîêàçàíà.

7. Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ðàíãîâûõ îöåíîê

Äîêàæåì àñèìïòîòè÷åñêóþ íîðìàëüíîñòü îöåíêè âmn.
Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ (17){(20), (35){(39). Ïóñòü ôóíêöèè J1(x) è J2(x),

x ∈ [0, 1], îãðàíè÷åíû è óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà

|Ji(x)− Ji(y)| ≤ C|x− y|, (x, y) ∈ R2, i = 1, 2. (57)

Òîãäà ñóùåñòâóåò ðåøåíèå âmn ñèñòåìû (33), ÿâëÿþùåéñÿ àñèìïòîòè÷åñêè íîðìàëüíîé
îöåíêîé ïàðàìåòðà a0, à èìåííî, ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí

√
mn(âmn−a0) ïðè

m è n àñèìïòîòè÷åñêè íîðìàëüíà ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è êîâàðèàöèîííîé
ìàòðèöåé

σ2
gI(g)

I2
1 (F, G)I2

2 (F, G)
K−1.

Èäåÿ äîêàçàòåëüñòâà çàêëþ÷àåòñÿ â óñòàíîâëåíèè ëèíåéíîãî ñòîõàñòè÷åñêîãî ðàçëîæå-
íèÿ ïðîöåññà 1√

mn
W (a, R(a)) â îêðåñòíîñòè òî÷êè a0 ðàâíîìåðíîãî ïî a â îêðåñòíîñòè

[− C√
mn

,
C√
mn

], ãäå C > 0| ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îòñþäà è èç
√

mn-ñîñòîÿòåëüíîñòè
îöåíêè âmn áóäåò ñëåäîâàòü åå àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü.
Äîêàçàòåëüñòâî àñèìïòîòè÷åñêîé íîðìàëüíîñòè îöåíêè âmn ðàçîáüåì íà ðÿä ëåìì, óòâåð-

æäåíèÿ êîòîðûõ áóäóò äîêàçàíû â ïðåäïîëîæåíèÿõ òåîðåìû 6.
Ëåììà 2. Äëÿ a = a0 +

b√
mn

1√
mn

(
zg

ij(a)− zg
ij(a

0)
)
− I1(F, G)I2(F, G)dij(b, a) = op(1), m, n →∞.

Äîêàçàòåëüñòâî.

1√
mn

(
zg

ij(a)− zg
ij(a

0)
)
− I1(F, G)I2(F, G)dij(b, a) = S1 + S2 − ES2,

ãäå

S1 =
1√
mn

m∑
k=i+1

n∑
l=j+1

J1(F (εkl(a
0)))
[
J2(F (εk−i,l−j(a)))− J2(F (εk−i,l−j(a

0)))
]
,

S2 =
1√
mn

m∑
k=i+1

n∑
l=j+1

J2(F (εk−i,l−j(a)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
]
.

Çäåñü
I1(F, G)I2(F, G)dij(b, a) = ES2
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â ñèëó íåçàâèñèìîñòè εkl(a
0))) îò εk−i,l−j(a))), ðàâåíñòâà

EJ1(F (εkl(a
0))) =

∫ ∞

−∞
J1(F (x))f(x) dx =

∫ 1

0

J1(t) dt =

= −
∫ 1

0

g′(G−1(t))

g(G−1(t))
dt = −

∫ ∞

∞

g′(x)

g(x)
g(x) dt = 0

è ôîðìóëû (56).
Ïîêàæåì, ÷òî ïî âåðîÿòíîñòè

S1 → 0, S2 − ES2 → 0, m, n →∞,

îòêóäà áóäåò ñëåäîâàòü óòâåðæäåíèå ëåììû.
Èç íåçàâèñèìîñòè εkl(a

0) ìåæäó ñîáîé è îò îò εk−i,l−j(a) è óñëîâèÿ (57) ñëåäóåò, ÷òî

ES1 = 0,

DS1 = E(S1)
2 =

=
1

mn
E[J2

1 (F (ε11))]
m∑

k=i+1

n∑
l=j+1

E
[(

J2(F (εk−i,l−j(a)))− J2(F (εk−i,l−j(a
0)))
)2] ≤

≤ C1

mn
I1(F, G)I2(F, G)

m∑
k=i+1

n∑
l=j+1

E|εk−i,l−j(a)− εk−i,l−j(a
0)|2 ≤

≤ C2
b√
mn

E
[
|X̃11|2

]
→ 0, m, n →∞.

Ïîýòîìó S1 = op(1) ïðèm, n →∞.
Îáîçíà÷èì ÷åðåçEa,Da, cova èPa|ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèþè âåðîÿòíîñòü

â ïðåäïîëîæåíèè, ÷òî ñïðàâåäëèâà ãèïîòåçà

a = a0 +
b√
mn

.

Ïðè ýòîì
E = Ea0 , D = Da0 è P = Pa0 .

Çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîé èçìåðèìîé ôóíêöèè h èç Rmn â R âûïîëíåíî

Eh(ε(a0)) = Eah(ε(a)), Dh(ε(a0)) = Dah(ε(a))

è äëÿ ïðîèçâîëüíîãî áîðåëåâñêîãî ìíîæåñòâà B èç R

P{h(ε(a0)) ∈ B} = Pa{h(ε(a)) ∈ B}.

Ïðè ýòîìâ ñèëó ëåììû1äëÿ ëþáîéïîñëåäîâàòåëüíîñòè ñîáûòèéAmn ñõîäèìîñòüP(Amn) →
0 ïðè m, n → ∞ ðàâíîñèëüíà ñõîäèìîñòè Pa(Amn) → 0 ïðè m,n → ∞. Ïîêàæåì, ÷òî ïðè
m, n →∞

S2 − Ea(S2) → 0 ïî ìåðå Pa.

Òîãäà â ñëåäñòâèå êîíòèãóàëüíîñòè ìåð P è Pa ïðèm, n →∞ áóäåò âûïîëíåíî

S2 − Ea0(S2) → 0 ïî ìåðå Pa0 . (58)
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Òàê êàê

Ea(S2) = Ea

(
1√
mn

m∑
k=i+1

n∑
l=j+1

J2(F (εk−i,l−j(a
0)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
])

=

= Ea

(
1√
mn

m∑
k=i+1

n∑
l=j+1

J2(F (εk−i,l−j(a
0)))
[
− J1(F (εkl(a

0)))
])

=

= Ea0

(
1√
mn

m∑
k=i+1

n∑
l=j+1

J2(F (εk−i,l−j(a)))
[
− J1(F (εkl(a)))

])
=

= Ea0

(
1√
mn

m∑
k=i+1

n∑
l=j+1

J2(F (εk−i,l−j(a)))
[
J1(F (εkl(a

0)))− J1(F (εkl(a
0)))
])

= Ea0(S2),

òî èç

Da(S2) →∞, m, n →∞,

áóäåò ñëåäîâàòü (58).
Îáîçíà÷èì

S∗
2 =

1√
mn

m∑
k=i+1

n∑
l=j+1

J2(F (εk−i,l−j(a
0)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
]
.

Î÷åâèäíî, ÷òî Da(S2) → 0 òîãäà è òîëüêî òîãäà, êîãäà Da0(S∗
2) → 0.

ßñíî, ÷òî

Da(S
∗
2) =

m− i

m

n− j

n
Da

(
J2(F (εk−i,l−j(a

0)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
])

+

+ 2
m−i−1∑

s=1

n−j−1∑
t=1

m− i− s

m

n− j − t

n
cova(s, t), (59)

ãäå

cova(s, t) = cova

(
J2(F (εk−i,l−j(a

0)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
]
,

J2(F (εk−i−s,l−j−t(a
0)))
[
J1(F (εk−s,l−t(a)))− J1(F (εk−s,l−t(a

0)))
])

.

Äèñïåðñèÿ â (59), ñîâïàäàþùàÿ ñ cova(0, 0), ñòðåìèòñÿ ê íóëþ ïî âåðîÿòíîñòè, ïîñêîëüêó

Da

(
J2(F (εk−i,l−j(a

0)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
])
≤

≤ Ea

(
J2

2 (F (εk−i,l−j(a
0)))
[
J1(F (εkl(a)))− J1(F (εk,l(a

0)))
]2)

≤

≤ C1Ea

[
J2

2 (F (εk−i,l−j(a
0)))
(
εkl(a)− εkl(a

0)
)2] ≤

≤ C2

mn
Ea

[
|bT X̃kl|2J2

2 (F (εk−i,l−j(a
0)))
]
→ 0.
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Ïîýòîìó ïî âåðîÿòíîñòè Pa

Da(S
∗
2) → 0, cova(0, 0) → 0, m, n →∞.

Ïîñêîëüêó ïîëå Xij óäîâëåòâîðÿåò óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ ñ ýêñïîíåíöèàëüíî
óáûâàþùèì êîýôôèöèåíòîì ñèëüíîãî ïåðåìåøèâàíèÿ, òî (ñì. [12, lemma 2.1]) ïîëå

J2(F (εk−i,l−j(a
0)))
[
J1(F (εkl(a)))− J1(F (εkl(a

0)))
]

òàêæå óäîâëåòâîðÿåò óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ ñ ýêñïîíåíöèàëüíî óáûâàþùèì êî-
ýôôèöèåíòîì ñèëüíîãî ïåðåìåøèâàíèÿ. Ïîýòîìó (ñì., íàïðèìåð, [13, lemma 1]) äëÿ íåêîòî-
ðîãî γ ∈ (0, 1)

|cova(s, t)| ≤ 4|cova(0, 0)γs+t.

Ñëåäîâàòåëüíî,∣∣∣∣∣
m−i−1∑

s=1

n−j−1∑
t=1

m− i− s

m

n− j − t

n
cova(s, t)

∣∣∣∣∣ ≤
∞∑

s=1

∞∑
t=1

|cova(s, t)| ≤

≤ 4cova(0, 0)
∞∑

s=1

∞∑
t=1

γs+t → 0, m, n →∞.

Ëåììà äîêàçàíà.
Ëåììà 3. Äëÿ ëþáîãî b0 > 0 ïðèm, n →∞

sup
|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(a)− zg
ij(a

0)
)
− I1(F, G)I2(F, G)dij(b, a)

∣∣∣∣ = op(1),

ãäå a è b ñâÿçàíû ñîîòíîøåíèåì
a = a0 +

b√
mn

.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì ε > 0. Ðàçîáüåì êóá

B = {b ∈ R3 : |b| ≤ b0}

íà ðàâíûå êóáèêè ñ ðåáðîì äëèíû ε è ñòîðîíàìè, ïàðàëëåëüíûìè êîîðäèíàòíûì îñÿì.
Äëÿ ëþáîãî b ∈ B îáîçíà÷èì ÷åðåç b∗ áëèæàéøóþ ê íà÷àëó êîîðäèíàò âåðøèíó êóáèêà
(îáîçíà÷èì åãî ÷åðåç B∗), ñîäåðæàùåãî b.
Èç ëåììû 2 ñëåäóåò, ÷òî äëÿ a∗ = a0 +

b∗√
mn

sup
|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(a
∗)− zg

ij(a
0)
)
− I1(F, G)I2(F, G)dij(b

∗, a∗)

∣∣∣∣ = op(1). (60)

Äëÿ ïðîèçâîëüíîãî êóáèêà B∗

sup
b∈B∗

∣∣∣∣ 1√
mn

(
zg

ij(a
∗)−zg

ij(a)
)
−
(
I1(F,G)I2(F,G)dij(b

∗,a∗)− I1(F,G)I2(F,G)dij(b,a)
)∣∣∣∣ ,
(61)
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ãäå
a = a0 +

b√
mn

,

S1 = sup
b∈B∗

|I1(F, G)I2(F, G)dij(b
∗, a∗)− I1(F, G)I2(F, G)dij(b, a)| ≤ S1 + S2, (62)

S2 = sup
b∈B∗

∣∣∣∣ 1√
mn

(
zg

ij(a
∗)− zg

ij(a)
)∣∣∣∣ =

= sup
b∈B∗

∣∣∣∣ 1√
mn

m∑
k=i+1

n∑
l=j+1

(
J1(F (εkl(a

∗))) J2(F (εk−i,l−j(a
∗)))−

− J1(F (εkl(a))) J2(F (εk−i,l−j(a)))
)∣∣∣∣.

Â ñâîþ î÷åðåäü S2 ≤ S21 + S22, ãäå

S21 = sup
b∈B∗

∣∣∣∣ 1√
mn

m∑
k=i+1

n∑
l=j+1

[
J1(F (εkl(a

∗)))− J1(F (εkl(a)))
]
J2(F (εk−i,l−j(a

∗)))

∣∣∣∣,
S22 = sup

b∈B∗

∣∣∣∣ 1√
mn

m∑
k=i+1

n∑
l=j+1

[
J2(F (εk−i,l−j(a

∗)))− J2(F (εk−i,l−j(a)))
]
J1(F (εkl(a)))

∣∣∣∣.
Èç (57) ñëåäóåò, ÷òî äëÿ íåêîòîðûõ ïîñòîÿííûõ C1 > 0 è C2 > 0∣∣∣J1(F (εkl(a

∗)))− J1(F (εkl(a)))
∣∣∣ ≤ C1|ε(a∗)− ε(a)| ≤ C2√

mn
|(b∗ − b)T X̃kl|.

Çàìåòèì òàêæå, ÷òî

|J2(F (εk−i,l−j(a
∗)))|2 ≤ 2

[
J2(F (εk−i,l−j(a

∗)))− J2(F (εk−i,l−j(a
0)))
]2

+ 2J2
2 (F (εk−i,l−j(a

0))).

Ïîýòîìó, ïðèìåíÿÿ íåðàâåíñòâî Êîøè | Áóíÿêîâñêîãî, ïîëó÷èì, ÷òî äëÿ íåêîòîðûõ ïîñòî-
ÿííûõ C3 > 0 è C4 > 0

E[max
B∗

(S21)]≤
1√
mn

m∑
k=i+1

n∑
l=j+1

E
[∣∣∣J1(F (εkl(a

∗)))−J1(F (εkl(a)))
∣∣∣∣∣J2(F (εk−i,l−j(a

∗)))
∣∣]≤

≤ 1√
mn

mn
C3√
mn

|b∗ − b| ≤ C4ε. (63)

Àíàëîãè÷íî ïîëó÷àåì, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé C5 > 0

E[max
B∗

(S22)] ≤ C5ε. (64)

Òàêèì îáðàçîì, èç (61){(64) âûòåêàåò, ÷òî ïðèm, n →∞

max
B∗

sup
b∈B∗

∣∣∣∣ 1√
mn

(
zg

ij(a
∗)− zg

ij(a)
)
−

−
(
I1(F, G)I2(F, G)dij(b

∗, a∗)− I1(F, G)I2(F, G)dij(b, a)
)∣∣∣∣ = op(1).

Îòñþäà è èç (60) ñëåäóåò óòâåðæäåíèå ëåììû.
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Ëåììà 4. Äëÿ ëþáîãî b0 > 0 è a = a0 +
b√
mn

ïðèm,n →∞

sup
|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(R(a))− zg
ij(a)

)∣∣∣∣ = op(1).

Äîêàçàòåëüñòâî. Òàê êàê äëÿ a = a0 +
b√
mn

â ñèëó êîíòèãóàëüíîñòè

1√
mn

(
zg

ij(R(a))− zg
ij(a)

)
= op(1),

òî äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî

sup
|b|≤b0
|ε|≤ε0

∣∣∣∣ 1√
mn

(
zg

ij

(
R

(
a +

ε√
mn

))
− zg

ij(R(a))

)∣∣∣∣ = op(1) (65)

è
sup
|b|≤b0
|ε|≤ε0

∣∣∣∣ 1√
mn

(
zg

ij

(
a +

ε√
mn

)
− zg

ij(a)

)∣∣∣∣ = op(1) (66)

ïðèm, n →∞ è ε0 → 0. Äîêàæåì ñíà÷àëà (65). Îáîçíà÷èì äëÿ êðàòêîñòè a1 = a +
ε√
mn
.

∣∣∣∣ 1√
mn

(
zg

ij(R(a1))− zg
ij(R(a))

)∣∣∣∣ =

=

∣∣∣∣∣ 1√
mn

m∑
k=i+1

n∑
l=j+1

[
J1

(
Rkl(a1)

mn + 1

)
J2

(
Rk−i,l−j(a1)

mn + 1

)
−

− J1

(
Rkl(a1)

mn + 1

)
J2

(
Rk−i,l−j(a1)

mn + 1

)]∣∣∣∣ ≤ S1 + S2,

ãäå

S1 =

∣∣∣∣∣ 1√
mn

m∑
k=i+1

n∑
l=j+1

[
J1

(
Rkl(a1)

mn + 1

)
− J1

(
Rkl(a)

mn + 1

)]
J2

(
Rk−i,l−j(a1)

mn + 1

)∣∣∣∣∣ ,
S2 =

∣∣∣∣∣ 1√
mn

m∑
k=i+1

n∑
l=j+1

[
J2

(
Rk−i,l−j(a1)

mn + 1

)
− J2

(
Rk−i,l−j(a)

mn + 1

)]
J1

(
Rkl(a1)

mn + 1

)∣∣∣∣∣ .
Îöåíèì S1. Îáîçíà÷èì ÷åðåç F̂mn(x, a)| ýìïèðè÷åñêóþ ôóíêöèþ ïîëÿ εst(a).

F̂mn(x, a) =
1

mn
(÷èñëî εkl(a), (k, l) ≤ (m, n),ìåíüøèõ, ëèáî ðàâíûõ x).

Çàìåòèì, ÷òî
Rij(a) = mnF̂mn(εij(a), a).

Èç îãðàíè÷åííîñòè è ëèïøèöèåâîñòè J1 è J2 ñëåäóåò, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé C1 > 0

S1 ≤
1√
mn

m∑
k=i+1

n∑
l=j+1

∣∣∣F̂mn(εkl(a1), a1)− F̂mn(εkl(a), a)
∣∣∣.
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Èç [14, p. 215] ñëåäóåò, ÷òî äëÿ ëþáîãî b0 > 0 äëÿ a = a0 +
b√
mn

sup
x∈R
|b|≤b0

√
mn

∣∣∣F̂mn(x, a)− F̂mn(x, a0)
∣∣∣ = op(1), m, n →∞.

Ïîýòîìó
sup
|b|≤b0
|ε|≤ε0

(S1) = op(1), m, n →∞.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

sup
|b|≤b0
|ε|≤ε0

(S2) = op(1), m, n →∞,

îòêóäà ñëåäóåò óòâåðæäåíèå ëåììû.
Ëåììà 5. Äëÿ ëþáîãî b0 > 0 ïðèm, n →∞

sup
|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(R(a))− zg
ij(R(a0))

)
− I1(F, G)I2(F, G)dij(b, a)

∣∣∣∣ = op(1),

ãäå a è b ñâÿçàíû ñîîòíîøåíèåì
a = a0 +

b√
mn

.

Äîêàçàòåëüñòâî. Èç ëåìì 3 è 4 âûòåêàåò, ÷òî

sup
|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(R(a))− zg
ij(R(a0))

)
− I1(F, G)I2(F, G)dij(b, a)

∣∣∣∣ ≤
≤ sup

|b|≤b0

∣∣∣∣∣ 1√
mn

(
zg

ij(a)− zg
ij(a

0)
)
− I1(F, G)I2(F, G)dij(b, a) +

+
1√
mn

(
zg

ij(R(a))− zg
ij(a)

)
− 1√

mn

(
zg

ij(R(a0))− zg
ij(a

0)
)∣∣∣∣∣ ≤

≤ sup
|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(a)− zg
ij(a

0)
)
− I1(F, G)I2(F, G)dij(b, a)

∣∣∣∣+
+ sup

|b|≤b0

∣∣∣∣ 1√
mn

(
zg

ij(R(a))− zg
ij(a)

)∣∣∣∣+ ∣∣∣∣ 1√
mn

(
zg

ij(R(a0))− zg
ij(a

0)
)∣∣∣∣ = op(1).

Ëåììà 6. Äëÿ ëþáîãî b0 > 0 ïðèm, n →∞

sup
|b|≤b0

∣∣∣∣ 1√
mn

(
wg(a, R(a))− wg(a0, R(a0))

)
− I1(F, G)I2(F, G)Kb

∣∣∣∣ = op(1),

ãäå a è b ñâÿçàíû ñîîòíîøåíèåì
a = a0 +

b√
mn

.
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Äîêàçàòåëüñòâî. Èìååì

1√
mn

(
wg(a, R(a))− wg(a0, R(a0))

)
− I1(F, G)I2(F, G)Kb =

=
1√
mn

m−1−p∑
i=0

n−1−q∑
j=0

(
δij(a)zg

i+p,j+q(R(a))− δij(a
0)zg

i+p,j+q(R(a0))
)
−

− I1(F, G)I2(F, G)Kb = S1 + S2 + S3,

ãäå

S1=
1√
mn

m−1−p∑
i=0

n−1−q∑
j=0

δij(a
0)
(
zg

i+p,j+q(R(a))−zg
i+p,j+q(R(a0))−I1(F,G)I2(F,G)di+p,j+q(b,a)

)
,

S2 =
1√
mn

m−1−p∑
i=0

n−1−q∑
j=0

(
δij(a)− δij(a

0)
)
I1(F, G)I2(F, G)di+p,j+q(b, a),

S3 =
1√
mn

m−1−p∑
i=0

n−1−q∑
j=0

(
δij(a)− δij(a

0)
)
zg

i+p,j+q(R(a)).

Ïî ëåììå 5 ñ ó÷åòîì (44) sup
|b|≤b0

|S1| = op(1) ïðèm,n →∞.

Èçâåñòíî [10], ÷òî ïðè âûïîëíåíèè (20) êîýôôèöèåíòû δij(a) äèôôåðåíöèðóåìû ïî a,
ïðè÷åì ñóùåñòâóþò ïîñòîÿííûå α ∈ (0, 1) è C > 0, ÷òî äëÿ âñåõ (i, j) ≥ (0, 0)∣∣∣∣∂δkl(a)

∂aαβ

∣∣∣∣ ≤ Cαk+l.

Ïîýòîìó ïî òåîðåìå î ñðåäíåì ïîëó÷èì, ÷òî

∣∣δij(a)− δij(a
0)
∣∣ ≤ Cb0α

i+j

√
mn

. (67)

Îòñþäà ñëåäóåò, ÷òî sup|b|≤b0 |S2| = op(1) ïðè m, n → ∞. Èç [1, ëåììà 1] ñëåäóåò, ÷òî äëÿ
íåêîòîðîé ïîñòîÿííîé C > 0

E
∣∣zg

ij(R(a))
∣∣2 ≤ Cmn.

Îòñþäà, èç (67) è íåðàâåíñòâî Êîøè | Áóíÿêîâñêîãî âûòåêàåò, ÷òî

Ea|S3| ≤
C2√
mn

b0√
mn

m−1−p∑
i=0

n−1−q∑
j=0

αi+jEa

∣∣∣zg
i+p,j+q(R(a))

∣∣∣ ≤
≤ C3

mn
max

ij

√
E
∣∣∣zg

ij(R(a))
∣∣∣2 ≤ C4√

mn
→ 0 ïðè m, n →∞

äëÿ íåêîòîðûõ ïîñòîÿííûõ C2 > 0, C3 > 0 è C4 > 0. Ñëåäîâàòåëüíî, â ñèëó íåðàâåíñòâà
×åáûøåâà sup|b|≤b0 |S3| = op(1) ïðèm, n →∞. Ëåììà äîêàçàíà.
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Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 6. Ïîêàæåì ñíà÷àëà, ÷òî
1√
mn

wg(âmn, R(âmn)) =

=
1√
mn

wg(a0, R(a0)) + I1(F, G)I2(F, G)K
√

mn(âmn − a0) + op(1). (68)

Äëÿ ëþáûõ ε > 0 è b0 > 0 ñ ó÷åòîì
√

mn-ñîñòîÿòåëüíîñòè âmn èç ôîðìóëû ïîëíîé âåðîÿò-
íîñòè ñëåäóåò, ÷òî

P

{∣∣∣∣ 1√
mn

wg(âmn, R(âmn))− 1√
mn

wg(a0, R(a0))−

− I1(F, G)I2(F, G)K
√

mn(âmn − a0) > ε

∣∣∣∣} ≤
≤ P

{∣∣∣∣ 1√
mn

wg(âmn, R(âmn))− 1√
mn

wg(a0, R(a0))−

−I1(F, G)I2(F, G)K
√

mn(âmn − a0) > ε
∣∣∣√mn|âmn − a0| ≤ b0)

∣∣∣∣}+

+ P
{√

mn|âmn − a0| > b0

}
≤

≤ P

{
sup
|b|≤b0

∣∣∣∣ 1√
mn

(
wg(a, R(a))− wg(a0, R(a0))

)
− I1(F, G)I2(F, G)Kb

∣∣∣∣ > ε

}
+

+ P
{√

mn|âmn − a0| > b0

}
→ 0, m, n →∞,

÷òî äîêàçûâàåò (68).
Òàê êàê ôóíêöèè J1 è J2 îãðàíè÷åíû, òî îãðàíè÷åíû è ìåòêè (21). Ñëåäîâàòåëüíî, ñêà÷êè

ôóíêöèè 1√
mn

wg(a, R(a)) ñ âåðîÿòíîñòüþ 1 íå ïðåâûøàþò C√
mn
, ãäå C > 0 | íåêîòîðàÿ

ïîñòîÿííàÿ. Ïîýòîìó
1√
mn

wg(âmn, R(âmn)) → 0, m, n →∞.

Îòñþäà è èç (68) ñëåäóåò, ÷òî
√

mn(âmn − a0) = K−1 1√
mn

wg(a0, R(a0))
1

I1(F, G)I2(F, G)
+ op(1).

Òàê êàê 1√
mn

wg(a0, R(a0)) àñèìïòîòè÷åñêè íîðìàëüíà ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäà-

íèåì è êîâàðèàöèîííîé ìàòðèöåé σ2
gI(g)K, òî

1

I1(F, G)I2(F, G)
K−1 1√

mn
wg(a0, R(a0))

à, ñòàëî áûòü, è
√

mn(âmn − a0) àñèìïòîòè÷åñêè íîðìàëüíà ñ íóëåâûì ìàòåìàòè÷åñêèì
îæèäàíèåì è êîâàðèàöèîííîé ìàòðèöåé

σ2
gI(g)

I2
1 (F, G)I2

2 (F, G)
K−1.

Òåîðåìà äîêàçàíà.
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8. Âûâîäû

Â ðàáîòå íàéäåí âèä àñèìïòîòè÷åñêè ëîêàëüíî íàèáîëåå ìîùíûõ ðàíãîâûõ êðèòåðèåâ
ïðîâåðêè ãèïîòåç î êîýôôèöèåíòàõ óðàâíåíèÿ àâòîðåãðåññèîííîãî ïîëÿ, îñíîâàííûõ íà
ïðèáëèæåííûõ ðàíãîâûõ ìåòêàõ. Ñòàòèñòèêè êðèòåðèåâ ïðè íóëåâîé ãèïîòåçå ñâîáîäíû îò
ðàñïðåäåëåíèÿ îáíîâëÿþùåãî ïîëÿ, äîêàçàíà èõ àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü. Íà îñíîâå
ïîëó÷åííûõ êðèòåðèåâ îïðåäåëåíû ðàíãîâûå îöåíêè ïàðàìåòðîâ àâòîðåãðåññèîííîãî ïîëÿ,
äîêàçàíà èõ ñîñòîÿòåëüíîñòü è àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü.
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In this article the process of two-dimensional autoregression of (1,1) order is considered.
Distribution of the renovating field of the autoregressive model is assumed to be unknown. The
author found the asymptotically locally most powerful tests for verifying the hypotheses about
coefficients of the autoregressive field, based on the approximate rank index marks. Estimation
of the autoregressive model parameters based on the ranks of observation residuals was build.
Consistency and asymptotic normality of these estimations was proved. The conclusion was drawn
on the advantage of the constructed estimation over the least squares estimation if the renovating
field has normal logistic and double exponential distribution, while rank index marks correspond
to Gaussian density.
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