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1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè çàäàííîãî óãëîâîãî ïîëîæåíèÿ îäíî-
çâåííîãî ìàíèïóëÿòîðà, óðàâíåíèÿ äâèæåíèÿ êîòîðîãî èìåþò âèä

ẋ1 = x2,

ẋ2 = M1 sin x1 − k1(x1 − x3),

ẋ3 = x4,

ẋ4 = −b1x4 + k2(x1 − x3) + u/J,

(1)

ãäå x1, x2 | óãëîâàÿ êîîðäèíàòà è óãëîâàÿ ñêîðîñòü çâåíà ìàíèïóëÿòîðà ñîîò-
âåòñòâåííî; x3, x4 | óãëîâàÿ êîîðäèíàòà è óãëîâàÿ ñêîðîñòü âàëà äâèãàòåëÿ;
u | óïðàâëÿþùèé ìîìåíò, ñîçäàâàåìûé äâèãàòåëåì; Mgl sin x1 | ìîìåíò
ñèëû òÿæåñòè, äåéñòâóþùèé íà çâåíî ìàíèïóëÿòîðà. ÊîíñòàíòûM1, b1, k1, k2,
J ïîëîæèòåëüíû, ïðèòîì M1 = Mgl/I , k1 = k/I , k2 = k/J , b1 = d/J , ãäå I ,
J |ìîìåíòû èíåðöèè çâåíà ìàíèïóëÿòîðà è ðîòîðà äâèãàòåëÿ ñîîòâåòñòâåííî;
k | æåñòêîñòü ïåðåäàòî÷íîãî ìåõàíèçìà; d | êîýôôèöèåíò äåìïôèðîâàíèÿ;
M | ìàññà çâåíà ìàíèïóëÿòîðà.
Â ðàáîòå [1] çàäà÷à ñòàáèëèçàöèè çàäàííîãî óãëîâîãî ïîëîæåíèÿ ìàíèïóëÿ-

òîðà ðåøåíà ïðè óñëîâèè, ÷òî èçìåðåíèÿì äîñòóïíà òîëüêî óãëîâàÿ êîîðäèíàòà
x1 çâåíà ìàíèïóëÿòîðà. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà
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èçìåðåíèÿì äîñòóïíà òîëüêî óãëîâàÿ êîîðäèíàòà x3 âàëà äâèãàòåëÿ, ò.å. èçìå-
ðÿåìûé âûõîä ñèñòåìû (1) èìååò âèä y = x3.
Â êà÷åñòâå ñòàáèëèçèðóåìîãî óãëîâîãî ïîëîæåíèÿ ìàíèïóëÿòîðà áåç îãðà-

íè÷åíèÿ îáùíîñòè ðàññìàòðèâàåòñÿ ïîëîæåíèå, â êîòîðîì x1 = 0, x3 = 0.
Äëÿ ðåøåíèÿ çàäà÷è óïðàâëåíèÿ òðåáóåòñÿ ïîñòðîèòü çàêîí óïðàâëåíèÿ â âèäå
îáðàòíîé ñâÿçè, èñïîëüçóþùåé çíà÷åíèÿ òîëüêî èçìåðÿåìîãî âûõîäà ñèñòåìû,
ãëîáàëüíî ñòàáèëèçèðóþùèé ïîëîæåíèå ðàâíîâåñèÿ x = (x1, x2, x3, x4)

ò
= 0,

u = 0 ñèñòåìû (1).
Â íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî, òàêæå êàê è â ñëó÷àå äîñòóïíîñòè èçìåðå-

íèÿì òîëüêî óãëîâîé êîîðäèíàòû çâåíà ìàíèïóëÿòîðà, ðàññìàòðèâàåìàÿ çàäà÷à
ñòàáèëèçàöèè çàäàííîãî óãëîâîãî ïîëîæåíèÿ îäíîçâåííîãî ìàíèïóëÿòîðà ìî-
æåò áûòü ðåøåíà ñ ïîìîùüþ èñïîëüçîâàíèÿ íåëèíåéíîãî ïðèíöèïà ðàçäåëåíèÿ
[2] è ìåòîäà îáõîäà èíòåãðàòîðà â íàáëþäàòåëå [2, 3].

2. Ñèíòåç íàáëþäàòåëÿ è îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ

Ïîñòðîèì äëÿ ñèñòåìû (1) ñ ðàññìàòðèâàåìûì âûõîäîì y = x3 àñèìïòîòè-
÷åñêèé íàáëþäàòåëü. Èñïîëüçóåì äëÿ óäîáñòâà íîâûå ïåðåìåííûå

η1 = x3, η2 = x4, η3 = k2x1 − k2x3 − b1x4,

η4 = −k2b1x1 + k2x2 + k2b1x3 + (b2
1 − k2)x4.

(2)

Îòìåòèì, ÷òî çàìåíà ïåðåìåííûõ x = Ξ(η), Ξ(0) = 0, îïðåäåëÿåìàÿ ñîîòíîøå-
íèÿìè (2), ÿâëÿåòñÿ ëèíåéíîé è çàäàåò äèôôåîìîðôèçì ïðîñòðàíñòâ R4 = {η}
è R4 = {x}.
Â íîâûõ ïåðåìåííûõ η ñèñòåìà (1) ñ ðàññìàòðèâàåìûì âûõîäîì èìååò âèä

η̇1 = η2,

η̇2 = η3 + u/J,

η̇3 = η4 − b1u/J,

η̇4 = a4(η) + (b2
1 − k2)u/J,

y = η1,

(3)

ãäå η = (η1, η2, η3, η4)
ò | âåêòîð ñîñòîÿíèÿ ñèñòåìû; a4(η) = −b1k1η2 − (k1 +

+ k2)η3 − b1η4 + k2M1 sin ((k2η1 + b1η2 + η3)/k2).
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Ñîãëàñíî ðàáîòàì [2, 4, 5] àñèìïòîòè÷åñêèé íàáëþäàòåëü äëÿ ñèñòåìû (3)
èìååò âèä

˙̂η = Aη̂ + LC(η̂ − η) + a(η̂) + Bu, (4)

ãäå η̂ = (η̂1, η̂2, η̂3, η̂4)
ò; A = (aij), i = 1, 4, j = 1, 4, | êâàäðàòíàÿ ìàòðèöà

ïîðÿäêà 4 ñ ýëåìåíòàìè aij = 1, åñëè j − i = 1, è aij = 0, åñëè j − i 6= 1;
a(η̂) = (0, 0, 0, a4(η̂))

ò; B = (0, 1/J,−b1/J, (b2
1 − k2)/J)

ò; C = (1, 0, 0, 0).
Â íàáëþäàòåëå (4) âåêòîð L = (l1, l2, l3, l4)

ò êîýôôèöèåíòîâ óñèëåíèÿ èìååò
âèä L = (θg1, θ

2g2, θ
3g3, θ

4g4)
ò, ãäå θ > 1 | ïðîèçâîëüíûé äîñòàòî÷íî áîëü-

øîé ïîëîæèòåëüíûé ïàðàìåòð, à âåêòîð G = (g1, g2, g3, g4)
ò âûáèðàåòñÿ òàêèì

îáðàçîì, ÷òî ìàòðèöà A + GC èìååò ñîáñòâåííûå ÷èñëà òîëüêî ñ îòðèöàòåëü-
íûìè äåéñòâèòåëüíûìè ÷àñòÿìè. Óêàçàííûé âûáîð âåêòîðà G âîçìîæåí, òàê
êàê ïàðà (A, C) íàáëþäàåìà [6].
Â ïåðåìåííûõ x̂ = Ξ(η̂), x̂ = (x̂1, x̂2, x̂3, x̂4)

ò, ñèñòåìà (4) çàïèøåòñÿ ñëåäó-
þùèì îáðàçîì:

˙̂x1 = x̂2 + (θ3g3/k2 + θg1 + b1θ
2g2/k2)(x̂3 − x3),

˙̂x2 = M1 sin x̂1 − k1(x̂1 − x̂3) +

+(θ4g4/k2 + θ2g2 + b1θ
3g3/k2)(x̂3 − x3),

˙̂x3 = x̂4 + θg1(x̂3 − x3),
˙̂x4 = −b1x̂4 + k2(x̂1 − x̂3) + θ2g2(x̂3 − x3) + u/J.

(5)

Òàê êàê îòîáðàæåíèå Ξ, îïðåäåëÿåìîå ñîîòíîøåíèÿìè (2), ÿâëÿåòñÿ äèôôåî-
ìîðôèçìîì ïðîñòðàíñòâ R4 = {η} è R4 = {x}, ñèñòåìà (5) ïðåäñòàâëÿåò ñî-
áîé àñèìïòîòè÷åñêèé íàáëþäàòåëü äëÿ ñèñòåìû (1) ñ ðàññìàòðèâàåìûì âûõî-
äîì y = x3.
Ñèñòåìà, îïèñûâàþùàÿ äèíàìèêó îøèáêè e = x̂ − x, ñ êîòîðîé íàáëþäà-

òåëü (5) îöåíèâàåò ñîñòîÿíèå ñèñòåìû (1) ñ ðàññìàòðèâàåìûì âûõîäîì, èìååò
ñëåäóþùèé âèä:

ė = Ãe + ϕ(x + e)− ϕ(x), (6)

ãäå Ã = (ãij), i = 1, 4, j = 1, 4, | êâàäðàòíàÿ ìàòðèöà ïîðÿäêà 4, ïðèòîì ã12 =

= ã34 = 1, ã13 = θ3g3/k2 + θg1 + b1θ
2g2/k2, ã21 = −k1, ã23 = θ4g4/k2 + θ2g2 +

+ b1θ
3g3/k2 + k1, ã33 = θg1, ã14 = k2, ã43 = θ2g2 − k2, ã44 = −b1, à îñòàëüíûå

ýëåìåíòû íóëåâûå; ϕ(x) = (0, M1 sin x1, 0, 0)
ò.
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Ñîãëàñíî ðàáîòàì [2, 4, 5] â ñèëó ëèíåéíîñòè çàìåíû ïåðåìåííûõ (2) ïðè
ïðîèçâîëüíîì äîñòàòî÷íî áîëüøîì ïàðàìåòðå θ > 1 è ïðîèçâîëüíîì ðåøåíèè
x = x(t) ñèñòåìû (1), îïðåäåëåííîì ïðè âñåõ t ≥ 0, ïîëîæåíèå ðàâíîâåñèÿ
e = 0 ñèñòåìû (6) ýêñïîíåíöèàëüíî óñòîé÷èâî â öåëîì. Ôóíêöèåé Ëÿïóíîâà
äëÿ ñèñòåìû (6) ÿâëÿåòñÿ êâàäðàòè÷íàÿ ôóíêöèÿW (e) = e

ò
P̃ e, ïðîèçâîäíàÿ ïî

âðåìåíè êîòîðîé â ñèëó ñèñòåìû (6) óäîâëåòâîðÿåò íåðàâåíñòâó

Ẇ (e) ≤ −λ‖e‖2.

Çäåñü P̃ = P̃
ò

> 0 | ñîîòâåòñòâóþùàÿ ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðå-
äåëåííàÿ ìàòðèöà; λ > 0 | íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ; ‖ · ‖ |
åâêëèäîâà íîðìà â R4.
Äàëåå íàéäåì çàêîí óïðàâëåíèÿ â âèäå íåïðåðûâíî äèôôåðåíöèðóåìîé

îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ, ãëîáàëüíî ýêñïîíåíöèàëüíî ñòàáèëèçèðóþùèé
ïîëîæåíèå ðàâíîâåñèÿ x = 0, u = 0 ñèñòåìû (1) (áåç âûõîäà), ñ ïîìîùüþ ìå-
òîäà íåëèíåéíîé ñòàáèëèçàöèè, ðàññìîòðåííîãî â ðàáîòå [7]. Ïðåîáðàçîâàíèå
ñèñòåìû (1) ê êàíîíè÷åñêîìó âèäó îïðåäåëÿåòñÿ ôóíêöèåé φ(x) = x1. Äèô-
ôåðåíöèðóÿ ýòó ôóíêöèþ â ñèëó ñèñòåìû (1), íàõîäèì íîâûå ïåðåìåííûå äëÿ
çàïèñè ñèñòåìû êàíîíè÷åñêîãî âèäà

ξ1 = x1, ξ2 = ξ̇1 = x2, ξ3 = ξ̇2 = M1 sin x1 − k1(x1 − x3),

ξ4 = ξ̇3 = M1x2 cos x1 − k1x2 + k1x4.
(7)

Â ïåðåìåííûõ ξ ñèñòåìà (1) áåç âûõîäà èìååò êàíîíè÷åñêèé âèä

ξ̇1 = ξ2,

ξ̇2 = ξ3,

ξ̇3 = ξ4,

ξ̇4 = f̃(ξ) + k1u/J,

(8)

ãäå ξ = (ξ1, ξ2, ξ3, ξ4)
ò | âåêòîð ñîñòîÿíèÿ ñèñòåìû; f̃(ξ) = k2M1 sin ξ1 +

+ M1 cos ξ1(ξ3 + b1ξ2)−M1ξ
2
2 sin ξ1 − (k1 + k2)ξ3 − b1k1ξ2 − b1ξ4.

Ñîîòíîøåíèå ξ = Ψ̃−1(x), Ψ̃−1(0) = 0, èìåþùåå âèä (7), ðàçðåøèìî îòíî-
ñèòåëüíî x, x = Ψ̃(ξ), è çàäàåò îòîáðàæåíèå, ÿâëÿþùååñÿ äèôôåîìîðôèçìîì
ïðîñòðàíñòâ R4 = {x} è R4 = {ξ}, ïðèòîì ôóíêöèè ξ = Ψ̃−1(x) è x = Ψ̃(ξ)
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òàêîâû, ÷òî ïðè âñåõ ξ ∈ Rn è x ∈ Rn ñïðàâåäëèâû íåðàâåíñòâà

‖ξ‖ = ‖Ψ̃−1(x)‖ ≤ γΨ̃−1‖x‖, ‖x‖ = ‖Ψ̃(ξ)‖ ≤ γΨ̃‖ξ‖, (9)

ãäå γΨ̃, γΨ̃−1 | íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.
Ñëåäîâàòåëüíî, çàäà÷à ãëîáàëüíîé ýêñïîíåíöèàëüíîé ñòàáèëèçàöèè ïîëî-

æåíèÿ ðàâíîâåñèÿ x = 0, u = 0 ñèñòåìû (1) áåç âûõîäà ýêâèâàëåíòíà àíàëîãè÷-
íîé çàäà÷å äëÿ ïîëîæåíèÿ ðàâíîâåñèÿ ξ = 0, u = 0 ñèñòåìû (8). Íåïðåðûâíî
äèôôåðåíöèðóåìàÿ îáðàòíàÿ ñâÿçü ïî ñîñòîÿíèþ, ãëîáàëüíî ýêñïîíåíöèàëüíî
ñòàáèëèçèðóþùàÿ ïîëîæåíèå ðàâíîâåñèÿ ξ = 0, u = 0 ñèñòåìû (8), èìååò âèä

u = k(ξ) =
J

k1

(
−f̃(ξ)−

3∑
i=0

κiξi+1

)
, k(0) = 0, (10)

ãäå ïîñòîÿííûå κi > 0, i = 0, 3, âûáèðàþòñÿ òàêèì îáðàçîì, ÷òî ìàòðèöà
A4 = (a4

ij), i = 1, 4, j = 1, 4, ñ ýëåìåíòàìè a4
ij = 1, åñëè j− i = 1, a4

ij = −κj−1,
åñëè i = 4, è a4

ij = 0, åñëè j − i 6= 1 è i 6= 4, èìååò ñîáñòâåííûå ÷èñëà òîëüêî ñ
îòðèöàòåëüíûìè äåéñòâèòåëüíûìè ÷àñòÿìè.
Òàêèì îáðàçîì, ïîëîæåíèå ðàâíîâåñèÿ x = 0 ñèñòåìû (1) áåç âûõîäà, çà-

ìêíóòîé óïðàâëåíèåì u = k(Ψ̃−1(x)), ýêñïîíåíöèàëüíî óñòîé÷èâî â öåëîì.

3. Ïðèìåíåíèå íåëèíåéíîãî ïðèíöèïà ðàçäåëåíèÿ

Ðàññìîòðèì íåëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó, èìåþùóþ îáùèé âèä

ẋ = f(x, u),

y = h(x),
(11)

ãäå x ∈ Rn | âåêòîð ñîñòîÿíèÿ ñèñòåìû; u ∈ Rm | âõîä (óïðàâëåíèå);
y ∈ Rp | èçìåðÿåìûé âûõîä ñèñòåìû; f(·, ·) è h(·)| íåïðåðûâíî äèôôåðåí-
öèðóåìûå ôóíêöèè ñâîèõ àðãóìåíòîâ; f(0, 0) = 0, h(0) = 0.
Îáîçíà÷èì ÷åðåç xu(t, x0) ðåøåíèe x = x(t) ñèñòåìû (11) ñ ïðîèçâîëüíîé

íåïðåðûâíîé è îãðàíè÷åííîé íà èíòåðâàëå [0, +∞) ôóíêöèåé u = u(t) íà
âõîäå, óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ x(0) = x0. Çäåñü xu(0, x0) = x0.
Ïðåäïîëîæåíèå 1. 1. Ñèñòåìà (11) äîïóñêàåò ïîñòðîåíèå íàáëþäàòåëÿ

˙̂x = g(x̂, h(x), u), g(0, 0, 0) = 0, (12)
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äëÿ êîòîðîãî óðàâíåíèå îøèáêè e = x̂− x îöåíêè ñîñòîÿíèÿ ñèñòåìû èìååò
âèä

ė = F (xu(t, x0), e, u(t)),

F (xu(t, x0), 0, u(t)) = 0, t ≥ 0,
(13)

ãäå F (xu(t, x0), e, u(t)) = g(xu(t, x0)+e, h(xu(t, x0)), u(t))−f(xu(t, x0), u(t)).
2. Ïîëîæåíèå ðàâíîâåñèÿ e = 0 ñèñòåìû (13) ñ ïðîèçâîëüíîé íåïðåðûâ-

íîé è îãðàíè÷åííîé íà èíòåðâàëå [0, +∞) ôóíêöèåé u(t) ïðè ïðîèçâîëüíîì
ðåøåíèè xu(t, x0) ñèñòåìû (11) ñ u = u(t) àñèìïòîòè÷åñêè óñòîé÷èâî â öåëîì.
Òåîðåìà 1 ([2]). Ïóñòü: 1) ôóíêöèÿ f(x, u) â ïðàâîé ÷àñòè ñèñòåìû (11)

ãëîáàëüíî ëèïøèöåâà ïî x ðàâíîìåðíî ïî u; 2) âûïîëíÿåòñÿ ïðåäïîëîæå-
íèå 1, ïðè÷åì ôóíêöèÿ F (x, e, u) ãëîáàëüíî ëèïøèöåâà ïî e ðàâíîìåðíî ïî
u è x; 3) ñóùåñòâóåò íåïðåðûâíî äèôôåðåíöèðóåìàÿ îáðàòíàÿ ñâÿçü u = k(x),
k(0) = 0 ïî ñîñòîÿíèþ, ãëîáàëüíî ýêñïîíåíöèàëüíî ñòàáèëèçèðóþùàÿ ïîëî-
æåíèå ðàâíîâåñèÿ x = 0, u = 0 ñèñòåìû (11). Òîãäà ñèñòåìà

ẋ = f(x, u),
˙̂x = g(x̂, h(x), u),

ñîñòàâëåííàÿ èç óðàâíåíèé ñèñòåìû (11) è óðàâíåíèé íàáëþäàòåëÿ (12), ïðè
óïðàâëåíèè u = k(x̂) àñèìïòîòè÷åñêè óñòîé÷èâà â öåëîì â òî÷êå x = 0, x̂ = 0.
Çàìåòèì, ÷òî äëÿ ñèñòåìû (1) ñ ðàññìàòðèâàåìûì âûõîäîì è íàáëþäàòåëÿ

(5) âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ñëåäîâàòåëüíî, ñèñòåìà, ñîñòàâëåííàÿ èç
óðàâíåíèé ñèñòåìû (1) ñ ðàññìàòðèâàåìûì âûõîäîì è óðàâíåíèé íàáëþäàòåëÿ
(5) ïðè óïðàâëåíèè u = k(Ψ̃−1(x̂)), ãäå x̂ = (x̂1, x̂2, x̂3, x̂4)

ò|âåêòîð ñîñòîÿíèÿ
ñèñòåìû (5), àñèìïòîòè÷åñêè óñòîé÷èâà â öåëîì â òî÷êå x = 0, x̂ = 0.
Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ñèñòåìû (1) è íàáëþäàòåëÿ (5) ïðè

óïðàâëåíèè u = k(Ψ̃−1(x̂)) ïðåäñòàâëåíû íà ðèñ. 1 ïðè ñëåäóþùèõ çíà÷åíèÿõ
ïàðàìåòðîâ è íà÷àëüíûõ äàííûõ ðàññìàòðèâàåìîé ñèñòåìû è íàáëþäàòåëÿ:
M = 0.21 êã, I = 0.0093 êã · ì2, J = 0.0037 êã · ì2, k = 0.18 Í · ì · ðàä−1,
d = 0.046 êã · ì2 · ñ−1, l = 0.15 ì, g = 10 ì · ñ−2, κ0 = 363.4, κ1 = 333.6,
κ2 = 114.7, κ3 = 17.5, θ = 2, g1 = −9.5, g2 = −33.7, g3 = −52.8, g4 = −30.9,
x1(0) = x3(0) = 3.14, x2(0) = x4(0) = 0, x̂1(0) = 2, x̂2(0) = 1.2, x̂3(0) = 3,
x̂4(0) = 1.4.
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Ðèñ. 1. Ïåðåõîäíûå ïðîöåññû ñèñòåìû (ñïëîøíàÿ ëèíèÿ) è íàáëþäàòåëÿ (ïóíêòèð)
ïðè óïðàâëåíèè u = k(Ψ̃−1(x̂))

4. Ìåòîä îáõîäà èíòåãðàòîðà â íàáëþäàòåëå

Îáîáùèì àëãîðèòì ïîñòðîåíèÿ óïðàâëåíèÿ ïðè ïîìîùè îáõîäà èíòåãðà-
òîðà â íàáëþäàòåëå [2, 3] íà ñëó÷àé ñòàáèëèçàöèè ñèñòåìû (1) ñ ðàññìàòðèâàå-
ìûì âûõîäîì y = x3. Ðàññìîòðèì ñèñòåìó

ẋ1 = x2,

ẋ2 = M1 sin x1 − k1(x1 − x3),
˙̂x3 = x̂4 + θg1(x̂3 − x3),
˙̂x4 = −b1x̂4 + k2(x̂1 − x̂3) + θ2g2(x̂3 − x3) + u/J,

ė = Ãe + ϕ(x + e)− ϕ(x),

(14)
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ñîñòàâëåííóþ èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû (1), ïîñëåäíèõ äâóõ óðàâíå-
íèé íàáëþäàòåëÿ (5) è óðàâíåíèé ñèñòåìû (6), îïèñûâàþùåé äèíàìèêó îøèáêè
e = x̂− x îöåíêè ñîñòîÿíèÿ ñèñòåìû (1) íàáëþäàòåëåì (5).
Çàìåòèì, ÷òî äèíàìè÷åñêàÿ ñèñòåìà (14) â ñèëó ëèíåéíîãî ñîîòíîøåíèÿ

e = x̂− x ýêâèâàëåíòíà ñèñòåìå

ẋ1 = x2,

ẋ2 = M1 sin x1 − k1(x1 − x3),

ẋ3 = x4,

ẋ4 = −b1x4 + k2(x1 − x3) + u/J,
˙̂x1 = x̂2 + (θ3g3/k2 + θg1 + b1θ

2g2/k2)(x̂3 − x3),
˙̂x2 = M1 sin x̂1 − k1(x̂1 − x̂3) +

+(θ4g4/k2 + θ2g2 + b1θ
3g3/k2)(x̂3 − x3),

˙̂x3 = x̂4 + θg1(x̂3 − x3),
˙̂x4 = −b1x̂4 + k2(x̂1 − x̂3) + θ2g2(x̂3 − x3) + u/J,

(15)

ñîñòîÿùåé èç óðàâíåíèé ñèñòåìû (1) è íàáëþäàòåëÿ (5).
Ðàññìîòðèì ñíà÷àëà ïîäñèñòåìó, ñîñòîÿùóþ èç ïåðâûõ äâóõ óðàâíåíèé ñè-

ñòåìû (14). Ñ ó÷åòîì ñîîòíîøåíèÿ x3 = x̂3 − e3 äàííóþ ïîäñèñòåìó ìîæíî
ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

ẋ1 = x2,

ẋ2 = M1 sin x1 − k1x1 − k1e3 + k1x̂3.
(16)

Èñïîëüçóåì ïåðåìåííóþ x̂3 â êà÷åñòâå <âèðòóàëüíîãî> óïðàâëåíèÿ. <Âèðòóàëü-
íûé> çàêîí óïðàâëåíèÿ x̂3 = α̃2(x1, x2), α̃2(0, 0) = 0, â âèäå îáðàòíîé ñâÿçè ïî
ñîñòîÿíèþ, ïðè êîòîðîì ïîëîæåíèå ðàâíîâåñèÿ x1 = 0, x2 = 0 ñèñòåìû (16) ñ
äàííûì <âèðòóàëüíûì> óïðàâëåíèåì ïðè e3(t) ≡ 0 àñèìïòîòè÷åñêè óñòîé÷èâî
â öåëîì, èìååò âèä

x̂3 = α̃2(x1, x2) =
1

k1
(−M1 sin x1 + k1x1 − c1x1 − c2x2),

ãäå c1 > 0, c2 > 0 | ïðîèçâîëüíûå ïîëîæèòåëüíûå ïîñòîÿííûå. Ñëåäîâà-
òåëüíî, ñóùåñòâóþò ìàòðèöû P2 = P

ò
2 > 0 è Q2 = Q

ò
2 > 0, óäîâëåòâîðÿþùèå

óðàâíåíèþ Ëÿïóíîâà
A
ò
cP2 + P2Ac = −Q2,

ãäåAc = (ac
ij), i = 1, 2, j = 1, 2, | êâàäðàòíàÿ ìàòðèöà ïîðÿäêà 2 ñ ýëåìåíòàìè

ac
11 = 0, ac

12 = 1, ac
21 = −c1, ac

22 = −c2.
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Ðàññìîòðèì ôóíêöèþ

V2(z(1:2), e) = κz
ò
(1:2)P2z(1:2) + W (e) > 0,

ãäå z(1:2) = (z1, z2)
ò

= (x1, x2)
ò; κ > 0 | íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿí-

íàÿ, ïîäëåæàùàÿ îïðåäåëåíèþ; W (e) | ôóíêöèÿ Ëÿïóíîâà äëÿ ñèñòåìû (6),
îïèñûâàþùåé äèíàìèêó îøèáêè e = x̂ − x îöåíêè ñîñòîÿíèÿ ñèñòåìû (1)
íàáëþäàòåëåì (5).
Ïîäñòàâèì â α̃2(x1, x2) âìåñòî ïåðåìåííûõ x1, x2 èõ îöåíêè x̂1, x̂2, ïîëó÷à-

åìûå ñ ïîìîùüþ íàáëþäàòåëÿ (5). Äëÿ óäîáñòâà èñïîëüçóåì òàêæå ïåðåìåííóþ
z3 = x̂3−α̃2(x̂1, x̂2). Òîãäà ïðîèçâîäíóþïî âðåìåíèôóíêöèèV2 â ñèëó ñèñòåìû
(14) ñ ó÷åòîì ñîîòíîøåíèé x̂1 = x1 + e1, x̂2 = x2 + e2 ìîæíî ïðåäñòàâèòü ñëå-
äóþùèì îáðàçîì:

V̇2(z(1:2), e) = κz
ò
(1:2)(A

ò
cP2 + P2Ac)z(1:2) +

+ 2κM1z
ò
(1:2)P2B2(sin x1 − sin x̂1) + 2κz

ò
(1:2)P2B2

(
(k1 − c1)e1 − c2e2 −

− k1e3
)

+ 2κk1z
ò
(1:2)P2B2z3 + Ẇ (e),

ãäå B2 = (0, 1)
ò. Äàëåå èìååì

V̇2(z(1:2), e) ≤ −κλmin(Q2)‖z(1:2)‖2 + 2κM1‖z(1:2)‖ ‖P2‖‖e‖+

+ 2κc̃‖z(1:2)‖ ‖P2‖ ‖e‖ − λ‖e‖2 + 2κk1z
ò
(1:2)P2B2z3 =

= −κλmin(Q2)
(
‖z(1:2)‖ −

(M1‖P2‖+ c̃‖P2‖)
λmin(Q2)

‖e‖
)2
−

−
(
λ− κ

(M1‖P2‖+ c̃‖P2‖)2

λmin(Q2)

)
‖e‖2 + 2κk1z

ò
(1:2)P2B2z3 =

= −S12 + 2κk1z
ò
(1:2)P2B2z3.

Çäåñü c̃ = max{‖k1 − c1‖, c2, k1};

S12 = κλmin(Q2)
(
‖z(1:2)‖ −

(M1‖P2‖+ c̃‖P2‖)
λmin(Q2)

‖e‖
)2

+

+
(
λ− κ

(M1‖P2‖+ c̃‖P2‖)2

λmin(Q2)

)
‖e‖2 ≥ 0

ïðè

κ <
λmin(Q2)λ

(M1‖P2‖+ c̃‖P2‖)2 .
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Ðàññìîòðèì ôóíêöèþ

V3(z1, z2, z3, e) = V2(z1, z2, e) +
1

2
z3

2 + W (e).

Äëÿ óäîáñòâà èñïîëüçóåì äàëåå îáîçíà÷åíèå z4 = x̂4 − α̃3(x̂1, x̂2, x̂3, x3), ãäå
α̃3 | íåêîòîðàÿ ãëàäêàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ. Äëÿ ïðîèçâîäíîé ïî âðå-
ìåíè ôóíêöèè V3 â ñèëó ñèñòåìû (14) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

V̇3 = V̇2 + z3ż3 + Ẇ ≤ −S12 + 2κk1z
ò
(1:2)P2B2z3 + z3ż3 + Ẇ ≤

≤ −S12 + z3

(
2κk1z

ò
(1:2)P2B2 + x̂4 + θg1(x̂3 − x3)−

∂α̃2

∂x̂1

˙̂x1 −
∂α̃2

∂x̂2

˙̂x2

)
−

− λe2
1 − λe2

2 =

= −S12 + z3

(
2κk1z

ò
(1:2)P2B2 + z4 + α3(x̂1, x̂2, x̂3, x3) + θg1(x̂3 − x3)−

−∂α̃2

∂x̂1

˙̂x1 −
∂α̃2

∂x̂2

˙̂x2

)
− λe2

1 − λe2
2.

Âûáðàâ

α̃3(x̂1, x̂2, x̂3, x3) = −c3z3 − 2κk1x̂
ò
(1:2)P2B2 − θg1(x̂3 − x3) +

∂α̃2

∂x̂1

˙̂x1+

+
∂α̃2

∂x̂2

˙̂x2 − d31(2κk1p12)
2z3 − d32(2κk1p22)

2z3,

ãäå x̂(1:2) = (x̂1, x̂2)
ò; p12 è p22 ñîîòâåòñòâóþùèå ýëåìåíòû ìàòðèöû P2 = (pij),

j = 1, 2, i = 1, 2; c3 > 0, d31 > 0, d32 > 0 | ïðîèçâîëüíûå ïîëîæèòåëüíûå
êîíñòàíòû, ïîëó÷èì

V̇3 ≤ −S12 − c3z
2
3 + z3z4 −

(
d31(2κk1p12)

2z2
3 + 2κk1p12z3e1 + λe2

1

)
−

−
(
d32(2κk1p22)

2z2
3 + 2κk1p22z3e2 + λe2

2

)
= −c3z

2
3 + z3z4 − S12 − S3,

ãäå

S3 =
(√

d312κk1p12z3 +
1

2
√

d31
e1

)2
+

(
λ− 1

4d31

)
e2
1+

+
(√

d322κk1p22z3 +
1

2
√

d32
e2

)2
+

(
λ− 1

4d32

)
e2
2 ≥ 0

ïðè λ > max
{

1

4d31

,
1

4d32

}
.
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Ðàññìîòðèì ôóíêöèþ

V4(z1, z2, z3, z4, e) = V3(z1, z2, z3, e) +
1

2
z4

2 + W (e) > 0.

Äëÿ ïðîèçâîäíîé ïî âðåìåíè ôóíêöèè V4 â ñèëó ñèñòåìû (14) ñïðàâåäëèâà
îöåíêà

V̇4 = V̇3 + z4ż4 + Ẇ ≤ −c3z
2
3 + z3z4 − S12 − S3 + z4ż4 + Ẇ ≤

≤ −c3z
2
3 − S12 − S3 + z4

(
z3 − b1x̂4 + k2(x̂1 − x̂3) + θ2g2(x̂3 − x3) +

u

J
−

− ∂α̃3

∂x3
(x̂4 − e4)−

3∑
i=1

∂α̃3

∂x̂i

˙̂xi

)
− λe2

3 − λe2
4.

Òîãäà ïðè âûáîðå çàêîíà óïðàâëåíèÿ

u = α̃4(x̂, x3) = J
(
−c4z4 − z3 + b1x̂4 − k2(x̂1 − x̂3)− θ2g2(x̂3 − x3)+

+
∂α̃3

∂x3
x̂4 +

3∑
i=1

∂α̃3

∂x̂i

˙̂xi − d44

(∂α̃3

∂x3

)2
z4

)
, (17)

ãäå c4 > 0, d44 > 0 | ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû, äëÿ ïðîèç-
âîäíoé ïî âðåìåíè ôóíêöèè V4 â ñèëó çàìêíóòîé ñèñòåìû (14) ñïðàâåäëèâà
îöåíêà

V̇4 ≤ −c3z
2
3 − c4z

2
4 − κλmin(Q2)

(
‖z(1:2)‖ −

(M1‖P2‖+ c̃‖P2‖)
λmin(Q2)

‖e‖
)2
−

−
(
λ− κ

(M1‖P2‖+ c̃‖P2‖)2

λmin(Q2)

)
‖e‖2−

−
(√

d312κk1p12z3 +
1

2
√

d31
e1

)2
−

(
λ− 1

4d31

)
e2
1−

+
(√

d322κk1p22z3 +
1

2
√

d32
e2

)2
−

(
λ− 1

4d32

)
e2
2−

−
(√

d44
∂α̃3

∂x3
z4 −

1

2
√

d44
e4

)2
−

(
λ− 1

4d44

)
e2
4 − λe2

3.

Ïðè

λ > max
{

κ
(M1‖P2‖+ c̃‖P2‖)2

λmin(Q2)
,

1

4d31
,

1

4d32
,

1

4d44

}
ñïðàâåäëèâî íåðàâåíñòâî

V̇4 ≤ −κλmin(Q2)z
2
1 − κλmin(Q2)z

2
2 − c3z

2
3 − c4z

2
4 − λ̃

4∑
i=1

e2
i , (18)

ãäå λ̃ = min
{

λ, λ− 1

4d31
, λ− 1

4d32
, λ− 1

4d44

}
> 0.
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Ñîîòíîøåíèÿ

z1 = x1, z2 = x2, z3 = x̂3 − α̃2(x̂1, x̂2), z4 = x̂4 − α̃3(x̂1, x̂2, x̂3, x3), e = e

ïðåäñòàâëÿþò ñîáîé ãëàäêóþ çàìåíó ïåðåìåííûõ, îïðåäåëåííóþ ãëîáàëüíî. Â
ïåðåìåííûõ zi, i = 1, 4, è e ñèñòåìà (14), çàìêíóòàÿ óïðàâëåíèåì (17), ïðèìåò
âèä

ż1 = z2,

ż2 = M1(sin z1 − sin(z1 + e1))− c1z1 − c2z2 + k1z3 +

+(k1 − c1)e1 − c2e2 − k1e3,

ż3 = −c3z3 − d31(2κk1p12)
2z3 − d32(2κk1p22)

2z3 −
−d312κk1p12e1 − d322κk1p22e2,

ż4 = −c4z4 − z3 − d44

(∂α̃3

∂x3

)2
z4 +

∂α̃3

∂x3
e4,

ė = (A + LC)e,

(19)

ãäå z = (z1, z2, z3, z4)
ò ∈ R4,

Ïîëîæåíèå ðàâíîâåñèÿ z = 0, e = 0 ñèñòåìû (19) ýêñïîíåíöèàëüíî óñòîé-
÷èâî â öåëîì. Òîãäà, òàê êàê α̃2(0) = 0, α̃3(0) = 0, ïîëîæåíèå ðàâíîâåñèÿ
x1 = 0, x2 = 0, x̂3 = 0, x̂4 = 0, e = 0 ñèñòåìû (14), çàìêíóòîé óïðàâëåíèåì
(17) àñèìïòîòè÷åñêè óñòîé÷èâî â öåëîì. Â ñèëó ñîîòíîøåíèÿ x = x̂ − e ïî-
ëîæåíèå ðàâíîâåñèÿ x = 0, x̂ = 0 ñèñòåìû (15) ïðè óïðàâëåíèè (17) òàêæå
àñèìïòîòè÷åñêè óñòîé÷èâî â öåëîì.
Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ñèñòåìû (1) è íàáëþäàòåëÿ (5) ïðè

óïðàâëåíèè u = α̃4(x̂, x3) ïðåäñòàâëåíû íà ðèñ. 2 ïðè ñëåäóþùèõ çíà÷åíèÿõ
ïàðàìåòðîâ è íà÷àëüíûõ äàííûõ ðàññìàòðèâàåìîé ñèñòåìû è íàáëþäàòåëÿ:
M = 0.21 êã, I = 0.0093 êã · ì2, J = 0.0037 êã · ì2, k = 0.18 Í · ì · ðàä−1,
d = 0.046 êã · ì2 · ñ−1, l = 0.15 ì, g = 10 ì · ñ−2, c1 = 6, c2 = 6, c3 = 6,
c4 = 6, d31 = 10−2, d32 = 10−2, d44 = 10−2, κ = 10−3, p12 = 1/4, p22 = 3/8,
θ = 2, g1 = −9.5, g2 = −33.7, g3 = −52.8, g4 = −30.9, x1(0) = x3(0) = 3.14,
x2(0) = x4(0) = 0, x̂1(0) = 2, x̂2(0) = 1.2, x̂3(0) = 3, x̂4(0) = 1.4.

5. Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíî ðåøåíèå çàäà÷è ñòàáèëèçàöèè çàäàííîãî
óãëîâîãî ïîëîæåíèÿ îäíîçâåííîãî ìàíèïóëÿòîðà â ñëó÷àå, êîãäà èçìåðåíèÿì
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Ðèñ. 2. Ïåðåõîäíûå ïðîöåññû ñèñòåìû (ñïëîøíàÿ ëèíèÿ) è íàáëþäàòåëÿ
(ïóíêòèð) ïðè óïðàâëåíèè u = α̃4(x̂, x3)

äîñòóïíà òîëüêî óãëîâàÿ êîîðäèíàòà âàëà äâèãàòåëÿ. Ïîêàçàíî, ÷òî ñèíòåç
ñòàáèëèçèðóþùèõ çàêîíîâ óïðàâëåíèÿ, òàê æå êàê è â ñëó÷àå äîñòóïíîñòè
èçìåðåíèÿì òîëüêî óãëîâîé êîîðäèíàòû çâåíà ìàíèïóëÿòîðà [1], ìîæåò áûòü
îñóùåñòâëåí ïðè ïîìîùè ïðèíöèïà ðàçäåëåíèÿ, à òàêæå ìåòîäà îáõîäà èíòå-
ãðàòîðà â íàáëþäàòåëå.
Ïî ðåçóëüòàòàì ÷èñëåííîãî ìîäåëèðîâàíèÿ ìîæíî ñäåëàòü âûâîä î ïðèáëè-

çèòåëüíî îäèíàêîâîì ïðè ðàññìîòðåííûõ íà÷àëüíûõ äàííûõ è èñïîëüçîâàíèè
îäíîãî è òîãî æå íàáëþäàòåëÿ êà÷åñòâå ïåðåõîäíûõ ïðîöåññîâ ñèñòåìû ñ óïðà-
âëåíèåì, íàéäåííûì ïðè ïîìîùè ìåòîäà îáõîäà èíòåãðàòîðà â íàáëþäàòåëå,
è óïðàâëåíèåì, îñíîâàííîì íà ïðèíöèïå ðàçäåëåíèÿ è ìåòîäå ëèíåàðèçàöèè
îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ.
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Âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà îáõîäà èíòåãðàòîðà ê ðàññìàòðèâàåìîé
çàäà÷å ñòàáèëèçàöèè ïîçâîëÿåò ðåøàòü äàííóþ çàäà÷ó òàêæå è â ñëó÷àå íàëè÷èÿ
â ñèñòåìå âîçìóùåíèé è íåîïðåäåëåííîñòåé [3].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ ¹11-01-00733, ¹12-07-

329 è Ïðîãðàììû Ïðåçèäåíòà ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íà-
ó÷íûõ øêîë (ãðàíò ¹ÍØ-3659.2012.1).
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In this note a regulation problem for the flexible single-link manipulator is con-
sidered. Only the motor side angular position is supposed to be physically measured.
The stabilizing control laws are synthesized using two different approaches. First,
the separation principle is applied. The state feedback control law is found using
the feedback linearization technique. Then, the observer backstepping procedure is
used to stabilize the system in question. Both control design methods are compared
through simulation.
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