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Ââåäåíèå

Äëÿ èçó÷åíèÿ àðèôìåòè÷åñêîé ïðèðîäû çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ñ èððà-
öèîíàëüíûìè ïàðàìåòðàìè îáû÷íî ïðèìåíÿþò ýôôåêòèâíûå êîíñòðóêöèè àïïðîêñèìàöèé
Ïàäå ïåðâîãî èëè âòîðîãî ðîäà. Ïðè ýòîì àïïðîêñèìàöèè âòîðîãî ðîäà (ñîâìåñòíûå ïðè-
áëèæåíèÿ) óñòðîåíû ïðîùå è ÷àñòî ïîçâîëÿþò ïîëó÷àòü áîëåå îáùèå ðåçóëüòàòû. Â äàííîé
ðàáîòå ïðåäëàãàåòñÿ ýôôåêòèâíàÿ êîíñòðóêöèÿ ñîâìåñòíûõ ïðèáëèæåíèé äëÿ ãèïåðãåîìå-
òðè÷åñêèõôóíêöèé îáùåãî âèäà è èõ ïðîèçâîäíûõ (â òîì ÷èñëå è ïî ïàðàìåòðó). Ñ ïîìîùüþ
ýòîé êîíñòðóêöèè îöåíèâàåòñÿ ñíèçó ìîäóëü ñîîòâåòñòâóþùåé ëèíåéíîé ôîðìû. Íåêîòîðûå
èç ïàðàìåòðîâ ðàññìàòðèâàåìûõ ôóíêöèé ÿâëÿþòñÿ èððàöèîíàëüíûìè.

1. Îñíîâíîé ðåçóëüòàò

Äëÿ êîìïëåêñíûõ ÷èñåë

α1, . . . , αr, β1, . . . , βm,

ãäå r < u = m + 1, ïîëîæèì

a(x) = (x + α1) . . . (x + αr), b(x) = (x + β1) . . . (x + βm).

Ïðè ýòîì ñ÷èòàåì, ÷òî
a(x) b(x) 6= 0 ïðè x = 1, 2, . . . (1)

Ïóñòü òàêæå äàíû ÷èñëà λ1, . . . , λt, óäîâëåòâîðÿþùèå óñëîâèÿì

λk /∈ Z, k = 1, . . . , t; λk1 − λk2 /∈ Z, k1, k2 = 1, . . . , t, k1 6= k2. (2)
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Äëÿ k = 1, . . . , t è j = 1, . . . , u ðàññìîòðèì ñëåäóþùèå ôóíêöèè:

Fkj(z) =
∞∑

ν=0

zννj−1

ν∏
x=1

a(x)

b(x) (λk + x)
, (3)

à òàêæå ôóíêöèè, ïîëó÷åííûå èç íèõ äèôôåðåíöèðîâàíèåì ïî ïàðàìåòðó λk:

Fklkj(z) =
∞∑

ν=0

zννj−1

ν∏
x=1

a(x)

b(x)

dlk

dλlk
k

ν∏
x=1

1

λk + x
. (4)

Çäåñü k = 1, . . . , t, lk = 0, . . . , τk − 1, j = 1, . . . , u, τ1, . . . , τt | íàòóðàëüíûå ÷èñëà.
×åðåç I îáîçíà÷èì íåêîòîðîå ìíèìîå êâàäðàòè÷íîå ïîëå (èëè ïîëå ðàöèîíàëüíûõ ÷èñåë).

Äëÿ öåëîãî íåîòðèöàòåëüíîãî ÷èñëà r ïîëàãàåì r0 = max {r, 1}, ò.å. r0 = 1 åñëè r = 0, è
r0 = r, åñëè r > 0. Ïðè âûïîëíåíèè óñëîâèé (1) è (2) ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïðåäïîëîæèì, ÷òî ÷èñëà α1, . . . , αr, β1, . . . , βr0−1, λ1, . . . , λt ðàöèîíàëüíûå è

óäîâëåòâîðÿþò óñëîâèÿì (1) è (2); ìíîãî÷ëåí (x+βr0) . . . (x+βm) ëåæèò â êîëüöå I[x]; ñòåïåíè
àëãåáðàè÷åñêèõ ÷èñåë βr0 , . . . , βm ðàâíû ñîîòâåòñòâåííî κr0 , . . . , κm; ðàçíîñòè αi − λk è
αi − βj ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ èíäåêñîâ íå ÿâëÿþòñÿ öåëûìè ðàöèîíàëüíûìè
÷èñëàìè;

η = 1− 1

u− r0

(
1

κr0

+ . . . +
1

κm

)
;

÷èñëî ξ îòëè÷íî îò íóëÿ è ëåæèò â ïîëå I. Òîãäà äëÿ ëþáîãî ε > 0 è äëÿ ëþáîãî íåòðèâèàëü-
íîãî íàáîðà öåëûõ ÷èñåë

h0, hklkj, k = 1, . . . , t, lk = 0, . . . , τk − 1, j = 1, . . . , u, (5)

èç ýòîãî ïîëÿ âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣∣h0 +
t∑

k=1

τk−1∑
lk=0

u∑
j=1

hklkjFklkj(ξ)

∣∣∣∣∣ > H
−w(u−r)+η(u−r0)

u−r−η(u−r0)
−ε

,

ãäå H eñòü ìàêñèìóì ìîäóëåé êîýôôèöèåíòîâ (5), ïðè÷åì H äîñòàòî÷íî âåëèêî (íèæíÿÿ
ãðàíèöà çàâèñèò îò ε);

w = uT, T = τ1 + . . . + τt.

2. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Ïóñòü n|äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî,N1 =
[

n

T

]
,N2 =

[
n

w

]
−1. Îáîçíà÷èì

θs =
1

2πi

∫
Γ

Φ(ζ)
n∏

x=n−s

(ζ + x)
dζ, s = 0, 1, . . . , n, (6)

ãäå Γ| ïîëîæèòåëüíî îðèåíòèðîâàííàÿ îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäèíàò, îõâàòû-
âàþùàÿ âñå ïîëþñû ïîäûíòåãðàëüíîé ôóíêöèè, è

Φ(ζ) =
t∏

k=1

N1−1∏
σ=0

(ζ − λk −N2 + σ)τk . (7)
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Ëåììà 1. Ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ z èìååò ìåñòî ðàâåíñòâî

Φ(z)
n∏

x=1

(z + x)
=

n∑
s=0

θs

n−s∏
x=1

1

z + x
. (8)

J Òåîðèÿ ðÿäîâ Íüþòîíà (ñì., íàïðèìåð, [1, ñ. 40{41]) ïîçâîëÿåò íàïèñàòü ðàâåíñòâî

Φ(z) =
n∑

s=0

θs

n∏
x=n−s+1

(z + x),

èç êîòîðîãî (8) ïîëó÷àåòñÿ äåëåíèåì îáåèõ ÷àñòåé íà
n∏

x=1

(z + x). I

Ëåììà 2. Ïðè k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, σ = 0, 1, . . . , N1 − 1 ñïðàâåäëèâî
ðàâåíñòâî

n∑
s=0

θs
dlk

dλlk
k

n−s∏
x=1

1

λk + N2 − σ + x
= 0. (9)

J Ïðîäèôôåðåíöèðóåì lk ðàç ðàâåíñòâî (8) ïî z è ïîäñòàâèì z = λk + N2 − σ. Â ðåçóëüòàòå
ïîëó÷èì (9). I

Ëåììà 3. Ïðè 1 6 k 6 t, 0 6 lk 6 τk − 1 âûïîëíÿåòñÿ ðàâåíñòâî
n∑

s=0

θsB(s)
dlk

dλlk
k

n−s∏
x=1

1

λk + N2 + x
= 0, (10)

ãäå B(s)| ïðîèçâîëüíûé ìíîãî÷ëåí, ñòåïåíü êîòîðîãî íå ïðåâûøàåò N1 − 1.

J Ïðèìåíèì èíäóêöèþ ïî ïàðàìåòðó lk. Ñíà÷àëà ïðåäïîëîæèì, ÷òî lk = 0. Òîãäà, ñîãëàñíî
(9), ïðè σ = 0, 1, . . . , N1 − 1 èìååì

0 =
n∑

s=0

θs

n−s∏
x=1

1

λk + N2 − σ + x
=

n∑
s=0

θsBσ(s)
n−s∏
x=1

1

λk + N2 + x
,

ãäå

Bσ(s) =
σ−1∏
x=0

λk + N2 + n− s− x

λk + N2 − x
.

Ïîñêîëüêó ëþáîé ìíîãî÷ëåíB(s) ñòåïåíè íå âûøåN1−1 ìîæíî ïðåäñòàâèòü â âèäå ëèíåé-
íîé êîìáèíàöèè ìíîãî÷ëåíîâ Bσ(s), òî ïðè lk = 0 ðàâåíñòâî (10) ñïðàâåäëèâî. Èñïîëüçóÿ
ïðåäïîëîæåíèå èíäóêöèè, ïî ëåììå 2 ïðè ïîëîæèòåëüíîì lk è ïðè óêàçàííûõ σ èìååì

0 =
n∑

s=0

θs
dlk

dλlk
k

n−s∏
x=1

1

λk + N2 − σ + x
=

n∑
s=0

θs
dlk

dλlk
k

(
n−s∏
x=1

1

λk + N2 + x
Bσ(s)

)
=

=

lk∑
µk=0

(
lk
µk

) n∑
s=0

θs
dµk

dλµk

k

n−s∏
x=1

1

λk +N2 +x

dlk−µk

dλlk−µk

k

Bσ(s)=
n∑

s=0

θsBσ(s)
dlk

dλlk
k

n−s∏
x=1

1

λk +N2 +x
.
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Òåïåðü ðàññóæäåíèå ïî èíäóêöèè ìîæíî çàâåðøèòü, êàê óêàçàíî âûøå. I

Ïóñòü ïðè s = 0, 1, . . . , n

ps = θs

n−s∏
x=1

b(N2 + x)
n−s∏
x=1

1

a(x)
, (11)

è

P (z) =
n∑

s=0

psz
s.

Ëåììà 4. Â ðàçëîæåíèè â ðÿä ïî ñòåïåíÿì z ôóíêöèé r∗klkj(z) = P (z)Fklkj(z), k =

= 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u, êîýôôèöèåíò ïðè ñòåïåíè zν ðàâåí íóëþ ïðè
n 6 ν 6 n + N2.

J Óêàçàííûé êîýôôèöèåíò ìîæíî çàïèñàòü òàê:
n∑

s=0

ps(ν − s)j−1

ν−s∏
x=1

a(x)

b(x)

dlk

dλlk
k

ν−s∏
x=1

1

λk + x
=

N2∏
x=1

1

b(x)

n∑
s=0

θs(ν − s)j−1

n+N2∏
x=ν+1

b(x− s)×

×
ν∏

x=n+1

a(x− s)
dlk

dλlk
k


n−s∏
x=1

1

λk + N2 + x

n+N2∏
x=ν+1

(λk − s + x)

N2∏
x=1

(λk + x)

 =

N2∏
x=1

1

b(x)

lk∑
µk=0

(
lk
µk

)
×

×
n∑

s=0

θsBµk
(s)

dµk

dλµk

k

n−s∏
x=1

1

λk + N2 + x
, (12)

ãäå

Bµk
(s) = (ν − s)j−1

n+N2∏
x=ν+1

b(x− s)
ν∏

x=n+1

a(x− s)
dlk−µk

dλlk−µk

k

n+N2∏
x=ν+1

(λk − s + x)

N2∏
x=1

(λk + x)

.

Ïîñëåäíèé ìíîãî÷ëåí îò ïåðåìåííîé s èìååò, ñòåïåí íå âûøå N1 − 1. Ïîýòîìó âûðàæåíèå
(12) ðàâíî íóëþ â ñèëó (10). I

Â äàëüíåéøåì ÷åðåç γ1, γ2, . . . îáîçíà÷àþòñÿ ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå
îò n (íî, âîçìîæíî, çàâèñÿùèå îò ïàðàìåòðîâ ôóíêöèé (4)). Íàèìåíüøèì îáùèì çíàìå-
íàòåëåì íåêîòîðîãî ìíîæåñòâà ÷èñåë X èç ïîëÿ I áóäåì íàçûâàòü íàèìåíüøåå ïî ìîäóëþ
íåíóëåâîå öåëîå ÷èñëî èç ýòîãî ïîëÿ, ïîñëå óìíîæåíèÿ íà êîòîðîå ëþáîå ÷èñëî èçX ñòàíî-
âèòñÿ öåëûì â óïîìÿíóòîì ïîëå.
Ëåììà 5. Äëÿ àáñîëþòíîé âåëè÷èíû ÷èñåë (11) ñïðàâåäëèâà îöåíêà

|ps| 6
(

n!

s!

)u−r

eγ1n; (13)

ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ýòèõ ÷èñåë íå ïðåâûøàåò eγ2n.
Äîêàçàòåëüñòâî ëåììû ÿâëÿåòñÿ ñòàíäàðòíûì; îöåíêà (13) ñëåäóåò íåïîñðåäñòâåííî èç

(6), (7) è (11). Îöåíêà îáùåãî çíàìåíàòåëÿ ñëåäóåò èç ðàöèîíàëüíîñòè ÷èñåë λ1, . . . , λt,
β1, . . . , βr−1 è α1, . . . , αr.
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Îïðåäåëèì ìíîãî÷ëåíû

Pklkj(z) =
n∑

s=0

pklkjsz
s, (14)

ãäå pklkjs åñòü óìíîæåííûé íà−1 êîýôôèöèåíò ïðè zs â ðàçëîæåíèè ïî ñòåïåíÿì z ïðîèçâå-
äåíèÿ P (z)Fklkj(z).
Ëåììà 6. Ïóñòü N | íàòóðàëüíîå ÷èñëî, l | íåîòðèöàòåëüíîå öåëîå ðàöèîíàëüíîå

÷èñëî. Òîãäà
dl

dλl

N∏
x=1

1

λ + x
=

N∏
x=1

1

λ + x

∑ ±1

(λ + x1) . . . (λ + xl)
,

ãäå x1, . . . , xl | ÷èñëà (ñðåäè êîòîðûõ ìîãóò áûòü è ïîâòîðÿþùèåñÿ), ñîîòâåòñòâóþùèì
îáðàçîì âûáðàííûå èç ìíîæåñòâà {1, . . . , N}.
Äîêàçàòåëüñòâî ïðîâîäèòñÿ èíäóêöèåé ïî l.
Ëåììà 7. Äëÿ ëþáîãî ε > 0 àáñîëþòíàÿ âåëè÷èíà íàèìåíüøåãî îáùåãî çíàìåíàòåëÿ

êîýôôèöèåíòîâ ìíîãî÷ëåíîâ (14) íå ïðåâûøàåò n
u−r0

w
(η+ε)n; ýòà îöåíêà ñïðàâåäëèâà äëÿ

âñåõ äîñòàòî÷íî áîëüøèõ n (íèæíÿÿ ãðàíèöà çàâèñèò îò ε è îò ïàðàìåòðîâ ôóíêöèé (4);
÷èñëà η è w îïðåäåëåíû â ôîðìóëèðîâêå òåîðåìû).
Äîêàçàòåëüñòâî ëåììû ÿâëÿåòñÿ ñòàíäàðòíûì. Óêàæåì ëèøü íà îñíîâíûå ìîìåíòû ñî-

îòâåòñòâóþùåãî ðàññóæäåíèÿ. Î÷åâèäíî, ÷òî

pklkjs = −
s∑

ν=0

pν(s− ν)j−1

s−ν∏
x=1

a(x)

b(x)

dlk

dλlk
k

s−ν∏
x=1

1

λk + x
,

ãäå pν îïðåäåëÿþòñÿ ðàâåíñòâîì (11). ×èñëà θν , âõîäÿùèå â ïðàâóþ ÷àñòü (11) è îïðåäå-
ëÿåìûå ðàâåíñòâàìè (6) è (7), çàïèøåì ñ ïîìîùüþ òåîðåìû î âû÷åòàõ. Ïîñëå íåñëîæíûõ
ïðåîáðàçîâàíèé, ó÷èòûâàþùèõ ïðåäûäóùóþ ëåììó, ïîëó÷àåì

pklkjs = −
s∑

ν=0

N2∏
x=1

b(n− ν + x)

N2∏
x=1

b(x)

(s− ν)j−1

n∏
x=s+1

b(x− ν)

n∏
x=s+1

a(x− ν)
×

×


n∑

x=n−ν

t∏
k=1

N1−1∏
σ=0

(−x− λk −N2 + σ)τk

±(x− n + ν)!(n− x)!


s−ν∏
x=1

1

λk + x

∑ ±1

(λk + x1) . . . (λk + xlk)
. (15)

Ìîäóëü îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ äðîáåé âèäà
N2∏
x=1

b(n− ν + x)

N2∏
x=1

b(x)

îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé n
u−r0

w
(η+ε)n ïðè ëþáîì ε > 0 è ïðè äîñòàòî÷íî áîëüøîì n.

×òîáû óáåäèòüñÿ â ýòîì, ñëåäóåò ïðèìåíèòü (ñ ñîîòâåòñòâóþùèìè èçìåíåíèÿìè) ðàññóæäå-
íèÿ, äîêàçûâàþùèå ëåììó 6, ñ. 1227 ðàáîòû [2].
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Îöåíêà îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ (ïîíèìàåìîãî â îáû÷íîì ñìûñëå) ïîñëåäíåé
ñóììû, âõîäÿùåé â âûðàæåíèå (15) îñíîâàíà íà òîì îáñòîÿòåëüñòâå, ÷òî îáùåå íàèìåíü-
øåå êðàòíîå ÷èñåë 1, . . . , n îãðàíè÷åíî ñâåðõó âåëè÷èíîé eO(n). Äëÿ îöåíêè íàèìåíüøåãî
îáùåãî çíàìåíàòåëÿ îñòàëüíûõ ìíîæèòåëåé, âõîäÿùèõ â (15), ïðèìåíÿåòñÿ ñòàíäàðòíàÿ òåõ-
íèêà, îñíîâàííàÿ íà ñðàâíåíèè ñòåïåíåé, â êîòîðûõ ïðîñòûå ÷èñëà âõîäÿò â ÷èñëèòåëè è
çíàìåíàòåëè ñîîòâåòñòâóþùèõ äðîáåé (ñì., íàïðèìåð, [3, ëåììà 2 íà ñ. 186]).
Âñå äàëüíåéøèå ðàññóæäåíèÿ ÿâëÿþòñÿ ñòàíäàðòíûìè. Ñóììèðóÿ âûøåñêàçàííîå, çà-

êëþ÷àåì, ÷òî ìíîãî÷ëåíû P (z), Pklkj(z), k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u,
îáðàçóþò ñîâìåñòíûå ïðèáëèæåíèÿ äëÿ ôóíêöèé (4), ïðè÷åì ïîðÿäîê íóëÿ ïðè z = 0 êàæäîé
èç ôóíêöèé

rklkj(z) = Pklkj(z) + P (z) Fklkj(z) (16)

íå ìåíüøå, ÷åì n + N2.
Ôóíêöèè (3) óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì óðàâíåíèÿì

b(δ)(δ + λk)y = a(δ)zy + b(0)λk, δ = z
d

dz
, k = 1, . . . , t.

Äèôôåðåíöèðóÿ ýòè óðàâíåíèÿ (ôîðìàëüíî) ñîîòâåòñòâóþùåå ÷èñëî ðàç ïî λk, ìîæíî ïî-
ëó÷èòü ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðîé óäîâëåòâîðÿþò ôóíêöèè
(4). Ïåðåíóìåðóåì óêàçàííûå ôóíêöèè â ïðîèçâîëüíîì ïîðÿäêå è îáîçíà÷èì èõ y1, . . . ,
yw. Óïîìÿíóòóþ âûøå ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðîé óäîâëåòâîðÿþò ýòè
ôóíêöèè, ìîæíî çàïèñàòü â âèäå

y′i =
w∑

j=1

fij(z)yj + fi(z). (17)

Îáîçíà÷èì ÷åðåç Y ñòîëáåö ôóíêöèé y1, . . . , yw, ÷åðåç A è B ñîîòâåòñòâåííî ìàòðèöó è
ñòîëáåö ñâîáîäíûõ ÷ëåíîâ ñèñòåìû (17). Äàëåå, ñëåäóÿ ìåòîäó, ïðåäëîæåííîìó â ðàáîòå [5],
çàïèøåì ðàâåíñòâà (16) â ìàòðè÷íîì âèäå

R(z) = P (z)Y + Q(z),

ãäå R(z) è Q(z) | ñòîëáöû, ñîñòàâëåííûå èç ôóíêöèé rklkj(z) è Pklkj(z). Ïóñòü T (z) |
ìíîãî÷ëåí, ÿâëÿþùèéñÿ îáùèì íàèìåíüøèì êðàòíûì êîýôôèöèåíòîâ ñèñòåìû (17). Ïðè
i = 0, 1, . . . ïîëîæèì Ri(z) = (T (z))i(D − A)iR(z), ãäå D =

d

dz
| îïåðàòîð äèôôåðåíöèðî-

âàíèÿ âåêòîðà-ñòîëáöà. Òàêèì îáðàçîì ìû ïîëó÷èì ñèñòåìó ñîâìåñòíûõ ïðèáëèæåíèé äëÿ
ôóíêöèé (4). Èç ðåçóëüòàòîâ ðàáîòû [4] ñëåäóåò ëèíåéíàÿ íåçàâèñèìîñòü íàä I[z] ñîâîêóï-
íîñòè ýòèõ ôóíêöèé (ïðè âûïîëíåíèè óñëîâèé òåîðåìû), ïîýòîìó îïðåäåëèòåëü∣∣∣∣∣∣∣∣

P0 P01 . . . P0w

P1 P11 . . . P1w
. . . . . . . . . . .

Pw Pw1 . . . Pww

∣∣∣∣∣∣∣∣
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áóäåò îòëè÷åí îò íóëÿ ïðè âñåõ äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ n (ïîäðîáíîñòè ñì. â [5]).
Îò ôóíêöèîíàëüíûõ ôîðì (èñïîëüçóÿ ñòàíäàðòíóþ ïðîöåäóðó) ñëåäóåò ïåðåéòè çàòåì ê
÷èñëîâûì ôîðìàì; ïîëó÷àþùèéñÿ ïðè ýòîì ðåçóëüòàò ñôîðìóëèðóåì â âèäå ëåììû.
Ëåììà 8. Ïðè âñåõ äîñòàòî÷íî áîëüøèõ n â ïîëå I ñóùåñòâóþò ÷èñëà

qµ0, qµklkj, µ = 0, 1, . . . , w, k = 1, . . . , t, lk = 0, 1, . . . , τk − 1, j = 1, . . . , u, (18)

òàêèå, ÷òî:

1) îïðåäåëèòåëü ïîðÿäêà w + 1, µ-ÿ ñòðîêà êîòîðîãî ñîñòàâëåíà èç ÷èñåë (18), îòëè÷åí îò
íóëÿ;
2) |qµ0| 6 n(u−r)neγ3n;
3) ïðè âñåõ µ |qµ0 + qµklkjFklkj(ξ)| 6 n−

(u−r)n
w eγ3n, γ3 ìîæåò çàâèñåòü òàêæå è îò ξ;

4) îáùèé íàèìåíüøèé çíàìåíàòåëü ÷èñåë (18) îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé n
u−r0

w
(η+ε)n.

Ïîäðîáíîå îïèñàíèå ìåòîäà ïîëó÷åíèÿ ïîñëåäíåãî ðåçóëüòàòà èìååòñÿ â ðàáîòå [5]. Èç
ïîñëåäíåé ëåììû óòâåðæäåíèå òåîðåìû âûâîäèòñÿ ñòàíäàðòíûì ñïîñîáîì.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, ñ ïîìîùüþ ïðåäëîæåííîé â ðàáîòå ýôôåêòèâíîé êîíñòðóêöèè àïïðîê-
ñèìàöèé Ïàäå âòîðîãî ðîäà óäàëîñü ïîëó÷èòü îöåíêó ñíèçó ìîäóëÿ ëèíåéíîé ôîðìû îò
çíà÷åíèé ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ñ èððàöèîíàëüíûìè ïàðàìåòðàìè. Åñòåñòâåííûì
îáîáùåíèåì ðàññìîòðåííîé ýôôåêòèâíîé êîíñòðóêöèè ìîãëè áû áûòü ñîâìåñòíûå ïðèáëè-
æåíèÿ â ñëó÷àå, êîãäà âàðüèðóþòñÿ òî÷êè, â êîòîðûõ âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèé, èëè
êîãäà âàðüèðóþòñÿ ñðàçó íåñêîëüêî ïàðàìåòðîâ (ïî êîòîðûì â ýòîì ñëó÷àå âîçìîæíî äèôôå-
ðåíöèðîâàíèå).
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For the investigation of arithmetic properties of the values of the hypergeometric functions
with irrational parameters one usually applies Pade approximations of the first or second type.
Pade approximations of the second type (simultaneous approximations) are much simpler and
application of such approximations often makes it possible to obtain more general results. In
the present paper we propose an effective construction of simultaneous approximations for the
generalized hypergeometric functions and their derivatives (also with respect to parameter). This
construction is applied for the estimation of the absolute value of corresponding linear form. Some
of the parameters of the functions under consideration are irrational.
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