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1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Ìíîãîçâåííûå ìàíèïóëÿòîðû ïðåäñòàâëÿþò ñîáîé êëàññ òåõíè÷åñêèõ ñè-
ñòåì, àêòèâíî èñïîëüçóåìûõ â ïðîìûøëåííîñòè. Ïðè ðåøåíèè çàäà÷ óïðàâëå-
íèÿ òàêèìè îáúåêòàìè îäíîé èç ñóùåñòâåííûõ ïðîáëåì ìîæåò ÿâëÿòüñÿ îòñóò-
ñòâèå ïîëíîé èíôîðìàöèè î ñîñòîÿíèè ñèñòåìû. Èçìåðÿþòñÿ, êàê ïðàâèëî,
çíà÷åíèÿ òîëüêî ÷àñòè ïåðåìåííûõ, îïèñûâàþùèõ ñîñòîÿíèå ìàíèïóëÿòîðà.
Ïðè÷èíû íåïîëíîãî èçìåðåíèÿ âåêòîðà ñîñòîÿíèÿ ìîãóò áûòü ðàçëè÷íûå: âû-
ñîêàÿ ñòîèìîñòü óñòàíîâêè äàò÷èêîâ, òåõíîëîãè÷åñêèå îãðàíè÷åíèÿ è ò.ï.
Ïðè ñèíòåçå àëãîðèòìîâ óïðàâëåíèÿ ìíîãîçâåííûìè ìàíèïóëÿòîðàìè âàæ-

íóþ ðîëü èãðàåò ðåøåíèå çàäà÷ óïðàâëåíèÿ äëÿ îòäåëüíûõ çâåíüåâ.
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè çàäàííîãî óãëî-

âîãî ïîëîæåíèÿ îäíîçâåííîãî ìàíèïóëÿòîðà, óðàâíåíèÿ äâèæåíèÿ êîòîðîãî
èìåþò âèä

ẋ1 = x2,

ẋ2 = M1 sin x1 − k1(x1 − x3),

ẋ3 = x4,

ẋ4 = −b1x4 + k2(x1 − x3) + u/J,

(1)

ãäå x1, x2 | óãëîâàÿ êîîðäèíàòà è óãëîâàÿ ñêîðîñòü çâåíà ìàíèïóëÿòîðà ñîîò-
âåòñòâåííî; x3, x4 | óãëîâàÿ êîîðäèíàòà è óãëîâàÿ ñêîðîñòü âàëà äâèãàòåëÿ;
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u | óïðàâëÿþùèé ìîìåíò, ñîçäàâàåìûé äâèãàòåëåì; Mgl sin x1 | ìîìåíò
ñèëû òÿæåñòè, äåéñòâóþùèé íà çâåíî ìàíèïóëÿòîðà. ÊîíñòàíòûM1, b1, k1, k2,
J ïîëîæèòåëüíû, ïðèòîìM1 = Mgl/I , k1 = k/I , k2 = k/J , b1 = d/J , ãäå I ,
J|ìîìåíòû èíåðöèè çâåíà ìàíèïóëÿòîðà è ðîòîðà äâèãàòåëÿ ñîîòâåòñòâåííî,
k | æåñòêîñòü ïåðåäàòî÷íîãî ìåõàíèçìà, d | êîýôôèöèåíò äåìïôèðîâàíèÿ,
M | ìàññà çâåíà ìàíèïóëÿòîðà.
Â êà÷åñòâå ñòàáèëèçèðóåìîãî óãëîâîãî ïîëîæåíèÿ ìàíèïóëÿòîðà áåç îãðà-

íè÷åíèÿ îáùíîñòè ðàññìîòðèìïîëîæåíèå, â êîòîðîìx1 = 0, x3 = 0. Äëÿ ðåøå-
íèÿ çàäà÷è óïðàâëåíèÿ òðåáóåòñÿ ïîñòðîèòü çàêîí óïðàâëåíèÿ â âèäå îáðàòíîé
ñâÿçè, èñïîëüçóþùåé çíà÷åíèÿ òîëüêî èçìåðÿåìîãî âûõîäà ñèñòåìû, ãëîáàëüíî
ñòàáèëèçèðóþùèé ïîëîæåíèå ðàâíîâåñèÿ x = 0, u = 0 ñèñòåìû (1). Çäåñü
x = (x1, x2, x3, x4)

ò ∈ R4 | âåêòîð ñîñòîÿíèÿ ñèñòåìû (1), u ∈ R | óïðàâ-
ëåíèå.
Îäíîéèç èäåé ðåøåíèÿ çàäà÷ óïðàâëåíèÿ â óñëîâèÿõíåïîëíîòûèçìåðÿåìîé

èíôîðìàöèè î âåêòîðå ñîñòîÿíèÿ ÿâëÿåòñÿ èñïîëüçîâàíèå äèíàìè÷åñêèõ îáðàò-
íûõ ñâÿçåé ïî èçìåðÿåìîìó âûõîäó. Äèíàìè÷åñêèå îáðàòíûå ñâÿçè ïî âûõîäó
ñòðîÿòñÿ íà îñíîâå âåêòîðà ñîñòîÿíèÿ âñïîìîãàòåëüíîé äèíàìè÷åñêîé ñèñòåìû.
Êàê ïðàâèëî, â êà÷åñòâå âñïîìîãàòåëüíîé ñèñòåìû ðàññìàòðèâàåòñÿ íàáëþäà-
òåëü, ïðåäñòàâëÿþùèé ñîáîé ñïåöèàëüíóþ äèíàìè÷åñêóþ ñèñòåìó, ñîñòîÿíèå
êîòîðîé ñ òå÷åíèåì âðåìåíè äîñòàòî÷íî áûñòðî, íàïðèìåð àñèìïòîòè÷åñêè,
ïðèáëèæàåòñÿ ê ñîñòîÿíèþ èññëåäóåìîé ñèñòåìû.
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà èçìåðåíèÿì äîñòóïíà

òîëüêî óãëîâàÿ êîîðäèíàòà x1 çâåíà ìàíèïóëÿòîðà, ò.å. èçìåðÿåìûé âûõîä ñè-
ñòåìû (1) èìååò âèä y = x1. Ïîêàçàíî, ÷òî çàäà÷à ñòàáèëèçàöèè çàäàííîãî
óãëîâîãî ïîëîæåíèÿ îäíîçâåííîãî ìàíèïóëÿòîðà ìîæåò áûòü ðåøåíà ñ ïîìî-
ùüþ èñïîëüçîâàíèÿ íåëèíåéíîãî ïðèíöèïà ðàçäåëåíèÿ [1, 2] è ìåòîäà îáõîäà
èíòåãðàòîðà â íàáëþäàòåëå [3, 2].

2. Ñèíòåç íàáëþäàòåëÿ è îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ

Ïðè ïîñòðîåíèè àñèìïòîòè÷åñêîãî íàáëþäàòåëÿ äëÿ ñèñòåìû (1) ñ ðàññìà-
òðèâàåìûì âûõîäîì y = x1 âîñïîëüçóåìñÿ, íàïðèìåð, èäåÿìè ãåîìåòðè÷åñêîãî
ìåòîäà, èçëîæåííîãî â ðàáîòàõ [4, 5].
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Â ïåðåìåííûõ χ = (χ1, χ2, χ3, χ4)
ò, çàäàííûõ ñîîòíîøåíèÿìè

x1 = χ1,

x2 = χ2 − b1χ1,

x3 = χ3/k1 − b1χ2/k1 + (b21 − k2)χ1/k1,

x4 = χ4/k1 − b1χ3/k1 + (b21 − k2)χ2/k1 + (2b1k2 − b31)χ1/k1,

(2)

ñèñòåìà (1) ñ ðàññìàòðèâàåìûì âûõîäîì èìååò âèä

χ̇1 = χ2 − b1χ1,

χ̇2 = χ3 +M1 sinχ1 − χ1(k1 + k2),

χ̇3 = χ4 + b1M1 sinχ1 − b1k1χ1,

χ̇4 = k2M1 sinχ1 + k1u/J,

y = χ1.

(3)

Çàìåòèì, ÷òî îòîáðàæåíèå x = Φ(χ), Φ(0) = 0, îïðåäåëÿåìîå ðàâåíñòâàìè (2),
ëèíåéíî è ÿâëÿåòñÿ äèôôåîìîðôèçìîì ïðîñòðàíñòâ R4 = {χ} è R4 = {x}.
Àñèìïòîòè÷åñêèé íàáëþäàòåëü äëÿ ñèñòåìû (3) áóäåì èñêàòü â âèäå

˙̂χ = Aχ̂+ LC(χ̂− χ) + ψ(χ1) +Bu, (4)

ãäå χ̂ = (χ̂1, χ̂2, χ̂3, χ̂4)
ò, A = (aij), i = 1, 4, j = 1, 4, | êâàäðàòíàÿ ìàòðèöà

ïîðÿäêà 4 ñ ýëåìåíòàìè aij = 1, åñëè j − i = 1, è aij = 0, åñëè j − i 6= 1,
C = (1, 0, 0, 0), B = (0, 0, 0, 1/J)

ò, âåêòîð L = (l1, l2, l3, l4)
ò êîýôôèöèåíòîâ

óñèëåíèÿ çàäàåò äèíàìèêó îøèáêè e = χ̂− χ îöåíêè ñîñòîÿíèÿ ñèñòåìû (3),

ψ(χ1) =
(
−b1χ1,M1 sinχ1 − χ1(k1 + k2), b1M1 sinχ1 − b1k1χ1, k2M1 sinχ1

)ò
.

Äëÿ äàëüíåéøèõ ïîñòðîåíèé ìîæíî èñïîëüçîâàòü ëèíåéíóþ òåõíèêó. Ñè-
ñòåìà, îïèñûâàþùàÿ äèíàìèêó îøèáêè e = χ̂ − χ îöåíêè íàáëþäàòåëåì (4)
ñîñòîÿíèÿ ñèñòåìû (3) ïðè îäèíàêîâîì óïðàâëåíèè â ñèñòåìàõ (3) è (4), èìååò
âèä

ė = (A+ LC)e, (5)

ãäå âåêòîðL êîýôôèöèåíòîâ óñèëåíèÿ íàáëþäàòåëÿ âûáèðàåòñÿ òàêèì îáðàçîì,
÷òî ìàòðèöà A + LC èìååò ñîáñòâåííûå ÷èñëà òîëüêî ñ îòðèöàòåëüíûìè äåé-
ñòâèòåëüíûìè ÷àñòÿìè. Óêàçàííûé âûáîð ìàòðèöû L âîçìîæåí, òàê êàê ïàðà
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(A,C) íàáëþäàåìà [6]. Ñëåäîâàòåëüíî, ïîëîæåíèå ðàâíîâåñèÿ e = 0 ñèñòåìû
(5) ýêñïîíåíöèàëüíî óñòîé÷èâî â öåëîì è îøèáêà îöåíêè ñîñòîÿíèÿ íå çàâèñèò
îò óïðàâëåíèÿ è ýêñïîíåíöèàëüíî ñòðåìèòñÿ ê íóëþ.
Îòìåòèì, ÷òî ôóíêöèåé Ëÿïóíîâà äëÿ ñèñòåìû (5) ÿâëÿåòñÿ ïîëîæèòåëüíî

îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà W (e) = e
ò
Pe, ãäå ìàòðèöà P = P

ò
> 0

óäîâëåòâîðÿåò óðàâíåíèþ Ëÿïóíîâà

(A+ LC)
ò
P + P (A+ LC) = −Q, Q = Q

ò
> 0, (6)

ðåøåíèå êîòîðîãî ñóùåñòâóåò è åäèíñòâåííî â ñèëó óêàçàííîãî âûøå âûáîðà
ñïåêòðà ìàòðèöûA+LC. ÇäåñüQ = Q

ò
> 0|ïðîèçâîëüíàÿ ñèììåòðè÷åñêàÿ

ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà. Äëÿ ïðîèçâîäíîé ïî âðåìåíè ôóíêöèè
W (e) â ñèëó ñèñòåìû (5) ïðè âñåõ e ∈ Rn ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

Ẇ (e) = −eòQe ≤ −λmin(Q)‖e‖2 def= −λ‖e‖2,

ãäå λmin(Q)|íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå ìàòðèöûQ, ‖·‖|åâêëèäîâà
íîðìà â R4.
Äàëåå íàéäåì çàêîí óïðàâëåíèÿ â âèäå íåïðåðûâíî äèôôåðåíöèðóåìîé

îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ, ãëîáàëüíî ýêñïîíåíöèàëüíî ñòàáèëèçèðóþùèé
ïîëîæåíèå ðàâíîâåñèÿ χ = 0, u = 0 ñèñòåìû (3).
Ïîëîæåíèå ðàâíîâåñèÿ χ = 0, u = 0 àôôèííîé ñèñòåìû (3) (áåç âûõîäà)

âî âñåì ïðîñòðàíñòâå ñîñòîÿíèé ìîæíî ñòàáèëèçèðîâàòü ìåòîäîì íåëèíåéíîé
ñòàáèëèçàöèè, ïðåäëîæåííûì â ðàáîòå [7], ïîñêîëüêó ýòà ñèñòåìà âî âñåì ïðî-
ñòðàíñòâå ñîñòîÿíèé ýêâèâàëåíòíà ðåãóëÿðíîé ñèñòåìå êàíîíè÷åñêîãî âèäà,
òîæå îïðåäåëåííîé âî âñåì åå ïðîñòðàíñòâå ñîñòîÿíèé. Ïðåîáðàçîâàíèå àô-
ôèííîé ñèñòåìû (3) ê êàíîíè÷åñêîìó âèäó îïðåäåëÿåòñÿ ôóíêöèåé φ(χ) = χ1,
êîòîðóþ ìîæíî íàéòè, ñëåäóÿ ðàáîòå [8]. Äèôôåðåíöèðóÿ ýòó ôóíêöèþ â ñèëó
àôôèííîé ñèñòåìû (3), íàõîäèì íîâûå ïåðåìåííûå äëÿ çàïèñè ñèñòåìû êàíî-
íè÷åñêîãî âèäà

ξ1 = χ1, ξ2 = ξ̇1 = χ2 − b1χ1,

ξ3 = ξ̇2 = χ3 +M1 sinχ1 − χ1(k1 + k2)− b1χ2 + b21χ1,

ξ4 = ξ̇3 = χ4 +M1χ2 cosχ1 − b1M1χ1 cosχ1 − (k1 + k2)χ2 +

+b1k2χ1 + b1(k1 + k2)χ1 − b1χ3 + b21χ2 − b31χ1.

(7)
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Â ïåðåìåííûõ ξ ñèñòåìà (3) áåç âûõîäà èìååò êàíîíè÷åñêèé âèä

ξ̇1 = ξ2,

ξ̇2 = ξ3,

ξ̇3 = ξ4,

ξ̇4 = f̃(ξ) + k1u/J,

(8)

ãäå ξ = (ξ1, ξ2, ξ3, ξ4)
ò | âåêòîð ñîñòîÿíèÿ ñèñòåìû, f̃(ξ) = k2M1 sin ξ1+

+M1 cos ξ1(ξ3 + b1ξ2)−M1ξ
2
2 sin ξ1 − (k1 + k2)ξ3 − b1k1ξ2 − b1ξ4.

Ñîîòíîøåíèå ξ = Ψ−1(χ), Ψ−1(0) = 0, èìåþùåå âèä (7), äåéñòâèòåëüíî
ïðåäñòàâëÿåò ñîáîé çàìåíó ïåðåìåííûõ, òàê êàê îíî ðàçðåøèìî îòíîñèòåëüíî
χ, χ = Ψ(ξ). Îòìåòèì, ÷òî îòîáðàæåíèå Ψ ÿâëÿåòñÿ äèôôåîìîðôèçìîì ïðî-
ñòðàíñòâ R4 = {ξ} è R4 = {χ}, ïðèòîì ôóíêöèè ξ = Ψ−1(χ) è χ = Ψ(ξ)

òàêîâû, ÷òî ïðè âñåõ ξ ∈ Rn è χ ∈ Rn ñïðàâåäëèâû íåðàâåíñòâà

‖ξ‖ = ‖Ψ−1(χ)‖ ≤ γΨ−1‖χ‖, ‖χ‖ = ‖Ψ(ξ)‖ ≤ γΨ‖ξ‖, (9)

ãäå γΨ, γΨ−1 | íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû. Ïîýòîìó çàäà÷à ãëî-
áàëüíîé ýêñïîíåíöèàëüíîé ñòàáèëèçàöèè ïîëîæåíèÿ ðàâíîâåñèÿ χ = 0, u = 0

ñèñòåìû (3) áåç âûõîäà ýêâèâàëåíòíà àíàëîãè÷íîé çàäà÷å äëÿ ïîëîæåíèÿ ðàâ-
íîâåñèÿ ξ = 0, u = 0 ñèñòåìû (8).
Íåïðåðûâíî äèôôåðåíöèðóåìàÿ îáðàòíàÿ ñâÿçü ïî ñîñòîÿíèþ, ãëîáàëüíî

ýêñïîíåíöèàëüíî ñòàáèëèçèðóþùàÿ ïîëîæåíèå ðàâíîâåñèÿ ξ = 0, u = 0 ñè-
ñòåìû (8), èìååò âèä

u = k(ξ) =
J

k1

(
−f̃(ξ)−

3∑
i=0

κiξi+1

)
, k(0) = 0. (10)

Çàìêíóòàÿ ýòèì óïðàâëåíèåì ñèñòåìà (8) çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

ξ̇1 = ξ2,

ξ̇2 = ξ3,

ξ̇3 = ξ4,

ξ̇4 = −κ0ξ1 − κ1ξ2 − κ2ξ3 − κ3ξ4.

(11)

Çäåñü ïîñòîÿííûå κi > 0, i = 0, 3, âûáèðàþòñÿ òàêèì îáðàçîì, ÷òî ìàòðèöà
A4 = (a4

ij), i = 1, 4, j = 1, 4, ñ ýëåìåíòàìè a4
ij = 1, åñëè j− i = 1, a4

ij = −κj−1,
åñëè i = 4, è a4

ij = 0, åñëè j − i 6= 1 è i 6= 4, èìååò ñîáñòâåííûå ÷èñëà
òîëüêî ñ îòðèöàòåëüíûìè äåéñòâèòåëüíûìè ÷àñòÿìè. Òîãäà èç ýêñïîíåíöèàëü-
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íîé óñòîé÷èâîñòè â öåëîì ïîëîæåíèÿ ðàâíîâåñèÿ ξ = 0 ñèñòåìû (8), çàìêíóòîé
óïðàâëåíèåì u = k(ξ), èìåþùèì âèä (10), â ñèëó íåðàâåíñòâ (9) ñëåäóåò ýêñ-
ïîíåíöèàëüíàÿ óñòîé÷èâîñòü â öåëîì ïîëîæåíèÿ ðàâíîâåñèÿ χ = 0 ñèñòåìû
(3), çàìêíóòîé óïðàâëåíèåì u = k(Ψ−1(χ)).

3. Ïðèìåíåíèå íåëèíåéíîãî ïðèíöèïà ðàçäåëåíèÿ

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó

χ̇ = Ãχ+ ψ̃(χ1) + B̃u,

y = C̃χ1,
(12)

ãäå χ = (χ1, . . . , χn)
ò ∈ Rn; Ã ∈ Rn×n, C̃ ∈ R1×n|ïîñòîÿííûå ìàòðèöû, ïàðà

(Ã, C̃) íàáëþäàåìà; îòîáðàæåíèå ψ̃ : R → Rn íåïðåðûâíî-äèôôåðåíöèðóåìî,
ψ̃(0) = 0.
Àñèìïòîòè÷åñêèì íàáëþäàòåëåì äëÿ ñèñòåìû (12) ÿâëÿåòñÿ ñèñòåìà

˙̂χ = Ãχ̂+ L̃C̃(χ̂− χ) + ψ̃(χ1) + B̃u, (13)

ãäå âåêòîð L̃ = (l̃1, . . . , l̃n)
ò ∈ Rn êîýôôèöåíòîâ óñèëåíèÿ âûáðàí òàêèì îáðà-

çîì, ÷òî ìàòðèöà Ã+ L̃C̃ ãóðâèöåâà.
Òåîðåìà 1 ([1]). Ïóñòü: 1) âåêòîð-ôóíêöèÿ ψ̃(χ1) ãëîáàëüíî ëèïøèöåâà;

2) ñóùåñòâóåò íåïðåðûâíî äèôôåðåíöèðóåìàÿ îáðàòíàÿ ñâÿçü u = k1(χ),
k1(0) = 0, ïî ñîñòîÿíèþ, ãëîáàëüíî ýêñïîíåíöèàëüíî ñòàáèëèçèðóþùàÿ
ïîëîæåíèå ðàâíîâåñèÿ χ = 0, u = 0 ñèñòåìû (12). Òîãäà ïðè óïðàâëåíèè
u = k1(χ̂) ñèñòåìà

χ̇ = Ãχ+ ψ̃(χ1) + B̃u,

˙̂χ = Ãχ̂+ L̃C̃(χ̂− χ) + ψ̃(χ1) + B̃u,
(14)

ñîñòàâëåííàÿ èç óðàâíåíèé ñèñòåìû (12) è óðàâíåíèé íàáëþäàòåëÿ (13),
ýêñïîíåíöèàëüíî óñòîé÷èâà â öåëîì â òî÷êå χ = 0, χ̂ = 0.
Çàìåòèì, ÷òî äëÿ ñèñòåìû (3) âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ñëåäîâà-

òåëüíî, áëàãîäàðÿ ëèíåéíîñòè çàìåíû ïåðåìåííûõ x = Φ(χ), çàäàííîé ñîîò-
íîøåíèÿìè (2), ñèñòåìà, ñîñòàâëåííàÿ èç óðàâíåíèé èñõîäíîé ñèñòåìû (1) è
óðàâíåíèé íàáëþäàòåëÿ (4), çàïèñàííîãî â ïåðåìåííûõ x̂ = Φ(χ̂), ïðè óïðà-
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âëåíèè u = k(Ψ−1(Φ−1(x̂)) ýêñïîíåíöèàëüíî óñòîé÷èâà â öåëîì â òî÷êå x = 0,
x̂ = 0.
Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ñèñòåìû (1) è íàáëþäàòåëÿ (4), çà-

ïèñàííîãî â ïåðåìåííûõ x̂ = Φ(χ̂), ïðè óïðàâëåíèè u = k(Ψ−1(Φ−1(x̂)) ïðåä-
ñòàâëåíû íà ðèñ. 1 ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ è íà÷àëüíûõ äàííûõðèñ.1

ðàññìàòðèâàåìîé ñèñòåìû è íàáëþäàòåëÿ: M = 0,21 êã, I = 0,0093 êã · ì2,
J = 0,0037 êã · ì2, k = 0,18

Í · ì
ðàä

, d = 0,046
êã · ì2

ñ
, l = 0,15 ì, g = 10

ì
ñ2
,

κ0 = 561,1, κ1 = 461,9, κ2 = 142,4, κ3 = 19,5, l1 = −17,5, l2 = −114,7,
l3 = −333,6, l4 = −363,4, (x1(0), x2(0), x3(0), x4(0)) = (3,14, 0, 3,14, 0),
(x̂1(0), x̂2(0), x̂3(0), x̂4(0)) = (2, 1,2, 3, 1,4).

Ðèñ. 1. Ïåðåõîäíûå ïðîöåññû ñèñòåìû (ñïëîøíàÿ ëèíèÿ) è íàáëþäàòåëÿ (ïóíêòèð)
ïðè óïðàâëåíèè u = k(Ψ−1(Φ−1(x̂))
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4. Ìåòîä îáõîäà èíòåãðàòîðà â íàáëþäàòåëå

Ðàññìîòðèì ñèñòåìó

χ̇1 = χ̂2 − e2 + ψ1(χ1),

˙̂χ2 = χ̂3 + l2e1 + ψ2(χ1),

˙̂χ3 = χ̂4 + l3e1 + ψ3(χ1),

˙̂χ4 = l4e1 + ψ4(χ1) +
k1

J
u,

ė = (A+ LC)e,

y = χ1,

(15)

ãäå χ̂ = (χ̂1, χ̂2, χ̂3, χ̂4)
ò ∈ R4 | âåêòîð ñîñòîÿíèÿ íàáëþäàòåëÿ (4); χ =

= (χ1, χ2, χ3, χ4)
ò ∈R4 | âåêòîð ñîñòîÿíèÿ ñèñòåìû (3); e= (e1, e2, e3, e4)

ò
=

= (χ̂1−χ1, χ̂2−χ2, χ̂3−χ3, χ̂4−χ4)
ò;

ψ(χ1) =


−b1χ1

M1 sinχ1−χ1(k1 + k2)

b1M1 sinχ1− b1k1χ1

k2M1 sinχ1

.
Çàìåòèì, ÷òî äèíàìè÷åñêàÿ ñèñòåìà (15) â ñèëó ëèíåéíîãî ñîîòíîøåíèÿ

e = χ̂− χ ýêâèâàëåíòíà ñèñòåìå

χ̇ = Aχ+ ψ(χ1) +Bu,

˙̂χ = Aχ̂+ LC(χ̂− χ) + ψ(χ1) +Bu,
(16)

ñîñòîÿùåé èç óðàâíåíèé ñèñòåìû (3) è íàáëþäàòåëÿ (4).
Íà îñíîâå ìåòîäà îáõîäà èíòåãðàòîðà â íàáëþäàòåëå [2, 3] ìîæíî ïðåäëî-

æèòü ñëåäóþùèé àëãîðèòì ïîñòðîåíèÿ óïðàâëåíèÿ â âèäå äèíàìè÷åñêîé îáðàò-
íîé ñâÿçè u = k̃(χ̂, y) ïî âûõîäó, ãëîáàëüíî àñèìïòîòè÷åñêè ñòàáèëèçèðóåùåãî
ïîëîæåíèå ðàâíîâåñèÿ χ̂ = 0, e = 0, u = 0 ñèñòåìû (15). Îòìåòèì, ÷òî â ñèëó
ñîîòíîøåíèÿ χ = χ̂ − e íàéäåííàÿ îáðàòíàÿ ñâÿçü áóäåò òàêæå è ðåøåíèåì
çàäà÷è ñòàáèëèçàöèè ïîëîæåíèÿ ðàâíîâåñèÿ χ = 0, χ̂ = 0, u = 0 ñèñòåìû (16).
Øàã 1. Ðàññìîòðèì ôóíêöèþ

V1(z1, e) =
1

2
z2
1 +W (e),
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ãäå z1 = χ1,W (e)|ôóíêöèÿ Ëÿïóíîâà äëÿ ñèñòåìû (5). Äëÿ óäîáñòâà èñïîëü-
çóåì äàëåå òàêæå îáîçíà÷åíèå z2 = χ̂2− α1(χ1), ãäå α1(·)| íåêîòîðàÿ ãëàäêàÿ
ôóíêöèÿ. Äëÿ ïðîèçâîäíîé ïî âðåìåíè ôóíêöèè V1 â ñèëó ñèñòåìû (15) ñïðà-
âåäëèâà ñëåäóþùàÿ îöåíêà:

V̇1 = z1ż1 + Ẇ (e) ≤ z1(χ̂2 + ψ1(χ1)− e2)− λ‖e‖2 ≤
≤ z1(z2 + α1(χ1) + ψ1(χ1)− e2)− λe2

2.

Âûáðàâ ôóíêöèþ

α1(χ1) = −(c1 + d1)z1 − ψ1(χ1) = −c1z1 − d1z1 + b1χ1,

ãäå c1 > 0, d1 > 0| ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû, ïîëó÷èì

V̇1 ≤ z1(−c1z1 + z2 − d1z1 − e2)− λe2
2 =

= −c1z2
1 + z1z2 − (d1z

2
1 + z1e2 + λe2

2) = −c1z2
1 + z1z2 − S1,

ãäå

S1 =
(√

d1z1 +
1

2
√
d1
e2

)2
+
(
λ− 1

4d1

)
e2
2 ≥ 0 ïðè λ >

1

4d1
.

Øàã 2. Ðàññìîòðèì ôóíêöèþ

V2(z1, z2, e) = V1(z1, e) +
1

2
z2

2 +W (e) > 0.

Äëÿ óäîáñòâà èñïîëüçóåì äàëåå îáîçíà÷åíèå z3 = χ̂3 − α2(χ̂1, χ̂2, χ1), ãäå
α2(·) | íåêîòîðàÿ ãëàäêàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ. Äëÿ ïðîèçâîäíîé ïî
âðåìåíè ôóíêöèè V2 â ñèëó ñèñòåìû (15) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

V̇2 = V̇1 + z2ż2 + Ẇ ≤

≤ −c1z2
1 + z1z2 − S1 + z2ż2 + Ẇ ≤ −c1z2

1 − S1 +

+ z2

(
z1 + χ̂3 + l2(χ̂1 − χ1) + ψ2(χ1)−

∂α1

∂χ1
(χ̂2 + ψ1(χ1)− e2)

)
− λe2

2 =

= −c1z2
1 − S1 + z2

(
z1 + z3 + α2(χ̂1, χ̂2, χ1) + l2(χ̂1 − χ1) + ψ2(χ1)−

− ∂α1

∂χ1
(χ̂2 + ψ1(χ1)− e2)

)
− λe2

2.
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Âûáðàâ

α2(χ̂1, χ̂2, χ1) = −c2z2 − z1 − l2(χ̂1 − χ1)− ψ2(χ1) +

+
∂α1

∂χ1
(χ̂2 + ψ1(χ1))− d2

(∂α1

∂χ1

)2
z2 =

= −c2z2 − z1 − l2(χ̂1 − χ1)−M1 sinχ1 + χ1(k1 + k2) +

+
∂α1

∂χ1
(χ̂2 − b1χ1)− d2

(∂α1

∂χ1

)2
z2,

ãäå c2 > 0, d2 > 0| ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû, ïîëó÷èì

V̇2 ≤ −c1z2
1 − c2z

2
2 + z2z3 −

(
d2

(∂α1

∂χ1

)2
z2
2 −

∂α1

∂χ1
z2e2 + λe2

2

)
− S1 =

= −c1z2
1 − c2z

2
2 + z2z3 − S1 − S2,

ãäå

S2 =
(√

d2
∂α1

∂χ1
z2 −

1

2
√
d2
e2

)2
+
(
λ− 1

4d2

)
e2
2 ≥ 0 ïðè λ >

1

4d2
.

Øàã 3. Ðàññìîòðèì ôóíêöèþ

V3(z1, z2, z3, e) = V2(z1, z2, e) +
1

2
z3

2 +W (e).

Äëÿ óäîáñòâà èñïîëüçóåì äàëåå îáîçíà÷åíèå z4 = χ̂4 − α3(χ̂1, χ̂2, χ̂3, χ1), ãäå
α3(·) | íåêîòîðàÿ ãëàäêàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ. Äëÿ ïðîèçâîäíîé ïî
âðåìåíè ôóíêöèè V3 â ñèëó ñèñòåìû (15) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

V̇3 = V̇2 + z3ż3 + Ẇ ≤

≤ −c1z2
1 − c2z

2
2 + z2z3 − S1 − S2 + z3ż3 + Ẇ ≤

≤ −c1z2
1 − c2z

2
2 − S1 − S2 + z3

(
z2 + χ̂4 + l3(χ̂1 − χ1) + ψ3(χ1)−

− ∂α2

∂χ1
(χ̂2 + ψ1(χ1)− e2)−

∂α2

∂χ̂1

˙̂χ1 −
∂α2

∂χ̂2

˙̂χ2

)
− λe2

2 =

= −c1z2
1 − c2z

2
2 − S1 − S2 + z3

(
z2 + z4 + α3(χ̂1, χ̂2, χ̂3, χ1) + l3(χ̂1 − χ1) +

+ ψ3(χ1)−
∂α2

∂χ1
(χ̂2 + ψ1(χ1)− e2)−

∂α2

∂χ̂1

˙̂χ1 −
∂α2

∂χ̂2

˙̂χ2

)
− λe2

2.
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Âûáðàâ

α3(χ̂1, χ̂2, χ̂3, χ1) = −c3z3 − z2 − l3(χ̂1 − χ1)− ψ3(χ1) +

+
∂α2

∂χ1
(χ̂2 + ψ1(χ1)) +

∂α2

∂χ̂1

˙̂χ1 +
∂α2

∂χ̂2

˙̂χ2 − d3

(∂α2

∂χ1

)2
z3 =

= −c3z3 − z2 − l3(χ̂1 − χ1)− b1M1 sinχ1 + b1k1χ1 +

+
∂α2

∂χ1
(χ̂2 − b1χ1) +

∂α2

∂χ̂1

˙̂χ1 +
∂α2

∂χ̂2

˙̂χ2 − d3

(∂α2

∂χ1

)2
z3,

ãäå c3 > 0, d3 > 0| ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû, ïîëó÷èì

V̇3 ≤ −c1z2
1 − c2z

2
2 − c3z

2
3 + z3z4 −

(
d3

(∂α2

∂χ1

)2
z2
3 −

∂α2

∂χ1
z3e2 + λe2

2

)
−

− S1 − S2 = −c1z2
1 − c2z

2
2 − c3z

2
3 + z3z4 − S1 − S2 − S3,

ãäå

S3 =

(√
d3
∂α2

∂χ1
z3 −

1

2
√
d3
e2

)2

+

(
λ− 1

4d3

)
e2
2 ≥ 0 ïðè λ >

1

4d3
.

Øàã 4. Ðàññìîòðèì ôóíêöèþ

V4(z1, z2, z3, z4, e) = V3(z1, z2, z3, e) +
1

2
z4

2 +W (e) > 0.

Äëÿ ïðîèçâîäíîé ïî âðåìåíè ôóíêöèè V4 â ñèëó ñèñòåìû (15) ñïðàâåäëèâà
îöåíêà

V̇4 = V̇3 + z4ż4 + Ẇ ≤ −
3∑

i=1

ciz
2
i −

3∑
i=1

Si + z4z3 + z4ż4 + Ẇ ≤

≤ −
3∑

i=1

ciz
2
i −

3∑
i=1

Si + z4

(
z3 + l4(χ̂1 − χ1) + ψ4(χ1) +

k1

J
u−

− ∂α3

∂χ1
(χ̂2 + ψ1(χ1)− e2)−

3∑
i=1

∂α3

∂χ̂i

˙̂χi

)
− λ

4∑
i=1

e2
i .
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Òîãäà ïðè âûáîðå çàêîíà óïðàâëåíèÿ

u = α4(χ̂, χ1) =
J

k1

(
−c4z4 − z3 − l4(χ̂1 − χ1)− ψ4(χ1) +

+
∂α3

∂χ1
(χ̂2 + ψ1(χ1)) +

3∑
i=1

∂α3

∂χ̂i

˙̂χi − d4

(∂α3

∂χ1

)2
z4

)
=

=
J

k1

(
−c4z4 − z3 − l4(χ̂1 − χ1)− k2M1 sinχ1 +

+
∂α3

∂χ1
(χ̂2 − b1χ1) +

∂α3

∂χ̂1

˙̂χ1 +
∂α3

∂χ̂2

˙̂χ2 +
∂α3

∂χ̂3

˙̂χ3 − d4

(∂α3

∂χ1

)2
z4

)
, (17)

ãäå c4 > 0, d4 > 0 | ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû, äëÿ ïðîèç-
âîäíoé ïî âðåìåíè ôóíêöèè V4 â ñèëó çàìêíóòîé ñèñòåìû (15) ñïðàâåäëè-
âà îöåíêà

V̇4 ≤ −
4∑

i=1

ciz
2
i −

4∑
i=1

Si − λe2
1 − λe2

3 − λe2
4 =

= −
4∑

i=1

ciz
2
i −

(√
d1z1 +

1

2
√
d1
e2

)2
−

4∑
i=2

(√
di
∂αi−1

∂χ1
zi −

1

2
√
di

e2

)2
−

−
4∑

i=1

(
λ− 1

4di

)
e2
2 − λe2

1 − λe2
3 − λe2

4. (18)

Ïðè

λ > max
{ 1

4d1
,

1

4d2
,

1

4d3
,

1

4d4

}
(19)

ñïðàâåäëèâî íåðàâåíñòâî

V̇4 ≤ −
4∑

i=1

ciz
2
i − λ̃

4∑
i=1

e2
i , (20)

ãäå λ̃ = min
{
λ,

4∑
i=1

(
λ− 1

4di

)}
> 0.

Îòìåòèì, ÷òî âûïîëíåíèÿ óñëîâèÿ (19) ìîæíî äîáèòüñÿ, íàïðèìåð, çàôèê-
ñèðîâàâ êîýôôèöèåíòû di > 0, i = 1, 4, è ïîäîáðàâ ìàòðèöó Q = Q

ò
> 0 â

óðàâíåíèè Ëÿïóíîâà (6), óäîâëåòâîðÿþùóþ äàííîìó óñëîâèþ.
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Ñîîòíîøåíèÿ
z1 = χ1,

z2 = χ̂2 − α1(χ1),

z3 = χ̂3 − α2(χ̂1, χ̂2, χ1),

z4 = χ̂4 − α3(χ̂1, χ̂2, χ̂3)

ïðåäñòàâëÿþò ñîáîé ãëàäêóþ çàìåíó ïåðåìåííûõ, îïðåäåëåííóþ ãëîáàëüíî. Â
ïåðåìåííûõ zi, i = 1, 4 è e ñèñòåìà (15) áåç âûõîäà, çàìêíóòàÿ óïðàâëåíèåì
(17), ïðèìåò âèä

ż1 = −c1z1 + z2 − d1z1 − e2,

ż2 = −c2z2 − z1 + z3 − d2

(∂α1

∂χ1

)2
z2 +

∂α1

∂χ1
e2,

ż3 = −c3z3 − z2 + z4 − d3

(∂α2

∂χ1

)2
z3 +

∂α2

∂χ1
e2,

ż4 = −c4z4 − z3 − d4

(∂α3

∂χ1

)2
z4 +

∂α3

∂χ1
e2,

ė = (A+ LC)e,

(21)

ãäå z = (z1, z2, z3, z4)
ò ∈ R4.

Ïîëîæåíèå ðàâíîâåñèÿ z = 0, e = 0 ñèñòåìû (21) ýêñïîíåíöèàëüíî óñòîé-
÷èâî â öåëîì. Òîãäà, òàê êàê αi(0) = 0, i = 1, 3, ïîëîæåíèå ðàâíîâåñèÿ χ̂ = 0,
e = 0 ñèñòåìû (15), çàìêíóòîé óïðàâëåíèåì (17) àñèìïòîòè÷åñêè óñòîé÷èâî
â öåëîì. Â ñèëó ñîîòíîøåíèÿ χ = χ̂ − e ïîëîæåíèå ðàâíîâåñèÿ χ = 0,
χ̂ = 0 ñèñòåìû (16) ïðè óïðàâëåíèè (17) òàêæå àñèìïòîòè÷åñêè óñòîé÷èâî â
öåëîì.
Äàëåå, òàê êàê îòîáðàæåíèå Φ, çàäàííîå ñîîòíîøåíèÿìè (2), ÿâëÿåòñÿ äèô-

ôåîìîðôèçìîì ïðîñòðàíñòâ R4 = {χ} è R4 = {χ}, èç àñèìïòîòè÷åñêîé óñòîé-
÷èâîñòè â öåëîì ïîëîæåíèÿ ðàâíîâåñèÿ χ = 0, χ̂ = 0 ñèñòåìû (16), ñîñòà-
âëåííîé èç óðàâíåíèé ñèñòåìû (3) è óðàâíåíèé íàáëþäàòåëÿ (4) ïðè óïðàâëå-
íèè u = α4(χ̂, χ1), ñëåäóåò àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü â öåëîì â òî÷êå
x = 0, x̂ = 0 ñèñòåìû, ñîñòîÿùåé èç óðàâíåíèé èñõîäíîé ñèñòåìû (1) ñ ðàññìà-
òðèâàåìûì âûõîäîì è óðàâíåíèé íàáëþäàòåëÿ (4), çàïèñàííîãî â ïåðåìåííûõ
x̂ = Φ(χ̂), ïðè óïðàâëåíèè u = α4(Φ

−1(x̂), x1).
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Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ñèñòåìû (1) è íàáëþäàòåëÿ (4), çà-
ïèñàííîãî â ïåðåìåííûõ x̂ = Φ(χ̂), ïðè óïðàâëåíèè u = α4(Φ

−1(x̂), x1) ïðåä-
ñòàâëåíû íà ðèñ. 2 ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ è íà÷àëüíûõ äàííûõðèñ.2

ðàññìàòðèâàåìîé ñèñòåìû è íàáëþäàòåëÿ: M = 0,21 êã, I = 0,0093 êã · ì2,
J = 0,0037 êã ·ì2, k = 0,18

Н ·ì
ðàä

, d= 0,046
êã ·ì2

ñ
, l = 0,15ì, g = 10

ì
ñ2
, c1 = 2,

c2 = 2, c3 = 2, c4 = 2, d1 = 0,1, d2 = 0,1, d3 = 10−3, d4 = 10−3, l1 = −17,5,
l2 = −114,7, l3 = −333,6, l4 = −363,4, (χ1(0), χ2(0), χ3(0), χ4(0)) =

= (3,14, 0, 3,14, 0), (χ̂1(0), χ̂2(0), χ̂3(0), χ̂4(0)) = (2, 1,2, 3, 1,4).

Ðèñ. 2. Ïåðåõîäíûå ïðîöåññû ñèñòåìû (ñïëîøíàÿ ëèíèÿ) è íàáëþäàòåëÿ
(ïóíêòèð) ïðè óïðàâëåíèè u = α4(Φ

−1(x̂), x1)
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5. Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåíî ðåøåíèå çàäà÷è ñòàáèëèçàöèè çàäàííîãî
óãëîâîãî ïîëîæåíèÿ îäíîçâåííîãî ìàíèïóëÿòîðà ïðè íåïîëíîì èçìåðåíèè âåê-
òîðà ñîñòîÿíèÿ. Ðàññìàòðèâàëñÿ ñëó÷àé, êîãäà èçìåðåíèÿì äîñòóïíà òîëüêî
óãëîâàÿ êîîðäèíàòà çâåíà ìàíèïóëÿòîðà. Ñèíòåç óïðàâëåíèÿ îñóùåñòâëåí ïðè
ïîìîùè ðàçäåëüíîãî ïîñòðîåíèÿ ñòàáèëèçèðóþùåé îáðàòíîé ñâÿçè ïî ñîñòî-
ÿíèþ è íàáëþäàòåëÿ ñ ïîñëåäóþùåé ïîäñòàíîâêîé îöåíêè ñîñòîÿíèÿ ñèñòåìû
íàáëþäàòåëåì â îáðàòíóþ ñâÿçü, à òàêæå ñ èñïîëüçîâàíèåì ìåòîäà îáõîäà èí-
òåãðàòîðà â íàáëþäàòåëå.
Ïî ðåçóëüòàòàì ÷èñëåííîãî ìîäåëèðîâàíèÿ ìîæíî ñäåëàòü âûâîä î ïðèáëè-

çèòåëüíî îäèíàêîâîì ïðè ðàññìîòðåííûõ íà÷àëüíûõ äàííûõ è èñïîëüçîâàíèè
îäíîãî è òîãî æå íàáëþäàòåëÿ êà÷åñòâå ïåðåõîäíûõ ïðîöåññîâ ñèñòåìû ñ óïðà-
âëåíèåì, íàéäåííûì ïðè ïîìîùè ìåòîäà îáõîäà èíòåãðàòîðà â íàáëþäàòåëå,
è óïðàâëåíèåì, îñíîâàííîì íà ïðèíöèïå ðàçäåëåíèÿ è ìåòîäå ëèíåàðèçàöèè
îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ¹11-01-00733,¹12-07-329

è ÏðîãðàììûÏðåçèäåíòà ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ
øêîë (ãðàíò ¹ÍØ-3659.2012.1).
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In this paper the author considers solving the problem of stabilization of a set
angular position of a single-link manipulator when the measurement can only be
done by the angular coordinate of the motor shaft. It was sown that synthesis of
stabilizing control laws, as well as in the case when measurements can only be done
by the angular coordinate of the link manipulator, can be carried out by the principle
of separation and bypass integrator in the observer. According to the results of
numerical simulation one can draw a conclusion about approximately the same (with
the considered initial data and use of the same observer) quality of transient processes
of the system with the control found by the bypass integrator in the observer and
the control based on the principle of separation and linearization technique using
feedback according to the state. The possibility of applying the bypass method to the
problem of stabilization can solve this problem also in the case of system disturbances
and uncertainties. Possible range of application of the results obtained in the work is
solving solve problems of control of technical systems with incomplete information
about the state of the measured system.

References

1. Golubev A.E., Krishchenko A.P., Tkachev S.B. Printsip razdeleniia dlia affinnykh
sistem [Principle of distribution for affine systems]. Differentsial'nye uravneniia,
2001, vol. 37, no. 11, pp. 1468{1475.

http://technomag.edu.ru/doc/500549.html 411

http://technomag.edu.ru/en/doc/500549.html
http://technomag.edu.ru/en/doc/500549.html
http://dx.doi.org/10.7463/1112.0500549
mailto:mathmod@bmstu.ru
http://technomag.edu.ru/doc/500549.html


2. Golubev A.E., Krishchenko A.P., Tkachev S.B. Stabilizatsiia nelineinykh di-
namicheskikh sistem s ispol'zovaniem otsenki sostoianiia sistemy asimptotich-
eskim nabliudatelem (obzor) [Stabilization of nonlinear dynamic systems with the
use of the assessment of the status of the system asymptotic observer (review)].
Avtomatika i telemekhanika, 2005, no. 7, pp. 3{42.

3. Krsti�c M., Kanellakopoulos I., Kokotovi�c P.V. Nonlinear and adaptive control
design. New York, John Wiley and Sons, 1995. 563 p.

4. Krener A.J., RespondekW. Nonlinear observers with linearizable error dynamics.
SIAM J. Control and Optimization, 1985, vol. 23, no 2, pp. 197{216.

5. Krishchenko A.P., Tkachev S.B. Nelineinye k(x)-dvoistvennye sistemy i sintez
nabliudatelei [Nonlinear k(x) dual systems and synthesis of observers]. Differ-
entsial'nye uravneniia, 1999, vol. 35, no. 5, pp. 648{663.

6. WonhamW.M. LinearMultivariable Control: A Geometric Approach. NewYork,
Springer, 1979. (Russ. ed.: Uonem U.M. Lineinye mnogomernye sistemy up-
ravleniia: Geometricheskii podkhod. Moscow, Nauka, 1980. 376 p.).

7. KrishchenkoA.P. Stabilizatsiia programmnykh dvizhenii nelineinykh sistem [Sta-
bilization of programmed motions of non-linear systems]. Izvestiia AN SSSR.
Tekhnicheskaia kibernetika [Proceedings of Academy of Sciences of the USSR.
Technical Cybernetics], 1985, no. 6, pp. 103{112.

8. Zhevnin A.A., Krishchenko A.P. Upravliaemost' nelineinykh sistem i sintez algo-
ritmov upravleniia [Controllability of nonlinear systems and synthesis of control
algorithms]. Doklady AN SSSR [Reports of Academy of Sciences of the USSR],
1981, vol. 258, no. 4, pp. 805{809.

10.7463/1112.0500549 412

http://dx.doi.org/10.7463/1112.0500549

