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Ââåäåíèå

Â ñòàòüå èññëåäóþòñÿ èçîòðîïíûå ðåøåíèÿ óðàâíåíèé Ìàêñâåëëà áåç èñòî÷íèêîâ â ïðî-
ñòðàíñòâå-âðåìåíè Ìèíêîâñêîãî. Òåíçîð íàïðÿæåííîñòè Fµν òàêèõ ïîëåé óäîâëåòâîðÿåò
óñëîâèþ èçîòðîïíîñòè FµνF

µν = Fµν
∗F µν = 0, ãäå ∗F µν = 1

2
εµναβFαβ | äóàëüíûé òåíçîð.

Õîðîøî èçâåñòíî, ÷òî ñîáñòâåííûå âåêòîðû lµ òàêèõ ïîëåé êàñàòåëüíû ê ëó÷àì áåññäâèãî-
âîé êîíãðóýíöèè. Âåðíî è îáðàòíîå óòâåðæäåíèå, èçâåñòíîå êàê òåîðåìà Ðîáèíñîíà [2](ñì.
òàêæå [3]), ÷òî ñ êàæäîé áåññäâèãîâîé (àíàëèòè÷åñêîé) êîíãðóýíöèåé ñâÿçàíî ðåøåíèå óðàâ-
íåíèéÌàêñâåëëà, èçîòðîïíîå âäîëü lµ. Òåîðåìà Ðîáèíñîíà íå äàåò ÿâíîãî âèäà èçîòðîïíîãî
ïîëÿ, è â ëèòåðàòóðå èçâåñòíî ìàëî ïðèìåðîâ ðåøåíèé óðàâíåíèé Ìàêñâåëëà, ïîëó÷åííûõ
ñ ïîìîùüþ ýòîé êîíñòðóêöèè (ñì., íàïðèìåð, [4]). Â ïðåäëàãàåìîé ðàáîòå ïîëó÷åíà ÿâíàÿ
ôîðìóëà äëÿ èçîòðîïíîãî ïîëÿ, ñëåäóþùàÿ èç òåîðåìû Ðîáèíñîíà.
Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåòñÿ ñïèíîðíûé ôîðìàëèçì àáñòðàêòíûõ èíäåêñîâ, èç-

ëîæåííûé â [1]. Äëÿ òåíçîðà íàïðÿæåííîñòè ýëåêòðîìàãíèòíîãî ïîëÿ èìååì ñïèíîðíîå
ïðåäñòàâëåíèå

Fµν = ϕABεA′B′ + ϕ̃A′B′εAB,

ãäå ñèììåòðè÷íûé ýëåêòðîìàãíèòíûé ñïèíîð ϕAB = ϕ(AB) ñîîòâåòñòâóåò àíòèñàìîäóàëü-
íîé ÷àñòè ïîëÿ

−Fµν
def
=

1
2
(Fµν + i ∗Fµν) = ϕABεA′B′ ,

à ñïèíîð ϕA′B′ = ϕ(A′B′) | ñàìîäóàëüíîé ÷àñòè

+Fµν
def
=

1
2
(Fµν − i ∗Fµν) = ϕA′B′εAB.

Óðàâíåíèÿ Ìàêñâåëëà èìåþò âèä
∇AA′

ϕAB = 0, (1)
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ãäå ∇AA′ | îïåðàòîð äèôôåðåíöèðîâàíèÿ. Ýòè óðàâíåíèÿ ýêâèâàëåíòíû óñëîâèþ çàìêíó-
òîñòè dF = 0 2-ôîðìû

F =
1
2
(Fµν + i ∗Fµν) dxµ ∧ dxν ,

÷òî ñîâìåñòíî ñ àíòèñàìîäóàëüíîñòüþ ∗F = −iF âåäåò ê âûïîëíåíèþ óñëîâèÿ êîçàìêíó-
òîñòè (âòîðîé ïàðû óðàâíåíèé Ìàêñâåëëà) d ∗ F = 0.
Ñïèíîð ξA, ñîîòâåòñòâóþùèé èçîòðîïíîìó âåêòîðíîìó ïîëþ lµ = ξAξA′ è îïðåäåëÿþ-

ùèé áåññäâèãîâóþ êîíãðóýíöèþ, óäîâëåòâîðÿåò [1] ñèñòåìå

ξAξB∇AA′ξB = 0. (2)

Óñëîâèå èçîòðîïíîñòè ïîëÿ Fµν âäîëü lµ îçíà÷àåò, ÷òî ϕAB = χξAξB, ãäå χ(xµ) | íåêî-
òîðàÿ ôóíêöèÿ ïðîñòðàíñòâåííî-âðåìåííûõ êîîðäèíàò. Çàäà÷à ïîñòðîåíèÿ ÿâíûõ ðåøåíèé
óðàâíåíèé Ìàêñâåëëà (1) ñâîäèòñÿ ê íàõîæäåíèþ ôóíêöèè χ(x), óäîâëåòâîðÿþùåé ñèñòåìå
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà.

1. Ïîëå Ìàêñâåëëà, èçîòðîïíîå âäîëü áåññäâèãîâîé êîíãðóýíöèè

Óðàâíåíèÿ Ìàêñâåëëà (1), çàïèñàííûå äëÿ èçîòðîïíîãî ïîëÿ ϕAB = χξAξB ñ ó÷åòîì (2),
ïðèâîäÿò äëÿ íåèçâåñòíîé ôóíêöèè χ(x) ê óðàâíåíèÿì

ξA∇AA′ ln χ = −∇AA′ξA − ηA′ ,

ãäå ηA′ îïðåäåëÿåòñÿ èç óðàâíåíèÿ

ξA∇AA′ξB = ξBηA′ .

Â ôîðìàëèçìå Íüþìàíà | Ïåíðîóçà ýòè óðàâíåíèÿ ïðèíèìàþò âèä

D ln χ = ρ− 2ε, δ ln χ = τ − 2β, (3)

ãäå ñïèíîð ξA âûáðàí â êà÷åñòâå îäíîãî èç ñïèíîðîâ áàçèñíîé äèàäû, à ρ, ε, τ , β | ñîîò-
âåòñòâóþùèå ñïèíîâûå êîýôôèöèåíòû (ñì. [1]).
Âûáåðåì â ïðîñòðàíñòâå Ìèíêîâñêîãî èçîòðîïíûå êîîðäèíàòû

u = x0 + x3, v = x0 − x3, ζ = x1 + ix2, ζ̄ = x1 − ix2

(èñïîëüçóåòñÿ ñèñòåìà åäèíèö, ãäå ñêîðîñòü ñâåòà c = 1). Ìåòðèêà èìååò âèä

ds2 = dudv − dζdζ̄.

Ìàñøòàá íà ξA âûáåðåì òàêîé, ÷òî ξ0 = 1, ξ1 = Y . Òîãäà óñëîâèå (2) íóëåâîãî ñäâèãà äëÿ
êîíãðóýíöèè ýêâèâàëåíòíî ñèñòåìå êâàçèëèíåéíûõ óðàâíåíèé

Yζ̄ = Y Yu, Yv = Y Yζ (4)
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äëÿ êîìïëåêñíîé ôóíêöèè Y (u, v, ζ, ζ̄), ãäå Yu = ∂uY =
∂Y

∂u
è ò.ä. Îáùåå ðåøåíèå ýòîé

ñèñòåìû ìîæíî çàïèñàòü â íåÿâíîì âèäå

F (Y, u + Y ζ̄, ζ + Y v) = 0,

ãäå F | ïðîèçâîëüíàÿ ãîëîìîðôíàÿ ôóíêöèÿ òðåõ ïåðåìåííûõ (òåîðåìà Êåððà [1]).

Áàçèñíàÿ òåòðàäà Íüþìàíà | Ïåíðîóçà èìååò âèä

D = lµ∂µ = Y Ȳ ∂u + ∂v − Y ∂ζ − Ȳ ∂ζ̄ , ∆ = nµ∂µ = ∂v,

δ = mµ∂µ = Y ∂u − ∂ζ̄ , δ̄ = m̄µ∂µ = Ȳ ∂u − ∂ζ .

Âû÷èñëÿÿ ñïèíîâûå êîýôôèöèåíòû, ïîëó÷èì ñ ó÷åòîì (4), ÷òî îòëè÷íû îò íóëÿ òîëüêî
êîýôôèöèåíòû ρ = Yζ − YuȲ è τ = −Yu, è ñèñòåìà (3) äëÿ ôóíêöèè χ ïðèíèìàåò âèä

∂ζ(Y χ) = ∂vχ, ∂u(Y χ) = ∂ζ̄χ. (5)

Àíòèñàìîäóàëüíàÿ 2-ôîðìà ïîëÿ Ìàêñâåëëà F = χL ∧M ïîñëå ïîäñòàíîâêè áàçèñíûõ
1-ôîðì L = du + Ȳ dζ + Y dζ̄ + Y Ȳ dv è M = dζ + Y dv ðàâíà

F = χ(du + Y dζ̄) ∧ (dζ + Y dv). (6)

Ðàññìîòðèì (äóàëüíîå) òâèñòîðíîå ïðîñòðàíñòâî ñ êîîðäèíàòàìè Zα = (ξA, ωA′
), ãäå ñïèíîð

ωA′ ñâÿçàí ñ ξA óñëîâèåì èíöèäåíòíîñòè ωA′
= ξAXAA′ , è ýðìèòîâà ìàòðèöà êîîðäèíàò

XAA′
=

 u ζ

ζ̄ v

 =

 x0 + x3 x1 + ix2

x1 − ix2 x0 − x3

 .

Ïðè âûáðàííîì ìàñøòàáå ñïèíîðà ξA ñïèíîð ωA′ èìååò êîìïîíåíòû

ω0′
= u + Y ζ̄ и ω1′

= ζ + Y v.

Âûðàçèì 2-ôîðìó F â (6) ÷åðåç äèôôåðåíöèàëû êîìïîíåíò ñïèíîðà ωA′. Ëåãêî âèäåòü,
÷òî

(du + Y dζ̄) ∧ (dζ + Y dv) = dω0′ ∧ dω1′
+ vdY ∧ dω0′ − ζ̄dY ∧ dω1′

. (7)

Â ñèëó (4) äèôôåðåíöèàë dY = Yu(du + Y dζ̄) + Yζ̄(dζ + Y dv), ïîýòîìó

dY ∧ dω0′
= Yζ(du + Y dζ̄) ∧ (dζ + Y dv),

dY ∧ dω1′
= Yu(du + Y dζ̄) ∧ (dζ + Y dv).
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Òîãäà èç (7) ïîëó÷àåì

dω0′ ∧ dω1′
= (1 + ζ̄Yu + vYζ)(du + Y dζ̄) ∧ (dζ + Y dv),

îòêóäà ñëåäóåò, ÷òî F = fdω0′ ∧ dω1′ , ãäå χ(xµ) = (1 + ζ̄Yu + vYζ)f(xµ). Ïîäñòàâëÿÿ ýòî
ðàçëîæåíèå äëÿ χ â (5), ïîëó÷èì äëÿ f(xµ) ñèñòåìó

fζ̄ = Y fu, fv = Y fζ ,

îáùåå ðåøåíèå êîòîðîé èìååò âèä f = f(u+Y ζ̄, ζ +Y v), ãäå f | ïðîèçâîëüíàÿ ãîëîìîðô-
íàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ.
Òàêèì îáðàçîì, ëþáîå èçîòðîïíîå ýëåêòðîìàãíèòíîå ïîëå îïðåäåëÿåòñÿ àíòèñàìîäóàëü-

íîé ôîðìîé

F = f(ω0′
, ω1′

)dω0′ ∧ dω1′
; ω0′

= u + Y ζ̄, ω1′
= ζ + Y v, (8)

ãäå Y íåÿâíî çàäàíà óñëîâèåì F (Y, u + Y ζ̄, ζ + Y v) = 0, à f è F | ïðîèçâîëüíûå ãîëî-
ìîðôíûå ôóíêöèè äâóõ è òðåõ ïåðåìåííûõ ñîîòâåòñòâåííî.
Èç ôîðìóëû (8) ìîæíî ïîëó÷èòü âûðàæåíèÿ äëÿ âåêòîðîâ íàïðÿæåííîñòè ~E (Ei = F0i)

ýëåêòðè÷åñêîãî ïîëÿ è èíäóêöèè ~B (Bi = −1
2
εijkFjk) ìàãíèòíîãî ïîëÿ. Äëÿ ýòîãî ââåäåì

êîìïëåêñíûé âåêòîð Ðèìàíà | Çèëüáåðøòåéíà ~F = ~E − i ~B. Åãî êîìïîíåíòû âûðàæàþòñÿ
ñëåäóþùèì îáðàçîì ÷åðåç êîìïîíåíòû ñïèí-òåíçîðà ϕAB:

F1 = ϕ00 − ϕ11, F2 = i(ϕ00 + ϕ11), F3 = −2ϕ01.

Òîãäà äëÿ âåêòîðà ~F ïîëó÷àåì ôîðìóëó, ýêâèâàëåíòíóþ (8):

~F = (1 + ζ̄Yu + vYζ)f(u + Y ζ̄, ζ + Y v)

 1− Y 2

i(1 + Y 2)

−2Y

 . (9)

Çàêëþ÷åíèå

Íà îñíîâå òåîðåìû Ðîáèíñîíà ïîëó÷åíî ÿâíîå âûðàæåíèå äëÿ ïðîèçâîëüíîãî èçîòðîï-
íîãî ïîëÿ Ìàêñâåëëà. Ðåøåíèÿ èìåþò âèä (8) (ïîëÿ â òðåõìåðíîé ôîðìå äàíû (9)) è îïðå-
äåëÿþòñÿ äâóìÿ ïðîèçâîëüíûìè ãîëîìîðôíûìè ôóíêöèÿìè f è F äâóõ è òðåõ ïåðåìåííûõ
ñîîòâåòñòâåííî.
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Null solutions of the source-free Maxwell equations in the Minkowski space-time are consid-
ered. It is well known that a principal null direction of the null electromagnetic field defines a
shear-free geodesic null congruence. Conversely, null Maxwell fields can be obtained from the
(analytic) shear-free congruence via the Robinson theorem. We present the explicit formula for
the electromagnetic field derived from the Robinson and Kerr theorems. The solution depends
on two analytic functions of two and three complex variables.
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