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Ââåäåíèå

Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå ñ áèãàðìîíè÷åñêèì äèôôå-
ðåíöèàëüíûì îïåðàòîðîì ∆(∆ω) è àääèòèâíûì âîçìóùåíèåì (äîïîëíèòåëüíîå ñëàãàåìîå,
èëè \ïîòåíöèàë" â íåêîòîðûõ ðàçäåëàõ ôèçèêè) ïî ïåðåìåííîé êîíôèãóðàöèîííîãî ïðî-
ñòðàíñòâà. Ïîäîáíûå óðàâíåíèÿ íàõîäÿò ñâîå ïðèìåíåíèå â ðàçíûõ îáëàñòÿõ ôèçèêè, õèìèè,
áèîëîãèè è êîìïüþòåðíûõ íàóê. Òàê, íàïðèìåð, îíè èñïîëüçóþòñÿ â îïèñàíèè äèôôóçèè
íà ïîâåðõíîñòè òåë [1], îïèñàíèè ïðîöåññîâ îáðàçîâàíèÿ ñíåãà [2] è äâèæåíèÿ âåùåñòâ â
ëåãêèõ [3], îïèñàíèè ïðîöåññîâ èçìåíåíèÿ ãîëîâíîãî ìîçãà [4], ïîñòðîåíèè ïîâåðõíîñòåé â
êîìïüþòåðíîé ãåîìåòðèè [5], âîññòàíîâëåíèè èçîáðàæåíèé [6].
Â ðàáîòå ïîëó÷åíû ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è Êîøè ðàññìàòðèâàåìîãî óðàâíåíèÿ.

Ýòè ïðåäñòàâëåíèÿ íàéäåíû â âèäå ôîðìóëÔåéíìàíà, òî åñòü â âèäå ïðåäåëîâ êðàòíûõ èíòå-
ãðàëîâ ïðè ñòðåìëåíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Ïðè ýòîì ïîäûíòåãðàëüíûå âûðàæåíèÿ
â ïîëó÷åííûõ ôîðìóëàõ Ôåéíìàíà ñîäåðæàò òîëüêî ýëåìåíòàðíûå ôóíêöèè. Ýòî ïîçâî-
ëÿåò èñïîëüçîâàòü òàêèå ïðåäñòàâëåíèÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è äëÿ ÷èñëåííîãî
ìîäåëèðîâàíèÿ äèíàìèêè.
Òåðìèí \ôîðìóëà Ôåéíìàíà" â äàííîì êîíòåêñòå áûë ïðåäëîæåí â ðàáîòå [7]; òàêæå â

ðàáîòàõ Ñìîëÿíîâà è åãî ñîàâòîðîâ [7, 8, 9, 10, 11] áûë ïðåäëîæåí ìåòîä ïîëó÷åíèÿ ôîð-
ìóë Ôåéíìàíà äëÿ øèðîêîãî êëàññà ýâîëþöèîííûõ óðàâíåíèé. Â íàñòîÿùåå âðåìÿ ýòîò
ìåòîä àêòèâíî èñïîëüçóåòñÿ äëÿ îïèñàíèÿ êëàññè÷åñêîé, êâàíòîâîé è ñòîõàñòè÷åñêîé äè-
íàìèêè íà ðàçëè÷íûõ ãåîìåòðè÷åñêèõ îáúåêòàõ (ñì., íàïðèìåð, [12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23]). Íà÷àëî äàííîìó ìåòîäó ïîëîæèëà ðàáîòà Ðè÷àðäà Ôåéíìàíà 1948 ã.
[24], â êîòîðîé ðàññìàòðèâàëîñü óðàâíåíèå Øðåäèíãåðà ñ ïîòåíöèàëîì è (íà ýâðèñòè÷åñêîì
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óðîâíå ñòðîãîñòè) áûëî ïîëó÷åíî ðåøåíèå çàäà÷è Êîøè äëÿ òàêîãî óðàâíåíèÿ â âèäå ïðå-
äåëà êîíå÷íîêðàòíûõ èíòåãðàëîâ ïî äåêàðòîâûì ñòåïåíÿì êîíôèãóðàöèîííîãî ïðîñòðàíñòâà
ñîîòâåòñòâóþùåé êëàññè÷åñêîé ñèñòåìû ïðè ñòðåìëåíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Ñòðî-
ãîå ìàòåìàòè÷åñêîå îáîñíîâàíèå ðåçóëüòàòîâ Ôåéíìàíà áûëî ïðèâåäåíî Íåëüñîíîì [25] íà
îñíîâå ôîðìóëû Òðîòòåðà. Ïðåäëîæåííûé Ñìîëÿíîâûì è åãî ñîàâòîðàìè ïîäõîä îïèðàåòñÿ
íà òåîðåìó ×åðíîâà [26], ñóùåñòâåííî îáîáùàþùóþ ôîðìóëó Òðîòòåðà.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì çàäà÷ó Êîøè ñëåäóþùåãî âèäà:
∂ω

∂t
(t,x) = Lω(t,x),

ω(0,x) = ω0(x).
(1)

Çäåñü L | íåêîòîðûé ëèíåéíûé îïåðàòîð, äåéñòâóþùèé íà ôóíêöèþ ω, çàâèñÿùóþ îò
âðåìåíè t ≥ 0 è ïåðåìåííîé x ∈ Q, ãäå Q | íåêîòîðîå ìíîæåñòâî, êîòîðîå áóäåì íà-
çûâàòü êîíôèãóðàöèîííûì ïðîñòðàíñòâîì ýâîëþöèîííîé ñèñòåìû ñîîòâåòñòâóþùåé çàäà÷å
Êîøè (1).
Ïóñòü L(X) | ïðîñòðàíñòâî âñåõ ëèíåéíûõ, íåïðåðûâíûõ îïåðàòîðîâ T : X → X ,

ãäå X | áàíàõîâî ïðîñòðàíñòâî, à Dom(T ) = X | îáëàñòü îïðåäåëåíèÿ îïåðàòîðà T .
Îïðåäåëåíèå 1. Ñåìåéñòâî îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ (Tt)t≥0 â X íàçûâàåòñÿ

ñèëüíî íåïðåðûâíîé îïåðàòîðíîé ïîëóãðóïïîé, åñëè T0 = Id, Tt+s = TtTs äëÿ t, s ≥ 0, x ∈ X ,
à òàêæå ñåìåéñòâî ñèëüíî íåïðåðûâíî, ò.å. èìååò ìåñòî ðàâåíñòâî lim

t→0
‖Ttx− x‖X = 0.

Îïåðàòîð L := lim
t→0

Ttx− x

t
ñ îáëàñòüþ îïðåäåëåíèÿ

Dom(L) :=
{
x ∈ X: ∃Lx := lim

t→0

Ttx− x

t

}
íàçûâàåòñÿ ãåíåðàòîðîì èëè ïðîèçâîäÿùèì îïåðàòîðîì ïîëóãðóïïû (Tt)t≥0.
Ìîæíî ïîêàçàòü [30], ÷òî äëÿ êîððåêòíî ïîñòàâëåííîé â áàíàõîâîì ïðîñòðàíñòâå X

çàäà÷è Êîøè (1) ñ íà÷àëüíûì óñëîâèåì ω(0, x) = ω0(x), ω0 ∈ Dom(L) ðåøåíèå ïðåäñòà-
âëÿåòñÿ â âèäå ω(t,x) = Ttω0(x). Òàêèì îáðàçîì ðåøåíèå çàäà÷è Êîøè (1) ðàâíîñèëüíî
ïîñòðîåíèþ ñèëüíî íåïðåðûâíîé ïîëóãðóïïû îïåðàòîðîâ (Tt)t≥0 ñ çàäàííûì ãåíåðàòîðîìL.
ßâíûé âèä ïîëóãðóïïû îïåðàòîðîâ (Tt)t≥0, ðàçðåøàþùåé çàäà÷ó Êîøè (1), ÷àñòî íå-

âîçìîæíî íàéòè. Â ýòîì ñëó÷àå èñïîëüçóþòñÿ ìåòîäû àïïðîêñèìàöèè ïîëóãðóïï. Áóäåì
èñïîëüçîâàòü ìåòîä ïðèáëèæåíèÿ, îñíîâàííûé íà òåîðåìå ×åðíîâà.
Îïðåäåëåíèå 2. Ïðîèçâîäíàÿ â íóëå ôóíêöèè F : [0, ε) → L(X), ε > 0, | ýòî ëèíåéíîå

îòîáðàæåíèå F ′(0): Dom(F ′(0)) → X , îïðåäåëÿåìîå ñëåäóþùèì îáðàçîì:

F ′(0)x := lim
t→0+

F (t)x− F (0) x

t
, (2)
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ãäå Dom(F ′(0)) | âåêòîðíîå ïðîñòðàíñòâî ýëåìåíòîâ èç X , äëÿ êîòîðûõ äàííûé ïðåäåë
ñóùåñòâóåò (êàê ñèëüíûé ïðåäåë).
Òåîðåìà 1 (×åðíîâ [12]). Ïóñòü X | áàíàõîâî ïðîñòðàíñòâî, F : [0;∞) → L(X) |

(ñèëüíî) íåïðåðûâíîå îòîáðàæåíèå, òàêîå, ÷òî F (0) = Id è ‖F (t)‖ ≤ eMt äëÿ íåêîòîðîé
êîíñòàíòû M ∈ R è t ≥ 0. Ïóñòü C | òàêîå ëèíåéíîå ïîäïðîñòðàíñòâî Dom(F ′(0)), ÷òî
ñóæåíèå îïåðàòîðà F ′(0) íà C çàìûêàåìî. Ïóñòü (L;Dom(L)) = F ′(0) � C| ñîîòâåòñòâóþ-
ùåå çàìûêàíèå. Åñëè (L;Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû
(Tt)t≥0, òî äëÿ âñåõ t0 > 0 ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ (F (t/n))n

∣∣
n∈N ñõîäèòñÿ ê (Tt)t≥0

ïðè n→∞ â ñèëüíîé îïåðàòîðíîé òîïîëîãèè ðàâíîìåðíî ïî t ∈ [0; t0], ò.å.

Tt = lim
n→∞

(
F
( t
n

))n

. (3)

Ñåìåéñòâî îïåðàòîðîâ F (t), äëÿ êîòîðîãî âûïîëíåíû âñå óñëîâèÿ òåîðåìû ×åðíîâà ïî
îòíîøåíèþ ê ïîëóãðóïïå (Tt)t≥0, íàçûâàåòñÿ ýêâèâàëåíòíûì ïî ×åðíîâó ïîëóãðóïïå (Tt)t≥0.
Áóäåì îáîçíà÷àòü ýòî òàê: F (t) ∼ Tt. Êàê ïðàâèëî, F (t) ïðåäñòàâëÿåò ñîáîé ñåìåéñòâî
èíòåãðàëüíûõ îïåðàòîðîâ.
Îïðåäåëåíèå 3. Ðàâåíñòâî (3) áóäåì íàçûâàòü ôîðìóëîé Ôåéíìàíà. Ôîðìóëà Ôåéí-

ìàíà íàçûâàåòñÿ ãàìèëüòîíîâîé, åñëè äëÿ âñåõ t ≥ 0 îïåðàòîð F (t) ÿâëÿåòñÿ ïñåâäî-
äèôôåðåíöèàëüíûì îïåðàòîðîì. Ôîðìóëà Ôåéíìàíà íàçûâàåòñÿ ëàãðàíæåâîé, åñëè äëÿ
âñåõ t ≥ 0 îïåðàòîð F (t) ÿâëÿåòñÿ èíòåãðàëüíûì îïåðàòîðîì, ÿäðî êîòîðîãî âûðàæàåòñÿ
÷åðåç ýëåìåíòàðíûå ôóíêöèè.
Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò ïîëó÷àòü ôîðìóëû Ôåéíìàíà äëÿ ñóììû (â ñìûñëå îáû÷-

íîãî ñëîæåíèÿ â L(X)) îïåðàòîðîâ, äåéñòâóþùèõ íà ôóíêöèþ.
Òåîðåìà 2 (ÔîðìóëàÔåéíìàíà äëÿ àääèòèâíûõ âîçìóùåíèé [35]). Ðàññìîòðèì áàíà-

õîâî ïðîñòðàíñòâî 〈X, ‖ · ‖X〉 ñ ñîîòâåòñòâóþùåé íîðìîé. Ïóñòü {T k
t }t≥0, k = 1, . . . , n, |

ñèëüíî íåïðåðûâíûå ïîëóãðóïïû íà X ñ ãåíåðàòîðàìè Lkω = lim
t→0

T k
t ω − ω

t
, è ñâîèìè îáëà-

ñòÿìè îïðåäåëåíèÿ D(Lk) =
{
ω ∈ X: ∃ lim

t→0

T k
t ω − ω

t
∈ X

}
. Ïðåäïîëîæèì, ÷òî îïåðà-

òîðL = L1+L2+. . .+Ln ñ îáëàñòüþ îïðåäåëåíèÿD =
n⋂

k=1

D(Lk) çàìûêàåì, è ÷òî çàìûêàíèå

ýòîãî îïåðàòîðà ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû îïåðàòîðîâ (Tt)t≥0

íà X . Ïóñòü Fk(t), k = 1, . . . , m, | ñåìåéñòâî îïåðàòîðîâ â X , ýêâèâàëåíòíûõ ïî ×åðíîâó
ïîëóãðóïïå (T k

t )t≥0, ò.å. äëÿ êàæäîãî k = 1, . . . , m èìååò ìåñòî Fk(0) = Id, ‖Fk(t)‖ ≤ eMkt

äëÿ íåêîòîðîãî Mk > 0. Ïóñòü òàêæå Dk = core(Lk) ⊂ D(Lk), ãäå core(Lk) | ñóùåñòâåí-
íàÿ îáëàñòü îïåðàòîðà Lk, è äëÿ âñåõ ϕ ∈ Dk âûïîëíåíî lim

t→0

∥∥∥Fk(t)ϕ− ϕ

t
− Lkϕ

∥∥∥
X

= 0.

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò D = core(L) è âìåñòå ñ òåì D ⊂
m
∩

k=1
Dk. Òîãäà ñåìåé-

ñòâî F (t) = F1(t)◦F2(t)◦ . . .◦Fn(t) ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (Tt)t≥0 è äëÿ t ≥ 0

èìååò ìåñòî ôîðìóëà Ôåéíìàíà

Tt = lim
n→∞

(
F
( t
n

))n

â ñèëüíîé îïåðàòîðíîé òîïîëîãèè.
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2. Çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ñ áèãàðìîíè÷åñêèì îïåðàòîðîì íà êîíôèãóðàöèîííîì

ïðîñòðàíñòâå è ðàçðåøàþùàÿ åå ïîëóãðóïïà

Ïåðåéäåì ê ñëåäóþùåé çàäà÷è Êîøè íà êîíôèãóðàöèîííîì ïðîñòðàíñòâå Rn:
∂ω

∂t
(t,x) = −∆(∆ω)(t,x);

ω(o,x) = ω0(x),
(4)

ãäå ∆| îïåðàòîð Ëàïëàñà,

−∆(∆ω)(t,x) = −
n∑

i=1

n∑
j=1

∂4

∂x2
i∂x

2
j

ω(t,x).

Ïîñòàâëåííàÿ çàäà÷à Êîøè (4) áóäåò ðåøàòüñÿ â áàíàõîâîì ïðîñòðàíñòâå X = L2(Rn)

êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé ñî ñòàíäàðòíîé íîðìîé

‖f‖2 =

√√√√∫
Rn

|f |2(x)dx .

Íà êîíôèãóðàöèîííîì ïðîñòðàíñòâå Rn ðàññìîòðèì íîðìó ‖x‖ =

√
n∑

i=1

x2
i . Ìû ïðåäïîëà-

ãàåì, ÷òî ω0, ω(t; ·) ∈ X äëÿ âñåõ t > 0.
Ñïåðâà ìû íàéäåì ñåìåéñòâî îïåðàòîðîâ, ðàçðåøàþùåå çàäà÷ó Êîøè (4) è îáëàäàþ-

ùåå ñâîéñòâàìè ñèëüíî íåïðåðûâíîé ïîëóãðóïïû, êîòîðîå äåéñòâóåò â ïðîñòðàíñòâå S(Rn),
âñþäó ïëîòíîì â L2(Rn), è ïðîäîëæèì ýòî ñåìåéñòâî îïåðàòîðîâ ñ íåîáõîäèìûìè ñâîé-
ñòâàìè íà îáúåìëþùåå ïðîñòðàíñòâî L2(Rn).
Äëÿ áûñòðî óáûâàþùèõ ôóíêöèé îïðåäåëåíû ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå

F [ω](y) ≡ ω̂(y) :=
1

(2π)n/2

∫
Rn

e−i(x,y)ω(x) dx

è îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

F−1[ω](y) :=
1

(2π)n/2

∫
Rn

ei(x,y)ω(y) dy.

Áóäåì ñ÷èòàòü, ÷òî ω0, ω(t, ·) ∈ S(Rn). Ïðèìåíèì ïðåîáðàçîâàíèå Ôóðüå ê óðàâíåíèþ
çàäà÷è Êîøè (4). Ïîëó÷èì

∂ω̂

∂t
(t,y) =

∑
i,j

y2
i y

2
j ω̂(y)

ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè óñëîâèÿìè ω̂(0, ·)(y) = ω̂0(y). Ðåøèâ ýòî ÎÄÓ îòíîñè-
òåëüíî t, ïîëó÷èì åãî îáùåå ðåøåíèå â îáëàñòè ïåðåìåííîé y ∈ Rn:

ω̂(y) = exp
(
−t
∑
i,j

y2
i y

2
j

)
C = e−t‖y‖4C.

10.7463/0812.0445534 138

http://dx.doi.org/10.7463/0812.0445534


Èñïîëüçóÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ñ ó÷åòîì íà÷àëüíûõ óñëîâèé, ïîëó÷àåì ÿâíîå
ðåøåíèå çàäà÷è Êîøè (4):

ω(t,x) =
1

(2π)n/2

∫
Rn

e−t‖y‖4ei(x,y)ω̂0(y) dy. (5)

Ïîëó÷åííîå ðåøåíèå (??) çàäàåò çàâèñÿùåå îò t ñåìåéñòâî ïñåâäî-äèôôåðåíöèàëüíûõ
îïåðàòîðîâ ñ ñèìâîëîì ht(y) = exp

(
−t
∑
i,j

y2
i y

2
j

)
, îïðåäåëåííûõ äëÿ âñåõ ω ∈ S(Rn) è t ≥ 0.

Îáîçíà÷èì ýòî ñåìåéñòâî
(
Ht

)
t≥0
, òàêèì îáðàçîì:

Ht[ω](x) =
1

(2π)n/2

∫
Rn

e−t‖y‖4ei(x,y)ω̂(y) dy.

Òåîðåìà 3. Ñåìåéñòâî îïåðàòîðîâ
(
Ht

)
t≥0

çàäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó
îïåðàòîðîâ äåéñòâóþùóþ â ïðîñòðàíñòâå L2(Rn).

JÏóñòüQ è P |ïñåâäî-äèôôåðåíöèàëüíûå îïåðàòîðû ñ ñèìâîëàìè p(y) è q(y). Òîãäà äëÿ
ëþáîé ω ∈ S(Rn)

P ◦Q[ω](x) =
1

(2π)
n
2

∫
Rn

p(y)q(y)ei(x,y)ω̂(y) dy.

Â ñàìîì äåëå,

P ◦Q[ω](x) = P
[
Q[ω]

]
(x) =

=
1

(2π)3n/2

∫
Rn

p(s)ei(x,s)

∫
Rn

e−i(s,y)

[ ∫
Rn

q(r)ei(y,r)ω̂(r) dr

]
dy ds =

=
1

(2π)
n
2

∫
Rn

p(s)q(s)ei(x,s)ω̂(s) ds.

Çàìåòèì òàêæå, ÷òî hs(y)hτ (y) = exp
(
−(s + τ)

∑
i,j

y2
i y

2
j

)
= hs+τ (y), s, τ ∈ R. Òåì ñàìûì

ïîêàçàíî, ÷òî äëÿ âñåõ ω ∈ S(Rn) è t, s ≥ 0 âûïîëíåíî Hs ◦ Hτ = Hs+τ ; òàêæå î÷åâèäíî,
÷òî H0 = Id.
Ôóíêöèè ω̂, exp

(
−t
∑
i,j

y2
i y

2
j

)
ïðèíàäëåæàò S(Rn) è èõ ïðîèçâåäåíèå òîæå ïðèíàäëåæèò

ýòîìó ïðîñòðàíñòâó. Ìåæäó òåì (Ht)t≥0 ìîæíî ïðåäñòàâèòü òàê:

(Ht)[ω] = F−1[e−t‖y‖4ω̂(y)].

Ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå îòîáðàæàåò S(Rn) â S(Rn), ñëåäîâàòåëüíî ñåìåé-
ñòâî îïåðàòîðîâ (Ht

)
t≥0
òîæå îòîáðàæàåò S(Rn) â S(Rn). Ìû ïîêàçàëè, ÷òî

(
Ht

)
t≥0
çàäàåò

ïîëóãðóïïó îïåðàòîðîâ äåéñòâóþùóþ â ïðîñòðàíñòâå S(Rn)

Ïîêàæåì òåïåðü, ÷òî (Ht)t≥0 ïðîäîëæàåòñÿ äî ïîëóãðóïïû îïåðàòîðîâ íà áàíàõîâîì
ïðîñòðàíñòâå L2(Rn). Äëÿ âñåõ t ≥ 0, n ∈ N ñèìâîë ht(y) = exp

(
−t
∑
i,j

y2
i y

2
j

)
ñåìåéñòâà
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îïåðàòîðîâ (Ht)t≥0 ïðèíèìàåò çíà÷åíèÿ â [0; 1], ïîýòîìó äëÿ ëþáîé ω ∈ S(Rn), ñîãëàñíî
òåîðåìå Ïëàíøåðåëÿ, èìååò ìåñòî ñëåäóþùàÿ îöåíêà:

‖Ht[ω]‖2 = ‖F−1[htω̂]‖2 = ‖htω̂‖2 ≤ ‖ω̂‖2 = ‖ω‖2.

Ñëåäîâàòåëüíî, äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè Êîøè {ωn} ∈ S(Rn), ïðè t ∈ [0; +∞) è
‖ωn − ωm‖2 ≤ ε âûïîëíåíî

‖Ht[ωn]−Ht[ωm]‖2 = ‖Ht[ωn − ωm]‖2 ≤ ε.

Ó÷èòûâàÿ ðàâåíñòâî L2(Rn) = S(Rn), ìîæíî ñêàçàòü, ÷òî ñåìåéñòâî îïåðàòîðîâ
(
Ht

)
t≥0

ïðîäîëæàåòñÿ äî îãðàíè÷åííîãî ñåìåéñòâà îïåðàòîðîâ íà L2(Rn). Ïðè ýòîì
(
Ht

)
t≥0

ñî-
õðàíÿåò ñâîéñòâî ïîëóãðóïïû îïåðàòîðîâ. Äåéñòâèòåëüíî, S(Rn) âñþäó ïëîòíî â L2(Rn),
ñëåäîâàòåëüíî ïðè ôèêñèðîâàííûõ τ, s ≥ 0 äëÿ ëþáûõ ω ∈ L2(Rn) è ε > 0 ìîæíî óêàçàòü
òàêîå ωε ∈ S(Rn), ÷òî ‖ω − ωε‖ <

ε

2M
, ãäå M = max(‖Hs+τ‖, ‖Hs ◦ Hτ‖). Ïîýòîìó ïðè

ε > 0:

‖Hs◦Hτω−Hs+τω‖=‖Hs◦Hτω−Hs◦Hτωε+Hs◦Hτωε−Hs+τωε+Hs+τωε−Hs+τω‖L2≤

≤ ‖Hs ◦Hτ‖ · ‖ω − ωε‖+ ‖Hs ◦Hτωε −Hs+τωε‖+ ‖Hs+τ‖ · ‖ωε − ω‖ < ε.

Òàêèì îáðàçîì,
(
Ht

)
t≥0
çàäàåò ïîëóãðóïïó îïåðàòîðîâ íà L2(Rn), è äëÿ äîêàçàòåëüñòâà

åå ñèëüíîé íåïðåðûâíîñòè äîñòàòî÷íî ïðîâåðèòü ýòî ñâîéñòâî â t0 = 0. Äëÿ âñåõ ω ∈ S(R)

èìååì:

lim
t→0

∥∥∥H(t)[ω]− ω
∥∥∥2

= lim
t→0

∥∥∥F−1[(htω̂)]−F−1[ω̂]
∥∥∥2

= lim
t→0

∥∥∥F−1[(ht − 1)ω̂]
∥∥∥2

=

= lim
t→0

∫
R

∣∣∣ ∫
Rn

ei(x,y)(e−t‖y‖4 − 1)ω̂(y)
∣∣∣2dy = lim

t→0
t‖F−1[ψω̂]‖2 = 0.

Â ñàìîì äåëå, ïîëüçóÿñü ðàçëîæåíèåì àíàëèòè÷åñêîé ôóíêöèè â ðÿä Òýéëîðà çàïèøåì:

exp
(
−t
∑
i,j

y2
i y

2
j

)
− 1 =

(
−
∑
i,j

y2
i y

2
j +

t

2

(∑
i,j

y2
i y

2
j

)2

exp
(
−s
∑
i,j

y2
i y

2
j

))
t = ψ(y) t,

ãäå s ∈ (0, t). Ôóíêöèÿ ψ ïðèíàäëåæèò S(Rn). Ñëåäîâàòåëüíî, ψω̂ ∈ S(Rn) è, òàêèì
îáðàçîì, ‖F−1[ψω̂]‖2 = const.
Òåïåðü, àíàëîãè÷íî òîìó, êàê áûëî äîêàçàíî ïîëóãðóïïîâîå ñâîéñòâî, ìîæíî ïîêàçàòü,

÷òî lim
t→0

∥∥Ht[ω]− ω
∥∥

2
= 0 ïðè ω ∈ L2(Rn). I

Ïðåäëîæåíèå 1. Ãåíåðàòîðîì ïîëóãðóïïû
(
Ht

)
t≥0
ñëóæèò çàìûêàíèå (L,Dom(L)) îïå-

ðàòîðà L = −
∑
i,j

∂2

∂x2
i

∂2

∂x2
j

, çàäàííîãî íà ìíîæåñòâå S(Rn).

JÌíîæåñòâî S(Rn) èíâàðèàíòíî îòíîñèòåëüíî äåéñòâèÿ îïåðàòîðîâ ïîëóãðóïïû, à çíà÷èò,
ñîãëàñíî [28, Òåîðåìà X.49], ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ îïåðàòîðà L.
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Ïîýòîìó äîñòàòî÷íî ïîêàçàòü, ÷òî ðàâåíñòâî lim
t→0

∥∥∥H(t)[ω]− ω

t
− Lω

∥∥∥2

= 0 âûïîëíåíî ïðè
ω ∈ S(Rn).
Âîñïîëüçóåìñÿ ñâîéñòâàìè ïðåîáðàçîâàíèÿ Ôóðüå è ðàçëîæåíèåì àíàëèòè÷åñêîé ôóíê-

öèè â ðÿä Òýéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà. Òîãäà ïðè ω ∈ S(Rn)

lim
t→0

∥∥∥∥Ht[ω]− ω

t
− Lω

∥∥∥∥2

= lim
t→0

∥∥∥∥F−1[(htω̂)]−F−1[ω̂]

t
−F−1

[(
−
∑
i,j

y2
i y

2
j

)
ω̂
]∥∥∥∥2

=

= lim
t→0

∥∥∥∥F−1
[(ht − 1

t
−
(
−
∑
i,j

y2
i y

2
j

)
ω̂
)]∥∥∥∥2

= lim
t→0

t
∥∥∥F−1[ξω̂]

∥∥∥2

= 0.

Çäåñü
ξ(y) =

1

2

(∑
i,j

y2
i y

2
j

)2

exp
(
−s
∑
i,j

y2
i y

2
j

)
, s ∈ (0, t).

Ïîñêîëüêó ξ ∈ S(Rn), òî è ξω̂ ∈ S(Rn). Òàêèì îáðàçîì, ‖F−1[ξ(y)ω̂]‖2 <∞. I

Òåì ñàìûì ïîêàçàíî, ÷òî äëÿ ëþáîé ôóíêöèè ω0 ∈ Dom(L), ôóíêöèÿ

ω(t,x) =
1

(2π)
n
2

∫
Rn

e−t‖y‖4ei(x,y) ω̂0(y) dy, (6)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (4). Ïðè ýòîì S(Rn) = core(L), ò.å. S(Rn) ÿâëÿåòñÿ ñóùå-
ñòâåííîé îáëàñòüþ îïðåäåëåíèÿ îïåðàòîðà (L,Dom(L)), ãäå (L,Dom(L)) çàìûêàíèå îïåðà-

òîðà −
∑
i,j

∂2

∂x2
i

∂2

∂x2
j

S(Rn). Êðîìå òîãî, äëÿ ëþáîé ôóíêöèè ω0 ∈ L2(Rn) ôóíêöèÿ ω, îïðåäå-

ëåííàÿôîðìóëîé (5), òàêæå ÿâëÿåòñÿ ýëåìåíòîìL2(Rn). Èíîãäà åå íàçûâàþò ðåøåíèåì \mild
solution" [29] çàäà÷è Êîøè (4).

3. Ãàìèëüòîíîâà è ëàãðàíæåâà Ôîðìóëû Ôåéíìàíà äëÿ ïàðàáîëè÷åñêîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ áèãàðìîíè÷åñêèì îïåðàòîðîì

Ïîñòðîèì äëÿ çàäà÷è Êîøè (4) ãàìèëüòîíîâó Ôîðìóëó Ôåéíìàíà. Ïóñòü R(λ, L) |
ðåçîëüâåíòà îïåðàòîðà L çàäà÷è Êîøè (4). Òîãäà äëÿR(λ, L) âåðíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 4 ([30]). Äëÿ ëþáîé ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0 íà áàíàõîâîì

ïðîñòðàíñòâå X ñ ãåíåðàòîðîì (A,Dom(A)), èìååò ìåñòî ðàâåíñòâî:

Ttx = lim
n→∞

(
n

t
R
(n
t
, A
))n

x = lim
n→∞

(
Id− t

n
A
)−n

x, x ∈ X. (7)

Îáîçíà÷èì E(t) = (Id− tL)−1 è ïðåäñòàâèì E(t) â âèäå èíòåãðàëüíîãî îïåðàòîðà. Ñ ïî-
ìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå [31] ïîëó÷èì ñëåäóþùèé ðåçóëüòàò:

E(t)[ω0](x) = (Id− tL)−1[ω0](x) =
1

(2π)n/2

∫
Rn

ei(x,y)ω̂0(y)

1 + t‖y‖4
dy,

ò.å. E(t) ïðåäñòàâëÿåò ñîáîé ñåìåéñòâî ïñåâäî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ñèìâî-
ëîì et(y) =

1
1 + t

∑
i,j

y2
i y

2
j

.
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Ïðåäëîæåíèå 2. Ñåìåéñòâî îïåðàòîðîâ E(t) ïðîäîëæàåòñÿ äî îãðàíè÷åííîãî ïî íîðìå
ñåìåéñòâà îïåðàòîðîâ èç L2(Rn) â L2(Rn).

J Çàìåòèì, ÷òî sup
y∈Rn

|et(y)| ≤ 1. Ïîýòîìó íîðìà îïåðàòîðîâ Et îöåíèâàåòñÿ òàêèì æå

îáðàçîì, êàê è ïðè äîêàçàòåëüñòâå îãðàíè÷åííîñòè ñåìåéñòâà îïåðàòîðîâ Ht â òåîðåìå 3. I

Òåîðåìà 5. Ðåøåíèå ω(t,x) çàäà÷è Êîøè (4) äëÿ ëþáîãî ω0 ∈ L2(Rn) ïðåäñòàâèìî â
âèäå ãàìèëüòîíîâîé ôîðìóëû Ôåéíìàíà:

ω(t,x) = lim
n→∞

(
E
( t
n

))n

[ω0](x) =

= lim
m→∞

1

(2π)nm

∫
Rn

. . .

∫
Rn

m∏
k=1

1

1 + t
m
‖y‖4

e
i

n∑
k=1

uk·(vk−vk−1)
ω0(vm) dv1 du1 . . . dvm dum, (8)

ãäå x = v0 ∈ Rn.

J Óòâåðæäåíèå íåïîñðåäñòâåííî ñëåäóåò èç ïðåäëîæåíèÿ 2, è òåîðåìû 4. I

Äëÿ èñïîëüçîâàíèÿ òåîðåìû 2 â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.
Ïðåäëîæåíèå 3. Îòîáðàæåíèå E(t): [0;∞) → L(X), äëÿ ëþáîãî ω ∈ core(L) = S(Rn)

óäîâëåòâîðÿåò ðàâåíñòâó lim
t→0

∥∥∥E(t)[ω]− ω

t
− Lω

∥∥∥2

= 0.

J Ñîãëàñíî ñâîéñòâàì ïðåîáðàçîâàíèÿ Ôóðüå, äëÿ âñåõ ω ∈ S(Rn) èìååì:

lim
t→0

∥∥∥∥E(t)[ω]− ω

t
− Lω

∥∥∥∥2

= lim
t→0

∥∥∥∥F−1[(etω̂)]−F−1[ω̂]

t
−F−1[(−Σ(y))ω̂]

∥∥∥∥2

=

= lim
t→0

∥∥∥∥F−1
[( −Σ(y)

1 + tΣ(y)
+ Σ(y)

)
ω̂
]∥∥∥∥2

= lim
t→0

t
∥∥∥F−1[ξω̂]

∥∥∥2

= 0.

Çäåñü Σ(y) =
∑
i,j

y2
i y

2
j è íà Rn âûïîëíåíû ñîîòíîøåíèÿ ξ(y) =

Σ2(y)
1 + tΣ(y)

≤ Σ2(y). Îòñþäà

âûòåêàåò, ÷òî ξω ∈ S(Rn) è, ñëåäîâàòåëüíî, ‖F−1[ξ(y)ω̂]‖2 <∞. I

Òåïåðü ìû ïîñòðîèì ôîðìóëó Ôåéíìàíà âòîðîãî òèïà | ëàãðàíæåâó ôîðìóëó. Ìû
ïîñòðîèì åå äëÿ çàäà÷è Êîøè (4) íà ïðÿìîé R, è àíàëîãè÷íûì îáðàçîì íà ïðîñòðàíñòâå R3.
Ïðåäñòàâèì îïåðàòîð E(t) = (Id− tL)−1 â âèäå âèäå îïåðàòîðà ñâåðòêè ñ ôóíêöèåé

Et(x) =
1

(2π)n

∫
Rn

ei(x,y)

1 + t‖y‖4
dy

è ðàññìîòðèì çàäà÷ó Êîøè (4) íà ïðÿìîé R. Ôóíêöèÿ Et áóäåò âûãëÿäåòü òàê:

Et(x) =
1

2π

∫
R

eixy

1 + ty4
dy.

Âû÷èñëèì èíòåãðàë, ñòîÿùèé â ïðåäñòàâëåíèè ôóíêöèè Et(x). Ïîäûíòåãðàëüíàÿ ôóíêöèÿ
èìååò ÷åòûðå ïîëþñà:

y1,2 =

√
2

2t
1
4

(1± i), y3,4 =

√
2

2t
1
4

(−1± i).
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Ïî òåîðåìå Êîøè î âû÷åòàõ è ëåììå Æîðäàíà [32], âåðíû ðàâåíñòâà

1

2π

∫
R

eixy

1 + ty4
dy = lim

r→+∞

1

2π

∮
γ

eixz

1 + tz4
dz = i

∑
yi∈D

Âû÷
[

eixy

1 + ty4
, yi

]
,

ãäå γ | êîíòóð, ñîñòàâëåííûé èç îòðåçêà [−r, r] è äóãè îêðóæíîñòè |z| = r, â îáëàñòè
sign(x) arg(z) > 0, àD|îáëàñòü îãðàíè÷åííàÿ ýòèì êîíòóðîì. Ïðè x ≥ 0 âíóòðè êîíòóðà γ
íàõîäÿòñÿ ïîëþñû y1,3, ïðè x < 0| ïîëþñû y2,4. Ñëåäîâàòåëüíî, ïðè x ≥ 0

1

2π

+∞∫
−∞

eixz

1 + tz4
dz =

=
ieixy

t
(
y −

√
2

2t1/4 (1− i)
)(
y −

√
2

2t1/4 (−1 + i)
)(
y −

√
2

2t1/4 (−1− i)
)∣∣∣∣∣

y=
√

2

2t1/4
(1+i)

+

+
ieixy

t
(
y −

√
2

2t1/4 (1 + i)
)(
y −

√
2

2t1/4 (1− i)
)(
y −

√
2

2t1/4 (−1− i)
)∣∣∣∣∣

y=
√

2

2t1/4
(−1+i)

=

=
e
−x

√
2

2t
1
4

2
√

2t
1
4

(
cos

x
√

2

2t
1
4

+ sin
x
√

2

2t
1
4

)
.

Àíàëîãè÷íî ïðè x < 0 c ó÷åòîì íàïðàâëåíèÿ îáõîäà êîíòóðà ïîëó÷èì:

1

2π

+∞∫
−∞

eixz

1 + tz4
dz =

e
x
√

2

2t
1
4

2
√

2t
1
4

(
cos

x
√

2

2t
1
4

− sin
x
√

2

2t
1
4

)
.

Â ðåçóëüòàòå äëÿ ëþáîãî x ∈ R

Et(x) = e−C|x|(cosC|x|+ sinC|x|),

ãäå

C =

√
2

2t
1
4

.

Ââåäåì òàêîå ñåìåéñòâî èíòåãðàëüíûõ îïåðàòîðîâ G1(t), ÷òî äëÿ ëþáîé ω0 ∈ L2(R)

è t ≥ 0

G1(t)[ω](x) = (Et ∗ ω0)(x) = (ω0 ∗ Et)(x) =

=
C

2

∫
R

e−C|y|(cosC|y|+ sinC|y|)ω0(x− y) dy =

=
1

2

∫
R

e−|z|(cos |z|+ sin |z|)ω0

(
x− z

C

)
dz.
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Ñîãëàñíî òåîðåìå 4, G1(t) ∼ (Ht)t≥0; çäåñü (Ht)t≥0 | íàéäåííàÿ íàìè âûøå ïîëóãðóïïà,
ðàçðåøàþùàÿ èñõîäíóþ çàäà÷ó Êîøè (4) íà ÷èñëîâîé ïðÿìîé.

Èòàê, ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 4. Â îäíîìåðíîì ñëó÷àå ðåøåíèå çàäà÷è Êîøè (4) ïðè ω0 ∈ L2(R) ìîæåò
áûòü ïðåäñòâàëåíî ñ ïîìîùüþ ëàãðàíæåâîé ôîðìóëû Ôåéíìàíà:

ω(t, x) = lim
n→∞

(
G1

( t
n

))n

[ω0](x) =

lim
n→∞

1

2n

∫
R

...

∫
R︸ ︷︷ ︸

n

e

n∑
k=1

−|uk|
n∏

k=1

(cos|uk|+sin|uk|)ω0

(
un+1−

√
2
( t
n

)1/4
n∑

k=1

uk

)
du1 ...dun, (9)

ãäå x = un+1.

Òåïåðü ðàññìîòðèì çàäà÷ó Êîøè (4) íà ïðîñòðàíñòâå R3 è ïîëó÷èì äëÿ íåå ëàãðàíæåâó
ôîðìóëó Ôåéíìàíà. Ôóíêöèÿ Et â ýòîì ñëó÷àå áóäåò òàêîé:

Et(x) =
1

(2π)3

∫
R3

ei(x,y)

1 + t‖y‖4
dy =

=
1

(2π)3

∫
R

∫
R

∫
R

ei(x1y1+x2y2+x3y3)

1 + t(y4
1 + y4

2 + y4
3 + y2

1y
2
2 + y2

2y
2
3 + y2

1y
2
3)
dy1 dy2 dy3.

Âîñïîëüçóåìñÿ ñôåðè÷åñêèìè êîîðäèíàòàìè:

y1 = r sinϑ1 cosϑ2, y2 = r sinϑ1 sinϑ2, y3 = r cosϑ2

(ïðè ýòîì r2 = y2
1 + y2

2 + y2
3), à òàêæå ÷åòíîñòüþ ôóíêöèè et è çàïèøåì èíòåãðàëüíîå

âûðàæåíèå ôóíêöèè Et(x) â íîâûõ êîîðäèíàòàõ:

Et(x) =
2

(2π)3

π∫
0

2π∫
0

∫
R

exp
(
ir(x1 sinϑ1 cosϑ2+x2 sinϑ1 sinϑ2+x3 cosϑ1)

)r2 sinϑ1

1 + tr4
dr dϑ1 dϑ2.

Îáîçíà÷èì τ = x1 sinϑ1 cosϑ2+x2 sinϑ1 sinϑ2+x3 cosϑ1 èíàéäåìèíòåãðàë ïîïåðåìåííîé r.

Èñïîëüçóÿ ñâîéñòâî F−1[y2nf(y)](x) = (−1)n ∂2

∂x2

(
F−1[f(y)](x)

)
, ñ ó÷åòîì ïðåäûäóùåãî

ðåçóëüòàòà äëÿ ïðÿìîé R ïîëó÷àåì:

J(τ) =

∫
R

r2eirτ

1 + tr4
dr = − ∂2

∂τ 2

∫
R

eirτ

1 + tr4
dr =

= −C
2

∂2

∂τ 2

(
e−C|τ |(cos C|τ |+ sin C|τ |)

)
= C3e−C|τ |(cos C|τ | − sin C|τ |),
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ãäå

C =

√
2

2t1/4
.

Âåðíåìñÿ ê âû÷èñëåíèþèñõîäíîéôóíêöèè Et(x) â ñôåðè÷åñêèõ êîîðäèíàòàõ. Èñïîëüçóÿ
ðàâåíñòâî [33]

π∫
0

2π∫
0

f(τ) sinϑ1dϑ1dϑ2 = 2π

1∫
−1

f(Rs)ds,

ãäå R =
√
ξ2
1 + ξ2

2 + ξ2
3 , ïîëó÷àåì:

Et(x) =
2C3

(2π)3

π∫
0

2π∫
0

(
e−C|τ |(cos C|τ | − sin C|τ |)

)
sinϑ1 dϑ1 dϑ2 =

=
2C3

(2π)2

1∫
−1

e−C|Rs|(cos C|Rs| − sin C|Rs|) ds =

=
C2

Rπ2

CR∫
0

e−s(cos s− sin s) ds =
2C2

R(2π)2
e−CR sin(CR) =

=
t−1/2 exp

(
−
√

ξ2
1+ξ2

2+ξ2
3

2t1/2

)
sin
(√

ξ2
1+ξ2

2+ξ2
3

2t1/2

)
π2
√
ξ2
1 + ξ2

2 + ξ2
3

.

Ââåäåì òàêîå ñåìåéñòâî èíòåãðàëüíûõ îïåðàòîðîâ G3(t), ÷òî ïðè ω0 ∈ L2(R) è t ≥ 0

G3(t)[ω](x) = (Et ∗ ω0)(x) = (ω0 ∗ Et)(x) =

=

∫
R

∫
R

∫
R

t−1/2 exp
(
−
√

ξ2
1+ξ2

2+ξ2
3

2t1/2

)
sin
(√

ξ2
1+ξ2

2+ξ2
3

2t1/2

)
π2
√
ξ2
1 + ξ2

2 + ξ2
3

ω0(x− ξ) dξ1 dξ2 dξ3 =

=
1

π2

∫
R3

exp(−‖ξ‖) sin(‖ξ‖)
‖ξ‖

ω0(x−
√

2t1/4ξ) dξ,

ãäå ξ = (ξ1, ξ2, ξ3) ∈ R3.
Ñíîâà ïî òåîðåìå 4 èìååì G3(t) ∼ (Ht)t≥0, ãäå (Ht)t≥0 íàéäåííàÿ âûøå ïîëóãðóïïà,

ðàçðåøàþùàÿ èñõîäíóþ çàäà÷ó Êîøè (4) íà ïðîñòðàíñòâå R3. Òàêèì îáðàçîì, äîêàçàíî
ñëåäóþùåå óòâåðæäåíèå.
Ïðåäëîæåíèå 5. Ðåøåíèå çàäà÷è Êîøè (4) äëÿ ω0 ∈ L2(R3) ìîæåò áûòü ïîëó÷åíî ñ

ïîìîùüþ ñëåäóþùåé ëàãðàíæåâîé ôîðìóëû Ôåéíìàíà:

ω(t,x) = lim
n→∞

(
G3
( t
n

))n

[ω0](x) =

= lim
n→∞

1

π2n

∫
R3

. . .

∫
R3︸ ︷︷ ︸

n

exp
(
−

n∑
k=1

‖uk‖
) n∏

k=1

sin(‖uk‖)
‖uk‖

ω0

(
un+1 −

n∑
k=1

uk

)
du1 . . . dun, (10)

ãäå x = un+1, x = (x1, x2, x3) ∈ R3.
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4. Ôîðìóëû Ôåéíìàíà äëÿ ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ñ áèãàðìîíè÷åñêèì îïåðàòîðîì è àääèòèâíûì âîçìóùåíèåì

Ðàññìîòðèì ñõîæóþ ñ (4) çàäà÷ó Êîøè âèäà
∂ω

∂t
(t,x) = −∆(∆ω)(t,x) + V (x)ω(t,x),

ω(o,x) = ω0(x),
(11)

ãäå V (x)| îãðàíè÷åííàÿ è íåïðåðûâíàÿ â Rn ôóíêöèÿ ñî çíà÷åíèÿìè íà ñåãìåíòå [−a, a],
a > 0. Çäåñü îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V ìîæíî ðàññìàòðèâàòü êàê îãðàíè÷åííîå
àääèòèâíîå âîçìóùåíèå [27], îïåðàòîðàL = −∆(∆). Ïóñòü îïåðàòîð L̃ = L+V , ñ îáëàñòüþ
îïðåäåëåíèÿ Dom(L̃) = Dom(L). Òîãäà, î÷åâèäíî, îïåðàòîð (L̃,Dom(L̃)) ñíîâà ÿâëÿåòñÿ
ãåíåðàòîðîì íåêîòîðîé ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0 íà L2(Rn).
Ïðåäëîæåíèå 6. Åñëè ñèìâîë s(y) äåéñòâóþùåãî â ïðîñòðàíñòâå L2(Rn) ïñåâäî-äèôôå-

ðåíöèàëüíîãî îïåðàòîðà S çàâèñèò îò îäíîé ïåðåìåííîé è sup
y∈Rn

|s(y)| ∈ [0; 1], òî ‖S‖ ≤ 1.

J Ïî òåîðåìå Ïëàíøåðåëÿ äëÿ ïðîñòðàíñòâà L2(Rn)

‖S‖ = sup
(‖ω0‖2=1)

‖F−1(sω)‖2 = sup
(‖ω0‖2=1)

‖sω‖2 ≤ ‖ω‖2 = 1.

Ç à ì å ÷ à í è å 1. Èç ïðåäûäóùåãî ïðåäëîæåíèÿ ñðàçó ñëåäóåò, ÷òî íîðìû ñåìåéñòâ
îïåðàòîðîâ Ht, G1(t), G3(t), E(t) íå ïðåâûøàþò åäèíèöû.
Èç òåîðåìû 2 îá àääèòèâíûõ âîçìóùåíèÿõ âûòåêàåò ñëåäóþùàÿ òåîðåìà, îñíîâíàÿ â

ýòîé ðàáîòå.
Òåîðåìà 6. Ñåìåéñòâà îïåðàòîðîâ

(
etV ◦(Ht)t≥0

)
,
(
etV ◦E(t)

)
,
(
etV ◦G1(t)

)
,
(
etV ◦G3(t)

)
ýêâèâàëåíòíû ïî ×åðíîâó ïîëóãðóïïå

(
Tt

)
t≥0
, ðàçðåøàþùåé çàäà÷ó Êîøè (??). Çäåñü etV |

ýòî îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ etV (x).
Ñëåäîâàòåëüíî, òåïåðü, ìû ìîæåì çàïèñàòü âûðàæåíèÿ ôîðìóë Ôåéíìàíà äëÿ çàäà÷è

Êîøè (??).
Ãàìèëüòîíîâû ôîðìóëû Ôåéíìàíà äëÿ ω0 ∈ L2(Rn):

ω(t,x) = lim
n→+∞

(
e

t
n

V ◦
(
H t

n

)
t
n
≥0

)n

[ω0](x) =

= lim
n→∞

1

(2π)n

∫
Rn

. . .

∫
Rn︸ ︷︷ ︸

2n

exp
[ t
n

n∑
k=1

(−u4
k +V (vk))

]
eiuk(vk−vk−1)ω0(vn)du1dv1 . . .dundvn, (12)

ω(t,x) = lim
n→+∞

(
e

t
n

V ◦ E
( t
n

))n

[ω0](x) =

= lim
n→∞

1

(2π)n

∫
Rn

...

∫
Rn︸ ︷︷ ︸

2n

n∏
k=1

1

1+ t
n
u4

k

exp
[ t
n

n∑
k=1

V (vk)
]
eiuk(vk−vk−1)ω0(vn)du1dv1 ...dundvn, (13)

ãäå x = v0.
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Ëàãðàíæåâà ôîðìóëà Ôåéíìàíà çàäà÷è Êîøè (??) íà ÷èñëîâîé ïðÿìîéR ïðè ω0 ∈ L2(R):

ω(t, x) = lim
n→+∞

(
e

t
n

V ◦G1

( t
n

))n

[ω0](x) =

= lim
n→∞

1

2n

∫
R

. . .

∫
R︸ ︷︷ ︸

n

e

n∑
k=1

−|vk|+
t
n

n∑
k=1

V (vk)
n∏

k=1

(
cos |vk|+ sin |vk|

)
×

× ω0

(
vn+1 −

√
2(
t

n
)

1
4

n∑
k=1

vk

)
dv1 . . . dvn, (14)

ãäå x = vn+1.
È, íàêîíåö, ëàãðàíæåâà ôîðìóëà Ôåéíìàíà çàäà÷è Êîøè (??) íà ïðîñòðàíñòâå R3 ïðè

ω0 ∈ L2(R3):

ω(t,x) = lim
n→+∞

(
e

t
n

V ◦G3

( t
n

))n

[ω0](x) =

= lim
n→∞

1

π2n

∫
R3

...

∫
R3︸ ︷︷ ︸

n

exp
(
−

n∑
k=1

‖uk‖+V (uk)
) n∏

k=1

sin‖uk‖
‖uk‖

ω0

(
un+1−

n∑
k=1

uk

)
du1...dun, (15)

ãäå x = un+1, x = (x1, x2, x3) ∈ R3.
Ç à ì å ÷ à í è å 2. Ðàâåíñòâà â ïîëó÷åííûõ ôîðìóëàõ Ôåéíìàíà ñëåäóåò ïîíèìàòü â

ñìûñëå ïðîñòðàíñòâà L2(Rn), ò.å. â ñìûñëå ðàâåíñòâà

lim
n→∞

‖ω(t, x)−Ψn(t, x)‖2 = 0,

ãäå Ψn(t, x) îáîçíà÷àåò âûðàæåíèå ïîä çíàêîì ïðåäåëà â ïðàâîé ÷àñòè ôîðìóëû Ôåéíìàíà.
Ç à ì å ÷ à í è å 3. Êàê ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [34], ãàìèëüòîíîâó ôîðìóëó Ôåé-

íìàíà (7) ìîæíî èíòåðïðåòèðîâàòü êàê èíòåãðàë Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðî-
ñòðàíñòâå. Ñëåäîâàòåëüíî, ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå ïîëóãðóïïû (Tt)t≥0 ñ
ïîìîùüþ èíòåãðàëà Ôåéíìàíà

ω(t, x) = Tt[ω0](x) =

∫
Ex

t

e−
∫ t
0 p4(τ)dτe

∫ t
0 V (q(τ))dτ ω0(q(t))Φ

1
x(dqdp), (16)

ãäå ïðîñòðàíñòâî Ex
t è ïñåâäîìåðà Ôåéíìàíà Φ1

x îïðåäåëåíû â ðàáîòå [34].
Èíòåãðàë Ôåéíìàíà â ôîðìóëå (??) ìîæåò áûòü âû÷èñëåí äëÿ ω ∈ L2(R) ñ ïîìîùüþ

ëàãðàíæåâîéôîðìóëûÔåéíìàíà (??), à äëÿω ∈ L2(R3)|ñïîìîùüþëàãðàíæåâîéôîðìóëû
Ôåéíìàíà (??).

5. Çàêëþ÷åíèå

Â ñòàòüå ðàññìîòðåíî ýâîëþöèîííîå ïàðàáîëè÷åñêîå óðàâíåíèå ñ áèãàðìîíè÷åñêèì äèô-
ôåðåíöèàëüíûì îïåðàòîðîì ïî ïåðåìåííîé êîíôèãóðàöèîííîãî ïðîñòðàíñòâà è ñîîòâåò-
ñòâóþùàÿ ýòîìó óðàâíåíèþ çàäà÷à Êîøè íà âñåì êîíôèãóðàöèîííîì ïðîñòðàíñòâå. Äîêà-
çàíî ñóùåñòâîâàíèå ñèëüíî íåïðåðûâíîé ïîëóãðóïïû îïåðàòîðîâ íà ïðîñòðàíñòâå L2(Rn),
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ðàçðåøàþùåé ýòó çàäà÷ó Êîøè. Ïîëó÷åíû íîâûå ïðåäñòàâëåíèÿ ðåøåíèÿ ðàññìàòðèâàåìîé
çàäà÷è Êîøè â âèäå ãàìèëüòîíîâûõ è ëàãðàíæåâûõ ôîðìóë Ôåéíìàíà. Òàêæå, â ðàáîòå
ðàññìîòðåíà àíàëîãè÷íàÿ çàäà÷à Êîøè ñ äîïîëíèòåëüíûì ñëàãàåìûì (àääèòèâíûì âîçìó-
ùåíèåì) â ïðàâîé ÷àñòè, è äëÿ íåå ïîëó÷åíû ñîîòâåòñòâóþùèå ãàìèëüòîíîâû è ëàãðàíæåâû
ôîðìóëû Ôåéíìàíà.

Íàäî îòìåòèòü, ÷òî ïîëó÷åííûå ëàãðàíæåâû ôîðìóëû Ôåéíìàíà áëàãîäàðÿ ñâîåìó ýëå-
ìåíòàðíîìó âèäó ïîçâîëÿþò ïðîâîäèòü ÷èñëåííîå ìîäåëèðîâàíèå äèíàìèêè ýâîëþöèîí-
íîé ñèñòåìû, è, òåì ñàìûì, ÿâëÿþòñÿ íîâûì èíñòðóìåíòîì ÷èñëåííîãî ìîäåëèðîâàíèÿ
ýâîëþöèîííûõ óðàâíåíèé. Íîâèçíà òàêîãî ìåòîäà ðàñïîëàãàåò ê ðàçðàáîòêå îïòèìàëüíûõ
âû÷èñëèòåëüíûõ àëãîðèòìîâ, ðåàëèçóþùèõ ôîðìóëû Ôåéíìàíà íà ÝÂÌ, â òîì ÷èñëå äëÿ
ïàðàëëåëüíûõ âû÷èñëåíèé. Â òî æå âðåìÿ ãàìèëüòîíîâû Ôîðìóëû Ôåéíìàíà ñâÿçàíû ñ
èíòåãðàëàìè Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå êâàíòîâîé ñèñòåìû. Òàêèå
èíòåãðàëû ÿâëÿþòñÿ âàæíûìè îáúåêòàìè êâàíòîâîé ìåõàíèêè.

Èññëåäîâàíèÿ âòîðîãî àâòîðà ïîääåðæàíû ôåäåðàëüíîé öåëåâîé ïðîãðàììîé "Íàó÷-
íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè" íà 2009-2013 ãã. (ñîãëàøåíèå
¹ 14.B37.21.0370), à òàêæå ãðàíòîì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè MK-4255.2012.1.
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The Cauchy problem for a parabolic partial differential equation with biharmonic operator and
additive perturbation is considered in this note. Such equations are used in different domains of
physics, chemistry, biology, and computer sciences. The solution of the considered problem is
represented by Feynman formulae, i.e. by limits of iterated integrals of elementary functions when
multiplicity if integrals tends to infinity. The main part of these formulae is proved with the help
of Chernoff's theorem; some formulae are obtained on the base of the Yosida approximations.
Different types of Feynman formulae are presented in this work: Lagrangin and Hamiltonian.
Lagrangian Feynman formulae are suitable for computer modeling of the considered dynamics.
Hamiltonian Feynman formulae are related to some phase space Feynman path integrals; such
integrals are important objects in quantum physics.
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