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Ââåäåíèå

Èññëåäîâàíèå àðèôìåòè÷åñêîé ïðèðîäû çíà÷åíèé îáîáù¸ííûõ ãèïåðãåîìåòðè÷åñêèõ
ôóíêöèé îáû÷íî íà÷èíàåòñÿ ñ ïîñòðîåíèÿ ëèíåéíîé ïðèáëèæàþùåé ôîðìû, èìåþùåé äî-
ñòàòî÷íî âûñîêèé ïîðÿäîê íóëÿ â íà÷àëå êîîðäèíàò. Òàêóþ ôîðìó ìîæíî ïîñòðîèòü ñ
ïîìîùüþ ïðèíöèïà Äèðèõëå. Ïîëó÷àþùèåñÿ íà ýòîì ïóòè ðåçóëüòàòû ÿâëÿþòñÿ â èçâåñò-
íîì ñìûñëå îáùèìè, îäíàêî âîçìîæíîñòè ýòîãî ìåòîäà îêàçûâàþòñÿ îãðàíè÷åííûìè, åñëè
òðåáóþòñÿ êîëè÷åñòâåííûå îöåíêè âûñîêîé òî÷íîñòè.
Äîïîëíèòåëüíûå òðóäíîñòè âîçíèêàþò òàêæå ïðè ðàññìîòðåíèè ôóíêöèé ñ èððàöèîíàëü-

íûìè ïàðàìåòðàìè. Â ðÿäå ñëó÷àåâ ïðèáëèæàþùóþ ôîðìó óäà¸òñÿ ïîñòðîèòü ýôôåêòèâíî.
Ýòî äà¸ò âîçìîæíîñòü ïîëó÷èòü áîëåå òî÷íûå îöåíêè ëèíåéíûõ ôîðì îò çíà÷åíèé ãèïåð-
ãåîìåòðè÷åñêèõ ôóíêöèé ñ ðàöèîíàëüíûìè ïàðàìåòðàìè è ïîçâîëÿåò ðàññìîòðåòü ñëó÷àé
ôóíêöèé ñ èððàöèîíàëüíûìè ïàðàìåòðàìè.
Â ðàáîòå ïðåäëàãàåòñÿ íîâàÿ ýôôåêòèâíàÿ êîíñòðóêöèÿ àïïðîêñèìàöèé òèïà Ïàäå äëÿ

îáîáù¸ííûõ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé è èõ ïðîèçâîäíûõ (â òîì ÷èñëå è ïî ïàðàìåòðó).
Ýòà êîíñòðóêöèÿ ïðèìåíÿåòñÿ äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó ìîäóëåé ëèíåéíûõ ôîðì îò
çíà÷åíèé òàêèõ ôóíêöèé.

1. Îñíîâíûå îáîçíà÷åíèÿ

Ïóñòü çàäàíû êîìïëåêñíûå ÷èñëà

α1, . . . , αr, β1, . . . , βm, λ1, . . . , λt. (1)

Ïîëîæèì
a(x) = (x + α1) . . . (x + αr), b(x) = (x + β1) . . . (x + βm),
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ãäå u = m + 1, r < u. Ñ÷èòàåì, ÷òî

(x + λ1) . . . (x + λt)a(x)b(x) 6= 0 ïðè x = 1, 2, . . . ; (2)

λk1 − λk2 /∈ Z, k1, k2 = 1, . . . , t, k1 6= k2. (3)

Îáîçíà÷èì

χj(ν) =

j−1∏
l=1

(ν + βl), j = 1, . . . , u, (4)

è ðàññìîòðèì ïðè k = 1, . . . , t, j = 1, . . . , u ñëåäóþùèå ôóíêöèè:

Fkj(z) =
∞∑

ν=0

zνχj(ν)
ν∏

x=1

a(x)

b(x)(x + λk)
, (5)

à òàêæå ôóíêöèè, ïîëó÷åííûå èç íèõ äèôôåðåíöèðîâàíèåì ïî ïàðàìåòðó λk:

Fklkj(z) =
∞∑

ν=0

zνχj(ν)
ν∏

x=1

a(x)

b(x)

dlk

dλlk
k

ν∏
x=1

1

x + λk

, (6)

k = 1, . . . , t, lk = 0, . . . , τk − 1, j = 1, . . . , u;

τ1, . . . , τt | íàòóðàëüíûå ÷èñëà. ×åðåç I îáîçíà÷èì íåêîòîðîå ìíèìîå êâàäðàòè÷íîå ïîëå
(èëè ïîëå ðàöèîíàëüíûõ ÷èñåë).

2. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Ïðè âûïîëíåíèè óñëîâèé (2) è (3) ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Ïóñòü âñå ÷èñëà (1) ðàöèîíàëüíû, ðàçíîñòè αi − λk è αi − βj íå ÿâëÿþòñÿ

öåëûìè ÷èñëàìè (ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ èíäåêñîâ), à ÷èñëî ξ îòëè÷íî îò íóëÿ è
ëåæèò â ïîëå I. Òîãäà äëÿ ëþáîãî íåòðèâèàëüíîãî íàáîðà öåëûõ ÷èñåë

h0, hklkj, k = 1, . . . , t, lk = 0, . . . , τk − 1, j = 1, . . . , u, (7)

èç ýòîãî ïîëÿ âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣∣h0 +
t∑

k=1

τk−1∑
lk=0

u∑
j=1

hklkjFklkj(ξ)

∣∣∣∣∣ > H−uT− γ1
ln ln(H+2) , (8)

ãäå ïîëîæèòåëüíàÿ ïîñòîÿííàÿ γ1 íå çàâèñèò îò êîýôôèöèåíòîâ (7), à H eñòü ìàêñèìóì
ìîäóëåé ýòèõ êîýôôèöèåíòîâ; çäåñü

T = τ1 + . . . + τt. (9)
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Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî a(x) ≡ 1, a êîýôôèöèåíòû ìíîãî÷ëåíà b(x) ëåæàò â ïîëå
I, ïðè÷åì b(0) = 0; ÷èñëà λ1, . . . , λt áóäåì ñ÷èòàòü ðàöèîíàëüíûìè. Êîýôôèöèåíòû hklkj ,
à òàêæå ÷èñëà ξ è H îïðåäåëèì, êàê â ïðåäûäóùåé òåîðåìå (ïðè ýòîì â ëåâîé ÷àñòè (7)
êîýôôèöèåíò h0 ðàâåí íóëþ). Òîãäà∣∣∣∣∣

t∑
k=1

τk−1∑
lk=0

u∑
j=1

hklkjFklkj(ξ)

∣∣∣∣∣ > H1−uT− γ2
ln ln(H+2) ,

ãäå γ2 > 0 è íå çàâèñèò îò êîýôôèöèåíòîâ (7).
Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî âûïîëíåíû âñå óñëîâèÿ ïðåäûäóùåé òåîðåìû, êðîìå

óñëîâèÿ b(0) = 0. Òîãäà äëÿ ëþáîãî íåòðèâèàëüíîãî íàáîðà ÷èñåë (7) èç ïîëÿ I âûïîëíÿåòñÿ
íåðàâåíñòâî ∣∣∣∣∣h0 +

t∑
k=1

τk−1∑
lk=0

u∑
j=1

hklkjFklkj(ξ)

∣∣∣∣∣ > H−u2T+mϑ
u−mϑ

−ε, (10)

ãäå ε | ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, à H , îïðåäåëåííîå òàê æå, êàê è â òåîðåìå 1,
äîñòàòî÷íî âåëèêî (íèæíÿÿ ãðàíèöà çàâèñèò îò ε). ×èñëî ϑ çàäàíî ðàâåíñòâîì

ϑ = 1− 1

m

(
1

κ1

+ . . . +
1

κm

)
. (11)

Â ïîñëåäíåì âûðàæåíèè κ1, . . . , κm | ñòåïåíè (àëãåáðàè÷åñêèõ) ÷èñåë, ñëóæàùèõ êîðíÿìè
ìíîãî÷ëåíà b(x).
Ïðèìåíÿåìûé íèæå ìåòîä ìîæåò áûòü èñïîëüçîâàí äëÿ ïîëó÷åíèÿ ðåçóëüòàòîâ î ëè-

íåéíûõ ôîðìàõ è îò äðóãèõ ïðîäèôôåðåíöèðîâàííûõ ïî ïàðàìåòðó ãèïåðãåîìåòðè÷åñêèõ
ôóíêöèé, ðàññìîòðåííûõ â [1]; ìîæíî, íàïðèìåð, èññëåäîâàòü ôóíêöèè

Fklkj(z) =
∞∑

ν=0

zνχj(ν)
ν∏

x=1

a(x)

b(x)

dlk

dλlk
k

ν∏
x=1

(x + λk);

ìîæíî ðàññìîòðåòü è ñëó÷àé r = u.
Ðàíåå àðèôìåòè÷åñêèå ñâîéñòâà çíà÷åíèé ïðîäèôôåðåíöèðîâàííûõ ïî ïàðàìåòðó ãèïåð-

ãåîìåòðè÷åñêèõ ôóíêöèé èçó÷àëèñü â ðÿäå ðàáîò; ñì. ïî ýòîìó ïîâîäó çàìå÷àíèÿ ê ãëàâå 7,
êíèãè [2, ñ. 248{249]. Â óñëîâèÿõ òåîðåìû 1 ñëåäñòâèÿ èç ðåçóëüòàòîâ ýòèõ ðàáîò (â ñëó÷àÿõ,
êîãäà òàêèå ñëåäñòâèÿ ìîãóò áûòü ïîëó÷åíû; íàïðèìåð, ïðè a(x) ≡ 1, b(x) = x) äàþò ìåíåå
òî÷íóþ îöåíêó ïî ñðàâíåíèþ ñ îöåíêîé (8).
Â òåîðåìàõ 2 è 3 ðàññìàòðèâàþòñÿ ãèïåðãåîìåòðè÷åñêèå ôóíêöèè ñ èððàöèîíàëüíûìè

ïàðàìåòðàìè, ïîýòîìó äàííûå òåîðåìû íå ìîãóò áûòü äîêàçàíû ìåòîäîì Çèãåëÿ (â åãî
êëàññè÷åñêîé ôîðìå), êîòîðûé èñïîëüçóåòñÿ â ðàáîòàõ, óïîìÿíóòûõ â êíèãå [2]. Îòìåòèì
òàêæå ñòàòüþ [3], â êîòîðîé ðàññìîòðåíû ôóíêöèè (6) ïðè a(x) ≡ b(x) ≡ 1.
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3. Äîêàçàòåëüñòâà òåîðåì

Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 íàì ïîíàäîáÿòñÿ âñïîìîãàòåëüíûå ôóíêöèè

F̃klkj(z) =
∞∑

ν=0

zνχj(ν)
ν∏

x=1

a(x)

b(x)

ν∏
x=1

1

x + λklk

,

à òàêæå ìíîãî÷ëåíû

P̃klkj(z) =
n∑

s=0

p̃klkjsz
s, (12)

ãäå îáëàñòü èçìåíåíèÿ èíäåêñîâ óêàçàíà ïîñëå ðàâåíñòâà (6). Áóäåì ñ÷èòàòü, ÷òî íè îäíî èç
÷èñåë λklk íå ÿâëÿåòñÿ öåëûì (ðàöèîíàëüíûì) îòðèöàòåëüíûì. Êîýôôèöèåíòû ìíîãî÷ëåíîâ
(12) îïðåäåëèì íèæå. Ñîñòàâèì ëèíåéíóþ ôîðìó

R̃(z) =
t∑

k=1

τk−1∑
lk=0

u∑
j=1

P̃klkj(z)F̃klkj(z) =
∞∑

ν=0

g̃νz
ν . (13)

Ïðè ν > n èìååì òàêîå âûðàæåíèå äëÿ g̃ν :

g̃ν =
t∑

k=1

τk−1∑
lk=0

n∑
s=0

u∑
j=1

p̃klkjsχj(ν − s)
ν−s∏
x=1

a(x)

b(x)(x + λklk)
, (14)

êîòîðîå ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé ïðèîáðåòàåò âèä

g̃ν =
ν−n∏
x=1

a(x)
ν∏

x=1

1

b(x)

t∑
k=1

τk−1∑
lk=0

ν∏
x=1

1

x + λklk

Aklk(ν), (15)

ãäå

Aklk(ν) =
n∑

s=0

u∑
j=1

p̃klkjsχj(ν − s)
s−1∏
x=0

b(ν − x)(ν + λklk − x)
n−s∏
x=1

a(ν − n + x).

Äàëåå, èñïîëüçóÿ ñîîáðàæåíèÿ, èçëîæåííûå â ðàáîòå [1], ðàññìîòðèì èíòåãðàë

Φ(ν) =
(n!)m

2πi

∫
Γ

n+uT (n+1)−1∏
x=1

(ζ + x)

ν∏
x=1

(ζ + x)
t∏

k=1

τk−1∏
lk=0

u(n+1)−1∏
σ=0

(ζ − λklk + σ)

dζ, (16)

ãäå T îïðåäåëÿåòñÿ ðàâåíñòâîì (9).
Áóäåì ñ÷èòàòü, ÷òî îòðèöàòåëüíûå öåëûå ðàöèîíàëüíûå ÷èñëà, àáñîëþòíàÿ âåëè÷èíà êî-

òîðûõ íå ìåíüøå, ÷åì n + uT (n + 1), ëåæàò âíå (ïîëîæèòåëüíî îðèåíòèðîâàííîãî, êóñî÷íî
ãëàäêîãî) êîíòóðà Γ, à ïîëþñû ïîäûíòåãðàëüíîé ôóíêöèè, ïîðîæäåííûå ïðîèçâåäåíèåì

t∏
k=1

τk−1∏
lk=0

u(n+1)−1∏
σ=0

(ζ−λklk +σ), ëåæàò âíóòðè ýòîãî êîíòóðà è ÿâëÿþòñÿ ïðîñòûìè. Äëÿ âûïîë-
íåíèÿ ïîñëåäíåãî óñëîâèÿ ïðåäïîëîæèì, ÷òî

λklk − λqvq /∈ Z ïðè (k, lk) 6= (q, vq). (17)
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Â òàêîì ñëó÷àå ïî òåîðåìå î âû÷åòàõ èìååì ðàâåíñòâî

Φ(ν) =
t∑

k=1

τk−1∑
lk=0

ν∏
x=1

1

x + λklk

Bklk(ν), (18)

ãäå

Bklk(ν) = (n!)m

u(n+1)−1∑
σ=0

n+uT (n+1)−σ−1∏
x=1

(x + λklk)

t∏
q=1

τq−1∏
vq=0

u(n+1)−1∏
σ1=0

∗ (λklk − σ − λqvq + σ1)

σ−1∏
x=0

(ν + λklk − x). (19)

Çäåñü è äàëåå ñèìâîë ∗ îçíà÷àåò, ÷òî ðàâíóþ íóëþ ñêîáêó (åñëè îíà âõîäèò â ïðîèçâåäåíèå)
ñëåäóåò âû÷åðêíóòü.
Çàìåòèì, ÷òî ðàâåíñòâî

Aklk(ν) = Bklk(ν) (20)

áóäåò âûïîëíÿòüñÿ òîæäåñòâåííî ïî ν, åñëè ïðè

k = 1, . . . , t, lk = 0, . . . , τk − 1, j = 1, . . . , u, s = 0, 1, . . . , n

ïîëîæèòü

p̃klkjs =
1

2πi

∫
C

Kjs(ζ)Bklk(ζ)dζ

χklk,j+1(ζ − s)
s−1∏
x=0

b(ζ − x)(ζ + λklk − x)
n−s∏
x=1

a(ζ − n + x)

, (21)

ãäå Kjs(ζ) = 1, åñëè s = 0, j = 1, . . . , u, è

Kjs(ζ) =
1

a(ζ − s + 1)

j∑
q=1

θqχq(ζ − s)

â îñòàëüíûõ ñëó÷àÿõ; êîýôôèöèåíòû θq îïðåäåëÿþòñÿ ðàâåíñòâîì

a(ζ + 1) =
u∑

q=1

θqχq(ζ),

êîòîðîå äîëæíî âûïîëíÿòüñÿ òîæäåñòâåííî ïî ζ;

χklkj(ζ) =

{
χj(ζ), j = 1, . . . , u;

b(ζ)(ζ + λklk), j = u + 1;

C | ïðîñòîé, çàìêíóòûé, êóñî÷íî ãëàäêèé, ïîëîæèòåëüíî îðèåíòèðîâàííûé êîíòóð, îõâà-
òûâàþùèé âñå íóëè ìíîãî÷ëåíà

n∏
x=0

b(ζ − x)(ζ + λklk − x),
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è òàêîé, ÷òî âñå íóëè ìíîãî÷ëåíà

n∏
x=1

a(ζ − n + x)

ëåæàò â åãî âíåøíîñòè. Äëÿ ñóùåñòâîâàíèÿ òàêîãî êîíòóðà ïîòðåáóåì äîïîëíèòåëüíî, ÷òîáû
ðàçíîñòè αi − λklk áûëè îòëè÷íû îò öåëûõ ðàöèîíàëüíûõ ÷èñåë (ïðè i = 1, . . . , r, k =

= 1, . . . , t, lk = 0, . . . , τk − 1).
Ïî ïîâîäó äîêàçàòåëüñòâà ïîñëåäíåãî óòâåðæäåíèÿ ñì. ëåììó 2 ðàáîòû [4] è ëåììó 5

ðàáîòû [5].
Èç (15), (18) è (20) âûòåêàåò òàêîå ðàâåíñòâî (ñïðàâåäëèâîå ïðè ν > n):

g̃ν =
ν−n∏
x=1

a(x)
ν∏

x=1

1

b(x)
Φ(ν). (22)

Íàì ïîòðåáóåòñÿ ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.
Ëåììà 1. Ïðîèçâîäíàÿ k-ãî ïîðÿäêà ïî z äðîáè

(z − x1) . . . (z − xp)

(z − y1) . . . (z − yq)
(23)

ïðåäñòàâëÿåòñÿ â âèäå àëãåáðàè÷åñêîé ñóììû (p+ q) . . . (p+ q +k−1) ñëàãàåìûõ, êàæäîå èç
êîòîðûõ ïîëó÷àåòñÿ èç (23) ïðèïèñûâàíèåì â çíàìåíàòåëå k ñêîáîê âèäà (z−xi) èëè (z−yj);
ïðè ýòîì ïðèïèñûâàåìûå ñêîáêè ìîãóò ïîâòîðÿòüñÿ.
Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî èíäóêöèè ñ ó÷åòîì ïðàâèëà äèôôåðåíöèðîâàíèÿ äðîáè.
Ëåììà 2. ÏóñòüQ1|íàèìåíüøåå îáùåå êðàòíîå ÷èñåë 1, 2, . . . , n, àQ2|íàèìåíüøèé

îáùèé çíàìåíàòåëü ÷èñåë

n!
s∏

x=1

∗(p + qx)
n−s∏
x=1

∗(p + qx)

, p ∈ Z, q ∈ N, s = 0, 1, . . . , n,

(ïî ïîâîäó ñèìâîëà ∗ â çíàìåíàòåëå ñì. çàìå÷àíèå âûøå). Òîãäà

Q1 = e(1+o(1))n, n →∞,

à ÷èñëî Q2 îãðàíè÷åíî ñâåðõó âåëè÷èíîé eγn, ãäå ïîëîæèòåëüíàÿ ïîñòîÿííàÿ γ çàâèñèò îò p

è q (è íå çàâèñèò îò n).
Äîêàçàòåëüñòâî ïåðâîãî óòâåðæäåíèÿ îáùåèçâåñòíî; âòîðîå äîêàçûâàåòñÿ òàê æå, êàê è

óòâåðæäåíèå 2◦ ëåììû 2, ñ. 186 êíèãè [2].
Â äàëüíåéøåì ÷åðåç γ3, γ4, . . . áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå

îò ïàðàìåòðîâ ôóíêöèé (6), à òàêæå, âîçìîæíî, îò ÷èñëà ξ è ïîëÿ I.
Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ðàññìîòðèì ïðè

k = 1, . . . , t, j = 1, . . . , u, s = 0, 1, . . . , n, σ = 0, . . . , u(n + 1)− 1
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ìíîæåñòâî ÷èñåë, ïîëó÷àþùèõñÿ èç âûðàæåíèÿ âèäà

(n!)r(s!)u−r

σ!

1

2πi

∫
C

Kjs(ζ)
σ−1∏
x=0

(ζ + λk − x) dζ

χj(ζ − s)
s−1∏
x=0

b(ζ − x)(ζ + λk − x)
n−s∏
x=1

a(ζ − n + x)

(24)

ïðèïèñûâàíèåì â çíàìåíàòåëå ïîä çíàêîì èíòåãðàëà íåñêîëüêèõ ñêîáîê (â êîëè÷åñòâå, íå
ïðåâîñõîäÿùåì τk + 1) èç ÷èñëà âõîäÿùèõ â ïðîèçâåäåíèå

(ζ + λk) . . . (ζ + λk − u(n + 1));

ïðè ýòîì ñêîáêè ìîæíî è íå ïðèïèñûâàòü, à îäíó è òó æå ñêîáêó ìîæíî ïðèïèñàòü íåñêîëüêî
ðàç. Òîãäà ìîäóëè âñåõ ïîëó÷åííûõ òàêèì ñïîñîáîì ÷èñåë îãðàíè÷åíû ñâåðõó âåëè÷èíîé
eγ3n; îáùèé íàèìåíüøèé çíàìåíàòåëü ýòèõ ÷èñåë íå ïðåâîñõîäèò eγ4n.

Äîêàçàòåëüñòâî. Â âûðàæåíèè (24) ïîñëå âûïîëíåíèÿ óêàçàííûõ â ëåììå ïðåîáðàçî-
âàíèé êàæäûé èç ïîëþñîâ ïîäûíòåãðàëüíîé ôóíêöèè ïðåäñòàâëÿåòñÿ â âèäå −β + x0, ãäå
β ∈ {β1, . . . , βm, λk}, à x0 ∈ {0, 1, . . . , u(n + 1)}. Íåòðóäíî ïðîâåðèòü, ÷òî êðàòíîñòü
ýòîãî ïîëþñà îãðàíè÷åíà ñâåðõó íåêîòîðîé êîíñòàíòîé γ5, çàâèñÿùåé îò β1, . . . , βm, λk è
îò êîëè÷åñòâà ïðèïèñàííûõ ñêîáîê. Ýòîé æå êîíñòàíòîé îãðàíè÷åíî ñâåðõó êîëè÷åñòâî
äèôôåðåíöèðîâàíèé, êîòîðûå íàäî áóäåò âûïîëíèòü ïðè ïðèìåíåíèè òåîðåìû î âû÷åòàõ ê
ðàññìàòðèâàåìîìó èíòåãðàëó. Ê ïîëó÷àþùåéñÿ ïîñëå ýòîãî ñóììå íåñêîëüêèõ ñëàãàåìûõ,
âèä êîòîðûõ ÿñåí èç ëåììû 1, ìîæíî ïðèìåíèòü ëåììó 2. Ýòî ïðèâåäåò ê òðåáóåìîé îöåíêå
îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ. Äëÿ ïîëó÷åíèÿ îöåíêè ñâåðõó ìîäóëåé, óêàçàííûõ â
ëåììå 3 ÷èñåë, ïðèìåíÿåòñÿ ëåììà 7.7, ñ. 108 êíèãè [6]. Ïîäðîáíîå äîêàçàòåëüñòâî çäåñü
íå ïðèâîäèòñÿ, òàê êàê îíî ëèøü òåõíè÷åñêèìè äåòàëÿìè îòëè÷àåòñÿ îò ñîîòâåòñòâóþùåé
÷àñòè äîêàçàòåëüñòâà ëåììû 5 ðàáîòû [5].

Ëåììà 4. Ñóùåñòâóþò ðàöèîíàëüíûå ÷èñëà pklkjs, äëÿ êîòîðûõ ïðè ëþáîì íàòóðàëüíîì
ν > n âûïîëíÿåòñÿ ðàâåíñòâî

t∑
k=1

τk−1∑
lk=0

n∑
s=0

u∑
j=1

pklkjsχj(ν − s)
ν−s∏
x=1

a(x)

b(x)

dlk

dλlk
k

ν−s∏
x=1

1

x + λk

=

=
ν−n∏
x=1

a(x)
ν∏

x=1

1

b(x)

(n!)m

2πi

∫
Γ

n+uT (n+1)−1∏
x=1

(ζ + x)

ν∏
x=1

(ζ + x)
t∏

k=1

u(n+1)−1∏
σ=0

(ζ − λk + σ)τk

dζ. (25)

Ïðè ýòîì ìîäóëè âñåõ ÷èñåë pklkjs îãðàíè÷åíû ñâåðõó âåëè÷èíîé (n!)u−reγ6n, à íàèìåíüøèé

îáùèé çíàìåíàòåëü ÷èñåë pklkjs

(
s!
n!

)u−r

íå ïðåâîñõîäèò eγ7n.
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Äîêàçàòåëüñòâî. Â ðàâåíñòâå (22) çàïèøåì g̃ν , èñïîëüçóÿ (14), à çàòåì çàìåíèì êîýôôè-
öèåíòû p̃klkjs âûðàæåíèÿìè, âûòåêàþùèìè èç (19) è (21). Ïîëó÷èì òàêîå ðàâåíñòâî:

t∑
k=1

τk−1∑
lk=0

n∑
s=0

u∑
j=1


u(n+1)−1∑

σ=0

n+uT (n+1)−σ−1∏
x=1

(x + λklk)

t∏
q=1

τq−1∏
vq=0

u(n+1)−1∏
σ1=0

∗ (λklk − σ − λqvq + σ1)

×

×(n!)m

2πi

∫
C

Kjs(ζ)
σ−1∏
x=0

(ζ + λklk − x)

χklk,j+1(ζ − s)
s−1∏
x=0

b(ζ − x)(ζ + λklk − x)
n−s∏
x=1

a(ζ − n + x)

dζ

×

× χj(ν − s)
ν−s∏
x=1

a(x)

b(x)(x + λklk)
=

ν−n∏
x=1

a(x)
ν∏

x=1

1

b(x)
Φ(ν). (26)

Â îáåèõ ÷àñòÿõ ïîñëåäíåãî ðàâåíñòâà ïåðåéäåì ê ïðåäåëó ïðè

λklk → λk, k = 1, . . . , t, lk = 0, . . . , τk − 1. (27)

Â ïðàâîé ÷àñòè ýòîò ïðåäåë âû÷èñëÿåòñÿ ñ ïîìîùüþ ôîðìàëüíîé çàìåíû λklk íà λk â âû-
ðàæåíèè (16) äëÿ ôóíêöèè Φ(ν); â ðåçóëüòàòå ïîëó÷àåòñÿ ïðàâàÿ ÷àñòü ðàâåíñòâà (25). Â
ëåâîé ÷àñòè (26) äëÿ âû÷èñëåíèÿ ïðåäåëà ïðèäåòñÿ ðàñêðûâàòü íåîïðåäåëåííîñòè. Ïðè ýòîì
â äîïîëíåíèå ê òðåáîâàíèþ (17) ïðåäïîëîæèì, ÷òî ðàçíîñòè λk−λqvq òàêæå íå ÿâëÿþòñÿ öå-
ëûìè ÷èñëàìè (ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ èíäåêñîâ). Ðàññìîòðèì ñíà÷àëà âû÷èñëåíèå
ïðåäåëà (27) ïðè k = 1. Çàìåòèì, ÷òî â çíàìåíàòåëÿõ

t∏
q=1

τq−1∏
vq=0

u(n+1)−1∏
σ1=0

∗ (λklk − σ − λqvq + σ1) (28)

èç ëåâîé ÷àñòè (26) ïðè k = 2, . . . , t íå ïîÿâëÿþòñÿ íóëåâûå ñêîáêè ïðè çàìåíå λqvq ïðè
(q, vq) = (1, l1) íà λ1, l1 = 0, . . . , τ1 − 1. Ñëåäîâàòåëüíî, ïðè k = 2, . . . , t âû÷èñëåíèå
ïðåäåëîâ ïðè λ1l1 → λ1 ñâîäèòñÿ ê ôîðìàëüíîé çàìåíå λqvq ïðè (q, vq) = (1, l1) íà λ1.
Ïðè k = 1 ñîâîêóïíîñòü óïîìÿíóòûõ ñêîáîê, îáðàùàþùèõñÿ â íóëü ïðè çàìåíå λ1l1 è

λqvq ïðè q = 1 íà λ1, íå çàâèñèò îò s, j è σ è ïðè 0 6 l1 6 τ1 − 1 èìååò âèä

∗ (λ1l1 − λ10) . . . (λ1l1 − λ1,τ1−1);

Åñëè l1 = 0, òî ïðè çàìåíå λ10 íà λ1 â ëåâîé ÷àñòè (26) íóëåâûå ñêîáêè íå ïîÿâëÿþòñÿ è
âû÷èñëåíèå ïðåäåëà ïðèλ10 → λ1 íà ýòîì çàêàí÷èâàåòñÿ. Äàëåå ïîñëåäîâàòåëüíî âû÷èñëÿåì
ïðåäåëû ïðè

λ1l1 → λ1, l1 = 1, . . . , τ1 − 1. (29)

Ïðîñòîå ðàññóæäåíèå ïîêàçûâàåò, ÷òî ïåðåä âû÷èñëåíèåì ïðåäåëà λ1µ → λ1, ãäå 0 < µ 6

6 τ1 − 1, ñêîáêè âèäà ±(λ1µ − λ1) ìîãóò ïðèñóòñòâîâàòü ëèøü â çíàìåíàòåëÿõ ñëàãàåìûõ,
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îòâå÷àþùèõ çíà÷åíèÿì l1 6 µ; êîëè÷åñòâî òàêèõ ñêîáîê â êàæäîì çíàìåíàòåëå íå áîëüøå µ

è ïðè l1 = µ â òî÷íîñòè ðàâíî µ. Ñîãëàñíî ïðàâèëó Ëîïèòàëÿ â êàæäîì ñëàãàåìîì ñêîáêè
óêàçàííîãî âèäà âû÷åðêèâàþòñÿ (çíàê ïëþñ èëè ìèíóñ ïåðåä ñêîáêîé ñîõðàíÿåòñÿ) è âìåñòî
íèõ ïèøåòñÿ ôàêòîðèàë èõ ÷èñëà; ïîëó÷èâøååñÿ ïîñëå ýòîãî âûðàæåíèå äèôôåðåíöèðóåòñÿ
ïî λ1µ ñîîòâåòñòâóþùåå ÷èñëî ðàç è çàòåì λ1µ çàìåíÿåòñÿ íà λ1. Ïîñëå âû÷èñëåíèÿ âñåõ
ïðåäåëîâ (29) ëåâàÿ ÷àñòü (26) ìîæåò áûòü ïåðåïèñàíà ñëåäóþùèì îáðàçîì:

τ1−1∑
l1=0

n∑
s=0

u∑
j=1

˜̃p 1l1jsχj(ν − s)
ν−s∏
x=1

a(x)

b(x)

dl1

dλl1
1

ν−s∏
x=1

1

x + λ1

+

+
t∑

k=2

τk−1∑
lk=0

n∑
s=0

u∑
j=1

˜̃p klkjsχj(ν − s)
ν−s∏
x=1

a(x)

b(x)(x + λklk)
. (30)

Êîýôôèöèåíòû ˜̃p klkjs ïðè k = 2, . . . , t ïîëó÷àþòñÿ èç êîýôôèöèåíòîâ p̃klkjs çàìåíîé â
ñîîòâåòñòâóþùèõ ôîðìóëàõ λqvq ïðè q = 1 íà λ1. ßñíî òàêæå, êàê óñòðîåíû ôîðìóëû,
âûðàæàþùèå êîýôôèöèåíòû ˜̃p 1l1js. Ðàññóæäàÿ êàê â ñëó÷àå k = 1, ïåðåéäåì â âûðàæåíèè
(30) ê ïðåäåëó ïðè λklk → λk, k = 2, . . . , t. Ïðè ýòîì â ïåðâîé ãðóïïå ñëàãàåìûõ, âõîäÿùèõ â
ýòî âûðàæåíèå, âû÷èñëåíèå ïðåäåëà ñâåäåòñÿ ê çàìåíå λqvq ïðè q = k íà λk; êî âòîðîé ãðóïïå
ñëàãàåìûõ ïðèìåíèìû èçëîæåííûå âûøå ñîîáðàæåíèÿ (îòíîñÿùèåñÿ ê ñëó÷àþ k = 1). Â
êîíå÷íîì èòîãå ìû ïðèäåì ê ðàâåíñòâó (25). Èç ñêàçàííîãî âûøå è èç ëåììû 1 âûòåêàåò,
÷òî ÷èñëî pklkjs èç ëåâîé ÷àñòè ýòîãî ðàâåíñòâà ïðåäñòàâëÿåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè
íåñêîëüêèõ ñëàãàåìûõ (â êîëè÷åñòâå, íå áîëüøåì γ8n

γ9), êàæäîå èç êîòîðûõ ïîëó÷àåòñÿ èç
âûðàæåíèÿ

± σ!

n!

n+uT (n+1)−σ−1∏
x=1

(λklk + x)

t∏
q=1

τq−1∏
vq=0

u(n+1)−1∏
σ1=0

∗ (λklk − σ − λqvq + σ1)

(31)

çàìåíîé λklk íà λk (ñîîòâåòñòâåííî λqvq íà λq), âû÷åðêèâàíèåì âñåõ ñêîáîê, ðàâíûõ íóëþ, è
ïðèïèñûâàíèåì â çíàìåíàòåëå íåñêîëüêèõ ñêîáîê, âõîäÿùèõ â ÷èñëèòåëü èëè çíàìåíàòåëü
ýòîãî âûðàæåíèÿ; êîëè÷åñòâî ïðèïèñûâàåìûõ ñêîáîê íå äîëæíî ïðåâûøàòü τk. Êîýôôèöè-
åíòîì êàæäîãî òàêîãî ñëàãàåìîãî ñëóæèò êàêîé-ëèáî èç èíòåãðàëîâ, î êîòîðûõ èäåò ðå÷ü â
ëåììå 3 (èíòåãðàë áåðåòñÿ c òåì æå çíà÷åíèåì σ), óìíîæåííûé íà (n!/s!)u−r. Âîçìîæíî
òàêæå íàëè÷èå ìíîæèòåëÿ âèäà 1

µ1!µ2! ...
, åñëè ïðè ïðèìåíåíèè ïðàâèëà Ëîïèòàëÿ â çíàìåíà-

òåëå áûëè ïðîäèôôåðåíöèðîâàíû ñêîáêè â ñîîòâåòñòâóþùèõ ñòåïåíÿõ. Î÷åâèäíî, îáùèé
íàèìåíüøèé çíàìåíàòåëü ìíîæèòåëåé ïîñëåäíåãî òèïà îãðàíè÷åí ñâåðõó êîíñòàíòîé γ10.

Òåïåðü íåòðóäíî îáîñíîâàòü çàÿâëåííûå â ëåììå 4 ñâîéñòâà êîýôôèöèåíòîâ pklkjs. Ïðè
äîêàçàòåëüñòâå èñïîëüçóåòñÿ ëåììà 2 è óæå óïîìèíàâøàÿñÿ ëåììà 7.7, ñ. 108 êíèãè [6].
Ïîäðîáíîå äîêàçàòåëüñòâî çäåñü íå ïðèâîäèòñÿ, òàê êàê îíî ñòàíäàðòíî (ñì. çàìå÷àíèå ïî
ïîâîäó äîêàçàòåëüñòâà ëåììû 3). Ðåøàþùèì îáñòîÿòåëüñòâîì ïðè îöåíêå îáùåãî çíàìåíà-
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òåëÿ ÷èñåë pklkjs ÿâëÿåòñÿ ðàöèîíàëüíîñòü ÷èñåë

λ1, . . . , λt, α1, . . . , αr, β1, . . . , βm. (32)

Ëåììà 4 äîêàçàíà.
Ç à ì å ÷ à í è å . Ðàññóæäåíèÿ, èñïîëüçîâàííûå ïðè äîêàçàòåëüñòâå ëåììû 4, ïîçâîëÿþò

óêàçàòü <ÿâíûå ôîðìóëû> äëÿ êîýôôèöèåíòîâ pklkjs. Íàïðèìåð, ïðè τ1 = 2, 1 6 j 6 m,
ñïðàâåäëèâî òàêîå ðàâåíñòâî:

p11js =

u(n+1)−1∑
σ=0

n+uT (n+1)−σ−1∏
x=1

(λ1 + x)

(σ!(u(n + 1)− σ − 1)!)2
t∏

q=2

τq−1∏
vq=0

u(n+1)−1∏
σ1=0

∗ (λ1 − σ − λqvq + σ1)

×

× (n!)m

2πi

∫
C

Kjs(ζ)
σ−1∏
x=0

(ζ + λ1 − x)

χj+1(ζ − s)
s−1∏
x=0

b(ζ − x)(ζ + λ1 − x)
n−s∏
x=1

a(ζ − n + x)

dζ.

Èç ïîñëåäíåé ëåììû ñëåäóåò, ÷òî åñëè â (12) ïîëîæèòü p̃klkjs = pklkjs, òî ðàâåíñòâî (13)
ìîæíî ïåðåïèñàòü òàê:

R(z) =
t∑

k=1

τk−1∑
lk=0

u∑
j=1

Pklkj(z)Fklkj(z) =
∞∑

ν=0

gνz
ν ,

ãäå ïðè ν > n êîýôôèöèåíò gν ðàâåí ïðàâîé ÷àñòè ðàâåíñòâà (25). Îïðåäåëèì ìíîãî÷ëåí

P0(z) =
n∑

s=0

psz
s, ps = −gs, s = 0, 1, . . . , n,

è ïîëîæèì

R1(z) = P0(z) +
t∑

k=1

τk−1∑
lk=0

u∑
j=1

Pklkj(z)Fklkj(z). (33)

Ëåììà 5. Ôóíêöèîíàëüíàÿ ôîðìà R1(z) íå ðàâíà íóëþ òîæäåñòâåííî è èìååò ïðè z = 0

ïîðÿäîê íóëÿ, ðàâíûé n + uT (n + 1). Êîýôôèöèåíòû ìíîãî÷ëåíà P0(z) ñóòü ðàöèîíàëüíûå
÷èñëà, îáùèé íàèìåíüøèé çíàìåíàòåëü êîòîðûõ íå ïðåâîñõîäèò eγ11n.
Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ ìíîãî÷ëåíà P0(z) ñëåäóåò, ÷òî óêàçàííûé ïîðÿäîê íóëÿ

ôîðìû R1(z) íå ìåíüøå, ÷åì n + 1. Ïóñòü n + 1 6 ν 6 n + uT (n + 1) − 1. Â ýòîì ñëó÷àå
êîýôôèöèåíò gν ðàâåí ïðàâîé ÷àñòè (25), ãäå ïîä çíàêîì èíòåãðàëà íàõîäèòñÿ ðàöèîíàëü-
íàÿ ôóíêöèÿ, ñòåïåíü ÷èñëèòåëÿ êîòîðîé ïî êðàéíåé ìåðå íà äâå åäèíèöû ìåíüøå ñòåïåíè
çíàìåíàòåëÿ, ïðè÷åì âñå ïîëþñû ïîäûíòåãðàëüíîé ôóíêöèè ëåæàò âíóòðè êîíòóðà èíòåãðè-
ðîâàíèÿ. Ïîýòîìó gν = 0 ïðè óêàçàííûõ çíà÷åíèÿõ ν. Òàêèì îáðàçîì, îäíî èç óòâåðæäåíèé
ëåììû äîêàçàíî.
Ïðè ν = n+uT (n+1) èíòåãðàë èç ïðàâîé ÷àñòè ñîîòíîøåíèÿ (25) ðàâåí (ñ òî÷íîñòüþ äî

çíàêà) âû÷åòó ïîäûíòåãðàëüíîéôóíêöèè îòíîñèòåëüíî ïðîñòîãî ïîëþñà ζ = −n−uT (n+1);

10.7463/0512.0398478, ¹5, ìàé 2012 ã. http://technomag.edu.ru 150

http://technomag.edu.ru


ëåãêî âèäåòü, ÷òî ýòîò âû÷åò îòëè÷åí îò íóëÿ, à òîãäà gν 6= 0 ïðè óêàçàííîì çíà÷åíèè ν.
Ïîýòîìó R(z) îòëè÷íà îò òîæäåñòâåííîãî íóëÿ. Ïðè 0 6 ν 6 n âûðàæåíèå äëÿ gν ìîæíî
çàïèñàòü òàê:

gν =
t∑

k=1

τk−1∑
lk=0

ν∑
s=0

u∑
j=1

(
s!

n!

)u−r

pklkjsχj(ν − s)

(
n!

s!

)u−r ν−s∏
x=1

a(x)

b(x)

dlk

dλlk
k

ν−s∏
x=1

1

x + λk

.

Îòñþäà ÿñíî, ÷òî óòâåðæäåíèå îá îáùåì íàèìåíüøåì çíàìåíàòåëå êîýôôèöèåíòîâ ps, s =

= 0, 1, . . . , n, òàêæå ñïðàâåäëèâî: äîñòàòî÷íî ñîñëàòüñÿ íà ëåììû 1 è 2, à òàêæå íà ëåììó
4. Êàê è âûøå, îñíîâíûì îáñòîÿòåëüñòâîì, îáåñïå÷èâàþùèì ñïðàâåäëèâîñòü ïîñëåäíåãî
óòâåðæäåíèÿ ëåììû ÿâëÿåòñÿ ðàöèîíàëüíîñòü ÷èñåë (32). Ëåììà 5 äîêàçàíà.
Ñ ïîñòðîåíèåì ôîðìûR0(z) äîêàçàòåëüñòâî òåîðåìû 1 ìîæíî ñ÷èòàòü çàêîí÷åííûì: âñå

äàëüíåéøèå äåéñòâèÿ ñòàíäàðòíû. Èñïîëüçóåòñÿ òî îáñòîÿòåëüñòâî, ÷òî ôóíêöèè (6) óäîâëå-
òâîðÿþò ñèñòåìå ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à òàêæå ëèíåéíàÿ íåçàâèñèìîñòü
ýòèõ ôóíêöèé (âìåñòå ñ ôóíêöèåé, òîæäåñòâåííî ðàâíîé åäèíèöå) íàä ïîëåì ðàöèîíàëüíûõ
äðîáåé ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1; ïîñëåäíåå îáñòîÿòåëüñòâî óñòàíîâëåíî â [7]. Ïî
ïîâîäó ïîäðîáíîñòåé äîêàçàòåëüñòâà òåîðåìû ñì., íàïðèìåð, ãë. 3 êíèãè [2] èëè §3 ñòàòüè [5].
Ðàññìîòðèì êðàòêî îñíîâíûå ìîìåíòû äîêàçàòåëüñòâà òåîðåìû 2. Âìåñòî Φ(ν) ðàññìî-

òðèì ôóíêöèþ Φ∗(ν), êîòîðàÿ îïðåäåëÿåòñÿ èíòåãðàëîì, àíàëîãè÷íûì (16), íî ñ çàìåíîé â
÷èñëèòåëå ïîäûíòåãðàëüíîãî âûðàæåíèÿ n + uT (n + 1) − 1 íà uT (n + 1) − 1 è ïîêàçàòåëÿ
ñòåïåíè ôàêòîðèàëàm íà u. Ïðè ν > n âûïîëíÿåòñÿ ðàâåíñòâî, àíàëîãè÷íîå (22):

g̃ν =
t∑

k=1

τk−1∑
lk=0

n∑
s=0

u∑
j=1

p̃klkjsχj(ν − s)
ν−s∏
x=1

1

b(x)(x + λklk)
=

ν∏
x=1

1

b(x)
Φ∗(ν), (34)

åñëè ñîîòâåòñòâóþùèì îáðàçîì îïðåäåëèòü (ñì. âûøå) ÷èñëà p̃klkjs. Ïðè 0 6 ν 6 n èìååì

g̃ν =
t∑

k=1

τk−1∑
lk=0

ν∑
s=0

u∑
j=1

p̃klkjsχj(ν − s)
ν−s∏
x=1

1

b(x)(x + λklk)
=

=
t∑

k=1

τk−1∑
lk=0

n∑
s=0

u∑
j=1

p̃klkjsχj(ν − s)
ν∏

x=1

1

b(x)

s−1∏
x=0

b(ν − x)×

×
ν∏

x=1

1

(x + λklk)

s−1∏
x=0

b(ν + λklk − x). (35)

Â ïîñëåäíåì âûðàæåíèè èíäåêñ ñóììèðîâàíèÿ s èçìåíÿåòñÿ îò s = 0 äî s = n, òàê êàê â ñèëó

óñëîâèÿ b(0) = 0 ïðîèçâåäåíèå
s−1∏
x=0

b(ν−x) ðàâíî íóëþ ïðè s > ν. Ðàâåíñòâî (35) ïîêàçûâàåò,

÷òî g̃ν ðàâíî ïðàâîé ÷àñòè (34) ïðè âñåõ ν > 0 (à íå òîëüêî ïðè ν > n). Äàëåå, çàìåíèì
ëåâóþ ÷àñòü (34) íà (35) è â ïîëó÷èâøåìñÿ ðàâåíñòâå îñóùåñòâèì ïðåäåëüíûé ïåðåõîä (27).
Ïîëó÷èì àíàëîã ðàâåíñòâà (25), â êîòîðîì â ëåâîé ÷àñòè âåðõíèé èíäåêñ ñóììèðîâàíèÿ n

çàìåíÿåòñÿ íàmin(ν, n), a(x) çàìåíÿåòñÿ íà åäèíèöó (ñëåâà è ñïðàâà), à ïîä çíàêîì èíòåãðàëà
n + uT (n + 1)− 1 çàìåíÿåòñÿ íà uT (n + 1)− 1. Ïðè ýòîì ÷èñëà pklkjs çàïèñûâàþòñÿ òàê æå,
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êàê è â ëåììå 4, íî àíàëîã èíòåãðàëà (24) èìååò âèä

1

2πi

∫
C

σ−1∏
x=0

(ζ + λk − x) dζ

χj(ζ − s)
s−1∏
x=0

b(ζ − x)(ζ + λk − x)

, (36)

ïðè÷åì íà ýòîò ðàç êîíòóð èíòåãðèðîâàíèÿ ñîäåðæèò âñå ïîëþñû ïîäûíòåãðàëüíîé ôóíêöèè,
è èíòåãðàë (36) ìîæíî çàïèñàòü â âèäå âû÷åòà îòíîñèòåëüíî òî÷êè ζ = ∞. Ýòî ïðèâîäèò ê
<õîðîøåé> îöåíêå îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ ÷èñåë pklkjs (ïðè óñëîâèè ñîõðàíåíèÿ
ïðåäïîëîæåíèÿ î ðàöèîíàëüíîñòè ÷èñåë λ1, . . . , λt).
Ïîñëå ïîñòðîåíèÿ àíàëîãà ëèíåéíîé ôîðìû (33), ò.å. ëèíåéíîé ôîðìû

R1(z) =
t∑

k=1

τk−1∑
lk=0

u∑
j=1

Pklkj(z)Fklkj(z),

çàâåðøåíèå äîêàçàòåëüñòâà òåîðåìû 2 ïðîâîäèòñÿ êàê óêàçàíî âûøå. Ïðè ýòîì èñïîëüçó-
åòñÿ òîò ôàêò, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿþò ôóíêöèè Fklkj(z),
îäíîðîäíî.
Â ñëó÷àå òåîðåìû 3 ïðîáëåìû âîçíèêàþò ñ îöåíêîé îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ

êîýôôèöèåíòîâ íóëåâîãî ìíîãî÷ëåíà â ïðàâîé ÷àñòè (33). Ýòè êîýôôèöèåíòû ÿâëÿþòñÿ
÷èñëàìè èç ïîëÿ I. Èõ îáùèì íàèìåíüøèì çíàìåíàòåëåì íàçîâåì íàèìåíüøåå ïî ìîäóëþ
íåíóëåâîå öåëîå ÷èñëî èç ýòîãî ïîëÿ, ïîñëå óìíîæåíèÿ íà êîòîðîå óêàçàííûå êîýôôèöèåíòû
ñòàíîâÿòñÿ öåëûìè ÷èñëàìè.
Â ðàññìàòðèâàåìîì ñëó÷àå ôóíêöèÿ Φ(ν) îïðåäåëÿåòñÿ òàê æå, êàê è â òåîðåìå 1; àíàëîã

ðàâåíñòâà (25) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:
t∑

k=1

τk−1∑
lk=0

n∑
s=0

u∑
j=1

pklkjsχj(ν−s)
ν∏

x=1

1

b(x)

s−1∏
x=0

b(ν−x)
dlk

dλlk
k

( ν∏
x=1

1

x+λk

s−1∏
x=0

(ν +λk−x)

)
=

=
ν∏

x=1

1

b(x)

(n!)m

2πi

∫
Γ

n+uT (n+1)−1∏
x=1

(ζ + x)

ν∏
x=1

(ζ + x)
t∏

k=1

u(n+1)−1∏
σ=0

(ζ − λk + σ)τk

dζ.

Ýòî ðàâåíñòâî ïðè ñîîòâåòñòâóþùåì âûáîðå êîýôôèöèåíòîâ pklkjs ñïðàâåäëèâî ïðè âñåõ
íåîòðèöàòåëüíûõ öåëûõ (ðàöèîíàëüíûõ) çíà÷åíèÿõ ν. Êàê è â ñëó÷àå òåîðåìû 2 çíàìåíàòåëè
ìíîãî÷ëåíîâ Pklkj(z) îêàçûâàþòñÿ <õîðîøèìè>. Äëÿ êîýôôèöèåíòîâ ìíîãî÷ëåíà P0(z) èç
(33) ïîëó÷àåì ðàâåíñòâî

p0ν = −
ν∏

x=1

1

b(x)

(n!)m

2πi

∫
Γ

n+uT (n+1)−1∏
x=1

(ζ + x)

ν∏
x=1

(ζ + x)
t∏

k=1

u(n+1)−1∏
σ=0

(ζ − λk + σ)τk

dζ +

+
t∑

k=1

τk−1∑
lk=0

n∑
s=ν+1

u∑
j=1

pklkjsχj(ν−s)
ν∏

x=1

1

b(x)

s−1∏
x=0

b(ν−x)

( ν∏
x=1

1

x+λk

s−1∏
x=0

(ν +λk−x)

)(lk)

λk

.
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Â ðàáîòå [8, ëåììà 6] äàíà îöåíêà ìîäóëÿ îáùåãî íàèìåíüøåãî çíàìåíàòåëÿ Q ÷èñåë:

(n!)m

ν∏
x=1

b(x)
, ν = 0, 1, . . . , n.

Ýòà îöåíêà èìååò âèä
|Q| 6 n(mϑ+ε)n, (37)

ãäå ÷èñëî ϑ îïðåäåëåíî ðàâåíñòâîì (11). Ïîñëåäíÿÿ îöåíêà ñïðàâåäëèâà, åñëè n äîñòà-
òî÷íî âåëèêî (íèæíÿÿ ãðàíèöà çàâèñèò îò ε). Äàííîå âûøå âûðàæåíèå äëÿ êîýôôèöèåíòîâ
ìíîãî÷ëåíà P0(z) è îöåíêà (37) ïîçâîëÿþò áåç òðóäà ïîëó÷èòü îöåíêó ñâåðõó ìîäóëÿ îáùåãî
íàèìåíüøåãî çíàìåíàòåëÿ êîýôôèöèåíòîâ ýòîãîìíîãî÷ëåíà. Â êà÷åñòâå òàêîé îöåíêèìîæíî
âçÿòü ïðàâóþ ÷àñòü íåðàâåíñòâà (37); ïðè ýòîì ε | ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, à
n äîñòàòî÷íî âåëèêî. Ñäåëàííûõ çàìå÷àíèé äîñòàòî÷íî, ÷òîáû çàâåðøèòü äîêàçàòåëüñòâî
òåîðåìû 3; (ñì., íàïðèìåð, ðàáîòû [8] èëè [9]).

Çàêëþ÷åíèå

Òàêèì îáðàçîì, ñ ïîìîùüþ ïðåäëîæåííîé â ðàáîòå ýôôåêòèâíîé êîíñòðóêöèè àïïðîê-
ñèìàöèé òèïà Ïàäå óäàëîñü ïîëó÷èòü ðÿä ðåçóëüòàòîâ, îòíîñÿùèõñÿ ê îöåíêàì ñíèçó ìî-
äóëåé ëèíåéíûõ ôîðì â ðàçëè÷íûõ ñèòóàöèÿõ. Âîçìîæíîñòè äàííîé êîíñòðóêöèè ýòèì
íå èñ÷åðïûâàþòñÿ; äàëüíåéøèå ðåçóëüòàòû ìîãóò áûòü ïîëó÷åíû ñ èñïîëüçîâàíèåì òåîðèè
äåëèìîñòè â ïîëÿõ àëãåáðàè÷åñêèõ ÷èñåë.
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For the investigation of arithmetic properties of the values of the generalized hypergeometric
functions linear approximating form is usually applied. Such a form must have a high order of
zero at the origin of the coordinates and it can be constructed by means of Dirichlet principle.
The results obtained on this way are considerably general but the possibilities of such a method
are restricted when precise quantitative estimates are required. Additional difficulties arise for the
functions with irrational parameters. In some cases the approximating form can be constructed
effectively. Such a construction makes it possible to obtain more precise low estimates of linear
forms for the functions with rational parameters and to consider a case of irrational parameters. In
the present paper a new construction of Pad�e approximations for the hypergeometric functions and
their derivatives (also with respect to parameter) is proposed. This construction is applied for the
investigation of arithmetic properties of such functions.
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