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1. Ââåäåíèå

Â ñòàòüå [1] äàíî òåîðåòè÷åñêîå îáîñíîâàíèå ïåðåõîäà îò îïèñàíèÿ ñèñòåìû
ñ óïðàâëåíèåì ïðè ïîìîùè óðàâíåíèé îòîáðàæåíèÿ âõîä{âûõîä ê îïèñàíèþ ñ
ïîìîùüþ óðàâíåíèé ñîñòîÿíèÿ. Òàêîé ïåðåõîä íàçûâàåòñÿ ðåàëèçàöèåé îòî-
áðàæåíèÿ âõîä{âûõîä â âèäå óðàâíåíèé ñîñòîÿíèÿ.
Â ðàáîòå [2] íà îñíîâå òåîðåòè÷åñêîãî îáîñíîâàíèÿ ðàçðàáîòàí àëãîðèòì

ïîñòðîåíèÿ ðåàëèçàöèè. Íåäîñòàòêîì àëãîðèòìà ÿâëÿåòñÿ òî, ÷òî íà îäíîì
èç øàãîâ ïðîâåðêà èíòåãðèðóåìîñòè ðàñïðåäåëåíèÿ ïðîèçâîäèòñÿ ïðè ïîìîùè
íåïîñðåäñòâåííîãî ïîèñêà ïåðâûõ èíòåãðàëîâ, ÷òî ìîæåò ïðèâîäèòü ê îòðè-
öàòåëüíîìó ðåçóëüòàòó, åñëè ïåðâûå èíòåãðàëû íå íàõîäÿòñÿ àíàëèòè÷åñêè. Â
äàííîé ðàáîòå ïðåäëàãàåòñÿ ìîäèôèêàöèÿ àëãîðèòìà, ïîçâîëÿþùàÿ ïðîâåðÿòü
èíòåãðèðóåìîñòü ðàñïðåäåëåíèÿ, èñïîëüçóÿ óñëîâèå Ôðîáåíèóñà íà ÿçûêå äèô-
ôåðåíöèàëüíûõ ôîðì.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âûõî-
äîì

y
(ki)
i = ϕi

(
t, y, ẏ, . . . , y(k−1), u, u̇, . . . , u(s)

)
, i = 1, . . . , p, (1)
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ãäå y = (y1, . . . , yp), y(k−1) = (y
(k1−1)
1 , . . . , y

(kp−1)
p ), u = (u1, . . . , um).

Ïðåäñòàâëåíèå (1) | ýòî çàïèñü ñèñòåìû ñ óïðàâëåíèåì â âèäå óðàâíåíèé
îòîáðàæåíèÿ âõîä{âûõîä.
Òðåáóåòñÿ íàéòè òàêóþ çàìåíó ïåðåìåííûõ

x = X(t, y, ẏ, . . . , y(k−1), u, u̇, . . . , u(s−1)), (2)

êîòîðàÿ ïðèâîäèò ñèñòåìó (1) ê âèäó

ẋ = f(t, x, u), x ∈ Rn, u ∈ Rm, n =

p∑
i=1

ki, (3)

y = h(t, x, u, u̇, . . . , u(r)). y ∈ Rp. (4)

Óðàâíåíèÿ (3), (4) | ýòî ðåàëèçàöèÿ îòîáðàæåíèÿ âõîä{âûõîä (1) â âèäå
óðàâíåíèé ñîñòîÿíèÿ, íå ñîäåðæàùèõ ïðîèçâîäíûõ óïðàâëåíèÿ.
Òåîðåìà î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèÿõ ñóùåñòâîâàíèÿ ðåàëèçà-

öèè (3), (4) ôîðìóëèðóåòñÿ íèæå ïîñëå íåêîòîðûõ äîïîëíèòåëüíûõ îïðåäåëå-
íèé.
Ïóñòü F | ìíîæåñòâî ôóíêöèé, çàâèñÿùèõ îò y, u è ëþáîãî êîíå÷íîãî

÷èñëà èõ ïðîèçâîäíûõ. Â ñòàòüå [1] ïðèâîäèòñÿ ñëåäóþùåå îïðåäåëåíèåìîäóëÿ
H1 íàä F :

H1 = spanF{dt, dy, . . . , dy(k−1), du, . . . , du(s−1)}. (5)

ÌîäóëèHi, i = 2, . . . , s + 1 ââîäÿòñÿ ïî èíäóêöèè:

Hi+1 = {ω ∈ Hi : ω̇ ∈ Hi}. (6)

Äëÿ êàæäîãî i = 1, p îáîçíà÷èì ÷åðåç κi ìèíèìàëüíûé ïîðÿäîê ïðîèçâîä-
íîé â ñèëó ñèñòåìû (1) ïåðåìåííîé yi, êîòîðàÿ çàâèñèò îò u

(s)
q äëÿ íåêîòîðîãî

q = 1, m, åñëè òàêàÿ ïðîèçâîäíàÿ ñóùåñòâóåò, è ïîëîæèì κi = ∞, åñëè òàêîé
ïðîèçâîäíîé íåò. Â ðàáîòå [1] äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. a) Ðåàëèçàöèÿ âèäà (3), (4) ëîêàëüíî ñóùåñòâóåò äëÿ óðàâíåíèé

(1) îòîáðàæåíèÿ âõîä{âûõîä òîãäà è òîëüêî òîãäà, êîãäà ìîäóëü Hs+1 èìååò
áàçèñ èç òî÷íûõ 1-ôîðì.
Åñëè òàêàÿ ðåàëèçàöèÿ ñóùåñòâóåò, òî

b) n = k1 + . . . + kp;
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c) ôóíêöèÿ yi = hi â (4) çàâèñèò òîëüêî îò t, x, åñëè κi > s, è çàâèñèò îò
t, x, u, u̇, . . . , u(s−κi), åñëè κi ≤ s.
Âûáðàâ êàêîé-ëèáî áàçèñ {ω0, . . . , ωn} â Hs+1, óñëîâèå ñóùåñòâîâàíèÿ â

Hs+1 áàçèñà èç òî÷íûõ 1-ôîðì ìîæíî ïðîâåðèòü ñ ïîìîùüþ óñëîâèÿ Ôðîáåíè-
óñà

dωi ∧ ω0 ∧ . . . ∧ ωn = 0, i = 0, n. (7)

Äëÿ ïîñòðîåíèÿ áàçèñîâ ìîäóëåé H2, . . . ,Hs+1 òðåáóåòñÿ òàêæå ëåììà 1
èç [1].
Ëåììà 1. Äëÿ j = 1, . . . , s ñïðàâåäëèâî ðàâåíñòâî

Hj = Hj+1 ⊕ spanF{du
(s−j)
1 , . . . , du(s−j)

m }. (8)

3. Ïîñòðîåíèå ðàçëîæåíèÿ H1

Òåîðåìà 2. a) Ëþáàÿ 1-ôîðìà ω ∈ H1 åäèíñòâåííûì îáðàçîì ìîæåò áûòü
ïðåäñòàâëåíà â âèäå ñëåäóþùåé ñóììû

ω = ωs+1 +
m∑

q=1

s−1∑
k=0

ck
qdu(k)

q , (9)

ãäå ωs+1 ∈ Hs+1.
b) Âûáåðåì ïðîèçâîëüíóþ 1-ôîðìó ω ∈ H1

ω = a0dt +

p∑
i=1

ki−1∑
li=0

ali
i dy

(li)
i +

m∑
q=1

s−1∑
k=0

bk
qdu(k)

q , a0, a
li
i , b

k
q ∈ F .

Òîãäà êîýôôèöèåíòû ck
q ìîãóò áûòü íàéäåíû ñîãëàñíî ñëåäóþùåìó ðåêóð-

ðåíòíîìó ñîîòíîøåíèþ

cs−1
q = bs−1

q +

p∑
α=1

akα−1
α

∂ϕα

∂u
(s)
q

, (10)

cj
q = cj+1

q

 d

dt

ω −
m∑

q=1

s−1∑
k=j+1

ck
qdu(k)

 , j = s− 2, . . . , 0, (11)

ãäå cj
q (Ω)| ýòî ñîîòâåòñòâóþùèé êîýôôèöèåíò â ðàçëîæåíèè 1-ôîðìû Ω ñî-

ãëàñíî âûðàæåíèþ (9).
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Äîêàçàòåëüñòâî. Ïðîâåä¸ì äîêàçàòåëüñòâî ïî èíäóêöèè.
Ïóñòü j = s − 1. Èç ëåììû 1 ñëåäóåò, ÷òî äëÿ ëþáîé 1-ôîðìû ω1 èç H1

ìîæíî íàéòè ðàçëîæåíèå

ω1 = ωs+1−(s−1) +
m∑

q=1

cs−1
q du(s−1)

q , (12)

ãäå ωs+1−(s−1) = ω2 ∈ H2.
Êîýôôèöèåíòû ðàçëîæåíèÿ cs−1

1 , . . . , cs−1
m ìîæíî íàéòè àíàëèòè÷åñêè. Äåé-

ñòâèòåëüíî, âûáåðåì ïðîèçâîëüíóþ 1-ôîðìó ω1 ∈ H1

ω1 = a0dt +

p∑
i=1

ki−1∑
li=0

ali
i dy

(li)
i +

m∑
q=1

s−1∑
k=0

bk
qdu(k)

q , a0, a
li
i , b

k
q ∈ F .

Íàéä¸ì äëÿ ω1 ∈ H1 ïðîèçâîäíóþ â ñèëó ñèñòåìû (1).

ω̇1 = ȧ0dt +

p∑
i=1

ki−1∑
li=0

ȧli
i dy

(li)
i +

m∑
q=1

s−1∑
k=0

ḃk
qdu(k)

q +

p∑
i=1

ki−2∑
li=0

ali
i dy

(li+1)
i +

+

p∑
i=1

aki−1
i dϕi(t, y, . . . , y(k−1), u, . . . , u(s)) +

m∑
q=1

s−1∑
k=0

bk
qdu(k+1)

q =

= ω̃ +
m∑

q=1

(
bs−1
q +

p∑
α=1

akα−1
α

∂ϕα

∂u
(s)
q

)
du(s)

q , (13)

ãäå ω̃ ∈ H1.
Ïðîäèôôåðåíöèðóåì òàêæå ðàçëîæåíèå (12).

ω̇1 =

(
ω̇2 +

m∑
q=1

ċs−1
q du(s−1)

q

)
+

m∑
q=1

cs−1
q du(s)

q , (14)

ãäå
(
ω̇2 +

∑m
q=1 ċs−1

q du
(s−1)
q

)
∈ H1, à

∑m
q=1 cs−1

q du
(s)
q /∈ H1.

Ñðàâíèâàÿ âûðàæåíèå (14) c âûðàæåíèåì (13), â êîòîðîì ñóììà
m∑

q=1

(
bs−1
q +

p∑
α=1

akα−1
α

∂ϕα

∂u
(s)
q

)
du(s)

q

òàêæå íå ïðèíàäëåæèò ìîäóëþH1, âèäèì, ÷òî

cs−1
q = bs−1

q +

p∑
α=1

akα−1
α

∂ϕα

∂u
(s)
q

. (15)
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Ïóñòü óòâåðæäåíèå òåîðåìû âåðíî äëÿ j = l, òîãäà âåðíî ñëåäóþùåå âûðà-
æåíèå

ω = ωs+1−l +
m∑

q=1

s−1∑
k=l

ck
qdu(k)

q , (16)

ãäå ωs+1−l ∈ Hs+1−l.
Ðàññìîòðèì ñëó÷àé j = l − 1. Ñîãëàñíî (8)

ωs+1−l = ωs+2−l +
m∑

q=1

cl−1
q du(l−1)

q , (17)

ãäå ωs+2−l ∈ Hs+2−l.
Ïîäñòàâèâ (17) â (16), ïîëó÷èì âûðàæåíèå, àíàëîãè÷íîå (16), íî äëÿ

j = l − 1.
Ïðîäèôôåðåíöèðóåì (16)

ω̇s+1−l = ω̇s+2−l +
m∑

q=1

(
ċl−1
q du(l−1)

q + cl−1
q du(l)

q

)
, (18)

ãäå ω̇s+2−l +
∑m

q=1 ċl−1
q du

(l−1)
q ∈ Hs+1−l,

∑m
q=1 cl−1

q du
(l)
q /∈ Hs+1−l.

Òàê êàê ñîãëàñíî (6) ω̇s+1−l ∈ Hs−l, çàïèøåì ðàçëîæåíèå ω̇s+1−l ïî ëåììå 1
â âèäå

ω̇s+1−l = ω̃s+1−l +
m∑

q=1

c̃l
qdu(l)

q , (19)

ãäå ω̃s+1−l ∈ Hs+1−l, à c̃l
q | êîýôôèöèåíòû â ðàçëîæåíèè ω̇s+1−l ñîãëàñíî (16).

Ñðàâíèâàÿ âûðàæåíèÿ (18) è (19), ñ ó÷¸òîì (16) ïîëó÷èì äëÿ q = 1, m

cl−1
q = c̃l

q = cl
q (ω̇s+1−l) = cl

q

(
d

dt

(
ω −

m∑
q=1

s−1∑
k=l

ck
qdu(k)

q

))
. (20)

Òåîðåìà äîêàçàíà.
Ïðèìåð. Íàéä¸ì êîýôôèöèåíòû cs−2

q , q = 1, m. 1-ôîðìà ω2 ∈ H2 âûðàæà-
åòñÿ èç (12) ñëåäóþùèì îáðàçîì

ω2 = a0dt +

p∑
i=1

ki−2∑
li=0

ali
i dy

(li)
i +

m∑
q=1

s−2∑
k=0

bk
qdu(k)

q +

+

p∑
α=1

akα−1
α

dy(kα−1)
α −

m∑
β=1

∂ϕα

∂u
(s)
β

du
(s−1)
β

 . (21)
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Ïðîäèôôåðåíöèðóåì (21) â ñèëó ñèñòåìû (1)

ω̇2 = ω̃2 +

p∑
α=1

akα−2
α +

p∑
β=1

a
kβ−1
β

∂ϕβ

∂y
(kα−1)
α

 dykα−1
α +

+
m∑

q=1

[
bs−2
q +

p∑
α=1

akα−1
α

{
∂ϕα

∂u
(s−1)
q

− d

dt

(
∂ϕα

∂u
(s)
q

)}]
dus−1

q , (22)

ãäå ω̃2 ∈ H2.
Òîãäà ïî òåîðåìå 2 ñîãëàñíî (10) è (11) ïîëó÷èì

cs−2
q = bs−2

q +

p∑
α=1

akα−1
α

{
∂ϕα

∂u
(s−1)
q

− d

dt

(
∂ϕα

∂u
(s)
q

)}
+

+

p∑
α=1

akα−2
α +

p∑
β=1

a
kβ−1
β

∂ϕβ

∂y
(kα−1)
α

 ∂ϕα

∂u
(s)
q

. (23)

Çàìå÷àíèå. Âûðàæåíèå (9) îïðåäåëÿåò ðàçëîæåíèå ìîäóëÿ H1 â ïðÿìóþ
ñóììó ìîäóëåé íàä êîëüöîì F

H1 = Hs+1 ⊕ spanF{du1, . . . , dum} ⊕ . . .⊕ spanF{du
(s−1)
1 , . . . , du(s−1)

m }. (24)

Îòìåòèì, ÷òî êîýôôèöèåíòû ck
q , q = 1, m, k = 0, s− 1 íàõîäÿòñÿ àíàëè-

òè÷åñêè è ìîãóò áûòü ïîëó÷åíû ñ èñïîëüçîâàíèåì ñèñòåìû ñèìâîëüíûõ âû÷è-
ñëåíèé.

4. Ïîñòðîåíèå áàçèñà Hs+1

Òåîðåìà 3. Ïóñòü äëÿ ìîäóëÿH1 çàäàí íåêîòîðûé áàçèñ

dt, dy1, . . . , dy
(k1−1)
1 , dy2, . . . , dy(kp−1)

p , du1, . . . , du
(s−1)
1 , du2, . . . , du(s−1)

m . (25)

Òîãäà â êà÷åñòâå áàçèñà ìîäóëÿHs+1 ìîæíî âûáðàòü ñèñòåìó 1-ôîðì

dt, ω0
1, . . . , ω

k1−1
1 , ω0

2, . . . , ω
kp−1
p , (26)

ωli
i = dyli

i −
m∑

q=1

s−1∑
k=0

cli, k
i, q du(k)

q , i = 1, p, li = 0, ki − 1, (27)
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ãäå cli, k
i, q = ck

q(dyli
i )| êîýôôèöèåíòû â ðàçëîæåíèè 1-ôîðì dyli

i ñîãëàñíî (9).
Äîêàçàòåëüñòâî. Êàæäóþ 1-ôîðìó èç áàçèñàH1 ìîæíî ðàçëîæèòü ñîãëàñíî

(9). Â ýòîì ñëó÷àå äëÿ êàæäîãî ýëåìåíòà áàçèñàH1 ïîëó÷èì 1-ôîðìó èç ìîäóëÿ
Hs+1, ñîîòâåòñòâóþùóþ ñëàãàåìîìó ωs+1 â âûðàæåíèè (9).
Äëÿ 1-ôîðì duk

q , q = 1, m, k = 0, s− 1 ýëåìåíò, ñîîòâåòñòâóþùèé ωs+1 â
(9), áóäåò ðàâåí íóëþ, òàê êàê êàæäàÿ èç 1-ôîðì duk

q ïðèíàäëåæèò îäíîé èç
ëèíåéíûõ îáîëî÷åê spanF{duk

1, . . . , duk
m}, k = 0, s− 1 â ðàçëîæåíèè (24), à

ñëåäîâàòåëüíî, íå èìååò ñîñòàâëÿþùèõ âHs+1.
Âûðàçèâ èç (9) äëÿ êàæäîé 1-ôîðìû dyli

i , i = 1, p, li = 0, ki − 1 ñîîòâåò-
ñòâóþùóþ 1-ôîðìó, ïðèíàäëåæàùóþHs+1, ïîëó÷èì íàáîð (27).
Î÷åâèäíî, ÷òî ñèñòåìà (26) ÿâëÿåòñÿ ëèíåéíî íåçàâèñèìîé. Êîëè÷åñòâî

1-ôîðì â ñèñòåìå ðàâíî 1 +
∑p

i=1 ki. Ïðè ýòîì ðàçìåðíîñòü ìîäóëÿ Hs+1,
ñîãëàñíî âûðàæåíèþ (24), òàêæå ðàâíà dim H1−ms = 1+

∑p
i=1 ki+ms−ms =

1 +
∑p

i=1 ki. Ñëåäîâàòåëüíî, ñèñòåìà (26) ÿâëÿåòñÿ áàçèñîìHs+1.
Çàìå÷àíèå. Ïðîâåðèâ äëÿ ñèñòåìû 1-ôîðì (26) óñëîâèå Ôðîáåíèóñà (7),

ìîæíî îïðåäåëèòü, èíòåãðèðóåìî ëè ðàñïðåäåëåíèå, ÿâëÿþùååñÿ ñîïðÿæ¸ííûì
äîïîëíåíèåì ê ìîäóëþHs+1.

5. Çàêëþ÷åíèå

Ïðåäñòàâëåííûé ñïîñîá ïîñòðîåíèÿ áàçèñà ìîäóëÿ Hs+1 ïîçâîëÿåò ïðîâå-
ðèòü óñëîâèå ñóùåñòâîâàíèÿ ðåàëèçàöèè âèäà (3), (4), íå ïðèáåãàÿ íè ê íå-
ïîñðåäñòâåííîìó èíòåãðèðîâàíèþ, íè ê ïðîâåðêå ðàíãà ôóíêöèîíàëüíûõ ìà-
òðèö. Êðîìå òîãî, â ñëó÷àå, êîãäà ðåàëèçàöèÿ âèäà (3), (4) íå ñóùåñòâóåò, áàçèñ
Hs+1 ìîæåò áûòü èñïîëüçîâàí äëÿ ïðîâåðêè óñëîâèÿ ñóùåñòâîâàíèÿ ðåàëèçà-
öèè áîëåå îáùåãî âèäà, â êîòîðîé óðàâíåíèÿ ñîñòîÿíèÿ ñîäåðæàò ïðîèçâîäíûå
óïðàâëåíèÿ.
Ñëåäóåò îòìåòèòü, ÷òî ïîëó÷åííûé ñïîñîá ïðîâåðêè èíòåãðèðóåìîñòè ìîæ-

íî ñâÿçàòü ñ óñëîâèåì ñóùåñòâîâàíèÿ ðåàëèçàöèè, ïðèâåä¸ííûì â ðàáîòå [3],
îäíàêî òàì îíî ôîðìóëèðóåòñÿ íà ÿçûêå âåêòîðíûõ ïîëåé.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ 10-07-00617

Ïðîãðàììû Ïðåçèäåíòà ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ
øêîë (ãðàíò ¹ ÍØ-4144.2010.1).
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State-space realization of input-output map is considered. Differential geometry
methods are used. Developed in the past realization algorithm includes check
of distribution integrability. Infallible method of integrability check is suggested.
Frobenius theorem in terms of differential forms is used for this purpose. Decom-
position of module based on differentials of system variables is made. Method of
basis construction based on the decomposition is obtained. One can use results to
check distribution integrability in automatic control problems. Symbolic computation
systems utilization is suggested together with results.
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